ON LI-YAU GRADIENT ESTIMATE FOR SUM OF SQUARES OF
VECTOR FIELDS UP TO HIGHER STEP

DER-CHEN CHANG, SHU-CHENG CHANG, AND CHIEN LIN

ABSTRACT. In this paper, we generalize the Cao-Yau’s gradient estimate for the sum of
squares of vector fields up to higher step under assumption of the generalized curvature-
dimension inequality. With its applications, by deriving a curvature-dimension inequality,
we are able to obtain the Li-Yau gradient estimate for the CR heat equation in a closed
pseudohermitian manifold of nonvanishing torsion tensors. As consequences, we obtain the

Harnack inequality and upper bound estimate for the CR heat kernel.

1. INTRODUCTION

One of the goals for differential geometry and geometric analysis is to understand and
classify the singularity models of a nonlinear geometric evolution equation, and to connect
it to the existence problem of geometric structures on manifolds. For instance in 1982,
R. Hamilton ([H3]) introduced the Ricci flow. Then by studying the singularity models
([H2], [Pel], [Pe2], [Pe3]) of Ricci flow, R. Hamilton and G. Perelman solved the Thurston
geometrization conjecture and Poincare conjecture for a closed 3-manifold in 2002.

On the other hand, in the seminal paper of P. Li and S.-T. Yau ([LY]) established the

parabolic Li-Yau gradient estimate and Harnack inequality for the positive solution of heat
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equation

in a complete Riemannian manifold with nonnegative Ricci curvature. Here A is the time-
independent Laplacian operator. Later, R. S. Hamilton ( [H1]) obtained the so-called Li-Yau-
Hamilton inequality for the Ricci flow in a complete Riemannian manifold with a bounded
and nonnegative curvature operator. Recently, G. Perelman ([Pel]) derived the remarkable
entropy formula which is important in the study of the singularity models of Ricci flow.
The derivation of the entropy formula resembles the Li-Yau gradient estimate for the heat
equation. Since then, there were many additional works in this direction which cover various
different geometric evolution equations such as the mean curvature flow ( [H4]), the Kéhler-
Ricci flow ([Ca]), the Yamabe flow ([Ch] ), etc.

In the paper of [CKW], following this direction, we propose to study the most impor-
tant geometrization problem of closed CR 3-manifolds via the CR torsion flow (1.1). More
precisely, let us recall that a strictly pseudoconvex CR structure on a pseudohermitian 3-
manifold (M, J, 0) is given by a cooriented plane field ker #, where 6 is a contact form, together
with a compatible complex structure J. Given this data, there is a natural connection, the
so-called Tanaka-Webster connection or pseudohermitian connection. We denote the torsion

of this connection by Ay, and the Webster curvature by W. We consider the torsion flow

oJ _
(L.1) 5 = 247,
% = —2We,

on (M, J,0)x[0,T). It is the negative gradient flow of CR Einstein-Hilbert functional. Along
this direction with the torsion flow (1.1), we have established the CR Li-Yau gradient estimate
([CKL]) and the Li-Yau-Hamilton inequality ([CETW], [CCF]) for the positive solution of

CR heat equation
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(1.2) (Ap — 2)u(z,t) =0

in a closed pseudohermitian (2n 4 1)-manifold with nonnegative pseudohermitian Ricci cur-
vature and vanishing torsion tensors (see next section for definition). Here A, is the time-
independent sub-Laplacian operator. One of our goals in this paper is to find the CR Li-Yau
gradient estimate in a closed pseudohermitian (2n + 1)-manifold with nonvanishing torsion
tensors.

Let us start with a more general setup for the Li-Yau gradient estimate in a closed manifold

with a positive measure and an operator

(1.3) L=>) ¢

7=1
with respect to the sum of squares of vector fields e;, es, ...,e4 which satisfies Hérman-
der’s condition ([H]). More precisely, the vector fields e, es, ...,eq; together with their

commutators Y7, ..., Y, up to finite order span the tangent bundle at every point of M with
d+ h = dim M. It is to say that the commutators of e, ey, ...,eq of order r ( or called step
r as well) can be expressed as linear combinations of e, es, ...,e4 and their commutators
up to the order r — 1. The very first paper of H.-D. Cao and S.-T. Yau ([CY]) follows this

line, and considers the heat equation

0
(1.4) (L — a)u (x,t) =0.

They derived the gradient estimate of sum of squares of vector fields of step two (r = 2) in
a closed manifold with a positive measure.

In this paper, with the help of a generalized curvature-dimension inequality explained
below, we are able to obtain the Li-Yau gradient estimate for the CR heat equation in a
closed pseudohermitian manifold of the nonvanishing torsion tensor. As consequences, we

obtain the Harnack inequality and upper bound estimate for the heat kernel. With the same
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mentality, we generalize the Cao-Yau’s gradient estimate for the sum of squares of vector
fields up to order three and higher under assumption of a generalized curvature-dimension
inequality.

One of the key steps in Li-Yau’s method for the proof of gradient estimates is the Bochner
formula involving the (Riemannian) Ricci curvature tensor. Bakry and Emery ([BE], [BBBQ))
pioneered the approach to generalizing curvature in the context of gradient estimates by us-

ing curvature-dimension inequalities. In the CR analogue of the Li-Yau gradient estimate

([CKL]), the CR Bochner formula ([G]) is

IN V[P = [Hess(f)]> + (Vo f, Vo(Auf)) + 2 (JVuf, Vi fo)
+(2Ric — (n—2) Tor)(Vsf) e (Vo) ),

(1.5)

which involves a term (JV,f, V,fo) that has no analogue in the Riemannian case. Here
fo := Ty and T is the characteristic vector field. In order to deal with the extra term
(JVuf, Vifo) in case of vanishing torsion tensors, based on the CR Bochner formula (1.5),

we can show the so-called curvature-dimension inequality (see Lemma 3.1):

(1.6) Do(f, )+ 05 ) > = 18P (—% - §) Vofl +2n | fol

14

for any smooth function f € C*°(M) and v > 0 and the pseudohermitian Ricci curvature

bounded below by —k. Here
L3 (f. f)=2|Vufol’
and

To(f, ) :=4|Hess(f)” + 8Ric((Vof) e, (Vo)) + 8 (Vo f, Vafo) -

Before we introduce the generalized curvature-dimension inequality (1.7) which was first
introduced by Baudoin and Garofalo ([BG]) in the content of sub-Riemannian geometry, it
is useful to compare Cao-Yau’s notations with pseudohermitian geometry.

Let J be a CR structure compatible with the contact bundle £ = kerf and T be the

characteristic vector field of the contact form € in a closed pseudohermitian (2n+1)-manifold
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(M, J,0) . The CR structure J decomposes C ® £ into the direct sum of T} o and Tp; which
are eigenspaces of J with respect to ¢ and —i, respectively. By choosing a frame {T, Zjis Z;}

of TM ® C with respect to the Levi form such that

J(Z]) = ZZJ and J(Z;) = —’l'Z*»,

J

then Y; will be the characteristic vector field T with a =1, d = 2n and
1 . 1 .
Z; = §<6j —ie;) and Z7 = §(€j + i€5)
with ; =n+7, 7 =1,..n. The operator that we are interested in this paper will be
L = Z(@jz + 6‘]72) =2 Ab.
j=1
Definition 1.1. Let M be a smooth connected manifold with a positive measure and vector

fields {ei, Yo ticr,aen sSpanning the tangent space TM. For py € R, ps >0, K >0, m > 0,

we say that M satisfies the generalized curvature-dimension inequality C'D(py, p2, k,m) if

(L.7) (LI + (pr = DD(F )+ D7 (F, £) STalfs ) +0T5(F )

1
m
for any smooth function f € C*°(M) and v > 0. Here

L(f, £) = > lesfI?,

PZ(f, ) = Y IYafl,
Dofs f) = I ) =23 () eL)
TZ(f, f) = LLIEZA(f 1) =2 Yaf)(YaLf)):

Note that we also have

To(f, )= leei /P + > (e, /) (L, el f)

1,J€lq J€lq
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and

CZ(f )= > leYafP+ ) (Yaf) (L, Yalf).

i€ly,a€ly, agly

In Lemma 3.2, we will derive a curvature-dimension inequality (1.7) in a closed pseudo-
hermitian manifold of the nonvanishing torsion tensor. As a result, we are able to obtain
the following CR Li-Yau gradient estimate which is served as a generalization of the CR
Li-Yau gradient estimate in a closed pseudohermitian (2n + 1)-manifold with nonnegative

pseudohermitian Ricci curvature and vanishing torsion as in [CKL], [CCKL] and [BG].
Theorem 1.1. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold with
(2Ric— (n—2)Tor) (Z,72) > —k{Z,Z)

and

max |A;;| < A, maX|A] |<B
1,5€1n 1,j€1n

for Z € T(T1oM), k > 0 and A, B as positive constants. Suppose that u(z,t) is the
positive solution of (1.2) on M x [0, oo). Then there exist &g = 0g(n, k, A, B) >> 1 such

that f (x,t) = Inu (x,t) satisfies the following gradient estimate
C
(18) Vo[ =0fi < -+ C

for 0 > g and

n 252 (" 2 — n 2
C, = %max{n(n+1)52+8‘/§(gi§;;5 Sn(n+1)8 [(k—l— n+1)) (0=d) 4 16( +1)] }

> 4(6—60) 2n(n+1)Aé$ n
52
Cy = 3max{ (k + n+1)) \/irzgﬁgs))é +16v3 (n+1)° G 53A)2
3(n+1)d 32n(n+1)5A
SnA(S—00) (/‘“F i) T (560) > }

As a consequence, we have Cy = 0 if £ = 0 and A = 0. Hence, we have
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Corollary 1.1. Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold with nonnega-
tive pseudohermitian Ricci curvature and vanishing torsion. If u(x,t) is the positive solution

of (1.2) on M x [0, o0). Then f (z,t) = Inu(z,t) satisfies the following gradient estimate

(1.9) IVof|? = 6f < %

Remark 1.1. In fact, in [CCKL], we get the following CR Li-Yau gradient estimate in a closed
pseudohermitian (2n + 1)-manifold with nonnegative pseudohermitian Ricci curvature and
vanishing torsion. That is

3 n (2+6+n)

Vof[* = (L ) f+ 5t(fo)” < =2,

n 3 t
but where we can not deal with the case of nonvanishing torsion tensors. The major different
here is : we apply the generalized curvature-dimension inequality, which holds as in Lemma
3.2, and Cao-Yau'’s method ([CY]) to derive the gradient estimate in a closed pseudohermitian

(2n + 1) -manifold with nonvanishing torsion tensors.

Next we have the CR version of Li-Yau Harnack inequality and upper bound estimate for

the heat kernel as in [CFTW] and [CY].

Theorem 1.2. Under the same hypothesis of Theorem 1.1, suppose that u is the positive

solution of

0

on M x [0,4+00). Then for any x1,22 € M and 0 < t; < ty < 400, there exists a constant
So(n,k, A, B) > 1 such that

C1(n,9)

5’ 2 / A R
U($17t1> S <t2> exp ((5 dcc(flfl,xg) 4 02(71, IC,(S,A, B) (t2 . tl))

u(.fg,tQ) t

4 te—1 4]

]

for & > 0y(n, k, A, B). Here we denote the Carnot-Carathéodory distance in (M, J,0) by d...
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Theorem 1.3. Under the same hypothesis of Theorem 1.1, suppose that H(x,y,t) is the

heat kernel of

o
Ay — Ly =
(B = 5)u=0

on M x [0,4+00). Then there exists a constant §; > 0 such that

H(z,y,t) < 0(5)61

1 exp (Cé(n, k.6, A, E)st B dcc(q:,y)2>
\/Uol (Bx(\/l_f)) vol (By(\/i)) 0 (4+e)t

fore € (0,1) and C(e) — 400 as e — 0F.

In the Cao-Yau gradient estimate for a positive solution of an operator with respect to
the sum of squares of vector fields of step 2, the key estimates are (2.10), (2.12) and (2.14)
of ([CY]). This in fact, resembles the generalized curvature-dimension inequality (1.7) with
some certain pq, po, k and m. However this is not the case for step 3 and up. Then, as
in Theorem 1.4, it was an important insight that one can use the generalized curvature-
dimension inequality as a substitute for the lower Ricci curvature bound on spaces where a
direct generalization of Ricci curvature is not available.

We start to setup the Li-Yau gradient estimate for a positive solution of an operator with
respect to the sum of squares of vector fields of higher step. For simplicity, we assume that

M is of step 3, i.e.
(1.10) [ei, [ej, [ex, e]]] = alpen + b?jsz; + C?jklyflll

for a%kl,byjkl,cf‘jkl € C® (M) with {Y,},cp = {YT; = [ei,ej]}iﬁjeldU{Y” = [es, e, ek]]}i,j,kgd-

We denote the supremum of coefficients as:

_ n — 7 — A

a = sup |aijkl‘ ) = sup ‘bijk:l‘ ; €= 8sup ‘Cijkl )
r_ n o yi ) A

a’ = sup ‘ehaijkl‘ , V' =sup |€hbijkl| ; € =Sup |6hcijkl| :

Theorem 1.4. Let M be a smooth connected manifold with a positive measure satisfying the

generalized curvature-dimension inequality C'D(py, p2, k,m) and let L be an operator with
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respect to the sum of squares of vector fields {e1, e, ...,eq} satisfying the condition (1.10).

Suppose that u is the positive solution of

9,

on M x [0,4+00). Then for all % <A< %, there exists 99 = do (A, p1, p2, K,d, h) > 1 such

that for any 6 > 4

2
u
Jje€lq acA

lejul? Youl? ’ u Oy A

J « A

Lk T+ ) —5— < 2L Oy + Oyt

> > - LS GG

where C1, Cy, Cs are all positive constants depending on d, \,d,a,a’,b,b', ¢, p1, p2, k, m.

Remark 1.2. 1. In the paper of [BG], they proved the L? version of Li-Yau type gradient
estimates for 2 < p < oo under the assumption of the generalized curvature-dimension
inequality via the semigroup method in the sub-Riemannian geometry setting.

2. We can obtain the Li-Yau Harnack inequality and upper bound estimate for the heat
kernel of L — % with respect to the sum of squares of vector fields as in [CY]. We also refer

to [JS], [KS1], [KS2] and [M] for some details along this direction.

We briefly describe the methods used in our proofs. In section 3, we derive a generalized
curvature-dimension inequality in a closed pseudohermitian (2n + 1)-manifold. In order to
gain insight for the estimate, we first derive the CR Li-Yau gradient estimate and the Harnack
inequality for the CR heat equation in a closed pseudohermitian manifold as in section 4.
Then, for simplicity, we will derive the Li-Yau gradient estimate for the sum of squares of
vector fields of step three as in section 5. Similar estimates will hold for the sum of squares
of vector fields of higher step as well.

Acknowledgement The authors would like to express their profound gratitude to Prof.
S.-T. Yau for bringing this project to them and his inspirations of the Li-Yau gradient

estimate for the sum of squares of vector fields.
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2. PRELIMINARY

We introduce some basic materials about a pseudohermitian manifold (see [DT] , [CKL],
and [L] for more details). Let (M, &) be a (2n + 1)-dimensional, orientable, contact manifold
with contact structure £. A CR structure compatible with £ is an endomorphism J : & — &
such that J? = —1. We also assume that .J satisfies the integrability condition: If X and Y
are in &, then so are [JX,Y]| + [X,JY] and J([JX,Y] + [X,JY]) = [JX,JY]| - [X,Y].

Let {T, Z,, Za} be a frame of TM ®C, where Z, is any local frame of T\ g, Zs = Zo € Tp1
and T is the characteristic vector field. Then {6,60*,6%}, the coframe dual to {T, Z,, Z5},

satisfies
(2.1) df = ihageo‘ A 68

for some positive definite hermitian matrix of functions (h,3). If we have this contact
structure, we also call such M a strictly pseudoconvex CR (2n + 1)-manifold.

The Levi form ( , ), is the Hermitian form on 7 defined by
(Z,W),, =—i(d0,Z\NW).

We can extend ( , ), to Tp; by defining (Z, W>L@ = WLQ for all Z,W € T3 . The Levi
form induces naturally a Hermitian form on the dual bundle of 7} o, denoted by ( , ) Ly and
hence on all the induced tensor bundles. Integrating the Hermitian form (when acting on
sections) over M with respect to the volume form du = 6 A (df)", we get an inner product
on the space of sections of each tensor bundle.

The pseudohermitian connection of (.J, ) is the connection V on TM ® C (and extended

to tensors) given in terms of a local frame Z, € T by

Ve =wa’ @ Zs, VZi=ws’ @25 VT =0,

where w,” are the 1-forms uniquely determined by the following equations :



LI-YAU GRADIENT ESTIMATE FOR SUM OF SQUARES OF VECTOR FIELDS 11

do® =0 Aw” + 0 AT,
0=17, N0,
_ ., B _o
0=w” +wz",

We can write (by Cartan lemma) 7, = A,,0" with A,, = A,,. The curvature of Tanaka-

Webster connection, expressed in terms of the coframe {6 = 6°, 6%, 6%}, is
" = 3% = dws® — wg” A w,“,
My® = 11,° = 1Ty’ = T13° = 1,° = 0.
Webster showed that 113 can be written
5% = Rg® 50" NO7 + W5 ,0° N0 — W s,0° N O +ils AT —it5 A O
where the coefficients satisfy
Rﬂ&l)(_f - RaBUﬁ - Rdﬂ&p - Rp&[)’&a WB&W = ~yaB-

Here Rvéag is the pseudohermitian curvature tensor, R,53 = R,”,5 is the pseudohermitian
Ricci curvature tensor and A,z is the pseudohermitian torsion. Furthermore, we define the

bi-sectional curvature
Roas5(X,Y) = R 555XaXaYsY3
and the bi-torsion tensor
T5(X)Y) = i(ABﬁXﬁYa — Aap XPY3)
and the torsion tensor
Tor(X,Y) = h*’T5(X,Y) = i(AqpX7Y™ — A, XPY®)

forany X = X“Z,, Y =Y*Z, in T} o.
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We will denote the components of the covariant derivatives with indices preceded by
a comma; thus write A,s,. The indices {0,a,a} indicate derivatives with respect to
{T, Z., Zs}. For derivatives of a scalar function, we will often omit the comma, for instance,

Ug = Zal, Upp = ZzZou — wo"(Z5)Zyu.In particular,

(Voul? =237 uaua,  |Viul? =237, 5(uaptiss + tyzuas)-
Also
Apu =Tr (V)u) =3 (tas + Usa)-

Next we recall the following commutation relations ([L]). Let ¢ be a scalar function and

o = 0,0% be a (1,0) form, gy = Ty, then we have

Pap = PBas
Paf — Pha = Iz,
oo — Pa0 = AaﬁSD’B )
0008 = Oapo = OazAlg—07Aups,
Oa0f — Oao = OanATz+07A55,,

and

(1) @ejer = Peze; = 2500,

(2.2) (2) Pejer — Pere; = 0, 7 7
(3) Poe; = Pe;0 = e, Re Al — o Tm Al
(4) Poe; = Pe:0 = —p, Im Al — ¢ Re Al

Finally we introduce the concept about the Carnot-Carathéodory distance in a closed

pseudohermitian manifold.
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Definition 2.1. A piecewise smooth curve v : [0,1] — M is said to be horizontal if v '(t) € £

whenever v '(t) exists. The length of 7y is then defined by

I(y) = / (8,7 ()2, dt.

The Carnot-Carathéodory distance between two points p, q € M s

dcc<p7 q) - 1nf {l(f)/)| Y € Cpaq} )

where C, 4 1s the set of all horizontal curves joining p and q. By Chow connectivity theorem
[Chol, there always exists a horizontal curve joining p and q, so the distance is finite. The

diameter d. is defined by

d.(M) = sup {d.(p,q)| p,q € M}.

Note that there is a minimizing geodesic joining p and q so that its length is equal to the

distance d..(p, q).

3. A GENERALIZED CURVATURE-DIMENSION INEQUALITY

Now we proceed to derive a curvature-dimension inequality in a closed pseudohermitian
(2n + 1)-manifold under the specific assumptions on the pseudohermitian Ricci curvature
tensor and the torsion tensor. In particular, in the case of vanishing torsion tensors, we have

the following lemma.

Lemma 3.1. If (M, J,0) is a pseudohermitian (2n + 1)-manifold of vanishing torsion with
(3.1) 2Ric(Z,Z) > —k({Z,Z)

for Z € I' (T1oM), k > 0, then M satisfies the curvature-dimension inequality CD(—k, 2n,4,2n).
Proof. By the CR Bochner formulae (see [G])

%Ab Vo fI* = |Hess(f)*+(Vof, Vo(Asf))+(2Ric—(n — 2) Tor) (Vo f)e, (Vof)e)+2 (JVif, Vifo)
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where (V,f). is the T} g M-component of (V,f), we have

}lfz(f, f) = [Hess(f)|* + 2Ric — (n = 2) Tor)((Vof)e: (VoS )e) +2(IVof, Vi fo) -

With the equality

%Ff (F,.£) = [Vufol” + fol 2, T1F,

Lo(f, f) +vP5(f, ) = AllHess() + (2Ric — (n —2) Tor)((Vsf)e, (Vo f)e)

(3.2)
+2 (Vo f, Vi fo)] + 20 [V fol* + 20 fo[ Ay, T .

On the other hand, we have

2 2 2 1 95 M L9
(3:3) [Hess(F)I" =203 Ifsl* + 3 1£51) = 5 18uf1* + 5 1 fol
’L,jeln l,]eln
and
Vof|© v
3.9 9t 9f) = - Y g

Now it follows from (3.2), (3.3), (3.4) and curvature assumptions

(3.5)
To(f, £) +vT5(f, f) > (R |Af] + 20 fol®) + 4(2Ric — (n — 2) Tor) (Vs f)es (Vo f)e)
—8IVIE 4 9 £y (A, T f
> 2 AP+ (=2 — B) [V 1P+ 2n | fol” + 2v oA, T .

Finally, it follows from the commutation relation ([CKL]) that

(3.6) Apfo = (D f)y + 20(Aasf)’ + (Agzf™)).

But A,3 = 0, hence

[Aba T] f = 0.
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All these imply

2 8
La(f. )+ VD5 ) = ~ 1A + (—% - ;) Vof 4 2n1fof
O
Remark 3.1. In a closed pseudohermitian (2n + 1)-manifold of vanishing torsion tensors, the

CR Bochner formulae (1.5) is equivalent to the curvature-dimension inequality (1.7) which

also observed in the paper of [BG].

As for the curvature-dimension inequality in a closed pseudohermitian (2n 4 1)-manifold

of nonvanishing torsion tensors, we have

Lemma 3.2. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold of
(2Ric — (n — 2)Tor) (Z,2) > —k (Z, Z)
for Z e I'(T1oM), k>0 and

max |4;;| <A, max {Aiﬂ‘ <B
i,jEIn ’LJGI’"« ’

for nonnegative constants A, B, Then M satisfies the curvature-dimension inequality C D(—k—

— —2
2nNngQ, n_ 22N _ 2P NPAT 4 9mp) for 1 < m < +00, 0 < &1 < +00 and smaller N > 0

e1 m—1

such that

(2n 202N  2mn? NQZQ )
—_— = — >0
m €1 m—1

and 0 < v < N.
Proof. 1t follows from (3.2), (3.4) and (3.6) that

Lo(f. /) +oTE(f f) = 8[2 (sl + |1al") | = 2k +2) IV T

o,B
—8v|fol > |(Aszafs + Axpfaa)] -
o8
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Note that by using the Young inequality

f! \fo!

(3.7) | fol (|Agg.afs| + | Axafsal) <

aﬂafﬁ‘ + +62|Aaﬁfﬁa} s

for 1,9 > 0. Choose

m— 1

mN 22

E9 =

for m > 1 and N with v < N. This implies that <1 — N@ZZ) =1
It follows from (3.3) that

Dof, ) +0T5(F ) = 83 [fal” + 83 (1 vea [Ags|”) sl = (2K + 2) VP
a,B a,
w3 (& + ) 1l - sver 3 A fof
a,B a,B

2 52 (Mool +1al?) = (2045 + 4N B') Vs
a,B
—2n’N (i + é) | fol?
> 5 e IS+ 5 1A) = (2 3+ aNenB) 1V, 1
—2n2N (i + é) | fol?

X (2_n 22N 2mn2N2A ) 7 (f, f)

m €1

Now we make N smaller such that

o2n  2n2N 2mn2]\7222

> 0.
m €1 m—1

Then we are done. U

Remark 3.2. By choosing A =0 = B, m — 1*,&; — 400 and noting the inequality (3.7) in

Lemma 3.2, we are also able to have the same conclusion in Lemma 3.1.
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4. THE CR LI1-YAU GRADIENT ESTIMATE

In this section, based on methods of [CY] and [CKL], we first derive the CR Li-Yau gradient
estimate and the Harnack inequality for the CR heat equation in a closed pseudohermitian
manifold. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold and w(z,t) be a

positive solution of the CR heat equation

(Ab - %) u(x,t) =0
on M x [0, o0). We denote that f(z,t) = Inu(z,t). Modified by [CKL], we define a

real-valued function F(z,t,58,6): M x 0,T) x R* x Rt — R by

(4.1) F(x,t,8,0) =t LZ les fI7+ B> [Yafl? = 6f:

i€ly acly

forx e M, t>0, 3>0, 06 >0. Note that 5 — 0T if T — oo as in the proof.

Lemma 4.1. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold and u(z,t) be a

positive solution of the CR heat equation

(1= 2) oo -

on M x [0, c0). We have the identity

(4.2) +482 " (e /) (Yaf)([ej Yalf)

JjE€lg,a€ly

=2 (e /)(e;F) = Bty |Yafl*

jeld OéEIh

Proof. Tt follows from definitions of Iy(f, f) and T'Z(f, f) that

LF = t[L(T(f, f))+ BtL(CZ(f, f)) — OLf:]
= t{20a(f, /) +2D (e;f) (e;Lf)]

JEly

+BtR0F(f, £)+2)  (Yaf) (YaLf)] = 6Lfi}.

acly
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Then
(L—2)F = —Lpuolo(f, f)+26t04(f, f +22 (ejf)e; (
(4.3)
+2BtY - (Yof)Ya (L= 2) f =B _( Yaf -
Since
F 2
L—— Z‘jf‘ —_T‘i‘BtZ’Ya.ﬂ _5ft>
we obtain
22 (e;f) e] f+26tz Yof)Y, %)f
—BZ Yof)! =05 (L= 5) f

g
-] -
h@

Kﬁ
/\
“l"ij
+
@
>
=
i
L
~

(4.4a) +25tZ Yaf) Y. ( Zieaf\> Z =65 (L-3)
=203t [Z (e;f) e; (Z Y, f| ) +) (Yaf)Ya (—Z Iejf|2>

J

+2)(eif)e; (=5 = 0£) = B (Yaf)* = 05 (—Z Iejf|2>
=46t) (e ) )len Yol ) = £2(esesF) = B3 el

J

Substitute (4.4a) into (4.3), we have the identity (4.2).

As a consequence of the identity (4.2), we have proposition 4.2.

5i) f

(L—5) 1l
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Proposition 4.1. If M satisfies the curvature-dimension inequality C'D(py, p2, k,m) for

pr€R po>0,k>0,m>0, then

(L=3)F = —5+2t 5L+ (o = ZI0( ) + el 2(f, )] +

(4.5) 4B D7 (e )Vaf)(es, Yol S)
—QZ(ejf)(ejF) — Bty |Yaff*.

Now we proceed to prove Theorem 1.1 :

Proof. Note that M satisfies the curvature-dimension inequality C'D(p1, p2, k, m) with p; <

0,p2 >0,k > 0,m > 0 as in Lemma 3.2. Here we follow the method as in ([CY]). Set

T = (50 |be|2 - 5ft) (fL‘Q,to) for § > 50 > 2
T = | Vi I (o, o)

y = | fol (o, to)

where 0g and (g, tg) will be chosen later and fo = T'f with T":= Y,,. From now on, 7" denotes
a positive real number instead of a vector field.
If F attains its maximum at (xg,tg) € M x [0, 7], then, by choosing a normal coordinate

at (xg,to) and (2.2), (4.5) becomes

F 1 _
(4.6) 0>~ 426 | —(280f)% + 2(p1 — ——)T + pay®| — 16nBE3ATY — Btoy®
lo m Bto
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for d = 2n and h = 1. More precisely from the commutation relations (2.2), we have at

(20, t0)

Y (el ) (TF) (feas T) f) (w0, to)

ot
= foz;fea (eaTf —Teaf)
= fo ZIf [(foco + (De,T) f) = (fean + (Drea) f)]
= fo [X;f (e, = Fon) + 3 (for, = feo) - > POeafeafeﬁ]
= fo lz; f (fe, ReAﬂ—fe;ImnAﬂ) o
+fol§; fo (= fo Im Ay — fo. Re Ay) — fo ; Lo Jeates
z —lfjoﬁnZ (ol 415D Ul 15D
> —4nzf;.l -

We divide the discussion into the following two cases :
(I) Casel :x>0:
By

(Auf)” = (fe = 1VufP)" = {‘}" (1 - —) Vi } f;- + (%—5) IV,

we have

0 > —£ 4 %27 + topay”

(4.7) +8000- b0 72 o (4t0p1 - —) T
+to (p2 — B) y* — 16nSt5ATY.
Let

— 4k \ _ -
A=t [T <4P1 - %> T+ (p2 — B)y* — 16nSto ATy
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and
4. 80— do)”
T ome?
We have
2p1— 25 —8nfty A, 2 2p1 — 25 —8n Bty A :
A = to{A<f+ e y) - P J + (p2 = B) v*}
2
—8nftg A n2B212 A%
= to{A< i il y) +<pz—5—64—it°i)y2
2
32nﬁtoA ( > 4<p17AB%0> }
Choose
. P2 VAp
B=py:=min{Z, 16nT2Z}'
This implies that
64n2 322 A" 02
B = — - —2 0 | >=,
<P2 B A =75
(¢) Under the case
VAp
TZ 0-— 4np %7
2
we have
2
nBtg A K P1=Biy
A > to{By? 4 24 (Pl — %) y— 4—( - ftO) }
nBtoA e \\2 1620282024 14BA o\ 2
= talB (v 5t (o= ) ) - (- )
— 2
> — (Pl— %‘%) (1+2T—t3) to
~ K2
3 16nkA T
> = (Pl— x/ATmE) Lo,
Set
z = tox.

(a) If & > Bto | fol?, it follows from

F =ty [(2 = 60) [Vof[* + 2 + Bto | fol’]

that (4.7) becomes

— 2
8 3 16nkA
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mo?\ 2 < mé? [ mo? N 3 . 16n/<;XT 2
7 — — — | =4+ = - .
s ) =8 (s Ta\""T A,
6m 16nkA
SV (- V)|
AP2

F<2t:€<m—52+§1/6—m —pit +16W”ZT
> oL > 2 2 A P1lo \/A_p2

and then

Thus

This implies

and then
C, ,
2 \be|2 + it |f0|2 —0fi] (x,T) < ?1 +C,
' 5 [6 8ndkAV6
o = 20 o SRORAVOM
2V A AV
(b) If x < Pty |f0|2, it follows that
— 2
3 16nkAT
0> —28toy? + topot® — — _ Iy,
= T2 oy A (P1 VAps to) °
and then
2 1 3 16nkA T\
Y'<S —xg\mm 1| -
(p2 —2B) A VAps to
Hence
F < 2pt5y°
—65 16nkA 2
< (p2—2B)A (Plto - \/Tp2T>
3 t 16nkA
S AnA/Aps (/)1\/—% = VAn T) .

Finally we have
[2 |vbf|2 + /Blt |f0|2 - 5ft] (QT,T) < O; (plu P2, Kk, M, N, 67 z)
with

O” L 3 (_ i 16”/114)
2 4%2\/Ap2 P A,OQ '
(¢7) Under the case
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we have
and then

(a) If = > Btg |f0|2, then

1"
1

[ﬂvgﬁ+mﬂhﬁ—wnmjvg%;+@

. 1" 2
with C] = ™= + 225—2”\/67"1 and

1 6 6
Cy = —% Im > 0.

(b) If z < Bty | fo|*, then

C”l
21V fI* + But [ fol* = 0] (2,T) < =
with

" 3 (prApQ _ 4_/'{3)2
A E—— .

Ol = — —
dnps A P2
(IT) Case I : x<0:

We may assume

(80 — 2) |V f]” < Bto fol*-

Otherwise,
F <0.
From (4.6)
F k. Btoy’ 2 271 2
4. > —— 42ty |2(p1 — — — 16npt; ATy — Btoy”.
(4.8) 0> t0+ 0{(01 Bto)(50—2)+p2y nfBta ATy — Btoy
Set

)2 1 1
B = [y :=min —, ——, :
2 nAT THfUHMX[O,T]

23
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Hence

2
0 > —=2Btoy* + 2patoy® + p1 (af tz)y =T 16"5Atgy(§t°y)

2 44t 4k 16182 Aty
2(p2 = B) toy” + toy” [pl G2 oD T 02 ]

4K 16
t0y2 [2 (p2 - B) + p1 (5072)2 T (60—2) (50—2)}

2 4 4K 16
Z tOy [;02 +,01 (30—2)A - (60—2) - (50_2)} .

v

Choose 6y (,01, P2, m,z) > 2 such that

4 4k 16
<p2 +p1(50 —29)A4 (0—2) (d- 2)) >0
we obtain
y(xo,t9) = 0.
It follows that
F(xo,t9) <0
and then
2|Vaf[* + Bat | fol* — 6/ <0

on M x [0,T]. So if we choose

. 1 1
f < min {51,5274(n+1)nT’ 2(n+ 1)ZT}

and
=n+1 ,€1 = 1 N = BT
such that
o2n  2n2N 2n2N2XZm
— = — >0
m €1 m—1
with 0 < v < N as in Lemma 3.2, we obtain
C
[|be| - _ft] < 71 + Co.
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Here
1 2, BVB(nt1%)8 3n(n+1)62 B (0=0)  , 16(n+1)]>
Ol = jmax {TL (n + ].) 0% + (6—50) P A(6—00)> |:<k + 2(n+1)) 2n(n+10)25 + n ] ’
_ 1 B® ) V3n(n+1)s? 2§34
3(n+1)8 B> 32n(n+1)64 >
8nA(5—d0) <k T3 T T =) ) b
Note that 8 — 07 if T'— oo and
max {C},C},C] } < Cy,
max {C;, C';, C;”} < (5.
These will complete the proof. 0

The proof of Theorem 1.2 :

Proof. Define
n . [tl,tg] — M x [tl,tg]

t(v(t),t)

where 7 is a horizontal curve with v (1) = x1, 7 (t2) = z2. Let f = Inu, integrate f’(t) along

7, SO we get
to to

f(nnty) — f (2ants) = — / (fon)dt=— / (7 (1) . Vo) + i) dt.

t1 t1

By applying Theorem 1.1, this yields

to to

fz1,t) — f(22,t2) < —/(7’(t),be>dt—|—/% (%+O2_ |be|2) dt

t1 t1
t2

< / Sl @)+ S+ %) dt.
t1
We could choose
dcc (xl $2)
! 1) = ; .
[ (1)) = S,

we reach
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C1

t to\ ¢ od 2
u(zy,tr) - <t_2) . exp (_M +%(t2 —t1)>.

U((L’g,tQ) 1 4 tg — tl )

5. LI-YAU GRADIENT ESTIMATES FOR SUM OF SQUARES OF VECTOR FIELDS

In the paper of H.-D. Cao and S.-T. Yau ([CY]), they derived the gradient estimate for
step 2. Here we generalize the result to higher step under the assumption of the curvature-
dimension inequality. Let M be a closed smooth manifold and L be an operator with respect
to the sum of squares of vector fields {e;, ey, ...,eq}

L= Ze?
Jj€lq
Suppose that u is the positive solution of

0
(L—a) u=0

on M x [0,+00). Now we introduce another test function as in [CY] for f(z,t) = Inu(z,1)

(5.1) xt—t[Z\ejﬂ—i-Z +1ny —6ft

ely acA

for \ € (%, 1) to be determined later. Note that the power A in this test function G is
necessary due to (5.14).

By the same computation as in Lemma 2.1 of [CY], we have Lemma 5.1.

Lemma 5.1. Let M be a smooth connected manifold with a positive measure and L be an
operator with respect to the sum of squares of vector fields {e1, es, ...,eq}. Suppose that u

18 the positive solution of

(L— —=)u=0
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on M x [0,4+00). Then the following equality holds:

(L-2)G = ¢4 (z st ) (e f>)

1,5€14 J€lq

120 S (L4 YafD) T e fP [T+ @A — 1) [Yaf ]

i€lg,a€EN

20D (14 Yaf ) (Yaf) (L, Yol f)
acA

A (L Ya /D) () (Yaf) (e Yal £) = 23 (esf) (e,
i€lg,a€A J€ly

Then, as a consequence of Lemma 5.1, we get Proposition 5.2.

Proposition 5.1. If M satisfies the curvature-dimension inequality C'D (py, pa, k,m) for

pr€R po>0,k>0,m>0, then
(L-%5)G > —§+%(Lf)2+t2\€i€jf|2+tﬂ2rz<f> f)
i,

2N (22 -1ty (14 Yo f ) e P

7,00

(5.2) (e f) (Loes] £+t (o1 = 5) T (f ) =T (f, )
+2AY (14 Yo s P) T (YVal) (L, Yol )
Y (L [Ya /) (ef) (Yaf) (e Ve 22 (e;f) (e,G

Remark 5.1. With the help of the curvature-dimension inequality, we obtain the extra pos-
itive term tpo['Z (f, f) in order to control some of the remaining negative terms in the up-

coming estimates. Note that there are similar spirits as in [CY, (2.10)] and [CKL, (2.10)].

Now we are ready to prove the main theorem in this section.

The proof of Theorem 1.4 :

Proof. Here we follow the method as in ([CY, Proposition 2.1.]). We claim that there are

positive constants C7, Cy, C5 such that

G < Oy + Ot + Cst >t
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If not, then for arbitrary such C7, Cy, C3, we have
22—1
G > Cy + Cot + Cst>-1

at its maximum (g, tp) on M x [0, 7] for some T" > 0. Clearly,

to >0 , (;G) (0,t0) =0,
% (xo,t0) >0 , LG (xg,t9) <0,
for j € 1.
Choosing

A—1

vr=A2Xx-1) (1 + max (\Yaf’2 (xo,to)))

and evaluating (5.2) at (xo, o), we obtain
0> —g+b (Lf)* + foz leie; fI? + topzz Yo fI?
%, «

163" (e;f) (IL,e5] f)

J

FARA—1) toz (1+ [Yaf)) ™" Je;Vafl?
FAB =20t (14 [Yaf ) (Yaf) (L. Ya] )
MY (14 [Yaf ) (i) (Yaf) (e, Yal f)

j7a

" 1-X
—in Y (L YaflP) "D lei 1P +top ) lei fI7.
J J

(67

By straightforward computation, we have

[L,ej] fI = 2261'[ei,ej]f_Z[ei,[ei,ej”f
< 2> lelene] 14D Yol

(5.4)

and



Similarly

(5.6)
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(£, Y] 1]

[, YA /]

IN

IN

IN

IN

IN

2262‘ [ez, Z e,, ez,Y’
2 |eiVif|+d (aZ e f1 40> [Yifl+ed M’f!)
i,A J n A

< 2Y leYaf|+dad lefl+d(b+0) > [Yaf].

IA

> eilen YA f 4+ lenYilef
2
03 lenerf | 453 [¥ienf] + 03 Ve
im i i,B
2az lee; f| + 2()277 ‘ezy;;f|
+22]Z e Y4 f| + bnz e, Y] f
i,A i,
+e |les YA fI + djl'z le; f
i, A
+db'z Y f| +dcz |Y”f|
QaZ]eleJﬂ +2(b+c) Z\&Y 1 +d@Z’€Jf| +db/Z}Y,f‘

) L+ (o + i+ n8)
B i,B

i (“Z‘,Aﬁn + 0w+ G aYE ) / ‘

QaZ]eiejf\+2(b—|—0)2\eiYaﬂ+d(a’+acd4)2\ejf\
i.j i j

+d (V' + bed?) Z\Y’f{Jr de + b+ 2d*) Z|Y”f|

2aZ|elle|+2 (b+c) Z|61Yf|+d(a + acd*) Z|ejf|

(db’ + bed® +dc + b+ c2d4 ) Yafl

29
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Also

(5.7) e, Y] 1 <D 1Vaf|

and

(5.8) lei YL < @ _lesfl+ (b+c) 3 IYafl.

Substituting (5.4) — (5.8) into (5.3) and noting that

d 5
(L—E)f_—;@ﬂ :

we have

(5.9)
2
0 > —%+f—2<2|ejfl2—ft> 10y _leie fI*+topa ) [Vafl”
j b “
A—1
FACA =1t (14 Vaf ) e Vs I
7,

—d(a+d +acd VA3 =2\ 60> (14 VafP) " [Yaflle; /]
J:B
— (db+de +db +bed® + de + b+ AdYN (B —20) 103 (1+ [Ya 2 [Vaf| [Vaf]

_QtOZ lej fl1eilex es] fI = to (Z (%f)) (Z !Yaf|>

J

S - S
~\~ g

1) (2)

A—1
—2aX (3 =2\t > (14 [YafI?)" [Yaf] leie;f]
1,5,8

(.

~~

®3)
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A—
“2(L4b+AB =201 (L+ Vaf) [Vafl lesYaf|
i,0,0

N J/
-

(4)

—dat <Z (1+ |Y,3f|2)k_1 |Y5f|) <Z |6jf|>2

&
A—1
—A(Lt bt ) Mod - (L4 VafP)" les /1 [YaS Vs
NG j7a75 .
®
tolﬁl oy 1-A ) )
oy Yl ) T 3 e P = top 3 eI
« .] J

N J/
-

(7)

Now we estimate each term (1) — (7) in the right hand of (5.9) as follows :

D D lesflleilese) /I < > leiflleivaf

/L?]?a

- (Zrem ) (Z (1+ \Yafﬁ)l*)z

A—1
WZ 1+ [Yaf )" lesYafl®

(Z\ejf\ ) e (Z (1+|Yaf|2>1_*)4

«

FAADN (1 Va1 feYa s

IA

IA

2
WE,%CO (Z ’ejf’> 16d2 1+d (Z Ya f|)
J
2
< 0 (Thn) +5 (Tt

S
—
~M

o

<
~
—
7]

o<

)
~

A



32

IA

IA

IN

(5)

DER-CHEN CHANG, SHU-CHENG CHANG, AND CHIEN LIN

to [2aA (3 —20) ) (1+ |Y5f|2)A_1 Y5 f] |6i€jf|]

ZA7‘j7ﬁ

to :(2(1)\ B-203" (1 +Yes?) |Y5f|> (Z\ele]ﬂ)]

B

to | Y leiesfI” + d?M2 (3 — 2))° a? (Z (1+ V) |Yﬁf|>

| i B

2(1+b+)AB =20t (14 [Vaf?) [Yafl lesYaf]
P00,

thﬁ[(wwﬁfﬁ) Vaf | (14 W)™ (L s ) e |
ol (0 sy Vafl) (14 ¥arP)

+ 2B (14 Yaf ) feiaf ) 2 2
T o (% (1+varP) |Yﬂf|> (Z (1+ \Yaff)l?>
2O ST (14 [Yaf ) eYaf PP for v =2(1+b+c)A(3—2)).

(e

darty (Z 1+ [Vaf?) ™ IYBf|> (Z |€jf|>2

B J

2 2
< ey (Z |ejf|2> + &itod’a” (Z (1+ V) |Y,3f|> :

B
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(6)
<
<
<
(7)
<

Let

We may assume

A(L+b+) MY (14 [Yafl?)  lesfIYafl[Yaf]

Jsa,8

2 2
2 c)? A—1
t064d (1+?2(1+b+ ) <Z (1 + |Y/jf|2> |Yﬁf|) <Z |€Jf|)
J

B

2

o (Z |Yﬁf|>
a4
tos (Z rejf|> +to22 (Z !Yafﬁ)
i @

4

1024d8 (1+d)?(1+b+c)* 2\ A—1

1 AL (e (Z (1+|YafP) IY5f|>
B

2
toe (Z |ejf|2> + 122 (Z !Yaf|2>

4

dS(1+d)?(1+b+c)? A-1

+, 1024 (1+€p)% (1+b+c) (Z (1 + |Y5f|2) |Y5f|> _
B

ST (L YafP) TS Je P

o J

2 - 4
to | (Zlejﬂ?) + Ty <Z (1+ Yo f?) 2 )

J o

8
I

Z |ejf|2 (w07t0) )
r = (502 le;j fI* — (5ft> (w0, %0)
J

Yy = maxX, |Yaf| (Io,to) .

y > 1;

otherwise, the similar method adopted as follows still holds for y < 1.

Now we divide it into two cases:

(I) Case I : x>0

33
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In this case, we have

(5.10) (Zm )_;f G =& (Zuﬂ)

Substituting (1) — (7) and (5.10) into (5.9), we obtain
(5.11)

2
0 > G a2y Chny, (Z!%ﬂ) §p2to (Z‘YaﬂQ)

] «

2 4
—2toe (Z le; f] ) - %to (Z (1+ |Yaf|2)g>

7 «

4d%( 1+d)t (Z ‘%ﬂ) . t0d2)\2 ( )\)2 a2 <Z (1 + ’Yaf|2))\71 ‘Yaf’> _

2 “ 2
248 A—1 1=
— iy to (Z (1+ 3 /1) IYﬁf|> (Z (1+[Yaf]?) 2 )
B a
~d(a+d +acd VA3 =2\ te> (14 Vaf2) ey f1[Ya/]
7B
—(db+ de + db' + bed® + dc’ + b+ c2d*) A (3 — 2)) tOZ L+ [Yaf )7 [Yaf| Vs f]

2
—toe (Z ;] ) Do (Z (L+[¥afH)™ IYﬁf|> ~ e (Z esf l2>

B

4 2
1024d6 (14d)? (14-b+-c)* 2y A—1 2
R (Z (1+V5/1%) |Y5f|> — toe (Zlejﬂ )
J

B

. 4
~to3: ey <Z (1+ |Yafl?) 2 > — topr <Z|€jf|2>-

a J

Because

S+ YafP) e flIYVafl < - <Z|ejf|) (Z(1+|Yaf|2)“|yaf|)2,

j7B o
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we could write the inequality (5.11) in 7,y :

0 > —C 4+ t002 + 3potoy? + fo[ 2 )72 _ gep? _ A04d)

P2
d2 (a+a +acd* )
-

12 4
—i—to[%png _ %yql—)\) _ d6(1 + d)Q)\2 (3 - 2)\)2 2 2(2,\—1)

(3 =2\ AT — \eT? — 7% — 7% — ;17

—% A —d(1+d)?(a+d +acd*) A(3 —2)) y2PD

—d*(1 +d)? (db+ dc+ db' + bed* + dc’ + b+ 2d*) X (3 — 2)) y**

_4AMdS(1+d)%a® o(2x—1) _ 1024d“(14d)°(1+b+0)* g2a-1) _ 1 £2d3(14+d)? 4(1-2)
€ Yy ep2 Yy 4e A2(2x—1)2

—lower order terms].

Choose
(6 —d)°
© T Home?
we obtain
G 3
(512) 0 - + ?I + p2t0y2 — C4t0.

) If x> Z + Yo f | then by the definition

G (20, to) = to [(1 — &) Z e fP+x+ ) (1+ !Yaf|2)1

we have
0> —2tgx + 1) m — Oyt?
— tol’ < 2m(5 + C5t0

= G < 2tyxr < 4mo? + 2C5ty

(Z lesfI* + Z (1+ |Y0J~|2)A _ 5ft) (0, to) < 4d6 4Gy

VISIF a€el

(i) e <Y (14 |Yaf?)", then

3
0> —2Cy* + Zp2toy2 — Cytp.
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(a) If ty < 1, then

3 _
y2 (Zpgto — 207y2(/\ 1)) S C4t07

and
3 2(A—1)
szto <(Cy+2Cr)y ,
and
1
y < Cotg™ Y,
and

A—1

2
t0y2)\ S C2t0)\7 1

(b) If ty > 1, then

3
0 > —2C7y** + S patoy® — Cuto

4

and

o) | 3 2

0> —2Ctoy™ + sztoy — Oyt

and

oA | 3 9

0> =2Cy™" + i A Cy

and

y < Cy
and

toy* < Cotyo.

Combining (a) and (b), we have

2)2—1

G < 2t02 +Yaf?) < Chto + Cjtg"

(Z e fI* + Z (1+ |Yocf|2))\ - 5ft) (z0,%0) < Cy + Csta%l-

VIS F) acA

(II) Case I : 2 <0
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We may assume

A
(5.13) Bo— 1) e fP < (1+[Yafl?)
jely aEN
otherwise,
G (xo,to) S 0.

By (1) — (4), (5.9) becomes
(5.14)

0 > ~C4 By, (Z Yo f] ) L <Z|egf| > (Z (1+‘Yaf’2)12)\>
5 (Z |€jf|> RN (3 2 ety (Z (14 Var?) Vs ')

J B
2 2
2 13 A—1 1A

— Lt (Z (1+ [Yafl) |Yaf|> (Z 1+ [Yaf?)® )

B a
—d(a+d +acd ) A3 2\ t0> (14 Vaf?) " [Vaflle; /]

J:.B

—(db+de+db + bed® + dc + b+ Ad) A (3 =20ty  (1+ Vo) Y| Ve

—4aAt0<Z(1+|Ygf| |Yﬁf|> <Z|ejf|> )

B
AL+ b+ MY (14 [Yaf?)  lesf | [Yafl Y]

j?aMB

e ST YafP) T Y NP - o Y les TP
J J

[0}

> — &+ Ipatoy® + toley” — 52597 — Croy™ = Cuy?® Y — Oy

—Ch3y* 1t = Cy® — Cisy™ ' — Crey® — 5?719 — Chisy™].

If we choose
8 1 2
do=14—(Co+Ci7) >1 and = <A< -,
P2 2 3

then we derive the inequality

G 3
(5.15) 0> -7 1,021503/2 — Choto
0
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for some constant C19 > 0. Utilizing the same deductions as precedes and (5.15) instead

of (5.12), the proof of this theorem is completed. O
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