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Abstract. This paper mainly focuses on the CR analogue of the three-circle theorem in a

complete noncompact pseudohermitian manifold of vanishing torsion being odd dimensional

counterpart of Kähler geometry. In this paper, we show that the CR three-circle theorem

holds if its pseudohermitian sectional curvature is nonnegative. As an application, we con-

�rm the �rst CR Yau�s uniformization conjecture and obtain the CR analogue of the sharp

dimension estimate for CR holomorphic functions of polynomial growth and its rigidity when

the pseudohermitian sectional curvature is nonnegative. This is also the �rst step toward

second and third CR Yau�s uniformization conjecture. Moreover, in the course of the proof

of the CR three-circle theorem, we derive CR sub-Laplacian comparison theorem. Then

Liouville theorem holds for positive pseudoharmonic functions in a complete noncompact

pseudohermitian (2n + 1)-manifold of vanishing torsion and nonnegative pseudohermitian

Ricci curvature.

1. Introduction

In 1896, J. Hadamard ([Ha]) published the so-called classical three-circle theorem which

says that, on the annulus A with inner radius r1 and outer radius r2, the logarithm for the

modulus of a holomorphic function on the closure A of the annulus is convex with respect

to log r for r lying between r1 and r2. Recently, G. Liu ([Liu1]) generalized the three-circle

1991 Mathematics Subject Classi�cation. Primary 32V05, 32V20; Secondary 53C56.
Key words and phrases. CR three circle theorem, CR Yau�s uniformization conjecture, CR holomorphic

function, Sharp dimension estimate, CR sub-Laplacian comparison, Liouville theorem.
�Shu-Cheng Chang and ��Chien Lin are partially supported in part by the MOST of Taiwan.

yYingbo Han is partially supported by an NSFC grant No. 11201400 and Nanhu Scholars Program for

Young Scholars of Xinyang Normal University.
1



2 �SHU-CHENG CHANG, yYINGBO HAN, AND ��CHIEN LIN

theorem to complete Kähler manifolds and characterized a necessary and su¢ cient condition

for the three-circle theorem. Here a complete Kähler manifoldM is said to satisfy the three-

circle theorem if, for any point p 2 M , R > 0, any holomorphic function f on the geodesic

ball B (p;R), logMf (r) is convex with respect to log r, namely, for 0 < r1 � r2 � r3 < R,

(1.1) log

�
r3
r1

�
logMf (r2) � log

�
r3
r2

�
logMf (r1) + log

�
r2
r1

�
logMf (r3)

where Mf (r) = sup
x2B(p;r)

jf (x)j. More precisely, he showed that a complete Kähler manifold

satis�es the three-circle theorem if and only if its holomorphic sectional curvature is non-

negative. The proof employed the Hessian comparison and the maximum principle. There

are many substantial applications pertaining to the three-circle theorem, especially to the

uniformization-type problems proposed by Yau ([ScY]) on complete Kähler manifolds with

nonnegative holomorphic bisectional curvature. It could be summarized as follows. The �rst

Yau�s uniformization conjecture is that ifM is a complete noncompact n-dimensional Kähler

manifold with nonnegative holomorphic bisectional curvature, then

dimC (Od (Mn)) � dimC (Od (Cn)) :

The equality holds if and only if M is isometrically biholomorphic to Cn. Here Od (Mn)

denotes the family of all holomorphic functions on a complete n-dimensional Kähler manifold

M of polynomial growth of degree at most d. In [N], Ni established the validity of this

conjecture by deriving the monotonicity formula for the heat equation under the assumption

that M has maximal volume growth

lim
r!+1

V ol (Bp (r))

r2n
� c

for a �xed point p and a positive constant c. Later, in [CFYZ], the authors improved Ni�s

result without the assumption of maximal volume growth. In recent years, G. Liu ([Liu1])

generalized the sharp dimension estimate by only assuming thatM admits nonnegative holo-

morphic sectional curvature. Note that there are noncompact complex manifolds admitting
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complete Kähler metrics with positive holomorphic sectional curvature but not admitting

complete Kähler metrics with nonnegative Ricci curvature (see [Hi]).

The second Yau�s uniformization conjecture is that if M is a complete noncompact n-

dimensional Kähler manifold with nonnegative holomorphic bisectional curvature, then the

ringOP (M) of all holomorphic functions of polynomial growth is �nitely generated. This one

was solved completely by G. Liu ([Liu2]) quite recently. He mainly deployed four techniques

to attack this conjecture via Cheeger-Colding-Tian�s theory ([ChCo1], [ChCo2], [CCT]),

methods of heat �ow developed by Ni and Tam ([N], [NT1], [NT4]), Hörmander L2-estimate

of @ ([De]) and three-circle theorem ([Liu1]) as well.

The third Yau�s uniformization conjecture is that if M is a complete noncompact n-

dimensional Kähler manifold with positive holomorphic bisectional curvature, then M is

biholomorphic to the standard n-dimensional complex Euclidean space Cn. The �rst giant

progress relating to the third conjecture could be attributed to Mok, Siu and Yau. In their

papers ([MSY] and [M1]), they showed that, under the assumptions of the maximal volume

growth and the scalar curvature R (x) decays as

0 � R (x) � C

(1 + d (x; x0))
2+�

for some positive constant C and any arbitrarily small positive number �, a complete noncom-

pact n-dimensional Kähler manifold M with nonnegative holomorphic bisectional curvature

is isometrically biholomorphic to Cn. A Riemannian version was solved in [GW2] shortly

afterwards. Since then there are several further works aiming to prove the optimal result and

reader is referred to [M2], [CTZ], [CZ], [N2], [NT1], [NT2] and [NST]. For example, A. Chau

and L. F. Tam ([CT]) proved that a complete noncompact Kähler manifold with bounded

nonnegative holomorphic bisectional curvature and maximal volume growth is biholomor-

phic to Cn. Recently, G. Liu ([Liu3]) con�rmed Yau�s uniformization conjecture when M

has maximal volume growth. Later, M.-C. Lee and L.-F. Tam ([LT]) also con�rmed Yau�s

uniformization conjecture with the maximal volume growth condition.
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For the corresponding �rst uniformization conjectures in a complete noncompact pseudo-

hermitian (2n + 1)-manifold of vanishing torsion (i.e. Sasakian manifold) which is an odd

dimensional counterpart of Kähler geometry (see the next section for its de�nition and some

properties), it was settled that the CR sharp dimension estimate for CR holomorphic func-

tions of polynomial growth with nonnegative pseudohermitian bisectional curvature in [CHL]

of which proof is inspired primarily from [N] and [CFYZ]. So it�s natural to concern whether

the second and third CR Yau�s uniformization conjectures hold as well. However, as in-

spired by recent works of G. Liu ([Liu2], [Liu3]), it is crucial to have the CR analogue of

the three-circle theorem which is a step towards establishing the validity of such CR Yau�s

uniformization conjectures.

In this paper, we mainly focus on the CR three-circle theorem in a complete noncompact

pseudohermitian (2n+ 1)-manifold of vanishing torsion with nonnegative pseudohermitian

sectional curvature which is weak than nonnegative pseudohermitian bisectional curvature.

A smooth complex-valued function on a pseudohermitian (2n+ 1)-manifold (M;J; �) is

called CR-holomorphic if

@bf = 0:

We recall OCR(M) the family of all CR-holomorphic functions f with Tf(x) = f0(x) = 0

([CHL])

OCR(M) = ff(x) 2 C1C (M) j@bf(x) = 0 and f0(x) = 0 g;

where the extra condition Tf(x) = 0 is included, the interested readers could refer to [CHL]

or [FOW].

Next we give the de�nition of the CR three-circle theorem generalizing the classical

Hadamard�s three-circle theorem to CR manifolds :

De�nition 1.1. Let (M;J; �) be a complete pseudohermitian (2n+ 1)-manifold. (M;J; �)

is said to satisfy the CR three-circle theorem if, for any point p 2 M , any positive number

R > 0, and any function f 2 OCR(Bcc (p;R)) on the ball Bcc (p;R), logMf (r) is convex



CR THREE CIRCLE THEOREM 5

with respect to log r for 0 < r < R. Here Mf (r) = sup
x2Bcc(p;r)

jf (x)j and Bcc (p;R) is the

Carnot-Carathéodory ball centered at p with radius R.

Now we state our main theorem in this paper as follows:

Theorem 1.1. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold

with vanishing torsion, then the CR three-circle theorem holds on M if the pseudohermitian

sectional curvature is nonnegative; moreover, we have that, for any f 2 OCR(M),

(1.2)
Mf (kr)

Mf (r)

is increasing with respect to r for any positive number k � 1.

Remark 1.1. 1. In the course of the proof of the CR three-circle theorem, we derive the

following CR sub-Laplacian comparison

�br �
(2n� 1)

r

if (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of vanishing torsion

with nonnegative pseudohermitian bisectional curvature. It is sharp in case of n = 1: See

Corollary 3.1 for details.

2. As a consequence of the sub-Laplacian comparison, Liouville theorem holds for positive

pseduoharmonic functions in a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion and nonnegative pseudohermitian Ricci curvature ([CKLT]).

As an application of the preceding theorem, we have the enhanced version of the sharp

dimension estimate for CR holomorphic functions of polynomial growth and its rigidity which

is served a generalization of authors previous results ([CHL]).

Theorem 1.2. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion with nonnegative pseudohermitian sectional curvature, then

dimC
�
OCR
d (M)

�
� dimC

�
OCR
d (Hn)

�
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for any positive integer d 2 N; morever, if M is simply connected, then the equality holds if

only if (M;J; �) is CR-isomorphic to (2n+ 1)-dimensional Heisenberg group Hn.

Remark 1.2. 1. In the forthcoming paper, one of the most important application for CR

three-circle theorem, we expect that there exists a nonconstant CR-holomorphic function of

polynomial growth on a complete noncompact pseudohermitian (2n+ 1)-manifold (M;J; �)

of vanishing torsion, nonnegative pseudohermitian bisectional curvature and maximal volume

growth. This is the �rst step toward the second CR Yau�s uniformization conjecture ([Liu2]).

2. As in the paper of G. Liu ([Liu3]), by applying Cheeger-Colding theory for the Webster

metric on CR manifolds and Hörmander L2-technique of @b on the space of basic forms and

this CR three-circle theorem, we shall work on the third CR Yau�s uniformization conjecture

as well.

Besides, the CR three-circle theorem could be extended to the case when M admits the

pseudohermitian sectional curvature bounded below:

Theorem 1.3. Let (M;J; �) be a complete noncompact pseudohermitian (2n+ 1)-manifold,

r (x) = dcc (p; x) and Z1 = 1p
2
(rbr � iJrbr) for some �xed point p 2 M . If the pseudoher-

mitian sectional curvature R1111 (x) has the inequality

(1.3) R1111 (x) � g (r (x))

for g 2 C0 ([0;+1)) and the pseudohermitian torsion vanishes, a function u (r) 2 C1 (R+)

satis�es

(1.4) 2u2 + u0 +
g

2
� 0

with u (r) s 1
2r
as r ! 0+ and a function h (r) 2 C1 (R+) satis�es

(1.5) h0 (r) > 0
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and

(1.6)
1

2
h00 (r) + h0 (r)u (r) � 0

with h (r) s log r as r ! 0+, then logMf (r) is convex with respect to the function h (r) for

f 2 OCR(M); moreover, if the vanishing order ordp (f) of f 2 OCR(M) at p is equal to d,

then Mf (r)

exp(dh(r))
is increasing with respect to r.

As precedes, there is also a sharp dimension estimate when the pseudohermitian sectional

curvature is asymptotically nonnegative.

Theorem 1.4. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold,

r (x) = dcc (p; x) for some �xed point p 2 M , and there are two positive constants �, A such

that

Rjjjj (x) � �
A

(1 + r (x))2+�

for any Zj 2 T 1;0x M with jZjj = 1, then there is a constant C (�; A) > 0 such that, for any

d 2 N,

dimC
�
OCR
d (M)

�
� C (�; A) dn:

Furthermore, if d � e� 3A
� , then

dimC
�
OCR
d (M)

�
= 1:

Finally, if
A

�
� 1

4d

for d 2 N, then we have

dimC
�
OCR
d (M)

�
� dimC

�
OCR
d (Hn)

�
:

The method we adopt here is inspired from [Liu1]. This paper is organized as follows.

In Section 2, we introduce some basic notions about pseudohermitian manifolds and the

necessary results for this paper. In Section 3, we show that the CR analogue of the three-circle
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theorem and some of its applications; specially, we con�rm the �rst CR Yau�s uniformization

conjecture on the sharp dimension estimate for CR holomorphic functions of polynomial

growth and its rigidity. As a by-product, we obtain the CR sub-Laplacian comparison

theorem. In Section 4, we generalize the CR three-circle theorem to the case when the

pseudohermitian sectional curvature is bounded below. It enables us to derive the dimension

estimate when the pseudohermitian sectional curvature is asymptotically nonnegative.

2. Preliminaries

We introduce some basic materials about a pseudohermitian manifold (see [L] and [DT]

for more details). Let (M; �) = (M;J; �) be a (2n + 1)-dimensional, orientable, contact

manifold with the contact structure �. A CR structure compatible with � is an endomorphism

J : � ! � such that J2 = �Id. We also assume that J satis�es the integrability condition: If

X and Y are in �, then so are [JX; Y ]+[X; JY ] and J([JX; Y ]+[X; JY ]) = [JX; JY ]�[X; Y ].

A contact manifold (M; �) = (M;J; �) with a CR structure J compatible with � together

with a contact form � is called a pseudohermitian manifold or a strictly pseudoconvex CR

manifold as well. Such a choice induces a unique vector �eld T 2 � (TM) transverse to the

contact structure �, which is called the Reeb vector �eld or the characteristic vector �eld of

� such that �T � = 0 = �Td�. A CR structure J could be extended to the complexi�ed space

�C = C 
 � of the contact structure �and decompose it into the direct sum of T1;0M and

T0;1M which are eigenspaces of J corresponding to the eigenvalues 1 and �1, respectively.

Let fT; Z�; Z��g�2In be a frame of TM
C, where Z� is any local frame of T1;0M; Z�� = Z� 2

T0;1M , and T is the Reeb vector �eld (or the characteristic direction) and In = f1; 2; :::; ng.

Then f��; ���; �g, the coframe dual to fZ�; Z��; Tg, satis�es

d� = ih���
� ^ ��
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for some positive de�nite matrix of functions (h���). Usually, we assume such matrix (h���)

is the identity matrix A pseudohermitian manifold (M;J; �) is called a Sasakian manifold if

the pseudohermitian torsion � = �TTD = 0

The Levi form h ; iL� is the Hermitian form on T1;0M de�ned by

hZ;W iL� = �i


d�; Z ^W

�
:

We can extend h ; iL� to T0;1M by de�ning


Z;W

�
L�
= hZ;W iL� for all Z;W 2 T1;0M .

The Levi form induces naturally a Hermitian form on the dual bundle of T1;0M , denoted by

h ; iL�� , and hence on all the induced tensor bundles. Integrating the Hermitian form (when

acting on sections) over M with respect to the volume form d� = � ^ (d�)n, we get an inner

product on the space of sections of each tensor bundle.

The Tanaka-Webster connection of (M;J; �) is the connectionr on TM
C (and extended

to tensors) given, in terms of a local frame Z� 2 T1;0M , by

rZ� = !�� 
 Z�; rZ�� = !��
�� 
 Z��; rT = 0;

where !�� are the 1-forms uniquely determined by the following equations:

8>>><>>>:
d�� + !�� ^ �� = � ^ ��

�� ^ �� = 0

!�� + !
�
� = 0

:

We can write (by Cartan lemma) �� = A�� with A� = A�. The curvature of Tanaka-

Webster connection r, expressed in terms of the coframe f� = �0; ��; ���g, is8<: ��� = �
�
�
= d!�� + !

�
 ^ !


�

��0 = �
0
� = �

�
0 = �

0
� = �

0
0 = 0

:

Webster showed that ��� can be written


�� = �
�
� + i�

� ^ �� � i�� ^ �� = R �
� �

� ^ �� +W�
��

 ^ � �W�
��

 ^ �



10 �SHU-CHENG CHANG, yYINGBO HAN, AND ��CHIEN LIN

where the coe¢ cients satisfy

R������ = R������ = R������ = R������; W
�
� = A�;

� ; W �
� = A

�;� :

Besides R���, the other part of the curvature of Tanaka-Webster connection are clear:

(2.1)

8>>>>>>><>>>>>>>:

R��� = �2i (A���� � A����)

R��� = �2i
�
A���� � A����

�
R��0 = A�;�

R��0 = �A�;�

:

Here R �
� �

is the pseudohermitian curvature tensor �eld, R��� = R

��� is the pseudoher-

mitian Ricci curvature tensor �eld and A�� is the pseudohermitian torsion. R = h��R���

denotes the pseudohermitian scalar curvature. Moreover, we de�ne the pseudohermitian

bisectional curvature tensor �eld

R�����(X; Y ) = R�����X�X�Y�Y��;

the bitorsion tensor �eld

T��(X; Y ) =
1

i
(A�X

Y� � A�XY�);

and the torsion tensor �eld

Tor (X;Y ) = tr
�
T��
�
=
1

i
(A��X

�Y � � A��X�Y �);

where X = X�Z�; Y = Y
�Z� in T1;0M .

We will denote the components of the covariant derivatives with indices preceded by

comma. The indices f0; �; ��g indicate the covariant derivatives with respect to fT; Z�; Z��g.

For the covariant derivatives of a real-valued function, we will often omit the comma, for

instance, u� = Z�u; u��� = Z��Z�u � !�(Z��)Zu. The subgradient rb' of a smooth real-

valued function ' is de�ned by

hrb';ZiL� = Z'
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for Z 2 � (�) where � (�) denotes the family of all smooth vector �elds tangent to the conact

plane �. We could locally write the subgradient rb' as

rbu = u
�Z� + u

�Z��:

Accordingly, we could de�ne the subhessian Hessb as the complex linear map

Hessb : T1;0M � T0;1M �! T1;0M � T0;1M

by

(Hessb')Z = rZrb'

for Z 2 � (�) and a smooth real-valued function '.

Also, the sub-Laplacian is de�ned by

�bu = tr (Hessbu) = u�
� + u��.

Now we recall the following commutation relations (see [L]). Let ' be a smooth real-valued

function, � = ���� be a (1; 0)-form and '0 = T'; then we have

(2.2)

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

'�� = '��;

'��� � '��� = ih��'0

'0� � '�0 = A��'
�

��;� � ��;� = i (A��� � A���)

��;� � ��;� = �i(h�A���� � h��A
�
��)

��;� � ��;� = ih���;0 +R
�
� ���

��;0� � ��;�0 = A���;� � A��;��

��;0�� � ��;��0 = A ����; + A� ��;��


:

Subsequently, we introduce the notion about the Carnot-Carathéodory distance.
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De�nition 2.1. A piecewise smooth curve  : [0; 1] ! (M; �) is said to be horizontal if

0 (t) 2 � whenever 0 (t) exists. The length of  is then de�ned by

L() =

Z 1

0

h0 (t) ; 0 (t)i
1
2
L�
dt:

The Carnot-Carathéodory distance between two points p; q 2M is

dcc(p; q) = inf fL()j  2 Cp;qg ;

where Cp;q is the set of all horizontal curves joining p and q. We say (M; �) is complete

if it�s complete as a metric space. By Chow�s connectivity theorem, there always exists a

horizontal curve joining p and q, so the distance is �nite. The diameter dc is de�ned by

dc(M) = sup fdcc(p; q)j p; q 2Mg :

Note that there is a minimizing geodesic joining p and q so that its length is equal to the

distance dcc(p; q):

For any �xed point x 2 M , a CR-holomorphic function f is called to be of polynomial

growth if there are a nonnegative number d and a positive constant C = C (x; d; f), depend-

ing on x, d and f , such that

jf (y)j � C (1 + dcc (x; y))d

for all y 2 M , where dcc (x; y) denotes the Carnot-Carathéodory distance between x and

y: Furthermore, we could de�ne the degree of a CR-holomorphic function f of polynomial

growth by

(2.3) deg (f) = inf

8<:d � 0
������ jf (y)j � C (1 + dcc (x; y))

d 8 y 2M;

for some d � 0 and C = C (x; d; f)

9=; :
With these notions, we could de�ne the family OCR

d (M) of all CR-holomorphic functions

f of polynomial growth of degree at most d with Tf(x) = f0(x) = 0 :

(2.4) OCR
d (M) = ff 2 OCR(M) j deg (f) � d g:



CR THREE CIRCLE THEOREM 13

Finally, we denote by ordp (f) = max fm 2 N j D�f (p) = 0, 8 j�j < m g the vanishing

order of CR-holomorphic function f at p where D� =
Y
j2In

Z
�j
j with � = (�1; �2;:::; �n).

3. CR Three-Circle Theorem

In this section, we will derive the CR analogue of three-circle theorem on a complete

noncompact pseudohermitian (2n + 1)-manifold. Before that, we need a lemma which is

essential in the course of the proof of the CR three-circle theorem as follows:

Lemma 3.1. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion with nonnegative pseudohermitian sectional curvature, the Carnot-Carathéodory

distance function r (x) = dcc (p; x) from a �xed point p to a point x in M is smooth at q 2M

and Z1 = 1p
2
(rbr � iJrbr), then

(3.1) r11 �
1

2r
:

In particular, we have

(log r)11 � 0:

Proof. Let
n
ej; eej; T

o
j2In

be an orthonormal frame at q where eej = Jej and e1 = rbr. By

Corollary 2.3 in [DZ] and vanishing pseudohermitian torsion, we could parallel transport

such frame at q to obtain the orthonormal frame along the radial r-geodesic  from p to q.

Hence we have an orthonormal frame fZj; Zj; Tgj2In along  where Zj =
1p
2

�
ej � ieej

�
and

Zj = Zj. By the fact that  is the r-geodesic, we have

r11 = �1
2
(ie2e1 + e2e2) r � (rZ1Z1) r

= �1
2
(ie2e1 + e2e2) r +

1
2

�
ir(Jrbr)rbr + J

�
r(Jrbr)rbr

��
and

r11 = 1
2
(ie2e1 + e2e2) r �

�
rZ1

Z1
�
r

= 1
2
(ie2e1 + e2e2) r � 1

2

�
ir(Jrbr)rbr + J

�
r(Jrbr)rbr

��
:
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These imply that

(3.2) r11 = �r11

along . From the construction of the curve , we derive that

(3.3) r0 = 0

on the r-geodesic . Besides, we could see that r11 is real by the commutation formula. At

the point q,

(3.4)

0 = 1
2

�
jrbrj2

�
11

=
P
�

�
jr�1j2 + jr�1j

2 + r�11r� + r�11r�
�

� jr11j2 + jr11j
2 + r111r1 + r111r1

= 2r2
11
+
�
r111 + ir10 +R

1
111
r1
�
r1 + (r11 � ir0)1 r1

= 2r2
11
+ hrbr11;rbriL� +

1
2
R1111

� 2r2
11
+ (rbr) r11

= 2r2
11
+ (rr) r11

= 2r2
11
+

@r11
@r
:

Here we use the facts that r1 = 1p
2
and r11 is real, the equality (3.2), (3.3), and the com-

mutation formulas (2.2). Together with the initial condition of r11 as r goes to zero, we

have

r11 �
1

2r
:

In particular, (3.1) indicates that

(log r)11 =
r11
r
� jr1j

2

r2
� 0:

This completes the proof. �

Actually, the similar deductions enable us to derive the substantial CR sub-Laplacian

comparisons below.
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Corollary 3.1. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion with nonnegative pseudohermitian Ricci curvature, then we have the CR

sub-Laplacian comparison, for n � 2,

(3.5) �br �
2n

r
;

furthermore, if the pseudohermitian bisectional curvature is nonnegative, then

(3.6) �br �
2n� 1
r

:

Finally, the equality holds in (3.6) only if, for any j 2 In,

(3.7) R11jj = 0:

Remark 3.1. When (M;J; �) is a complete noncompact pseudohermitian 3-manifold of van-

ishing torsion with nonnegative pseudohermitian Ricci curvature, it�s also easy to derive

�br �
1

r

from the estimate (3.9). The estimate is sharp in the sense of the equality holds only if M

is �at as in the proof of Theorem 1.2 .

Proof. By the similar computation as precedes, for any j 6= 1,

(3.8)
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and the inequality (3.1), it�s easy to derive

�br �
2n� 1
r

:

From the inequalities (3.4) and (3.8), it follows that

(3.9)

0 �
�
2r2
11
+

@r11
@r
+ 1

2
R1111

�
+
P
j 6=1

�
r2
jj
+ @

@r
rjj +

1
2
R11jj

�
� 21�n

 X
j

rjj

!2
+ @

@r

X
j

rjj +
1
2
R11

� 21�n

 X
j

rjj

!2
+ @

@r

X
j

rjj

and then

�br = 2
X
j

rjj �
2n

r
:

�

Now, we could proceed with the proof of the CR three-circle theorem below:

Proof. (of the Theorem 1.1) First of all, we prove that if (M;J; �) admits nonnegative

pseudohermitian sectional curvature, then the CR three-circle theorem holds. On the closure

A (p; r1; r3) of the annulus

A (p; r1; r3) = fx 2M j r1 < r (x) = d (p; x) < r3g

for 0 < r1 < r3, we de�ne

F (x) = (log r3 � log r (x)) logMf (r1) + (log r (x)� log r1) logMf (r3)

and

G (x) = (log r3 � log r1) log jf (x)j :

May assume that Mf (r1) < Mf (r3). Let f be a CR-holomorphic function on M with

(3.10) f0 = 0:
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It su¢ ces to claim

G � F

onA (p; r1; r3). It�s clear thatG � F on the boundary @A (p; r1; r3) of the annulusA (p; r1; r3) :

Suppose that G (x) > F (x) for some interior point x in A (p; r1; r3), then we could choose a

point q 2 A (p; r1; r3) such that the function (G� F ) attains the maximum value at q.

If q =2 Cut (p), then

i@b@b (G� F ) (q) � 0

by observing that the inequality i@b@b (G� F ) (q) > 0, which says that (G� F )�� is positive

de�nite, implies the positivity of the sub-Lplacian �b (G� F ) (q) > 0 (this contradicts that

q is a maximum point of (G� F )). In particular,

(3.11) (G� F )11 (q) � 0

where Z1 = 1p
2
(rbr � iJrbr). Note that (G� F )0 (q) = 0 due to (3.10) and (3.3).

On the other hand, it follows from [FOW] or [CHL] that there is a transverse Kähler

structure at the point q and we denoted such local coordinates in some open neighborhood

U of the point q by fz�; xg�2In with T =
@
@x
and

Z1 (q) =

�
@

@z1
� �

�
@

@z1

�
T

�
jq:

Restrict to the leaf space eD = [x = 0] and write the point y in U as (ey; x). It�s clear that
q = (eq; 0). Hereafter the quantity with the tilde means such one lies in the slice eD. This
enables us to transfer the local property of the Kähler manifolds to the CR manifolds. LeteG and eF denote the restrictions of G and F to the leaf space eD. So eq is a maximum point

of
� eG� eF� and ef = f j eD is a holomorphic function on U \ eD. Because � eG� eF� attains the

maximum value at eq (this implies that ��� ef (eq)��� 6= 0), the Poincaré-Lelong equation
i

2�
@@ log

��� ef ���2 = hD � ef�i
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gives eG11 (eq) = 0
where D

� ef� is the divisor of ef . However, the condition (3.10) implies that G is independent
of the characteristic direction T: So we have the equality

G11 (q) = 0:

This and Lemma 3.1 indicate that

(G� F )11 (q) � 0;

however, it�s not enough to obtain the contradiction from (3.11). So we take a modi�ed

function F� for replacing the original function F so that it enables us to get the contradiction.

Set

F� (x) = a� log (r (x)� �) + b�

for any su¢ ciently small positive number �. Here the two constants a� and b� are determined

by the following equations:

F� (rj) = F� (@B (p; rj)) = log

�
r3
r1

�
logMf (rj)

for j = 1; 3. It�s apparent to see F� ! F on the annulus A (p; r1; r3) as � ! 0+ and a� > 0.

Let q� be a maximum point in A (p; r1; r3) of the function (G� F�). With the same deduction,

we have

(3.12) (G� F�)11 (q�) � 0

and

G11 (q�) = 0:

From Lemma 3.1 again, we obtain

(log (r � �))11 (q�) =
r11

(r � �) �
1

2 (r � �)2
< 0:
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Accordingly, we have

(G� F�)11 (q�) > 0.

It contradicts with the inequality (3.12). This indicates that

(G� F�) � 0

in the annulus A (p; r1; r3).

If q� 2 Cut (p), then we adopt the trick of Calabi as follows. Choose a number �1 2 (0; �)

and the point p1 lying on the minimal D-geodesic from p to q� with d (p; p1) = �1. Set

br (x) = d (p1; x)
and consider the slight modi�cation of the function F� (x)

F�;�1 (x) = a� log (br + �1 � �) + b�.
It�s not hard to observe that F� (q�) = F�;�1 (q�) and F� � F�;�1; hence, we know (G� F�;�1)

also attains the maximum value at q�. Then, applying the similar argument as precedes, we

still have

G� F�;�1 � 0

in the annulus A (p; r1; r3). Letting �1 ! 0+, then �! 0+, the validity of the CR three circle

theorem is settled.

As for the monotonicity of (1.2), it�s easily derived by taking the 3-tuples (r1; r2; kr2) and

(r1; kr1; kr2) into the convexity of the CR three circle theorem for 0 < r1 � r2 < +1. �

It�s clear that we have the following sharp monotonicity:

Proposition 3.1. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold

on which CR three-circle theorem holds and ordpf � k � 1 for some f 2 OCR(M) and

p 2M , then
Mf (r)

rk
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is increasing in terms of r.

Proof. Let 0 < r2 � r3 < +1. Since the vanishing order of f at p is at least k, for any

� > 0, there is a su¢ ciently small number 0 < r1 < r2, such that

(3.13) logMf (r1) � logMf (r3) + (k � �) log
r1
r3
:

Substituting (3.13) into the inequality (1.1), we get

Mf (r2)

rk��2

� Mf (r3)

rk��3

:

The proposition is accomplished by letting �! 0+. �

Therefore, Theorem 1.1 and Proposition 3.1 imply

Corollary 3.2. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion with nonnegative pseudohermitian sectional curvature, and ordpf � k � 1

for some f 2 OCR(M) and p 2M , then

Mf (r)

rk

is increasing in terms of r.

Before giving a variety of applications of the CR three-circle theorem, we need some

notations about the CR-holomorphic functions of polynomial growth.

De�nition 3.1. Let (M;J; �) be a complete noncompact pseudohermitian (2n+ 1)-manifold.

We denote the collections�
f 2 OCR(M)

���� lim sup
r!+1

Mf (r)

rd
< +1

�
and �

f 2 OCR(M)

���� lim infr!+1

Mf (r)

rd
< +1

�
by eOCR

d (M) and bOCR
d (M); respectively.
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It�s clear that eOCR
d (M) � OCR

d (M) \ bOCR
d (M).

Proposition 3.2. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold

of vanishing torsion with nonnegative pseudohermitian sectional curvature, then f 2 bOCR
d (M)

if and only if Mf (r)

rd
is decreasing with respect to r for any f 2 OCR(M).

Proof. It�s straightforward to see that the su¢ cient part holds. On the other hand, let

0 < r1 � r2 < +1, by the assumption that

f 2 bOCR
d (M);

for any positive number �, there�s a sequence f�jg % +1 such that

logMf (�j) � logMf (r1) + (d+ �) log �j:

From Theorem 1.1, by taking r3 = �j, it follows that

logMf (r2) � logMf (r1) + (d+ �) log
r2
r1
:

Let � go to zero, the necessary part follows. �

From the last proposition, it�s easy to deduce the conclusion below.

Corollary 3.3. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion with nonnegative pseudohermitian sectional curvature, then

eOCR
d (M) = bOCR

d (M):

In addition, we have the asymptotic property for the degree of CR-holomorphic functions

of polynomial growth as follows:

Corollary 3.4. Let (M;J; �) be a complete noncompact pseudohermitian (2n+ 1)-manifold

of vanishing torsion with nonnegative pseudohermitian sectional curvature. If

f 2 eOCR
d+�(M)
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for any number � > 0, then

f 2 eOCR
d (M):

Proof. From Proposition 3.2 and Corollary 3.3, we know

Mf (r)

rd+�

is decreasing with respect to r for any positive number �. By acontradiction, it�s easy to

validate the monotonicity of

Mf (r)

rd
:

Then, by the last two corollaries, we have

f 2 eOCR
d (M):

�

From Corollary 3.4, we know

Corollary 3.5. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion with nonnegative pseudohermitian sectional curvature, then

OCR
d (M) = eOCR

d (M):

As an application, we could recover and generalize the CR sharp dimension estimate in

[CHL] under the assumption of nonnegative pseudohermitian sectional curvature instead of

nonnegative pseudohermitian bisectional curvature.

Proof. (of Theorem 1.2) Suppose on the contrary, i.e.

dimC
�
OCR
d (M)

�
> dimC

�
OCR
d (Hn)

�
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for some positive integer d 2 N. Then for any point p 2M , there�s a nonzero CR-holomorphic

function f of polynomial growth of degree at most d with

ordpf � d+ 1

Concerning the existence of such function f , one could refer to the proof of Theorem 1.1

in [CHL, (5.17)] which is just a method of the Poincaré-Siegel argument via linear algebra

([M1]). Therefore, we have

lim
r!0+

Mf (r)

rd
= 0:

However, this contradicts with the monotonicity of the function Mf (r)

rd
as in Proposition 3.2.

Hence, the sharp dimension estimate holds. As for the rigidity part, we just claim that if

(3.14) dimC
�
OCR
d (M)

�
= dimC

�
OCR
d (Hn)

�
;

then (M;J; �) is CR-isomorphic to (2n+1)-dimensional Heisenberg group Hn. From Proposi-

tion 4.1 in [T] (or Theorem 7.15 in [B]), it su¢ ces to show thatM has constant J-holomorphic

sectional curvature �3. From the equation, for any p 2M , Z 2 (T1;0M)p with jZj = 1,

R�
�
Z;Z; Z; Z

�
= R

�
Z;Z; Z; Z

�
+ g�

��
Z ^ Z

�
Z;Z

�
+ 2d�

�
Z;Z

�
g�
�
JZ; Z

�
= R

�
Z;Z; Z; Z

�
� 3;

the proof of the rigidity part is completed if we justify that the pseudohermitian sectional

curvature vanishes. Adopting the notations as in Theorem 1.1, we just claim that, for

simpli�cation,

(3.15) R
�
Z1; Z1; Z1; Z1

�
(p) = 0

where

Z1 =
@

@z1
� �

�
@

@z1

�
T:

The equality (3.14) enables us to see that there is a function f 2 OCR
d (M) such that

f (z1; :::; zn; x) = z
d
1 +O

�
rd+1

�
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locally. This impies that

ordpf = d:

Therefore, from Corollary 3.2 and Proposition 3.2, we obtain

Mf (r)

rd

is constant. In the proofs of Theorem 1.1 and Lemma 3.1, it�s not di¢ cult to �nd that G�F

attains the maximum value 0 on @B (p; r) at the point q (r) for any positive number r and

then

R (rbr; Jrbr;rbr; Jrbr) (q (r)) = 0:

From the de�nition of the chosen function f , we could take a subsequence f(rbr) (q (rj))gj2N
such that its limit, as r ! 0+, lies in the tangent space at p spanned by @

@z1
jp and T jp. Then

the equality (3.15) holds by the formula (2.1). Accordingly, this theorem is accomplished. �

4. An extension of CR Three-Circle Theorem

Subsequently, we will give the proof of the CR three-circle theorem when the pseudoher-

mitian sectional curvature is bounded from below by a function.

Proof. (of Theorem 1.3) Although this proof is similar to the one of the CR three-circle

theorem, we give its proof for completeness. Here we adopt the same notations as in the

proof of Theorem 1.1. De�ne

F (x) = (h (r3)� h (r (x))) logMf (r1) + (h (r (x))� h (r1)) logMf (r3)

and

G (x) = (h (r3)� h (r1)) log jf (x)j

on the annulus A (p; r1; r3) for 0 < r1 < r3 < +1. We still assume that

(4.1) Mf (r1) < Mf (r3) :



CR THREE CIRCLE THEOREM 25

It�s clear that G � F on the boundary @A (p; r1; r3) by (1.5). It su¢ ces to show that

G � F

on the annulus A (p; r1; r3) to reach our �rst conclusion by the maximum principle. Suppose

that G (x) > F (x) for some interior point x in A (p; r1; r3), then we could choose a point

q 2 A (p; r1; r3) such that the function (G� F ) attains the maximum value at q.

If q =2 Cut (p), then

(4.2) (G� F )11 (q) � 0:

With the same deduction in Theorem 1.1, we have

G11 (q) = 0

from the Poincaré-Lelong equation and the fact that f (q) 6= 0 with the help of the transverse

Kähler structure. Due to the fact that h (r) s log r as r ! 0+, we could de�ne

F� (x) = a� log
�
eh(r) � �

�
+ b�

for any su¢ ciently small number � > 0 and the two constants a� and b� are restricted by the

following equations

F� (rj) = (h (r3)� h (r1)) logMf (rj)

for j = 1; 3. It�s obvious that F� ! F on the annulus A (p; r1; r3) as � ! 0+. Due to the

inequality (1.5) and the assumption (4.1), we see that a� > 0. Denote by q� a maximum

point in A (p; r1; r3) of the function (G� F�) and modify the point q into the point q�. From

(1.4), (3.4), (1.3), and the initial condition u (r) s 1
2r
as r ! 0+ imply that

(4.3) r11 � u (r) :
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By the hypotheses (1.5), (1.6) and the inequality (4.3), we get�
log
�
eh(r) � �

��
11
(q�)

=
��eh(h0)2jr1j2+(eh(r)��)(ehh00jr1j2+ehh0r11)

(eh(r)��)
2

� � �eh(h0)2

2(eh(r)��)
2

< 0

for su¢ ciently small positive number �: It yields that

(G� F�)11 (q�) > 0:

This contradicts with (4.2). Therefore we obtain

G � F�

for su¢ ceintly small number � > 0. If q 2 Cut (p), then, by the trick of Calabi again, let

�1 2 (0; �) and the point p1 lying on the minimal D-geodesic from p to q� with d (p; p1) = �1.

Set

br (x) = d (p1; x)
and consider the modi�ed function F�;�1 (x) of the function F� (x)

F�;�1 (x) = a� log
�
eh(br+�1) � ��+ b�.

Due to the monotonicity of the function h, we see that F� � F�;�1. It�s clear that F� (q�) =

F�;�1 (q�). So the point q� is still a maximum point of (G� F�;�1). Set

bZ1 = 1p
2
(rbbr � iJrbbr) :

By observing the expansion of
�
log
�
eh(br+�1) � ���b1b1 (q�), (1.5), (1.6), and the continuity of

the pseudohermitian sectional curvature imply that

(F�;�1)b1b1 (q�) < 0
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for su¢ ciently small �1 > 0 for �xed �. Here the property that the pseudohermitian sectional

curvature is continuous is utilized to obtain the estimate

brb1b1 � u+ �0
for small positive error �0 = �0 (�1). Then (G� F�;�1)b1b1 (q�) > 0: However, it contradicts with
the fact that (G� F�;�1) attains a maximum point at q�. Accordingly, the inequality

G � F�;�1

holds. Letting �1 ! 0+, then �! 0+, we have

G � F

on the annulus A (p; r1; r3). Because ordp (f) = d and h (r) s log r as r ! 0+, then we

have, for any � > 0,

logMf (r1) � logMf (r2) + (d� �) (h (r1)� h (r2))

for su¢ ciently small positive number r1 and r1 < r2. By the convexity of logMf (r) with

respect to the function h (r)

logMf (r) �
h (r2)� h (r)
h (r2)� h (r1)

logMf (r1) +
h (r)� h (r1)
h (r2)� h (r1)

logMf (r2)

for r1 � r � r2, we obtain the monotonicity of Mf (r)

exp(dh(r))
. This completes the proof. �

Choosing the functions g (r) = �1, u (r) = (e2r+1)
2(e2r�1) , and h (r) = log

er�1
er+1

in Theorem 1.3,

we have the following consequence:

Corollary 4.1. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold of

vanishing torsion with the pseudohermitian sectional curvature bounded from below by �1,

f 2 OCR (M), then logMf (r) is convex with respect to the function log e
r�1
er+1

. In particular,
Mf (r)

( e
r�1
er+1)

d is increasing for ordp (f) = d.
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Similarly, choosing the functions g (r) = 1, u (r) = 1
2
cot r, and h (r) = log tan r

2
in Theo-

rem 1.3, we obtain

Corollary 4.2. If (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold

of vanishing torsion with the pseudohermitian sectional curvature bounded from below by

1, f 2 OCR (B (p;R)), then logMf (r) is convex with respect to the function log tan r
2
. In

particular, Mf (r)

(tan r
2)

d is increasing for ordp (f) = d.

With the help of Theorem 1.3, we have the dimension estimate when the pseudohermitian

sectional curvature is asymptotically nonnegative.

Proof. (of Theorem 1.4) Although the proof is almost the same as in [Liu1], we give its proof

for completeness. May assume � < 1
2
. Choose

u (r) =
1

2r
+

A

(1 + r)1+�
;

hence, the inequality holds

2u2 + u0 � 1
2

A

(1 + r)2+�
� 0:

Suppose h (r) is the solution to the equation8><>:
1
2
h00 + h0u = 0;

lim
r!0+

exp(h(r))
r

= 1;

then

h0 (r) =
exp

�
2A

�(1+r)�

�
r

exp

�
�2A
�

�
:

Accordingly,

h (r) � exp
�
�2A
�

�
log r + C

for any number r � 1. Here C = C (A; �). Theorem 1.3 implies that if the vanishing order

ordp (f) of f 2 OCR (M) at p is equal to d, then Mf (r)

exp(dh(r))
is increasing with respect to r. So

(4.4) Mf (r) � exp (dh (r)) lim
s!0+

Mf (s)

exp (dh (s))
� C1rd exp(�

2A
� )
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where

C1 = exp (Cd) lim
s!0+

Mf (s)

exp (dh (s))
:

Consider the Poincaré-Siegel map

� : OCR
d (M) �! Cq([d exp(

2A
� )])

f 7�! (D�f)j�j�[d exp( 2A� )]

where q (m) =
�
n+m
n

�
for any m 2 N and [a] denotes the greatest integer less than or equal

to a. We would claim that � is injective; for if 0 6= f 2 OCR
d (M) and D�f = 0 for any

j�j � d0 =
�
d exp

�
2A
�

��
, then

ordp (f) � d0 + 1:

Hence, by (4.4), we obtain

Mf (r) � C1r(1+d
0) exp(� 2A

� );

however, this contradicts with the fact

f 2 OCR
d (M) :

Therefore we have the dimension estimate

dimC
�
OCR
d (M)

�
� dimC

�
OCR

[d exp( 2A� )]
(Hn)

�
= C (�; A) dn

for any d 2 N. If d � e� 3A
� , then

dimC
�
OCR
d (M)

�
� dimC

�
Od exp( 2A� ) (C

n)
�
� dimC

�
Oexp(�A

� )
(Cn)

�
= 1:

Last, if A
�
� 1

4d
, then

d exp

�
2A

�

�
< d+ 1

and

dimC
�
OCR
d (M)

�
� dimC

�
OCR
d (Hn)

�
:

This theorem is accomplished. �
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It�s not di¢ cult to observe that Theorem 1.4 includes the case when the pseudohermitian

sectional curvature is nonnegative outside a compact set as follows:

Corollary 4.3. Let (M;J; �) is a complete noncompact pseudohermitian (2n+ 1)-manifold

of vanishing torsion of which the pseudohermitian sectional curvature is nonnegative outside

a compact subset K and is bounded from below by �a for some a > 0 onM . If � = a (dc (K))2

where dc (K) denotes the diameter of K, then there is a positive constant C (�; n) such that

dimC
�
OCR
d (M)

�
� C (�; n) dn

for any positive integer d. For any d 2 N, there is a positive number � (d) such that if

� � � (d), then we have

dimC
�
OCR
d (M)

�
� dimC

�
OCR
d (Hn)

�
:

Furthermore, there exists a number � (�) > 0 such that

dimC
�
OCR
�(�) (M)

�
= 1:
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