ON THE SHARP DIMENSION ESTIMATE OF CR HOLOMORPHIC
FUNCTIONS IN SASAKIAN MANIFOLDS

*SHU-CHENG CHANG, TYINGBO HAN, AND **CHIEN LIN

ABSTRACT. This is the very first paper to focus on the CR analogue of Yau’s uniformization
conjecture in a complete noncompact pseudohermitian (2n+1)-manifold of vanishing torsion
(i.e. Sasakian manifold) which is an odd dimensional counterpart of Kahler geometry. In this
paper, we mainly deal with the problem of the sharp dimension estimate of CR holomorphic
functions in a complete noncompact pseudohermitian manifold of vanishing torsion with

nonnegative pseudohermitian bisectional curvature.

1. INTRODUCTION

S.-Y. Cheng and S.-T. Yau( [Y1], [CY]) derived the well-known gradient estimate for pos-
itive harmonic functions and obtained the classical Liouville theorem, which states that any
bounded harmonic function is constant in complete noncompact m-dimensional Riemannian
manifolds with nonnegative Ricci curvature. Yau conjectured that the dimension h¢(M) of
the space H?(M) consisting of harmonic functions of polynomial growth of degree at most

d, is finite for each positive integer d and satisfies the estimate:

(M) < Y R™).
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Colding and Minicozzi ([CM]) affirmatively answered the first question and proved that

h(M) < Cod™*

for manifolds of nonnegative Ricci curvature. Later, Li ([Li2]) produced a shorter proof
requiring only the manifold to satisfy the volume doubling property and the mean value
inequality. For the latter question, the sharp upper bound estimate is still missing except
for the special cases m = 2 or d = 1 obtained by Li-Tam ([LT], [LT1]) and Kasue ([K]),
and the rigidity part is only known for the special case d = 1 obtained by Li ([Lil]) and
Cheeger-Colding-Minicozzi ([CCM]).

In [CKT], by modifying the arguments of [Y1], [CY], and [CKL|], Chang, Kuo and Tie
derived a sub-gradient estimate for positive pseudoharmonic functions in a complete non-
compact pseudohermitian manifold (M, J,0). This sub-gradient estimate can serve as the
CR version of Yau’s gradient estimate. As an application of the sub-gradient estimate, the
CR analogue of Liouville-type theorem holds for positive pseudoharmonic functions. In the
recent paper ([CCHT]), we study the CR analogue of Yau’s conjecture on the space H%(M)
consisting of all pseudoharmonic functions of polynomial growth of degree at most d in a
complete noncompact pseudohermitian manifold. We showed that the first part of CR Yau’s
conjecture holds for pseudoharmonic functions of polynomial growth.

In Kéhler geometry, Yau ([ScY]) proposed a variety of uniformization-type problems on
complete Kahler manifolds with nonnegative holomorphic bisectional curvature. The first

conjecture is

Conjecture 1. If M is a complete noncompact n-dimensional Kdahler manifold with non-

negative holomorphic bisectional curvature, then
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The equality holds if and only if M is isometrically biholomorphic to C". Here Oq (M™)
denotes the family of all holomorphic functions on a complete n-dimensional Kahler manifold

M of polynomial growth of degree at most d.

In [N], Ni established the validity of this conjecture by deriving the monotonicity formula

for the heat equation under the extra assumption that M has maximal volume growth

i VL)
r—+o00 ren

for a fixed point p and a positive constant c. Later, in [CEYZ], Chen, Fu, Yin, and Zhu
improved Ni’s result without the assumption of maximal volume growth. One should refer
to [Liul] for more general results recently.

The second conjecture is

Conjecture 2. If M is a complete noncompact n-dimensional Kdhler manifold with nonneg-
ative holomorphic bisectional curvature, then the ring Op (M) of all holomorphic functions

of polynomial growth is finitely generated.

This one was solved completely by G. Liu ([Liu2]) quite recently. He mainly deployed four
techniques to attack this conjecture via Cheeger-Colding-Tian’s theory ([ChCol], [ChCo2],
[CCT]), methods of heat flow developed by Ni and Tam ([N}, [NT1], [NT4]), Hormander
L*-estimate of 0 ([De]) and three circle theorem ([Liul]).

The third uniformization conjecture is

Conjecture 3. If M is a complete noncompact n-dimensional Kdhler manifold with positive
holomorphic bisectional curvature, then M s biholomorphic to the standard n-dimensional

complex space C".

The first giant progress pertaining to the third conjecture could be attributed to Mok, Siu

and Yau. In their papers ([MSY] and [MI]), they showed that, under the assumptions of the
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maximal volume growth and the scalar curvature R (x) decays as

C
(1+ al(:v,a:o))2+E

for some positive constant C' and any arbitrarily small positive number €, a complete noncom-

0<r(z) <

pact n-dimensional Kahler manifold M with nonnegative holomorphic bisectional curvature
is isometrically biholomorphic to C". A Riemannian version was proved in [GW2] shortly
afterwards. Since then there are several further works aiming to prove the optimal result
and reader is referred to [M2], [CTZ], [CZ], [N2], [NT1], [NT2] and [NST]. For example,
A. Chau and L. F. Tam (|CTJ]) proved that a complete noncompact Ké&hler manifold with
bounded nonnegative bisectional curvature and maximal volume growth is biholomorphic
to C". Recently, G. Liu ([Liu3]) confirmed Yau’s uniformization conjecture when M has
maximal volume growth.

This is the very first paper to focus on the CR analogue of Yau’s uniformization con-
jectures in a complete noncompact pseudohermitian (2n + 1)-manifold of vanishing torsion
(i.e. Sasakian manifold) which is an odd dimensional counterpart of Kahler geometry. We
refer to the next section for the detailed notations. The following is the so-called CR Yau’s

uniformization conjecture.

Conjecture 4. (CR Yau’s Uniformization Conjecture) Let M be a complete noncompact
pseudohermitian (2n + 1)-manifold of vanishing torsion with positive pseudohermitian bi-

sectional curvature. Then M is CR biholomorphic to the standard Heisenberg group H,, =

C" x R.

In this paper, it is very natural to concerned the CR analogue of Yau’s first conjecture
in a complete noncompact pseudohermitian (2n + 1)-manifold of vanishing torsion with
nonnegative pseudohermitian bisectional curvature. A smooth complex-valued function on

a pseudohermitian (2n + 1)-manifold (M, J, ) is called CR~holomorphic if

Opf =0.



SHARP DIMENSION ESTIMATE OF CR HOLOMORPHIC FUNCTIONS 5
For any fixed point € M, a CR-holomorphic function f is called to be of polynomial growth
if there are a nonnegative number d and a positive constant C' = C'(x,d, f), depending on

x, d and f, such that

[f W] < C (14 dee (2,9))

for all y € M, where d.. (z,y) denotes the Carnot-Caratheodory distance between z and
y. In the following sections, we sometimes would use the notation r (z,y) for the Carnot-
Caratheodory distance. Furthermore, we could define the degree of a CR-holomorphic func-

tion f of polynomial growth by

<C(1+de(z,y)" YyeM,
des (f) = inf J d > 0 [f () < O (z,9))" Yy
for some d >0 and C = C (x,d, f)

as well as the aforementioned holomorphic case. In fact, the definition above is independent of
the choice of the point € M. Finally we denote OF%(M) the family of all CR-holomorphic

functions f of polynomial growth of degree at most d with T'f(z) = fo(z) =0:
OSE(M) = {f(x) |0sf(z) =0, fo(z) =0 and | f(z)| < C (1 + de (z,y))* for some constant C'}.

Now we explain the extra condition T'f = 0 in the definition of OF% (M) in a Sasakian
manifold. Follow the notion as in [FOW] : Let {U, }4ca be an open covering of the Sasakian
manifold (M?*"*1 ¢) and 7, : U, — V,, C C" submersion such that 7, o7rﬁ_1 cm3(Ua NUB) —

Ta(Ua NUpg) is biholomorphic. On each V,,, there is a canonical isomorphism
dme : Dy — Troip)Va

for any p € U,, where D = kerf C TM. Since T generates isometries, the restriction of
the Sasakian metric g to D gives a well-defined Hermitian metric g2 on V. This Hermitian
metric in fact is Kahler. More precisely, let 2!, 22, ---, 2" be the local holomorphic coordinates

on V,. We pull back these to U, and still write the same. Let x be the coordinate along the
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leaves with 7' = 2. Then we have the local coordinate {z, 2!, 2% -+, 2"} on U, and (D ® C)

is spanned by the form

Since i(T")df = 0,

Then the Kéhler 2-form w? of the Hermitian metric g. on V,, which is the same as the
restriction of the Levi form %d@ to 523, the slice {x = constant} in U,, is closed. The
collection of Kdhler metrics {gZ} on {V,} is so-called a transverse Kéhler metric. We often
refer to %d@ as the Kihler form of the transverse Kihler metric ¢”in the leaf space Dn. As

an example, {Za =9 172 1" s exactly a local frame on in the (2n + 1)-dimensional

T 0zo ot J a=1

Heisenberg group H,, = C" x R. Here

0=dt+iy (:"dz" —7"dz")

aEIn

is a pseudohermitian contact structure on H,, and T" = %. In this case, Dn = C" and then
(1.1) dime Oy4(C") = dime (05" (H,)) -

Now, for a nontrivial function f € OF® (M) with f (z) = 0, we would define the vanishing

order of f at x € M by
ord, (f) =max{m e N | D*f =0, V |a]<m},

where D% = HZJ% with o = (o, g ..., ).
j€ln
Now we state our main theorem in this paper.

Theorem 1.1. If (M, J,0) is a complete noncompact pseudohermitian (2n + 1)-manifold of

vanishing torsion with nonnegative pseudohermitian bisectional curvature, then

(1.2) dime (05" (M)) < dime (05" (H,))
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for each d € N and H,, = C" x R is the (2n + 1)-dimensional Heisenberg group.

Remark 1.1. 1. In order to prove Theorem [[1] it follows from (II)) that it suffices to show
that

(1.3) dime (OFF (M)) < dime Oy (C™)

in a complete noncompact pseudohermitian (2n + 1)-manifold of vanishing torsion with
nonnegative pseudohermitian bisectional curvature.
2. It is interesting to know whether M is CR equivalent to the Heisenberg group H,, if

the equality holds

dime (0% (M)) = dime (05" (H,)) .

The method here is inspired mainly from [N] and [CEYZ] which is organized as follows.
In Section 2, we introduce some basic notions about pseudohermitian manifolds and the
necessary results for this paper. In Section 3, we show the existence of solutions to the CR
heat equation with the initial condition under some appropriate assumptions. In Section
4, we prove the CR analogue of the rough dimension estimate. In Section 5, we show the
CR sharp dimension estimate. In Appendix, we would give the complete proof of the LP-
submean value inequality which is a key step in showing the existence of solutions to the CR

heat equation in Section 3.

2. PRELIMINARIES

We introduce some basic materials about a pseudohermitian manifold (see [L] and [DT]
for more details). Let (M,€) = (M, J,0) be a (2n + 1)-dimensional, orientable, contact
manifold with the contact structure £. A CR structure compatible with ¢ is an endomorphism
J 1 & — & such that J?2 = —1. We also assume that J satisfies the integrability condition: If
X and Y arein &, then so are [JX,Y]+[X, JY] and J([JX,Y]|+[X, JY]) = [JX, JY]-[X,Y].
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Let {7, Za, Za}oep, be a frame of TM ® C, where Z, is any local frame of T) (M, Z5 =
Zy € ToaM jand T is the characteristic vector field and I, = {1,2,...,n}.Then {6, 0% 6%},

the coframe dual to {T, Z,, Z5}, satisfies
d = ih, ;6% A 0°

for some positive definite hermitian matrix of functions (h,z). If we have this contact
structure, we call such M a pseudohermitian (2n 4 1)-manifold or strictly pseudoconvex CR
(2n + 1)-manifold as well.

The Levi form ( , ), is the Hermitian form on T3 0M defined by
(Z,W),, =—i(d0,Z W),

We can extend (, ), to Tp1 M by defining <7,W>Lg = WL@ for all Z, W € T oM.
The Levi form induces naturally a Hermitian form on the dual bundle of T3 M, denoted by
(,) L and hence on all the induced tensor bundles. Integrating the Hermitian form (when
acting on sections) over M with respect to the volume form dyp = 6 A (df)", we get an inner
product on the space of sections of each tensor bundle.

The pseudohermitian connection of (J, #) is the connection V on TM ® C (and extended

to tensors) given in terms of a local frame Z, € T} oM by

V=W’ @ Zs, VZs=ws’®Z5 VT =0,
where w,” are the 1-forms uniquely determined by the following equations :
do™ +wg N6 =6 AT

To NOY =0

w§+w§:()
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We can write (by Cartan lemma) 7, = A,,0” with A,, = A,,. The curvature of Tanaka-

Webster connection, expressed in terms of the coframe {6 = 6°, 6%, 6%}, is
115 :H_%:dngtwj‘;/\wg
=T =T =112 =113 =0
Webster showed that II3* can be written
g =Ml5+it" Nbsg —i0* N5 = Rﬁaﬁm /\6’3+W5”797/\9— ngewe
where the coefficients satisfy
RB&p& = Raﬁ_aﬁ = R&B&p = Rp&ﬁ&a WB&’Y = W’y&ﬁ-

Here RBO‘WS is the pseudohermitian curvature tensor, R,; = R.,5 is the pseudohermi-
tian Ricci curvature tensor and A,p is the pseudohermitian torsion. R = haERag denotes
the pseudohermitian scalar curvature. Besides, we define the pseudohermitian bisectional

curvature
Roas5(X,Y) = R 555 Xa XaY5Y3,
the bitorsion tensor
T5X)Y)= %(ACWXVYB — ABVXWYOC),

the torsion tensor

Tor (X,Y)=tr (TQB) =

| =

(Aap XY™ = A XY,
and the tensor
oy

(div A)* (X,Y) = Agy7Azs ,.X°Y7

where X = X°Z,,Y =Y*Z, in T oM.
We will denote the components of the covariant derivatives with indices preceded by
comma. The indices {0, a, &} indicate derivatives with respect to {71, Z,, Z5}. For derivatives

of a real-valued/complex-valued function, we will often omit the comma, for instance, u, =
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Zol, Ugs = Zglatl — wa“f(ZB)Zvu. The subgradient Ve of a smooth real-valued function

 is defined by
<Vb30, Z>L9 = Z(,O

for Z € T" (£) where I' (§) denotes the family of all smooth vector fields tangent to the conact

plane £&. We could locally write the subgradient Vyp as
Vbu = udZa + uaZd-
Accordingly, we could define the subhessian Hess;, as the complex linear map

H688b : T170M D T071M — TL()M ©® TOJM

(Hessyp) Z =NV zVpp

for Z € T' (§) and a smooth real-valued function ¢.
Next we recall the following commutation relations. (see [L]) Let ¢ be a smooth real-valued

function, o = 0,0 be a (1,0)-form and ¢y = Ty, then we have

p

Pap = PBa
Vaj — Pga = thazpo
Poa — Pa0 = Aawﬁ
) Oopy — Oanp = 1(Aayos — Aapoy)
Oaitr = Oais = —i (hazAlos — hy5A2as)
Oapy — Oaqs = ihg30a,0+ Repy0s
0008 — Oapo = ATgoas — Aups07
0005 = Oapo = A50ay+ A55a07

\
Last, we would introduce the concept of the adapted metric. A family of Webster adapted

metrics h. of a strictly pseudoconvex CR (2n + 1)-manifold (M, J,0) are the Riemannian
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metrics
Lo
(2.1) he=h+ 6—29
where h = (, ), is the Levi metric. In [CC], they show that
Acg =209 + €T

for any real-valued smooth function g and

1

~ e2np)

dte dp

where du (y) = dy = 6 A (d)" is a volume form on (M, J,0). Here A, and du, are the
Riemannian Laplace operator and the Riemannian volume element with respective to the

adapted Riemannian metric h., respectively. In this paper, we choose € = ﬁsuch that

due = %du.

3. THE CR HEAT EQUATION

In this section, we will derive the essential fact about the existence of solutions to the CR
heat equation on a complete noncompact pseudohermitian (2n + 1)-manifold. First of all,
we give the following lemmas so that one can establish the existence of solutions to the CR
heat equation. It is also very useful to study the CR Poincaré-Lelong equation (J[CCHLJ).

We will use the semigroup method in [BBGM]. It is known that the heat semigroup (£),5

is given by
a:/ e MdE)
0

for the spectral decomposition of Ay = — [ AdE) in L? (M). It is a one-parameter family

of bounded operators on L? (M) . We denote

Bf(a:)=/MH<x,y,t>f<y>du<y>.
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Here H (x,y,t) > 0 is the so-called symmetric heat kernel associated to P;,. Due to hy-
poellipticity of A, the function (z,t) — P.f (z) is smooth on M x (0,00), f € C§(M).

Moreover
u(z,t) = P f(z)
is a solution of CR heat equation

% = Abu

u(z,0) = f(z)
Under these settings, we're going to prove some results derived by estimating the CR heat
kernel H (z,y,t). In the following, V,.(r) denotes the volume of the geodesic ball B,(r) with

respect to the Carnot-Carathéodory distance r(x,y) between z and y, and r(x) = r(x,0)

where 0 € M is a fixed point.

Theorem 3.1. Let (M, J,0) be a complete noncompact pseudohermitian (2n + 1)-manifold
with nonnegative pseudohermitian Ricci curvature tensors and vanishing pseudohermitian

torsion. If f is a continuous function on M such that
[ fl(@)ds < caplar® + )
— x)dx < exp(ar
VB0, )

for some positive constants a > 0 and b > 0, then the following initial value problem
(3.1) ot

has a solution on M x (0, %]; moreover,

M%QZ/H@wﬁﬂw@,

M

where H(x,y,t) is the Heat kernel on (M, J,0).
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The proof is based on the effect estimate on the CR heat kernel, CR volume doubling
property and LP submean value inequality which do not need the stronger assumption on
vanishing pseudohermitian torsion as in Proposition 3.1l However, for the later purpose as
in the following sections, we do need the condition of vanishing torsion, in which the heat
kernel estimate is obtained also in [BBGM]. Then here we focus on the case of a complete

noncompact pseudohermitian (2n + 1)-manifold of vanishing torsion only.

Proposition 3.1. ([CCHT], [BBGM]) Let (M, J,0) be a complete pseudohermitian (2n + 1)-

manifold with the pseudohermitian Ricci curvature
Ric (X, X) > ko (X, X)),

and

sup |A4;j| <k < oo and sup |Aijj|2 < ko < 00,
©,JE€In 1,J€I,

for X = X°Z, € T1 oM and ko, ki, ka2 are constants with ki, ke > 0. Then

(i) There exist positive constants Cs3, Cy, Cys such that for x, y € M, t >0

dz. (z,y)
t

Cs

T T
Ve (V)2 V, (V1)
(ii) There ezist positive constants Cg, C7, Cy such that for x, y € M, t >0

dee® (z,y)
t

(3.2) H (z,y,t) <

exp ( —Cs + C'mt).

Cs
(3.3) H(z,y,t) > m

(iii) There ezist positive constants Cy, C1g such that for 0 < s <t

exp [ - Cf — Cgr(t + d% (z, y))} .

H(z,z,s) ENO oo ri—
4 < (= 1or{t=s),
(34) H(z,x,t) — (s) c

(iv) (CR Volume Doubling Property) For any o > 1, then there ezist a positive constant
C such that

V, (0p) < o2 C1o*+C)m®y ()

Here k = Ii(l{io, ]{71, ]{72) > 0.
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Lemma 3.1. Let (M, J,0) be a complete noncompact pseudohermitian (2n + 1)-manifold of

vanishing torsion with nonnegative pseudohermitian Ricci curvature tensors. Assume that u

1s defined by
u(z,t) / H(z,y,t)f(y)dy,

on M x [0,T] for some T > 0. Here [ is a nonnegative function with

(3.5) lim ezp(—%z(z))/jg ( )f(:v)d:z:

r—+00

Then for any 0 <t <r% andp>1,

o b, (@, t)dr < Cn )[V(Bol(4r)) fBo(4r fp(fc)dfb’

C(n)s?

(3.6)  V@P0D
+(%f4oroexp(_ 8t fB

Proof. For any p > 1 and r > /%,

fBO(T,)Up(I,t)dZL’ = fBo fM xyu (y)dy)pdl‘
(3.7) < 27 [0 Upoary H @,y 1) f(y)dy)Pda

+ fBo(r)(fM\Bo(4r) H(z,y,t)f(y)dy)Pdz].

x)dx)ds)P].

We first will estimate the second term on the right hand side in ([B.7). Now for = € B,(r)

and y € M\B,(4r), we have r(z,y) > 3r(y). By the estimates of the CR heat kernel as in

Proposition B.1], we have

fM\BO(4r) H(ZL’, Y, t)f(y)dy

< O fan i T cop(— ) fy)dy
e fM\BoW i (SR eap(— ) £ (y)dy
< it s (P enp(= 50 f(y)dy
(3.8) < V(Bf(l\/i))(T-i—/_\[ )2Cs f47’ exp(— cgs f@Bo(s Fds
< V(Bf(le))(r—ﬁ/_ 209 f4r exp(— (125 fBo
= Cl(ﬂr\[ 2 [l Vﬁ’z(‘})%“fp( CZ: )(V(Bo(s fBo(s d(%
< G f4r 40963‘7)( Cits V(Bo fBo(s
< CqJ, exp _c;_:z)s(m fBo(s) f)ds.
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where Cy is the constant as in Proposition[3.Il Here, besides utilizing the inequality r(z,y) >
%r(y), we have used the volume doubling property and the assumption (B.5) when performing
integration by parts in the fifth inequality. Note that when separating M\ B,(4r) into the
shells, the concept of the Legendrian normal has come into our case (see [CCW]). From now
on, once we deal with such process of the integration, we keep the idea in mind.

As for the first term on the right hand side in (3.7]), by Holder’s inequality and the fact
(IBBGM]) that

/ H(z,y,t)dy =1,
M

we have
([ Hepnswars [ aeyore
Bo(47‘) Bo(47“)
Hence
fBo(r)(fBo(4r) H(z,y,1))f(y)dy)Pdx < fBO(T,) fBO(4T) H(z,y,t)fP(y)dydz
(39) S fBo(47‘) fp(y)(fBo(r) H(Z’,y,t)dl’)d’y
< fBo(4r) fP(y)dy.
From (B.7)-(3.9]), we know that the Lemma holds. O

From the preceding lemma, we could control the upper bound of subsolutions to the power
of p of the CR heat equation by its LP-norm under the same hypotheses. On the other hand,
on the course of proving the existence of solutions to the CR heat equation, we also need

the L? submean value inequality for p € (0, c0), which will be shown in the Appendix.

Proposition 3.2. (CR L? submean value inequality ) Let (M, J,0) be a complete pseudoher-
mitian (2n-+1)-manifold of vanishing torsion with nonnegative pseudohermitian Ricci curva-
ture tensors. Let Q(T,x,7,8) = (s — 712, 8) X By(r) and Qs(7,z,7,8) = (s — 0712, 5) X B,(dr)
fort >0,z € M,r>0,s€ R, § € (0,1). IfT >0 and p € (0,+00) are given, then

there exists a constant A(T,v,p) > 0 such that if u is a positive subsolution to the CR heat
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equation (% — ANpu < 0in Q(1,z,7,8), then, for 0 <6 < § <1,

A
Sup{up} < 2_|(_,7/-’ - p) / updﬂ>
Qs (0" =) 72V (B.(r)) Qs

where dii = dudt. Here the constant v is the exponential constant in CR Sobolev inequality

(ICCHT)

(3.10) </ e[P2dn) ™ < Co7V (B <W4/ wwmwm*/ Sy
Bm(P) x(P) x(P)
for any p € CX(B.(p)), v € M.

Now we are ready to prove Theorem [3.1] :

Proof. For all j > 1, let 0 < ¢; <1 be a smooth cut-off function such that ¢; =1 on B,(j)
and ¢; = 0 on M\B,(2j). Let f; = ¢;f be continuous with compact support. Hence one

can solve (B.I]) with the initial value f; for all time. The solution v; is given by

mw#ﬂﬁ@mm@@

for (z,t) € M x (0,00). The existence and uniqueness of such v; of the form could be found

in [Li]. By Lemma 3] for 0 < ¢ < min {r?, <}, we have

’ 16a

IN

|Uj|dx V(Bo fBo fM I y,t |f]( )|d'yd!l§'
C[W fBo(4r | fi(y)|dy
+4 [ erp(= S s (V(Blo(s fBO(S fi)ds]

Ce’lexp(16ar®) + [, exp(—Ser)d(%)]
Ceb [exp(16ar?) +1].

V(Bo fB

IA

IA

IN
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Assume 16% < R% Let (1,2,7,8,p,0,8') = (2,0, R, 16%, 1, %, 1) in the CR L? submean value

inequality, and we know that |v;| is a subsolution to the CR heat equation, then we have

A(2,v,1) —
sup lv| < v /‘Uj‘d/i
B0 B)EVEm )
S 23+VA (2, v, ]_) m / |'U]|dI

Bs(R)
< Cezp(16aR* +1).

From this, it’s easy to see that, after passing to a subsequence, {v;}._y together with their

jEN
derivatives uniformly converge on compact sets on M x (0, %) to a solution v of the CR

heat equation. Moreover, for any (z,t) € M x (0,+%) as in (38), we have

/ H(wy, t)dy — v;(z,1)| < / H(z, 5, 0)(f(5) — £;(4))dy

/ H(z,y.1)| (4) |dy

<

M\Bo(j)
< C [ eap(—S2)d(2)
<

Cf%o ea:p(—(f—g)dr

Let j tend to 400, we have

o(e,t) = / H . 8)f(y)dy.

M

This completes the proof. O

4. ROUGH DIMENSION ESTIMATES

After settling the existence of solutions to the CR heat equation, we will give the as-
ymptotic behavior of the solutions. It’s a crucial step on the course of proving the sharp

dimension estimate. And it’s worth to note that because of the following lemma, we could
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drop the assumption that M is of maximum volume growth in the hypotheses of the sharp di-
mension estimate. That’s why the statement about the sharp dimension estimate in [CEYZ]

could hold without the assumption of the maximum volume growth as in [NJ.

Lemma 4.1. Let (M, J,0) be a complete pseudohermitian (2n + 1)-manifold of vanishing
torsion with nonnegative pseudohermitian Ricci curvature tensors. Assume that v (x,t) is a

solution to the CR heat equation

(% — A (a,t) =0

on M x (0,+00) with the initial condition

v(z,0) = 2log|f ()],
where f € OS% (M) . Then

(4.1) lim supM

<d.
t—~+o00 10gt

Proof. From the fact f € OYF (M), we see that for all ¢ > 0, there’s a constant C' =
C' (f,x,d,e) > 0 such that

f W)l < C'(L 47 (2,9)").

Hereafter, in this proof, we would denote the positive constants by C" = C’ (f, z,d, €) and
C = C (n,d,¢). These constants may be different line by line.
Because
— log |f (z)|dx < exp(ar® +b)
V(Bo(r))B(/ )

for any a > 0, then, from Theorem B.], we know the solution v (z,t) has the form

o(a,t) = 2 / H(x.y. 1) log|f ()| dy.
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Hence

v(et) = 2 /H<x,y,t>log\f<y>\dy

M
=2 [ H@ynlslfWlds [ Hwoloslf )]
[r(z,y) <V [r(z,9)>V1]
H(z,y,t)((d+¢€)logt+ C")dy
[r(zy)<Vi|
+ / H(z,y,t) (2(d+¢€)logr (z,y) + C") dy
[r(.9) > V1]

IN

for t > 1. By the CR heat kernel estimate and the CR volume doubling property in [CCHT]
and [BBGM], we obtain

v (x,t)
< (@rlogt+Ch [ @+ H (o) log(*52 )y
[r(x,y)>\/_]
< C We){p( CT“’ )log(r )dy+(d+e)logt+6”
[r(w,y)>\/¥/]
< C'Z / Wexp( C”Cy )log(r(“’ )dy + (d + ¢€)logt + C’

k20[2k\/z<r(m,y)§2k+1\/q
< Cld+e))  [2204D% exp (—2271C) 2 (k +1)] + (d + €) logt + C”

k>0

< (d+¢€)logt+C"+C.
Here the CR volume doubling property is used in the fourth inequality. Then we are
done. 0

Now we give another lemma which is also essential for the proof of the rough dimension
estimate. In the proof of the following lemma, we would find that it’s closely related to the

CR moment-type estimate as in |CF].

Lemma 4.2. Let (M, J,0) be a complete pseudohermitian (2n + 1)-manifold of vanishing

torsion with nonnegative pseudohermitian Ricci curvature tensors. Assume that v (x,t) is a
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solution to the CR heat equation

(4.2) (% - Ab) (2.4) = 0

on M x (0,+00) with the initial condition

(4.3) v(x,0) =2log|f (x)]

w(x,t) = %U (x,t).

Then there exists a positive constant C' such that
(4.4) C(n)ord,f < lim tw (x,t).

t—0t

Proof. On account of the equation (£.2]) and the initial condition (4.3)), we have
wie,t) =2 [ Hie.y.08og f ()] dy

by the uniqueness theorem in [Do]. So by the CR heat kernel estimate in [CCHT], we know

wint) = 2/H 21y, )My log | f (4)] dy

> /exp —C U=\, log | £ (y)] dy
M
(4.5) > exp =) ( Ay log | f (s)|do (s))dr
04] aB””/(T)
> Aylog |f (y)| dy.

Bx(\/i
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Furthermore, from the local property of the Sasakian manifolds and T'f = 0, we have, as

t << 1,
W / Aylog |f (y)| dy
5{v0)
Vi —
= W J2vi s, (vimm) Ay log | f ((9,0)] dydl
V(Bz
" > Grords () [V "L vy @
. Vi V(B
= rord, (1) [
C Vit n—1
> @07“0% (f) f_\/{ (t—0)"dl
= ﬂ%t"‘%ordm (f)
= Sord, (f).
Here we have used the identity
1 r? ~ _
(4.7) ordz (f) = o ,E%ﬂ V(B (1) Alog|f(y)|dy
Bg(r)

where A denotes the Laplace operator on the slice D with the trasversal Kihler structure.

Also we adopt the adapted metric and

ordy (f) = ordz (f),

which comes from the fact Z,f = fo = 0 and utilize the equality

aza )

(48) /_S (82 _l2)" 2n 1\/’ (n(_|_> )
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in the third equality of [@6) with s = v/t which is derived as follows :

2. (s* = 2hdl = g2t f_ll (1—22)" " da
= 2s71 fol (1—2)" " da
= 7 [T (1—2)" Lde
= s 1B(3,n)

Szn—lr(%)r(")
F(n—l—%)

_ 2n-1 I'(n)
= VT

where B (z,w) and I" (2) denote the beta function and the gamma function respectively.

This completes the proof of Lemma F.2 O

Prior to showing the sharp dimension estimate, we would obtain the dimension estimates

of the rough version as follows :

Theorem 4.1. Let (M, J,0) be a complete noncompact pseudohermitian (2n + 1)-manifold
of vanishing torsion with nonnegative pseudohermitian Ricci curvature tensors. Then there

ezists a positive constant C' (n) such that
(4.9) dime (0% (M)) < C (n)d".

Proof. We adopt the notations in the proof of Lemma {2l Set w (z,t) = 2v (z,t). By the
similar deductions in [CF, Lemma 4.2.], replaced the moment-type estimate in [CEl (3.10)
and (5.12)] by (@.I]), we came out with [CE] (5.14)] and then

(4.10) % (tw (x,t)) > 0.

In fact, we could check the hypotheses of Theorem 4.1 in [CE| from the upper bound of
v,5 (z,t) by Cdlogt as in Lemma L1l
We first show that

(4.11) ord,f < Cd.
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Basically, if we could prove

(4.12)

tw (z,t) < Cd

for ¢t > 1, then we have (AL.I1]) by Lemma [£.2l We observe that on account of the definition

of OFR (M) for all & € M, there exists a constant C' = C (f,z,d, €) > 0 such that

log™ | f ()] < C +d(log (1 +d(z,y))).

Accordingly we have

(4.13)

IN

IN

IN

(VAN VAN VANEEN VAN

IN

v (x,t)

et e (-05) /( e O do o)l

Ty o e (—0%) <a I log* |f ()| dor (s)))dr + Cdlog (1 + 1)
o 2 Ba(r)

C fj;‘”[(%) exp (—C’;‘—t> Cr dlog (1 + 1)]dr + Cdlog (1 +t)

C [l exp (—CZ) dlog (1 + 7)]dr + Cdlog (1+ 1)
C 7 [s€ exp (—s) sdlog (1 +t)] ds + Cdlog (1 + 1)
Cdlog(14+t)+ Cdlog(1+1t)I' (C+2)

Cdlogt

for t > 1. From (£I3), we claim that the inequality (£I2]) holds; for if there’s some small

positive constant € and ty > 1 such that

tw (z,t) > (C+¢€)d

for t > to. Here we have utilized the monotonicity of tw (x,t). Therefore, by integrating

both sides, we have

v(z,t) > (C+e)dlogt— A
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where the constant A is independent of t. But this contradicts the inequality (£I13]). So we
obtain (£.I2). As a result, we deduce (L.ITJ).

Now we fix the constant C' chosen in (£I1]) and may assume such constant is a positive
integer. Next we want to settle the dimension estimate (4.9). In spite of the proof of (4.9)
is the same as the one in [MI], we would write it down for completeness. Let k(n) be a
constant satisfying

n+m

q(m) = < k(n)m".

Consider the map
® . OFF (M) — Ca1©)
f— (D*f)n<ca-

From (ZI1]), we see that ® is injective. Suppose
dime (05" (M)) > C'd"
where C” is chosen with C’ > k (n) C™, this implies that
dim¢ (OgR (M)) > k(n)(Cd)" > q(C).
However, this contradicts with the fact that ® is injective. We complete the proof. U

5. SHARP DIMENSION ESTIMATES

Subsequently, we give another lemma also substantial to the proof of the sharp dimension
estimate. In contrast with Lemma [4.I], one could find the following lemma is the stronger
version of that. In fact, that is why we could derive the more advanced result-the sharp

dimension estimate than the one in the last section.

Lemma 5.1. let (M, J,0) be a complete noncompact pseudohermitian (2n + 1)-manifold

of vanishing torsion with nonnegative pseudohermitian bisectional curvature. Assume that
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v (x,t) is a solution to the CR heat equation

(%—Ab)v(x,t) ~0

on M x (0,+00) with the initial condition
v (z,0) = 2log|f ()]

for f € OFE (M), and

w(x,t) = %v (x,t).

Then

(5.1) lim tw (z,t) = ord,f.

t—0t

Proof. From the definition of w (xz,t), we have

5:2) wie,t) =2 [ Hiw.g 1) l0g]5 ()| dy
M

By the CR heat kernel estimate, the same computations of (£5) in Lemma [l give us the
inequality
(5.3) 1 / Aplog |f (y)| dy < Cw (x,7?)

' V(B (r)) B C

By (r)

Combing (5.3)) and ({.12), we obtain
(5.4) ¥/Alo F)ldy <

' VB, () J ORI =

By (r)

for any r > 0 by (d.I0). By the equality

1 r? ~
dz (f) = — lim ———— Al ,
otz (1) = 50 B8 V1B ) / elf
Bz (r)
we know that for any € > 0, there is 0 > 0 such that
(55) anords (1) = ¢y | Blosldl| < &
) nordz VB () og 5

Bz(r)
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for 0 <r < é < 1. Now we separate the integration in (5.2) into two parts:

tw (z,t)
- 2t/H(x,y,t)Ab log | f (y)| dy

M
—— / H(wy,8) Ay log | (4)] dy + / H(z, 5, £)Ay log |f ()] dy).
Bz(é)C B (9)

So if we could show that (I) the first integration is close to zero and (II) the second one is
close to ord, (f) ast — 0T in the last line of (5.0]), then (5.1I) holds.
(I). Now we're going to show the first integration in (5.6) goes to zero for sufficiently small

t as follows: By CR heat kernel estimate, we have, for t < §2,

2t [ H(z,y,t)Aplog|f (y)|dy
Bz (8)°¢

< gy e (—cg)( / Aylog |f (s) do (s))dr

0Bz (1)
(5.7) - / Aylog |f (y)|dy

Bq(9)

+oo r2\ r r 2¢ 1
+Ct [ [exp <_C§>¥(W> (m / Ay log | f (y)| dy)]dr.

By (r)

IA
|
Q

Here we use integration by part, (5.4]) and the CR volume doubling property in the second

inequality. From the CR volume doubling property and the inequality (5.4]), we obtain

2

. C )
(5.8) Jim V(B (VD) eXP(—Cﬂ) / Aplog|f (y)|dy = 0.

Bz (9)
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Set 7 = g in the second integration in the right hand side in (B.7), we have

C I expl~C5r (5 gty [ Awloglf (] dular

Ba(r)
< O[5 Zexp (—=C7) (1t) 27)° 7 (b Aplo dy)|dt
5y S CIEEwon@en (V(Bx(m)mw/ﬁ) vlog |f (5)| dy)
<

Cd [£* exp (-C7) (27) " dr

— 07 ast—0F

by (B.4)). From (5.7), (5.8]) and (5.9]), we see that the first integration in the last line of (5.6])
is close to zero, as t goes to zero.
(IT). Next we show the following two inequalities from which the fact that the second

integration in the last line of (B0 approximates to ord, (f) as t small enough, could be

deduced :
(5.10) ord, (f) —e< limtinof+(2t / H(z,y,t)Aplog|f (y)| dy)
—
Ba ()
and
(5.11) lim sup (2t / H(z,y,t)Aplog|f (y)| dy) < ord, (f) + €.
t—0+

Bz (9)

Now we prove the inequality (5.I0). As for (5.11]), the deduction is almost the same as
well as (5.10).
In the rest of the proof, we adopt the adapted metric as in (2.1). From the small time
asymptotic expansion for the heat kernel H, (x,y,t) with respect to the adapted metric,
1 & (z,y)

H. (z,y,t) ~ ——5-5exp(—
(z,y,1) ) p( m

)+ L.O.T.
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if ¢ is sufficiently small, we have, for t << 1,

2t / H(x,y,t)Aylog | f (y)|dy

Bz (9)

— 2 / Hc(z,y,t)Acdog | f (y)] due (y)

Bz (9)

2t Jol e exp (<5) ([ Adlogf ()] do ()ds -

OBy (s)

( /A log | (1) die (1))

Vv

_ 1 2
(5.12) = 2’5(47@2”# eXp( 1

i 2i(/A log | f (y)| dpe (y))lds — 5

Ba(s)

([ Aplog|f(y)ldu(y))

=) 5 [ Bulogls @)l duw)lds - 5.

Bq(s)

Here we use the fact that fo = 0 and use integration by part, (5.4]) and

Aclog|f (y)] = 28, log [f (y)],
dpe (y) = 3dp.
More precisely, we explain why the first equality in (5.12]) holds as follows : On B, (9), the

equation

(2 —Ay)w(z,t)=0
w (z,0) = 20, log | f ()|

(5.13)

admits the solution

w (1) =2 / H(z,y, )M log | (1) dy.

B ()

Differentiating the equation (5.13) along the direction T, we have, by fo =0,

(5 — Q) wo (z,1) = 0,
wp (,0) = 0.
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By Theorem B.1], we know that

wo (z,t) = 0.

On the other hand, it follows from the equality A, = 24, + €212 that the equation (5.13)

becomes

Substituting the new variable t= %t into the equation, it becomes

L-a)u(wd) o

w(2,0) = 20, log | f ()] .

From the result in [Do|, we obtain that such equation admits a unique solution

w(%g)IQ/He(x,y,BAblog\f(y)\due(y),

Bz (9)

that is,

w(7,t) =2 / Ho(z,y,t)Aplog | f ()] dpe (y) -
Bz ()

By the uniqueness, we have

2/H(x,y,t)Ablog|f(y)|dy=2/Hs(af,y,t)Abloglf(y)ldue(y)-

Bz (9) Bz (9)

By the inequality (5.4]) again, we also have

lim tﬁ exp(—%)( / Aplog | f (y) du (y))
Bz (9)

< limt#_;_lexp(—%)\/(Bx 9)C%

t—0t+ (4nt)

= 0.
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From the result above, we simplify the inequality (5.12) into

21 / H(z,y. t)Aslog | (4)] dy

Bz (9)

> 2t [} —mren(-5)5( [ Dulogly @)l dy)ds - %

By (s)
for t << 1. Hence we just need to claim that

s2. s

L
o1 2 [l en = [ Auosls () dnlds > orde - §

By (s)

for t << 1. By the hypotheses, we see that
(5.15) V(B3 (1)) ~ wapr™

as r — 07, where wy, is the volume of the unit ball in R* for all & € N. Utilizing this volume

approximation and (5.5]), we obtain, for ¢t << 1,

O I EY / Ay log | (y)] dy)]ds

By (s)
é s°\ s S ~
- 2tfomexp<—4—i>gu_s< [ astosls (@l apdids
By (VsT—R)

> fo - W exp(—5)2ns (ordy (f)) wan([°, (s — 12)" " dl)]ds — &
- fO 2”+1 eXp( )27’LS (Ordﬂc (.f)) w2n(82n_1ﬁ (F(n)l))]ds - %

- (Adrj)%*r1 ordy (f >w2”\/_ T(nt )(f‘j exp (— )(4Tt) dT)

= "“2”5;’;%(” (F (n) fo‘“ exp ( )TTdT —£

> ord, (f) — §

(5.16)

where we use the error term 5 twice in the third line, that are (5.5) and (5.I3)), and the fact

that

82

4t 2n—1 1
/ exp(—71)77 2 dr = T(n+ 5)
0
as t goes to zero, in the last inequality. For the second equality of (5.16]), we use the equality
(4.8). This completes the proof. O
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Finally, we would show the main theorem-the sharp dimension estimate in this paper as

follows.

Proof. of Theorem [I.1]
Here we follow the ideas and arguments in [N] and [CEYZ] to derive this result and use
the notations of the hypotheses in the preceding lemma.

From

0
5 (tw(@,6) 20,

we have, for the positive integer k > 2,

v(z,t) = (/w(m,s)ds)+u(aj,1)

§§UJQ&t%>dS)+_u(x’n

Vv
\_/\
=

= trw(z, tk)(1 — L) logt +u (z,1) .
Then, by Lemma 1], we obtain

1 1
lim supltrw(z, t+)(1 — =)] < d.
t——+o0 k

On account of the arbitrariness of k, we have

lim suptw (z,t) < d.

t——+o0

By the monotonicity of tw (z,t) and Lemma [5.1], we get
(5.17) ord,f <d

for all nontrivial f € OFf (M). Now we perform the Poincaré-Siegel argument and note
that the argument only depends on the local property of the CR holomorphic functions of

polynomial growth. The Poincaré-Siegel map
®: OFF (M) — CI1@

f — (Daf)|o¢\§d )
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n+m
where g (m) = is the complex dimension of O4 (C™). Soif f # 0 but D*f = 0 for

n
all a with || < d, then it contradicts with (5.I7). Hence, we know that the Poincaré-Siegel

map P is injective and this implies that
dime (OF" (M)) < dime Oy (C*) = dime (05" (H™)) .
Therefore we complete the proof. U

APPENDIX A.

In this appendix, we would show the CR L? submean value inequality. Although the

details are almost the same as in [SC2], we give its proof here for completeness.

Proof. of Proposition . Initially we prove the case p = 2 and may assume 7 =1 = ¢'.

On account of

[ (G~ o <0

By (r)

for any ¢ € C°(B,(r)), choosing ¢ = ¥?u for ¢p € C>(B,(r)), we have

/[w2u%+w2\va|2]du < 2| /UWVWVWW”‘

Bz(’f‘) B(L‘(”‘)
< 2 /|wa|2u2d,u+%/¢2|vbu|2d,u.
By (r) By (r)

That is,

/ <2w2ua—u + w2|Vg,u\2) dp < 4/ (Voo [Pu?dp.
015 Be(r)

B (r

So there exists a positive constant C' > 0 such that,

Ju
[ (20205 + 019 do < CU gy [ ot

B (r) supp(y)

Hereafter we adopt the notations C' and A as constants which may be different in each line.
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Let x(t) € C*(R) be a smooth function on R. We have

5 / (xu)dp + X / Vo (1) [2dp
(Al) By (r) Be(r)

< O (XTI By + 190 oy I W) S 20
Now we choose the appropriate the smooth functions ¢ and x as follows : Let 0 <o’ <o < 1

and w = (o0 — ¢’), we define

1, on B.(d'r),
0, on M\B,(or),

Y(y) =

with 0 < <1 and [Vyy| < = Define

0, on (—o00,s—or?),
x(t) =
1, on (s—0'r? 00),

with 0 < x <1 and |X'| < 2. Let I, = (s — or?,s). Integrating (A)) over (s — r?%,t) for

t € 1., we have

(A2) an( [ o [ wipan s 5 [ e

Ia’ Bz(r) Bz (T)XIU/

Let k(r,v) = W. By Hoélder’s inequality and CR Sobolev inequality (3.10), we have

2

fo(Jlr)(wu)z(H%)d“ < fBI(r)WU)z(H?)dﬂ

= Jp () ) dp
(S, 0y ()72 ) 7 ([, (00)2dp)
 Jo o 196 + |21 " ot

2
v

IA

IN

Then, integrating over I/,

A
/ 2(1+ du—k((rwy/ uzdﬁ)H

by utilizing (A2) twice. Let § = (1+ 2) and we note that u” is also a positive smooth

subsolution to the CR heat equation if u is a positive smooth subsolution to the CR heat
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equation for p > 1. So we have the following inequality

A
(A.3) / P dp < h(— / w?dp)’.
Qs (rw) o
L _ (-9 _ _ : _ pi
et w; = 5~ and 0p = 1 and 044y —1—ij for k£ > 0. Apply (A.3) with p = 6",
J€ely
o =o0; and ¢’ = 0,1, we have
(A4) / W2 < k(A / o2 d)’.
Qv (rwi)? Jo.,

By iteration, we obtain

| | (Z@lflfi) (_229l7i)
(/ u2€z+1)971—z < A(I/)]f lel; ((1 _ (5)7‘) lel, (/ u2dﬁ)
Q Qo

Ti41

Letting ¢ tend to oo, we have
(A.5) sgp{uQ} < AWk ((1 - 5)7“)_2_”/ u?dfi.
5 Q

This completes the case p = 2. When p > 2, then the transformation u — u? still satisfies
the hypothesis for p = 2. Hence, it is easy to validate this case. As for p € (0,2), the case
p = 2 yields that

E(T,I/,’f’) 23—\ 4

sup {u} < 7&/1& dv)z,
o (p—a)*2y
Qp

r2

0.0, (), 0, (0) .o

where E(T, v,r) = Ar2)C2 g5 = dudt = the volume-normalized measure %, and Q =

m

,1), (1 =p)=2(1—0). Due to the inequality

p
1=3

P
HuHLQ(@p’D) < HUHLOO(Q,;,P) HUHZP(Qp)a
we have

1 -z
@7) 1 =gy % 1i(a,7)

(A.6) el g,.) < (R (70, r) 4058 o) ®
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Set o9 = & = 2 € (0,1), (1 —0y) = (%)Z (1 —46;). Taking 0 = 0y, p = 0441 in [(A6), we

have

A7 - 4 2(1—1—%) 1‘%
(A7) ||u||Loo(@ai7p) < <§> w||u||Loo(é0i+17§)

for w = [ (r, v, 1) 408 Juf B (1 —6y) 78],

(@7)

By iterating the inequality (A7), we obtain

() S wenyy 2 (1)

- < (Z lel;—1 1611{71 -5 ~
||u||L°°(Q51,l/) — (3) w || ||L°°(Q ﬁ) )
for i € N. As before, letting i tend to oo, we have
2 v
4 etve-»n A (7" v 2)5 Cr @+v 24w
-~ < (Z 2 ? _ N
ol (@) < 57 A 0 a0 g
This completes the proof. O
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