
ON THE p-PSEUDOHARMONIC MAP HEAT FLOW
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Abstract. In this paper, we consider the heat �ow for p-pseudoharmonic maps from a

closed Sasakian manifold (M2n+1; J; �) into a compact Riemannian manifold (Nm; gij). We

prove global existence and asymptotic convergence of the solution for the p-pseudoharmonic

map heat �ow, provided that the sectional curvature of the target manifold N is nonpositive.

Moreover, without the curvature assumption on the target manifold, we obtain global

existence and asymptotic convergence of the p-pseudoharmonic map heat �ow as well when

its initial p-energy is su¢ ciently small.

1. Introduction

In the seminal paper of J. Eells and J. H. Sampson ([ES]), they proved the existence theo-

rem of harmonic maps between compact Riemannian manifolds via the harmonic map heat

�ow when the target manifold with nonpositive sectional curvature. In our previous papers

([CC1], [CC2]), we considered the following pseudoharmonic map heat �ow from a closed

pseudohermitian manifold (M2n+1; J; �) into a compact Riemannian manifold (Nm; gij) on

M � [0; T ) :

(1.1)

8><>:
@'k

@t
= �b'

k + 2h�
��e�kij'i�'j��; k = 1; � � � ;m;

'(!; 0) = u0(!); u0 2 C1(M ;N);
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for ' 2 C1(M � [0; T );N): Here �b is the sub-Laplace operator and e�kij are the Christo¤el
symbols of N . Then we proved the pseudoharmonic map heat �ow (1.1) admits a unique,

smooth solution ' 2 C1(M � [0;1);N) with subconverges to a pseudoharmonic maps

'1 2 C1(M;N) as t ! 1, provided that M is Sasakian (i.e. vanishing pseudohermitian

torsion) and the sectional curvature KN is nonpositive. This served as the CR analogue

to Eells-Sampson�s Theorem ([ES]) for the harmonic map heat �ow. Secondly, without the

curvature assumption on the target manifold ([CS], [CD]), we showed that there exists " > 0

depending on n;M;N and jjrbu0jjL1(M) such that for any initial data u0 2 C1(M ;N), if

the energy is small enough

E(u0) =

Z
M

jrbu0j2d� � ";

then the solution ' of (1.1) exists for all t > 0. Moreover, as t ! 1, '(t) converges to a

constant map. Here rb is the subgradient on the holomorphic subbundle T1;0M � T0;1M:

In this paper, we extend the above results to the p-pseudoharmonic map heat �ow (1.4)

on M � [0; T ): Let (M2n+1; J; �) be a closed pseudohermitian manifold and (Nm; gij) be a

compact Riemannian manifold. At each point x 2M , we may take a local coordinate chart

Ux �M of x and a local coordinate chart V'(x) � N of '(x) such that '(Ux) � V'(x). For a

C1-map ' :M ! N; we de�ne the energy density e(') of ' at the point ! 2 Ux by

e(')(!) =
1

2
h��(!)gij('(!))'

i
�'

j

�
:

Here h�� is the Levi metric on (M
2n+1; J; �): It can be checked that the energy density is

intrinsically de�ned, i.e., independent of the choice of local coordinates. Its p-energy Ep(')

of ' is de�ned by

(1.2) Ep(') =
1

p

Z
M

e(')
p
2d� =

1

p

Z
M

jrb'jpd�; p > 1

where d� = � ^ (d�)n is the volume element on M . The p-pseudoharmonic map is the

critical point of (1.2) which is the solution of the Euler-Lagrange equation associated to its
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p-energy Ep(')

(1.3) 4b;p'
k + 2jrb'jp�2e�kij'i�'j�� = 0; k = 1; :::;m;

where �kij are the Christo¤el symbols of (N
m; gij) and 4b;p is the p-sublaplacian

4b;p'
k = divb(jrb'jp�2rb'

k):

For p = 2, 4b;2 is the usual sublaplacian. It is singular for p 6= 2 at points where rb' = 0:

Let S1;p(M;N) be the Folland-Stein space (see next section for de�nition). We call a map

' 2 S1;p(M;N) is a weakly pseudoharmonic map if it is a weak solution of (1.3). In general

it is far from understood about the regularity of the weak p-pseudoharmonic map ([F], [FS,

Theorem 21.1.], [JL], [HS], [DT], [XZ]).

In this paper, we consider the associated p-pseudoharmonic map heat �ow onM � [0; T ) :

(1.4)

8<:
@'k

@t
= divb(jrb'jp�2rb'

k) + 2jrb'jp�2h���~�kij'i�'
j
��
; k = 1; � � � ;m

'(!; 0) = u0(!);

where u0 : M ! N is the initial data which to be of class C2;� for 0 < � < 1: We

will follow methods of [CC1], [FR1] and [FR2] to study the global weak solutions to the

p-pseudoharmonic map heat �ow (1.4) from a closed Sasakian (M2n+1; J; �) to a compact

Riemannian manifold (N; gij): In fact, we �rst consider the following regularized problem of

(1.4) for 0 < � < 1,

(1.5)

8<:
@'k

@t
= divb([jrb'j2 + �]

p�2
2 rb'

k) + 2[jrb'j2 + �]
p�2
2 h�

��~�kij'
i
�'

j
��
; k = 1; � � � ;m

'(!; 0) = u0(!);

on M � [0; T�) for the regularized p-energy Ep;� :

Ep;�(') =
1

p

Z
M

(jrb'j2 + �)
p
2d�

with the regularized energy density e�(') := jrb'j2 + �:

The main di¢ culty comes from the CRBochner formula (3.2) with a mixed term hJrb';rb'0iL�
involving the covariant derivative of ' in the direction of the characteristic vector �eld T,
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which has no analogue in the Riemannian case. However, by adding an T-energy density

e0('), we are able to overcome such a di¢ culty and conclude that the p-pseudoharmonic

map heat �ow has a global smooth solution from a closed Sasakian manifold (M2n+1; J; �)

into a compact Riemannian manifold (Nm; gij). More precisely, with the same spirit as in

[CC1], instead of the original energy density e�('); we estimate the total energy density

be�(') = e�(') + "e0(')

by adding an T-energy density

e0(') = gij'
i
0'

j
0

for some positive constant " which to be determined later. We �rst are able to derive

the Moser type Harnack inequality (Lemma 3.3 and [CC1, Theorem 1.1.]) for the total

(regularized) energy density be(') if M is Sasakian. Secondly, based on [CC1], [FR1] and

[FR2], we show the energy density of the regularized p-pseudoharmonic map heat �ow (1.5)

is uniformly bounded as following :

Theorem 1.1. Let (M2n+1; J; �) be a closed Sasakian manifold and (N; g) be a compact

Riemannian manifold. Let u0 2 C2;�(M;N), 0 < � < 1 and jjrbu0jjL1(M) � K.

(i) There exists "0 > 0 depending on K; M;N such that if

(1.6) Ep(u0) =
1

p

Z
M

jrbu0jpd� � "0;

then the solution '� of (1.5) satis�es

(1.7) jjrb'�jjL1([0;T 0)�M) � C and jjT'�jjL1([0;T 0)�M) � C;

where C is a constant depending on K;M and N .

(ii) In addition, if the sectional curvature of (N; gij) is nonpositive

KN � 0;

then (1.7) holds without the smallness assumption (1.6).
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(iii) The energy inequality will be

(1.8)
Z t

0

Z
M

j@s'�j2(x; s)d�ds+ Ep;�('�(�; t)) = Ep;�(u0) � Ep;1(u0); 8 t 2 [0; T�):

Based on (1.7), (1.8) and the CR divergence theorem and CR Green�s identity as in [CCW,

Lemma 3.2. and Corollary 3.1.], it follows from [DF], [D], [Ch], [HS] and [LSU] that we can

prove the global existence and asymptotic convergence of the p-pseudoharmonic map heat

�ow, provided that the sectional curvature of the target manifold N is nonpositive.

Theorem 1.2. Let (M2n+1; J; �) be a closed Sasakian manifold and (N; g) be a compact

Riemannian manifold. If the sectional curvature is nonpositive

KN � 0

and u0 2 C2;�(M;N), 0 < � < 1; then there is a unique global weak solution ' of (1.4)

with @t' 2 L2(M � [0;1)) and ';rb' 2 C�(M � [0;1); N), where 0 < � < 1. Moreover,

there exists a sequence tk ! 1 such that '(tk) converges in C1;�
0
(M;N) for all �0 < �, to

a weakly p-pseudoharmonic map '1 2 C1;�(M;N) satisfying

Ep('1) � Ep(u0):

Moreover, without the curvature assumption on the target manifold but with small initial

p-energy, we have

Theorem 1.3. Let (M2n+1; J; �) be a closed Sasakian manifold and (N; g) be a compact

Riemannian manifold. Let u0 2 C2;�(M;N), 0 < � < 1 and jjrbu0jjL1(M) � K. There

exists "0 > 0 depending only on K;M;N such that if

Ep(u0) =
1

p

Z
M

jrbu0jpd� � "0;

then there is a unique global weak solution ' of (1.4) with @t' 2 L2(M�[0;1)) and ';rb' 2

C�(M � [0;1); N), where 0 < � < 1. Moreover, there exists a sequence tk ! 1 such that
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'(tk) converges in C1;�
0
(M;N) for all �0 < �, to a weakly p-pseudoharmonic map '1 2

C1;�(M;N) satisfying

Ep('1) � Ep(u0):

Moreover, there exists "0 > 0 depending only on K;M;N and p such that if in addition

Ep(u0) � "0, then '1 is a constant map.

Remark 1.1. 1. One may also compare (1.4) to the well-known p-harmonic map heat �ow

from a closed Riemannian manifold (M;hij) to compact Riemannian manifold (Nm; gij) :

(1.9)

8<:
@u
@t
= 4M

p u+ jrujp�2A(u)(ru;ru);

u(!; 0) = u0(!);

where A is the second fundamental form of N in Rm+k. In the papers of [FR1] and [FR2],

A. Fardoun and R. Regabaoui proved that if the sectional curvature KN is nonpositive, then

the heat �ow (1.9) has a unique global weak solution u. Moreover, u(t) converges to a p-

harmonic map u1. Without the curvature assumption on the target manifold, they showed

that if u0 2 C2;�(M;N), 0 < � < 1 with the small p-energy for p � dimM; then there

exists a unique global weak solution u of (1.9). Moreover, as t ! 1, u(t) converges to a

constant map. For the further study of global weak solutions to the p-harmonic map heat

�ow (1.9), we refer to [CHH], [H1], [H2], etc for some details. We also refer to [HL] for the

gradient estimate of the minimizing p-harmonic map.

2. Since (2n + 2) is homogeneous dimnesion of a pseudohermitian manifold M2n+1; then

when p > 2n + 2; we do not need the smallness assumption in Theorem 1.3. By following

the same steps, the result of Theorem 1.3 holds for any smooth initial data. Thus we may

assume that p � 2n+ 2 in the proof.

3. In the paper of [CDRY, Remark 5.3.], the second named author proved that f : M !

N is harmonic if and only if f is pseudoharmonic whenever M is Sasakian and N is a

Riemannian manifold with nonpositive curvature. It is interesting to know whether it is true

for p-harmonic maps and p-pseudoharmonic maps.
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2. Preliminaries

We �rst introduce some basic materials on pseudohermitian (2n+ 1)-manifolds ([L]). Let

(M; �) be a (2n + 1)-dimensional, orientable, contact manifold with contact structure �,

dimR� = 2n. A CR structure compatible with � is an endomorphism J : � ! � such that

J2 = �id. We also assume that J satis�es the following integrability condition: if X and Y

are in �, then so are [JX; Y ] + [X; JY ] and J([JX; Y ] + [X; JY ]) = [JX; JY ] � [X; Y ]. A

CR structure J can extend to C 
 �, and decomposes C 
 � into the direct sum of T1;0M

and T0;1M , which are eigenspaces of J with respect to eigenvalues i and �i, respectively.

A manifold M with a CR structure is called a CR manifold. A pseudohermitian structure

compatible with � is a CR structure J with � together with a choice of contact form �.

Such a choice determines a unique real vector �eld T transverse to �, which is called the

characteristic vector �eld of �, such that �(T ) = 1 and LT � = 0. Let fT; Z�; Z��g be a frame of

TM
C, where Z� is any local frame of T1;0M , Z�� 2 T0;1M , andT is the charecteristic vector

�eld. Then, f�; ��; ���g, which is the coframe dual to fT; Z�; Z��g, satis�es d� = ih����
� ^ � ��,

for some positive de�nite hermitian matrix of functions (h���). Locally, one can choose Z�

appropriately so that h��� = ��� to simplify tensorial calculation.

The Levi form h; iL� is the Hermitian form on T1;0M de�ned by

hZ;W iL� = �ihd�; Z ^ �W i:

We can extend h; iL� to T0;1M by de�ning h �Z; �W iL� = �h; Z;W iL� for all Z;W 2 T1;0M . The

Levi form induces naturally a Hermitian form on the dual bundle of T1;0M , denoted by h; iL�� ,

and hence on all the induced tensor bundles. Integrating the Hermitian form over M with

respect to the volume form d� = � ^ (d�)n, we get an inner product on the space of sections
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of each tensor bundle. We denote the inner product by notation h; i. For example,

hu; vi =
Z
M

u�vd�;

for functions u and v.

The pseudohermitian connection of (J; �) is the connection r on TM 
C (and extended

to tensors) given in terms of local frames Z� 2 T1;0M by rZ = !�� 
 Z�, rZ�� = !
��
�� 
 Z��,

rT = 0, where !�� are the 1-forms uniquely determined by the following equations:

d�� = �� ^ !�� + � ^ ��

0 = �� ^ ��

0 = !�� + !���� :

We can write (by Cartan lemma) �� = A�
�

, with A�
 = A
� the pseudohermitian torsion

of (M;J; �). The curvature of this Tanaka-Webster connection, expressed in terms of the

coframe f� = �0 = �; ��; ���g, is

��� = �
��
��
= d!�� � !
� ^ !�
 ;

��0 = �
0
� = �

��
0 = �

0
�� = �

0
0 = 0:

Webster showed that ��� can be written

��� = R������
� ^ ��� +W�

���
� ^ � �W �

����
�� ^ � + i�� ^ �� � i��^�� ;

where the coe¢ cients satisfy

R������ = R������ = R������ = R������; W���
 = A�
;��:

We will denote components of covariant derivatives with indices preceded by comma; thus

write A��;
. The indices f0; �; ��g indicate derivatives with respect to fT; Z�; Z��g. For

derivatives of a scalar function, we will often omit the comma, for instance, '� = Z�',

'��� = Z��Z�'� !
�(Z��)Z
', '0 = T' for a smooth function '.
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For a smooth real function ', the subgradientrb is de�ned byrb' 2 � and < Z;rb'iL� =

d'(Z) for all vector �elds Z tangent to contact plane. Locally rb' =
P

�('��Z� + '�Z��).

We can use the connection to de�ne the subhessian as the complex linear map

(rH)2' : T1;0 � T0;1 ! T1;0 � T0;1

by

(rH)2'(Z) = rZrb':

We also de�ne the subdivergence operator divb(�) by

divb(W ) =W �;� +W
�;�

for all vector �elds W = W �Z� +W �Z�. In particular

jrb'j2 = 2'�'��; jr2
b'j2 = 2('��'���� + '���'���)

and

4b' = divb(rb') = ('��� + '���):

We also recall below what the Folland-Stein space Sk;p is. Let D denote a di¤erential

operator acting on functions. We say D has weight m, denoted w(D) = m; if m is the

smallest integer such that D can be locally expressed as a polynomial of degree m in vector

�elds tangent to the contact bundle �. We de�ne the Folland-Stein space Sk;p of functions

on M by

Sk;p = ff 2 Lp : Df 2 Lp whenever w(D) � kg:

We de�ne the Lp norm of rbf; r2
bf , ... to be (

R
jrbf jp� ^ (d�)n)1=p; (

R
jr2

bf jp� ^ (d�)n)1=p;

:::; respectively, as usual. So it is natural to de�ne the Sk;p norm of f 2 Sk;p as follows:

jjf jjSk;p � (
X
0�j�k

jjrj
bf jj

p
Lp)

1=p:
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The function space Sk;p with the above norm is a Banach space for k � 0; 1 < p <1: There

are also embedding theorems of Sobolev type. The reader can make reference to [F] and [FS]

for more details of these spaces.

In this paper, we embed N isometrically into the Euclidean space Rl with l large enough

and then Sk;p = Sk;p(M;Rl). Let � : Rl ! N be a smooth projection. De�ne Sk;p(M;N)

by �
�
Sk;p

�
(similarly, Lip(M;N) := �

�
Lip(M;Rl)

�
and so do other spaces of maps from M

to N). From now on, the upper indices j�s of f'j; d'j; � � � g start from 1 to l if we do not

specify them.

3. Moser-type Harnack Inequality

In this section, we derive the Moser-type Harnack inequality ([M], [CC1]) for the total

regularized energy density

g := f� + "e0

with

f� := jrb'j2 + �:

Let ' : (M;J; �) ! (N; gij) be a map from (M;J; �) to (N; gij). We �rst derive the

Euler-Lagrange equation associated to its p-energy Ep('):

Lemma 3.1. Let (M;J; �) be a closed pseudohermitian manifold and (Nm; g) be a Riemann-

ian manifold. A C2 map ' : (M;J; �)! (N; g) is p-pseudoharmonic if and only if it satis�es

the Euler-Lagrangian equations

(3.1) 4b;p'
k + 2jrb'jp�2e�kij'i�'j�� = 0; k = 1; :::;m

where 4b;p'
k = divb(jrb'jp�2rb'

k).

Proof. Let 't, �" < t < ", be a smooth variation of ' so that

'0 = ' and
d't
dt
jt=0 = V 2 �('�1TN):
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't may be viewed as a map from (�"; ")�M into N . By direct computations, we have

dEp('t)

dt
=
1

p

d

dt

Z
M

jrb'tjpd�

=
1

2

Z
M

jrb'tjp�2
d

dt
jrb'tj2d� =

Z
M

jrb'tjp�2
d

dt
[gij'

i
t�'

j
t��]d�

=

Z
M

jrb'tjp�2[gij;k'it�'
j
t��

d'kt
dt

+ gij(
d'it
dt
)t�'

j
t�� + gij(

d'jt
dt
)��'

i
�]d�

= �
Z
M

[jrb'tjp�24b'
k
t + hrbjrb'tjp�2;rb'

k
t i+ 2jrb'tjp�2e�kij'it�'jt��]d'ktdt d�

= �
Z
M

[4b;p'
k
t + 2jrb'tjp�2e�kij'it�'jt��]d'ktdt d�

= �
Z
M

hd't
dt
; �p('t)id�:

Thus, the �rst variational formula is given by

d

dt
Ep('t)jt=0 = �

Z
M

hV; �p(')id�;

where �p(') is called the p-tension �eld of ', which is de�ned by

�p(') =
mX
k=1

[4b;p'
k + 2jrb'jp�2e�kij'i�'j��] @@yk :

Therefore ' 2 C2(M ;N) is a critical point of the p-energy functional Ep(') if and only if

its p-tension �eld �p(u) vanishes identically. That is, ' is p-pseudoharmonic if and only if it

satis�es the Euler-Lagrange equations (3.1). �

Next we recall the CR version of Bochner formula for a real smooth function on a closed

pseudohermitian manifold (M2n+1; J; �).

Lemma 3.2. ([G]) Let (M2n+1; J; �) be a closed pseudohermitian manifold. For a real smooth

function u on (M;J; �),

1

2
�bjrbuj2 = j(rH)2uj2 + hrbu;rb�buiL�

+ [2Ric� (n� 2)Tor]
�
(rbu)C; (rbu)C

�
+ 2hJrbu;rbu0iL� :

(3.2)
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Here (rbu)C = u�Z� is the corresponding complex (1; 0)-vector �eld of rbu and dbu =

u��
� + u��

�:

Since f� and e0(') are independent of the choice of local coordinates, for each point (x; t)

one may choose a normal coordinate chart U at (x; t) and a normal coordinate chart at

'(x; t) such that '(U) � V and then ful�ll the following computations at the point (x; t).

Now we are ready to derive the Moser type Harnack inequality for the total regularized

energy density.

Lemma 3.3. Let (M2n+1; J; �) be a closed Sasakian manifold and (N; gij) be a compact Rie-

mannian manifold. The solution ' of the regularized equation (1.5) satisfying the following

inequalities:

(i) For g = f� + "e0 = jrb'j2 + � + "e0;

@g

@t
� divb(f

p�2
2

� rbg)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

� 2" divb((f
p�2
2

� )0rb'
k)'k0 +

p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'

kj2 + 2"f
p�2
2

� jrb'
k
0j2(3.3)

� C(f
p
2
� + f

p+2
2

� ) + C"f
p
2
� e0 � 4f

p�2
2

� hJrb'
k;rb'

k
0i:

(ii) If the sectional curvature of (N; gij) is nonpositive

KN � 0;

then

@g

@t
� divb(f

p�2
2

� rbg)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

� 2" divb((f
p�2
2

� )0rb'
k)'k0 +

p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'

kj2 + 2"f
p�2
2

� jrb'
k
0j2(3.4)

� Cf
p
2
� � 4f

p�2
2

� hJrb'
k;rb'

k
0i:

By Young�s inequality, the bad term hJrb'
k;rb'

k
0i in the RHS of (3.3) will be dominated

by the good term jrb'0j2 in LHS. As a consequence, we have
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Corollary 3.1. Let (M2n+1; J; �) be a closed Sasakian manifold and (N; gij) be a compact

Riemannian manifold. The solution ' of the regularized equation (1.5) satisfying the follow-

ing inequalities:

(i) For g = f� + "e0 = jrb'j2 + � + "e0;

@g

@t
� divb(f

p�2
2

� rbg)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k

� 2" divb((f
p�2
2

� )0rb'
k)'k0 +

p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'

kj2 + "f
p�2
2

� jrb'
k
0j2

� C(f
p
2
� + f

p+2
2

� ) + C"f
p
2
� e0:

(ii) If the sectional curvature of (N; gij) is nonpositive

KN � 0;

then

@g

@t
� divb(f

p�2
2

� rbg)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

� 2" divb((f
p�2
2

� )0rb'
k)'k0 +

p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'j2 + "f

p�2
2

� jrb'0j2

� Cf
p
2
� :

Proof. (i) We �rst compute @
@t
f� � divb(f

p�2
2

� rbf�) :

Note that jrb'j2 = 2gij'i�'
j
��. It is straightforward to compute as

@f�
@t

= @
@t
(2gij'

i
�'

j
�� + �)

= 2gij(
@'i

@t
)�'

j
�� + 2gij(

@'j

@t
)��'

i
�

= 2gkl[div(f
p�2
2

� rb'
k) + 2f

p�2
2

�
~�kij'

i
�'

j
��]�'

l
��

+2gkl[div(f
p�2
2

� rb'
k) + 2f

p�2
2

�
~�kij'

i
�'

j
��]��'

l
�

= 2hrb'
k;rbdiv(f

p�2
2

� rb'
k)i

+2f
p�2
2

� [2e�kij;l'l�'i�'j��'k�� + 2e�kij;l'l��'i�'j��'k�]
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and from the CR Bochner formula (3.2)

divb(f
p�2
2

� rbf�)

=
p� 2
2

f
p�4
2

� jrbf�j2 + f
p�2
2

� 4bf�

=
p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� 4b[gij'
i
�'

j
��]

=
p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� [
1

2
4bjrb'

kj2 + 'i�'��4bgij]

=
p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� [jr2
b'

kj2 + hrb'
k;rb4b'

ki+ 'i�'��4bgij

+ (2Ric� (n� 2)Tor)((rb'
k)C ; (rb'

k)C) + 2hJrb'
k;rb'

k
0i]

Thus, based on [CC1, (3.2) and (3.3)]

@f�
@t

� divb(f
p�2
2

� rbf�)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

+
p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'j2(3.5)

= 2f
p�2
2

� [2e�kij;l'l�'i�'j��'k�� + 2e�kij;l'l��'i�'j��'k� � 'i�'��4bgij

� (2Ric� (n� 2)Tor)((rb'
k)C ; (rb'

k)C)]� 4f
p�2
2

� hJrb'
k;rb'

k
0i

= 2f
p�2
2

� [2 ~Rijkl'
i
�'

j
�'

k
��'

l
�� + 2

~Rijkl'
i
�'

j
��
'k��'

l
�

� (2Ric� (n� 2)Tor)((rb'
k)C ; (rb'

k)C)]]� 4f
p�2
2

� hJrb'
k;rb'

k
0i

� Cf
p
2
� + Cf

p+2
2

� � 4f
p�2
2

� hJrb'
k;rb'

k
0i:

This implies

@f�
@t

� divb(f
p�2
2

� rbf�)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

+
p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'

kj2(3.6)

� Cf
p
2
� + Cf

p+2
2

� � 4f
p�2
2

� hJrb'
k;rb'

k
0i:

Next we compute @
@t
e0(')� divb(f

p�2
2

� rbe0(')) :
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We observe from ([CC2]) that for any smooth function u,

[�b; T ]u = 4
h
i

nX
�;�=1

(A����u�)�

i
:

Thus for any Sasakian manifold (M2n+1; J; �) (i.e. vanishing pseudohermitian torsion),

(3.7) [�b; T ]u = 0:

We �rst compute

@e0(')

@t
= 2gij(

@'i

@t
)0'

j
0 = 2gkl[divb(f

p�2
2

� rb'
k) + 2f

p�2
2

�
~�kij'

i
�'

j
��]0'

l
0

and

divb(f
p�2
2

� rbe0(')) = hrbf
p�2
2

� ;rbe0i+ f
p�2
2

� [2'i04b'
i
0 + 2jrb'

i
0j2 + 'i0'

j
04bgij]:

Based on [CC1, (3.4)] and (3.7), one can derive

@

@t
e0(')� divb(f

p�2
2

� rbe0('))� 2 divb((f
p�2
2

� )0rb'
k)'k0

= f
p�2
2

� [4e�kij;l'i�'j��'k0'l0 � 'i0'
j
04bgij]� 2f

p�2
2

� jrb'0j2:

On the other hand ( [CC1, (3.5)]),

4
mX

i;j;k;`=1

nX
�=1

e�kij;l'i�'j�'k0'`0 � mX
i;j=1

'i0'
j
0�b(gij) = 4

mX
i;j;k;`=1

nX
�=1

eRijk`'i�'j0'k�'`0:
Hence

@

@t
e0(')� divb(f

p�2
2

� rbe0('))� 2 divb((f
p�2
2

� )0rb'
k)'k0

= f
p�2
2

� [4 eRijk`'i�'j0'k�'`0]� 2f p�2
2

� jrb'0j2(3.8)

� Cf
p
2

� e0 � 2f
p�2
2

� jrb'0j2:
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From (3.6) and (3.8), we have

@g

@t
� divb(f

p�2
2

� rbg)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

� 2" divb((f
p�2
2

� )0rb'
k)'k0 +

p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'j2 + 2"f

p�2
2

� jrb'0j2

� C(f
p
2
� + f

p+2
2

� ) + C"f
p
2
� e0 � 4f

p�2
2

� hJrb'
k;rb'

k
0i:

(ii) However, if the sectional curvature of (N; gij) is nonpositive

KN � 0;

it follows from (3.5) and (3.8) that

@f�
@t

� divb(f
p�2
2

� rbf�)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

+
p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'

kj2(3.9)

� Cf
p
2
� � 4f

p�2
2

� hJrb'
k;rb'

k
0i:

and

@

@t
e0(')� divb(f

p�2
2

� rbe0('))� 2 divb((f
p�2
2

� )0rb'
k)'k0(3.10)

� �2f
p�2
2

� jrb'0j2:

All these imply

@g

@t
� divb(f

p�2
2

� rbg)� (p� 2) divb(f
p�4
2

� hrbf�;rb'
kirb'

k)

� 2" divb((f
p�2
2

� )0rb'
k)'k0 +

p� 2
2

f
p�4
2

� jrbf�j2 + 2f
p�2
2

� jr2
b'j2 + 2"f

p�2
2

� jrb'0j2

� Cf
p
2
� � 4f

p�2
2

� hJrb'
k;rb'

k
0i:

This completes the proof of this lemma. �
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4. Proof of Main Results

In this section, we will prove a uniform estimate for the p-energy density and then the

global existence and asymptotic convergence of the p-pseudoharmonic map heat �ow.

Lemma 4.1. Let (M2n+1; J; �) be a closed Sasakian manifold and (N; gij) be a compact

Riemannian manifold. Let u0 2 C2;�(M;N), 0 < � < 1; jjru0jjL1(M) � K and '� is the

solution of the regularized equation (1.5).

(i) For g = jrb'�j2 + � + "e0 and all q � p
2
, there exists "1 > 0 depending on M;N and q

such that if

(4.1) sup
0�t<T 0

jjg(t; �)jjLn+1(M) � "1;

then

(4.2) sup
1�t1�T 0

jjgjjLq([t1�1;t1]�M) � C; when T 0 > 1

and

(4.3) jjgjjLq([0;T 0)�M) � C; when T 0 � 1;

where C is a constant depending on K;M;N and q.

(ii) In addition, if the sectional curvature of (N; gij) is nonpositive

KN � 0;

then (4.2) and (4.3) hold without assumption (4.1).

Proof. (i) Let us �rst prove (4.2). Fix t0 � 1 and x0 2 M . Let � < R � R0 = inf(RM ; 1)

where RM denotes the radius of ball on which CR Sobolev inequality (4.22) holds and set

QR = (t0 �R; t0)� B(x0; R): We choose  2 C0(B(x0; R)) such that  = 1; B(x0; �); 0 �

 � 1; jrb j � c(R � �)�1; and let � 2 C1(R) with �(t) = 0; t � t0 � R; �(t) = 1; t �
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t0� �; 0 � �(t) � 1; j�0j � c(R� �)�1:We set �(x; t) =  (x)�(t): Multiply inequality (3.3)

by gr�k, r � 0, k 2 N , and integrate on [t0 �R; t]�B(x0; R); t0 �R < t � t0, we have

1

r + 1
sup
t�t0

Z
Bx0 (R)

gr+1�kd�+ r

Z
QR

f
p�2
2

� gr�1�kjrbgj2d�dt

+ (p� 2)r
Z
QR

f
p�4
2

� hrbf�;rb'
li2gr�1�kd�dt+ (p� 2)"

Z
QR

f
p�4
2

� (f�)
2
0g
r�kd�dt

+
p� 2
2

Z
QR

f
p�4
2

� gr�kjrbf�j2d�dt+ 2
Z
QR

f
p�2
2

� jr2
b'

lj2gr�kd�dt

+ 2"

Z
QR

f
p�2
2

� gr�kjrb'
l
0j2d�dt

� k

1 + r

Z
QR

gr+1�k�1j@�
@t
jd�dt� k

Z
QR

f
p�2
2

� gr�k�1hrbg;rb�id�dt(4.4)

� (p� 2)k
Z
QR

f
p�4
2

� hrbf�;rb'
lihrb'

l;rb�i�k�1grd�dt

� (p� 2)k"
Z
QR

f
p�4
2

� (f�)0'
l
0g
r�k�1hrb'

l;rb�id�dt

� (p� 2)r"
Z
QR

f
p�4
2

� (f�)0g
r�1'l0�

khrb'
l;rbgid�dt

� (p� 2)r"
Z
QR

f
p�4
2

� hrbf�;rb'
lihrb'

l;rbe0igr�1�kd�dt

+ C

Z
QR

(f
p
2
� + f

p+2
2

� + "f
p
2
� e0)g

r�kd�dt� 4
Z
QR

f
p�2
2

� gr�khJrb'
l;rb'

l
0id�dt

By using Young�s inequalities, we have

� (p� 2)r"
Z
QR

f
p�4
2

� hrbf�;rb'
lihrb'

l;rbe0igr�1�kd�dt

� (p� 2)r
4

Z
QR

f
p�4
2

� hrbf�;rb'
li2gr�1�kd�

+ (p� 2)r"2
Z
QR

f
p�4
2

� hrb'
l;rbe0i2gr�1�kd�dt(4.5)

� (p� 2)r
4

Z
QR

f
p�4
2

� hrbf�;rb'
li2gr�1�kd�

+ 4(p� 2)r"2
Z
QR

f
p�2
2

� jrb'
l
0j2e0gr�1�kd�dt
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and

� (p� 2)r"
Z
QR

f
p�4
2

� (f�)0g
r�1'l0�

khrb'
l;rbgid�dt

= �(p� 2)r"
Z
QR

f
p�4
2

� (f�)0g
r�1'l0hrb'

l;rbf�i�kd�dt

� (p� 2)r"
Z
QR

f
p�4
2

� (f�)0g
r�1'l0hrb'

l; "rbe0i�kd�dt

� (p� 2)"
4

Z
QR

f
p�4
2

� (f�)
2
0g
r�kd�+ (p� 2)r2"

Z
QR

f
p�4
2

� gr�2e0hrb'
l;rbf�i2�kd�dt(4.6)

+
(p� 2)"
4

Z
M

f
p�4
2

� (f�)
2
0g
r�kd�+ (p� 2)r2"3

Z
M

f
p�4
2

� gr�2e0f�jrb'
l
0j2e20�kd�dt

=
(p� 2)"
2

Z
M

f
p�4
2

� (f�)
2
0g
r�kd�+ (p� 2)r2"

Z
QR

f
p�4
2

� gr�2e0hrb'
l;rbf�i2�kd�dt

+ (p� 2)r2"3
Z
M

f
p�4
2

� gr�2e0f�jrb'
l
0j2e20�kd�dt

and

� (p� 2)k"
Z
QR

f
p�4
2

� (f�)0'
l
0g
r�k�1hrb'

l;rb�id�dt(4.7)

� (p� 2)"
4

Z
QR

f
p�4
2

� (f�)
2
0g
r�kd�+ (p� 2)k2"

Z
QR

f
p�4
2

� gre0f�jrb�j2�k�2d�dt

and

� (p� 2)k
Z
QR

f
p�4
2

� hrbf�;rb'
lihrb'

l;rb�i�k�1grd�dt

� (p� 2)
Z
QR

f
p�4
2

� gr�1hrbf�;rb'
li2�kd�dt(4.8)

+ (p� 2)k
2

4

Z
QR

f
p�4
2

� gr+1f�jrb�j2�k�2d�dt

and

� k

Z
QR

f
p�2
2

� gr�k�1hrbg;rb�id�dt

� r

2

Z
QR

f
p�2
2

� gr�1jrbgj2�kd�dt+
2k2

r

Z
QR

Z
QR

f
p�2
2

� gr+1jrb�j2�k�2d�dt(4.9)
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and

� 4
Z
QR

f
p�2
2

� gr�khJrb'
l;rb'

l
0id�dt

� "

4

Z
QR

f
p�2
2

� gr�kjrb'
l
0j2d�dt+

16

"

Z
QR

f
p�2
2

� gr�kf�d�dt:(4.10)

From (4.4)-(4.10), we have

1

1 + r
supt�t0

Z
B(x0;R)

g1+r�kd�+
r

2

Z
QR

f
p�2
2

� gr�1jrbgj2�kd�dt

+ (p� 2)(3r
4
� 1)

Z
QR

f
p�4
2

� gr�1hrbf�;rb'
li2�kd�dt

� (p� 2)r2"
Z
QR

f
p�4
2

� gr�2e0hrb'
l;rbf�i2�kd�dt

+
p� 2
2

Z
QR

f
p�4
2

� gr�kjrbf�j2d�dt+ 2
Z
QR

f
p�2
2

� jr2
b'

lj2gr�kd�dt

+
7"

4

Z
QR

f
p�2
2

� jrb'
l
0j2gr�kd�dt� (p� 2)r2"3

Z
QR

f
p�2
2

� gr�2e20jrb'
l
0j2�kd�dt

� 4(p� 2)r"2
Z
QR

f
p�2
2

� jrb'
l
0j2e0gr�1�kd�dt

� k

1 + r

Z
QR

g1+r�k�1j@�
@t
jd�dt+ (p� 2)k2"

Z
QR

f
p�2
2

� gre0jrb�j2�k�2d�dt(4.11)

+
2k2

r

Z
QR

f
p�2
2

� g1+rjrb�j2�k�2d�dt+ (p� 2)
k2

4

Z
QR

f
p�2
2

� g1+rjrb�j2�k�2d�dt

+
16

"

Z
QR

f
p
2
� g

r�kd�dt+ C

Z
QR

[f
p
2
� + f

p+2
2

� + "f
p
2
� e0]g

r�kd�dt:

For any �xed t, then we choose 1
r4
< " < 1

r3
such that

(4.12) (r2 � c)"e0 � cf�

for some positive constant c and

"r2e0 � cf� + c"e0:

That is
"e0

f� + "e0
� c

r2
�

3r
4
� 1
r2
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for some r is large enough and then

(4.13) (
3r

4
� 1)g � r2"e0 � 0:

From (4.12), we have

f� �
e0
r2
� "e0;

so we have

(4.14) f� =
1

2
f� +

1

2
f� �

1

2
f� +

1

2
"e0 =

1

2
g

and

(4.15)
7

4
(f� + "e0)

2 � (p� 2)r2"2e20 � 4(p� 2)"e0(f� + "e0) � 0:

From (4.11)-(4.15),

supt�t0

Z
B(x0;R)

g1+r�kd�+

Z
QR

gr+
p
2
�2jrbgj2�kd�dt

� C

Z
QR

g1+r�k�1j@�
@t
jd�dt+ C

Z
QR

gr+
p
2�k�2jrb�j2d�dt(4.16)

+ C

Z
QR

(gr+
p
2 + gr+

p
2
+1)�kd�dt;

where C is a positive constant depending on k;M;N; r; "; p. Thus

supt�t0

Z
B(x0;R)

g1+r�kd�+

Z
QR

gr+
p
2
�2jrbgj2�kd�dt

� C

Z
QR

g1+r�k�1j@�
@t
jd�dt+ C

Z
QR

gr+
p
2�k�2(jrb�j2 + �2)d�dt(4.17)

+ C

Z
QR

gr+
p
2
+1�kd�dt:
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Let h = r+ p
2
+1

r+1
and l = r+ p

2
+1

p
2

and �x k � l large enough. By Hölder�s inequality and Young�s

inequality, we have Z
QR

g1+r�k�1j@�
@t
jd�dt � (

Z
QR

gr+
p
2
+1�kd�dt)

r+1

r+
p
2+1

(

Z
QR

�k�
2r+p+2

p j@�
@t
j
2r+p+2

p d�dt)
p

2r+p+2(4.18)

�
Z
QR

gr+
p
2
+1�kd�dt+ C

Z
QR

�k�
r+3
2 j@�

@t
j
2r+p+2

p d�dt

�
Z
QR

gr+
p
2
+1�kd�dt+ CR(R� �)�

2r+p+2
p jB(x0; R)j;

where C is a constant depending on M , p and r. By choosing k � 2(r + p
2
+ 1), and using

Hölder�s inequality and Young�s inequality, we haveZ
QR

g
p
2
+r[�k + �k�2jrb�j2]d�dt(4.19)

�
Z
QR

gr+
p
2
+1�kd�dt+ CR[1 + (R� �)�(2r+p+2)]jB(x0; R)j;

where C is a constant depending on M; p and r. It follows from (4.17), (4.18) and (4.19)

that

sup
t�t0

Z
B(x0;R)

g1+r�kd�+

Z
QR

gr+
p
2
�2jrbgj2�kd�dt � C1

Z
QR

gr+
p
2
+1�kd�dt(4.20)

+ C1R[1 + (R� �)�(p+2r+2) + (R� �)�
2r+p+2

p ]jB(x0; R)j;

where C1 is a constant depending on M;N; p and r. We recall the following CR Sobolev

inequality ([J], [Lu, Theorem C] or [DLS, (1.1)])

(4.21) (

Z
B(x0;R)

!qd�)
1
q � c(

Z
B(x0;R)

jrb!jpd�)
1
p ;

where ! 2 C10(B(x0; R)) and c is a constant, provided that 1 � p < Q = 2n + 2 and

1
p
� 1

q
= 1

Q
: In particular for q = 2; we have

(4.22) (

Z
B(x0;R)

!2d�) � c(

Z
B(x0;R)

jrb!j
2(n+1)
n+2 d�)

n+2
n+1 :
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Applying this inequality to ! = g
r+

p
2+1

2  
k
2 ,

Z
B(x0;R)

gr+
p
2
+1 kd�

� c(

Z
B(x0;R)

jrb(g
r+

p
2+1

2  
k
2 )j

2n+2
n+2 d�)

n+2
n+1

= c(

Z
B(x0;R)

j
r + p

2
+ 1

2
g
r+

p
2�1
2  

k
2rbg +

k

2
g
r+

p
2+1

2  
k�2
2 rb j

2n+2
n+2 d�)

n+2
n+1

� C(

Z
B(x0;R)

jg
r+

p
2�1
2  

k
2rbgj

2n+2
n+2 d�)

n+2
n+1 + C(

Z
B(x0;R)

jg
r+

p
2+1

2  
k�2
2 rb j

2n+2
n+2 d�)

n+2
n+1(4.23)

� C2(

Z
B(x0;R)

gn+1d�)
1

n+1 (

Z
B(x0;R)

 kgr+
p
2
�2jrbgj2d�)

+ C2(

Z
B(x0;R)

jg
r+

p
2+1

2  
k�2
2 rb j

2n+2
n+2 d�)

n+2
n+1

= C2jjg(�; t)jjLn+1(B(x0;R))(
Z
B(x0;R)

 kgr+
p
2
�2jrbgj2d�)

+ C2(

Z
B(x0;R)

jg
r+

p
2+1

2  
k�2
2 rb j

2n+2
n+2 d�)

n+2
n+1 ;

where C2 is a constant depending on M; p and r. Multiply (4.23) by �k(t) and integrating

on [t0 �R; t0],

Z
QR

gr+
p
2
+1�kd�dt

� C2 sup
t0�R<t�t0

jjg(�; t)jjLn+1(B(x0;R))(
Z
QR

�kgr+
p
2
�2jrbgj2d�dt)(4.24)

+ C2

Z t0

t0�R
(

Z
B(x0;R)

g(r+
p
2
+1)n+1

n+2 
(k�2)(n+1)

n+2 �
k(n+1)
n+2 jrb j

2n+2
n+2 d�)

n+2
n+1dt:

Set "1 = 1
2C1C2

. Suppose that

jjg(�; t)jjLn+1(B(x0;R)) � "1:
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It follows from (4.20) and (4.24) that

sup
t0�R�t�t0

Z
B(x0;R)

g1+r�kd�+

Z
QR

gr+
p
2
+1�kd�dt

� C

Z t0

t0�R
(

Z
B(x0;R)

g(r+
p
2
+1)n+1

n+2 
(k�2)(n+1)

n+2 �
k(n+1)
n+2 jrb j

2n+2
n+2 d�)

n+2
n+1dt

+ CR[1 + (R� �)�(p+2r+2) + (R� �)�
2r+p+2

p ]jB(x0; R)j:

From the de�nition of �, we obtain,

sup
t0���t�t0

Z
B(x0;�)

g1+rd�+

Z
Q�

gr+
p
2
+1d�dt

� C(R� �)�2
Z t0

t0�R
(

Z
B(x0;R)

g
(r+

p
2+1)(n+1)

n+2 d�)
n+2
n+1dt

+ CR[1 + (R� �)�
2r+p+2

p + (R� �)�(p+2r+2)]jB(x0; R)j(4.25)

� C[1 +

Z t0

t0�R
(

Z
B(x0;R)

f
(r+

p
2+1)(n+1)

n+2 d�)
n+2
n+1dt];

where C is a constant depending on M;N;R; r; p and �. Let d = (r+3)(n+1)
n+2

+ 1
n+2
(r+1). By

using Hölder inequality,Z t0

t0��
(

Z
B(x0;�)

g
(r+

p
2+1)(n+1)

n+2
+ 1
n+2

(r+1)d�)
n+2
n+1dt

�
Z t0

t0��
[

Z
B(x0;�)

g(r+
p
2
+1)d�(

Z
B(x0;�)

gr+1d�)
1

n+1 ]dt(4.26)

� sup
t0���t�t0

(

Z
B(x0;�)

g1+rd�)
1

n+1

Z
Q�

g(r+
p
2
+1)d�dt:

From (4.25) and (4.26), we obtainZ t0

t0��
(

Z
B(x0;�)

g
(r+

p
2+1)(n+1)

n+2
+ 1
n+2

(r+1)d�)
n+2
n+1dt(4.27)

� C[1 +

Z t0

t0�R
(

Z
B(x0;R)

g
(r+

p
2+1)(n+1)

n+2 d�)
n+2
n+1dt]

n+2
n+1 ;

where C is a constant depending on M;N;R; r; p and �. We set � = 1 + 1
n+1

and for s 2 N ,

Rs = (1+2
�s)R0

2
. De�ne rs = (

2n�p+4
2

)�s�1, and as = (rs+ p
2
+1)n+1

n+2
. From the de�nitions
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of rs; as, we have as+1 = (rs +
p
2
+ 1)n+1

n+2
+ (rs + 1)

1
n+2
. If � = Rs+1, R = Rs and r = rs in

(4.27), we have

Z t0

t0�Rs+1
(

Z
B(x0;Rs+1)

gas+1d�)
n+2
n+1dt(4.28)

� Cs[1 +

Z t0

t0�Rs
(

Z
B(x0;Rs)

gasd�)
n+2
n+1dt]

n+2
n+1 ;

where Cs is a constant depending onM;N and s. Since as !1 when s!1, by interating

(4.28), we have for any q � 1

(4.29) jjgjj
Lq([t0�R0

2
;t0]�B(x0;R02 ))

� C;

where the constant C depends on M;N; q and jjg(�; t)jjLa0 (M). Since a0 = n + 1 and by

hypothesis sup0�t�T 0 jjg(�; t)jjLn+1(M) � "1, then C depends only on M;N and q. Following

the same steps as in proof of (4.29) where we take  k(x) instead of �k(x; t) and we integrate

on [0; t] (for t 2 [0; 1]) instead of [t0 �R; t0], we can obtain the following inequality:

(4.30) jjgjj
Lq([0;1]�B(x0;R02 ))

� C;

where C depends onM;N; q and K which is any positive constant such that jjru0jjL1(M) �

K. Since M is compact, we know that (4.2) is true by using (4.29) and (4.30). To prove

(4.3), we proceed as in (4.30) where we integrate on [0; t] with t 2 [0; T 0).

(ii) Note that as in (i); we assume

sup
0�t<T 0

jjg(t; �)jjLn+1(M) � "1

in order to get the control of the term
R
QR
gr+

p
2
+1�kd�dt as in (4.24). However, if the

sectional curvature of (N; gij) is nonpositive

KN � 0;
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it follows from (3.4) that we do not need to estimate this term any more. Then we have the

estimates (4.2) and (4.3) without assumption (4.1) if the sectional curvature of (N; gij) is

nonpositive. �

Lemma 4.2. Let (M2n+1; J; �) be a closed Sasakian manifold and (N; g) be a compact Rie-

mannian manifold. Let u0 2 C2;�(M;N), 0 < � < 1; jjru0jjL1(M) � K and '� is the

solution of the regularized equation (1.5).

(i) There exists "1 > 0 depending on K; M;N such that if

(4.31) sup
0�t<T 0

jjg(t; �)jjLn+1(M) � "1;

then

(4.32) jjgjjL1([0;T 0)�M) � C;

where C is a constant depending on K;M and N .

(ii) In addition, if the sectional curvature of (N; gij) is nonpositive

KN � 0;

then (4.32) holds without the smallness assumption (4.31).
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Proof. (i) Let �(x; t) =  (x)�(t) and QR is as in the proof of Lemma 4.1. Multiplying

inequality (3.3) by gr�2, r � 0 and similar to (4.4), we have

1

1 + r
supt�t0

Z
B(x0;R)

g1+r�2d�+
r

2

Z
QR

f
p�2
2

� gr�1jrbgj2�2d�dt

+ (p� 2)(3r
4
� 1)

Z
QR

f
p�4
2

� gr�1hrbf�;rb'
li2�2d�dt

� (p� 2)r2"
Z
QR

f
p�4
2

� gr�2e0hrb'
l;rbf�i2�2d�dt

+
p� 2
2

Z
QR

f
p�4
2

� gr�2jrbf�j2d�dt+ 2
Z
QR

f
p�2
2

� jr2
b'

lj2gr�2d�dt

+
7"

4

Z
QR

f
p�2
2

� jrb'
l
0j2gr�2d�dt� (p� 2)r2"3

Z
QR

f
p�2
2

� gr�2e20jrb'
l
0j2�2d�dt

� 4(p� 2)r"2
Z
QR

f
p�2
2

� jrb'
l
0j2e0gr�1�2d�dt

� 2

1 + r

Z
QR

g1+r�j@�
@t
jd�dt+ 4(p� 2)"

Z
QR

f
p�2
2

� gre0jrb�j2d�dt

+
8

r

Z
QR

f
p�2
2

� g1+rjrb�j2d�dt+ (p� 2)
Z
QR

f
p�2
2

� g1+rjrb�j2d�dt

+
16

"

Z
QR

f
p
2
� g

r�2d�dt+ C

Z
QR

[f
p
2
� + f

p+2
2

� + "f
p
2
� e0]g

r�2d�dt:

For any �xed t, we choose " small enough so that

1

1 + r
supt�t0

Z
B(x0;R)

g1+r�2d�+
r

2

Z
QR

gr+
p
2
�2jrbgj2�2d�dt

� C

Z
QR

g1+r�j@�
@t
jd�dt+ C

Z
QR

gr+
p
2 jrb�j2d�dt+ C

Z
QR

(gr+
p
2 + gr+

p
2
+1)�2d�dt;(4.33)

where C is a positive constant depending on M;N; r and p. Since

Z
QR

gr+
p
2
�2jrbgj2�2d�dt �

8

(p+ 2r)2

Z
QR

jrb(g
r
2
+ p
4�)j2d�dt� 16

(p+ 2r)2

Z
QR

gr+
p
2 jrb�j2d�dt;
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so

1

1 + r
supt�t0

Z
B(x0;R)

g1+r�2d�+
4r

(p+ 2r)2

Z
QR

jrb(g
r
2
+ p
4�)j2d�dt

� C

Z
QR

g1+r�j@�
@t
jd�dt+ (C + 8r

(p+ 2r)2
)

Z
QR

gr+
p
2 jrb�j2d�dt(4.34)

+ C

Z
QR

(gr+
p
2 + gr+

p
2
+1)�2d�dt:

From the de�nition of �,

sup
t�t0

Z
B(x0;R)

g1+r�2d�+

Z
QR

jrb(g
r+2
2 �)j2�dt

� C[(1 + r)

Z
QR

g
p
2
+rd�dt+ (1 + r)

Z
QR

g1+
p
2
+r�2d�dt(4.35)

+ (R� �)�1
Z
QR

g1+rd�dt+ (R� �)�2
Z
QR

g
p
2
+rd�dt];

where C is a constant depending on M;N . Let q = (1+ 1
n+1
)r+ (p

2
+ 1

n+1
). By using Hölder

inequality,

(4.36)

R
Q�
gqd�dt

� supt�t0(
R
B(x0;R)

g1+r�2d�)
1

n+1 (
R t0
t0�R(

R
B(x0;R)

(g
r
2
+ p
4�)

2(n+1)
n d�)

n
n+1dt):

From the CR Sobolev inequality (4.21) again (with p = 2); we have

(4.37) (

Z
B(x0;R)

V
2(n+1)

n d�)
n

2n+2 � c(

Z
B(x0;R)

jrbV j2d�)
1
2 ;

for all V 2 C10(B(x0; R)). Let V = g
r
2
+ p
4�,

(4.38) (

Z
B(x0;R)

(g
r
2
+ p
4�)

2(n+1)
n d�)

n
n+1 � c

Z
B(x0;R)

jrb(g
r
2
+ p
4�)j2d�:

It follows from (4.36) and (4.38) that

(4.39)
Z
Q�

gqd�dt � c sup
t�t0
(

Z
B(x0;R)

g1+r�2d�)
1

n+1 (

Z
QR

jrb(g
r
2
+ p
4�)j2�dt):
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and from (4.35) and (4.39) thatZ
Q�

gqd�dt � C[[(1 + r) + (R� �)�2]

Z
QR

g
p
2
+rd�dt(4.40)

+ (R� �)�1
Z
QR

g1+rd�dt+ (1 + r)

Z
QR

f
p
2
+r+1d�dt]

n+2
n+1 :

By using Hölder inequality and Young�s inequality in (4.40),

(4.41)

R
Q�
gqd�dt � Cf[(1 + r)

2r+p+2
2r+p + (R� �)

�4r�2p�4
2r+p

+(R� �)
�2r�p�2
2r+2 ]

R
QR
g
p
2
+r+1d�dt+ jQRjg

n+2
n+1 ;

where C depends onM;N and p. Now we use a Moser iteration process to obtain a uniform

estimate. Let Rs = (1 + 2�s)R02 and � = 1 +
1
n+1
. De�ne rs and as by

rs = �s + n and as = rs +
p

2
+ 1

so that

as+1 = �rs +
p

2
+

1

n+ 1
:

We apply (4.41) with � = Rs+1, R = Rs and r = rs to �ndZ
QRs+1

gas+1d�dt � Cf
Z
QRs

gasd�dt+ Cg
n+2
n+1 ;

where C is a positive constant depending only on M;N . By Moser iteration process, we

have

(4.42) jjgjjL1(QR0
2

) � Cf
Z
QR0

ga0d�dt+ Cg:

Now we suppose that

sup
0�t�T 0

jjg(�; t)jjLn+1(M) � "1

with "1 = "; where " is the constant in Lemma 3.3 corresponding to q = a0 = n+ p
2
+ 2. By

Lemma 4.1, the right hand side of (4.42) is bounded by a constant depending on K;M;N .

Since M is compact, we have

jjgjjL1([0;T 0)�M) � C:
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(ii) The same proof without the smallness assumption if the sectional curvature of (N; gij)

is nonpositive, we have the estimate (4.32). �

Now we are ready to the proof of Theorem 1.1 :

Proof. (i) First, let us show that

sup
0�t�T 0

jjg(�; t)jjLn+1(M) � "1;

where g = f� + "e0('). To this end, we set

T � = supf ~T 2 [0; T 0) : sup
0�t� ~T

jjg(�; t)jjLn+1(M) � "1g:

We want to prove that T � = T 0. If T � < T 0, we have

sup
0�t�T �

jjg(�; t)jjLn+1(M) � "1

So from Lemma 4.2, we have

jjg(�; t)jjL1([0;T �]�M) � C:

From this inequality, we have

f� � C and "e0 � C:

Take " small enough, we have

"e0 �
"0
2

where "0 satisfying

Ep(u0) =
1

p

Z
M

jrbu0jpd� � "0:

On the other hand, we have for all t 2 [0; T �],

(4.43) jjg(�; t)jjn+1Ln+1(M) � jjgjj
n+1� p

2

L1([0;T �]�M)jjg(�; t)jj
p
2

L
p
2 (M)

:
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Since (x+ y)p � Cp(x
p + yp) for all p > 1 and we can choose � < "0

2
, we have

(4.44) jjgjj
p
2

L
p
2 (M)

=

Z
M

[jrb'�j2 + � + "e0]
p
2dv � Cp

Z
M

[jrbu0jpdv + "
p
2
0 V ol(M) � C1"0:

From (4.43) and (4.44), we have

sup
0�t�T �

jjg(�; t)jjn+1Ln+1(M) � Cn�1C1"0:

We can take "0 such that [Cn�1C1"0]
1

n+1 < "1
2
, so we have

sup
0�t�T �

jjg(�; t)jjLn+1(M) � [CnC1"0]
1

n+1 � "1
2
:

Since f is continuous, we see that there exists h > 0 such that

sup
0�t�T �+h

jjg(�; t)jjLn+1(M) �
3"1
4
� "1;

so contradicting the de�nition of T �. Then T � = T 0 and sup0�t�T �+h jjg(�; t)jjLn+1(M) � "1.

By Lemma 4.2, we have

jjg(�; t)jjL1([0;T 0)�M) � C:

That is

jjrb'�jjL1([0;T 0)�M) � C and jjT'�jjL1([0;T 0)�M) � C;

where C is a constant depending on K;M and N .

(ii) The same proof as in (i) except we do not need the smallness assumption (1.6) due

to KN � 0:

(iii) By integration by parts, we compute as in [CC1, Lemma 3.1.], one has

d

ds
Ep;�('�(�; s)) = �

Z
M

j@s'�(�; s)j2d�:

Integrating the above equality over [0; t] gives

Z t

0

Z
M

j@s'�j2(x; s)d�ds+ Ep;�('�(�; t)) = Ep;�(u0) � Ep;1(u0); 8 t 2 [0; T�):

�
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Now we are ready to prove the global existence and asymptotic convergence of the p-

pseudoharmonic map heat �ow. We will give the proof of Theorem 1.3 which is based on

[FR2] and [CCW]. The proof of Theorem 1.2 is the similar to the proof of Theorem 1.3.

The proof of Theorem 1.3 :

Proof. We �rst observe that the proof is standard once we have the estimate (1.7) plus CR

divergence theorem and Green�s identity as in [CCW]. We will sketch the proof and refer

to the last section of [FR2] for more details.

(i) Global Existence : Firstly, it follows from [HS], [D], [DF] and [Ch] that there exist

constants � 2 (0; 1) and C depending only on M; N; p such that

(4.45) jj'�jjC�(M�[0;T�);N) + jjrb'�jjC�(M�[0;T�);N) � C:

This and the theory of parabolic equations ([LSU]) imply

sup
0�t<T�

(jj'�(�; t)jjC2+�(M;N) + jj@t'�(�; t)jjC�(M;N) � C�

for 0 < � < 1. It is clear that the maximal time will be in�nite

T� =1:

Moreover, by the energy inequality (1.8), there exist a sequence �k ! 0 and ' 2 C�(M �

[0;1); N) and rb' 2 C�(M � [0;1); N) such that8<: (i) jjrb'jjC�(M�[0;1);N) � C1;

(ii) @t' 2 L2(M � [0;1));

and 8>>><>>>:
'�k ! ' in C�

0

loc(M � [0;1); N) for all �0 < �;

rb'�k ! rb' in C�
0

loc(M � [0;1); N) for all �0 < �;

@t'�k ! @t' weakly in L2(M � [0;1)):
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Now by multiplying  2 C10 (M � [0;1)) for (1.5) and integrating on M � [0;1); we have

(4.46)

R1
0

R
M
@t' d�dt+

R1
0

R
M
jrb'jp�2rb'rb d�dt

= 2
R1
0

R
M
jrb'jp�2h���~�kij'i�'

j
��
 d�dt;

as �k ! 0: hence ' is a weak solution of (1.4). The uniqueness is also standard. We refer to

the last section of [FR2] for more details.

(ii) Asymptotic Convergence : Since @t' 2 L2(M � [0;1)); it follows from (4.46) that for

almost t > 0 and � 2 C1(M)Z
M

@t'�d�+

Z
M

jrb'jp�2rb'rb�d� = 2

Z
M

jrb'jp�2h�
��~�kij'

i
�'

j
��
�d�

and then there exists a sequence tk !1 such that

jj@t'(tk; �)jjL2(M) ! 0:

Furthermore, we have

jj'(tk; �)jjC1+�(M;N) � C

and then

'(tk; �)! '1(�) in C1+�
0
(M;N) for all �0 < �:

Moreover '1 is a weakly p-harmonic map and '1 2 C1+�(M;N) with

Ep('1) � Ep(u0):

In addition if we choose "0 > 0 such that Ep(u0) � "0, then for a �xed q > Q = 2n+ 2Z
M

jrb'1jqd� � pCq�p"0

and for N � Rl

jj'1jjS1;q(M;Rl) � C"0:
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Here we apply Poincare inequality by changing the origin in Rl such that
R
M
'1d� = 0: It

follows from CR Sobolev embedding theorem ([FS, Theorem 21.1.], [JL]) that

jj'1jj
C
1
2 (1�

Q
q )(M;Rl)

� C"0:

Thus if we choose "0 small enough, '1(M) is contained in a convex geodesic ball U of N:

By following the �rst name author�s previous result as in [CC2, Lemma 4.2.] (or [Gor]), we

consider the composite function G := F � ' with a smooth function F de�ned on U . In

particular, let us choose F (y) =
P

j(yj)
2, where fyjgj is the coordinate system of U . Thus

divb(jrb'1jp�2rbG)

=
P

k Fk[divb(jrb'jp�2rb'
k) + 2jrb'jp�2h���~�kij'i�'

j
��
]

+jrb'1jp�2
P

i;j

P
� Fij('

i
1)�('

j
1)�

=
P

k Fk[divb(jrb'jp�2rb'
k) + 2jrb'jp�2h���~�kij'i�'

j
��
] + jrb'1jp:

Since '1 is a weakly p-harmonic map, we obtain by integrating both sidesZ
M

jrb'1jpd� = 0

and we deduce that rb'1 = 0: This completes the proof of Theorem 1.3. �
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