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Abstract

In this paper, we propose a new stabilized linear finite element method for solving reaction-convection-diffusion
equations with arbitrary magnitudes of reaction and diffusion. The key feature of the new method is that the test
function in the stabilization term is taken in the adjoint-operator-like form —eAv—(a-Vv)/y +ov, where the parameter
v is appropriately designed to adjust the convection strength to achieve high accuracy and stability. We derive the
stability estimates for the finite element solutions and establish the explicit dependence of L? and H' error bounds
on the diffusivity, modulus of the convection field, reaction coefficient and the mesh size. The analysis shows that
the proposed method is suitable for a wide range of mesh Péclet numbers and mesh Damkohler numbers. More
specifically, if the diffusivity ¢ is sufficiently small with & < ||a|lh and the reaction coefficient o is large enough
such that |la|| < oh, then the method exhibits optimal convergence rates in both L? and H' norms. However, for a
small reaction coefficient satisfying ||a|| > oh, the method behaves like the well-known streamline upwind/Petrov-
Galerkin formulation of Brooks and Hughes. Several numerical examples exhibiting boundary or interior layers are
given to demonstrate the high performance of the proposed method. Moreover, we apply the developed method to
time-dependent reaction-convection-diffusion problems and simulation results show the efficiency of the approach.

Keywords: reaction-convection-diffusion equation; boundary layer; interior layer; stabilized finite element method;
stabilization parameter.
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1. Introduction

In this paper, we are interested in the stabilized linear finite element approximations to the following Dirichlet bound-

ary value problem for the reaction-convection-diffusion equation:

—cAu+a-Vu+ou = f inQ, )
u = 0 onodQ,

where Q c R? is an open bounded convex polygonal domain with boundary 0, u is the physical quantity of inter-
est (e.g., temperature in heat conduction or concentration of some chemical substance), 0 < & < 1 is the constant
diffusivity, @ € (H'(Q) N L°(Q))? is the given convection (velocity) field satisfying V-a = 0in Q, o > 0 is the
constant reaction coefficient, and f € L?(Q) is the given source function. It is well known that when the diffusivity
& is relatively small compared with the modulus of the convection field a or the reaction coefficient o, the solution u

of problem (1) may exhibit localized phenomena such as boundary and interior layers [1, 2, 3, 4, 5]. Boundary and

*Corresponding author. Tel.: +886-3-4227151 extension 65130; fax: +886-3-4257379.
Email addresses: pwhsieh0209@gmail . com (Po-Wen Hsieh), syyang@math.ncu. edu.tw (Suh-Yuh Yang)

Preprint submitted to “Computer Methods in Applied Mechanics and Engineering” (revised version) April 17, 2016



interior layers are some narrow regions in the immediate vicinity of the domain boundary dQ or in the interior of the
domain Q where the solution has large gradients. It is often difficult to numerically resolve the solution within the
neighborhood of the layer regions, and the conventional numerical methods usually produce low accuracy or suffer
from instability [1, 2, 3, 4, 5]. For instance, the standard Galerkin method using continuous piecewise linear (P;)
or bilinear (Q;) elements performs very poorly since large spurious oscillations exhibit not only in the layer regions
but also in other regions. Therefore, in the past three decades, a large class of the so-called stabilized finite element
methods (FEMs) has been intensively developed to overcome this difficulty, see, e.g., [6, 7, 8, 9, 10, 11, 12, 13]. The
stabilized FEMs are formed by adding to the standard Galerkin method some consistent variational terms, relating to
the residuals of the partial differential equations, which involve some mesh-dependent stabilization parameters. A ro-
bust approach for the derivation of such a stabilized FEM is motivated by the bubble-enriched method [14, 15, 16, 17]
combined with the procedure of static condensation [18]. It is now clear that the stabilization parameters play the key
roles in the stabilization method. To a great degree, they account for why those additional stabilization terms not only

can enhance the numerical stability but also can improve the accuracy in the finite element solutions.

In this paper, we will focus on developing efficient stabilized FEMs for solving the reaction-convection-diffusion
problem (1). First, let us give a brief review of some previous works, which are closely related with the new method
that we will introduce in this paper. In [18], Franca and Farhat proposed a so-called unusual stabilized linear FEM
for problem (1) with vanishing convection field a. They proved that the error estimate is optimal in H'-seminorm
independent of the values of € and o. In addition, for & < o-h% for all elements, optimal order in L? norm can also
be obtained without using the duality argument. They also considered the problem (1) including the convection term
a - Vu and suggested a stabilization parameter to deal with all the three effects from reaction, convection and diffusion
simultaneously, but no analysis is given therein. In [19], Franca and Valentin constructed a new stabilization param-
eter for the presence of the convection term to improve the accuracy. The improvement is also justified therein from
an error analysis. Some further results have also been achieved by Duan [20]. In [21], Hauke, Sangalli and Doweidar
proposed an efficient stabilized FEM for solving the reaction-convection-diffusion problems. Their method combines
two types of stabilization integrals, namely an adjoint stabilization and a gradient adjoint stabilization, and two stabi-
lization parameters are involved therein. These two parameters are chosen based on imposing one-dimensional nodal
exactness. More recently, we devised a new stabilized FEM for problem (1) in [22], with emphasis on the case of small
diffusivity € and large reaction coefficient o~. As usual, we employed the continuous piecewise P; (or Q) elements
and used the residual of the differential equation in problem (1) to define the stabilization term, but in which a novel
stabilization parameter is carefully designed. The main differences from the stabilization methods proposed in [18]
and [19] are that the stabilization parameter is deterministic and explicit, without the comparisons among the three
effect-terms: reaction, convection and diffusion; the stabilization parameter is always the same no matter if the con-
vection a is present or not in problem (1); and the test function involved in the stabilization term is taken in the form
—gAv+ov, instead of the adjoint-operator form —eAv—a-Vv+ovin [18] and [19]. The stabilized linear FEM proposed

in [22] has been proved to be very effective for problem (1) with a small diffusivity € and a large reaction coefficient o.

In this paper, we will propose a new stabilized linear FEM for solving reaction-convection-diffusion equations

with arbitrary magnitudes of reaction and diffusion. The key feature of the new method is that the test function in
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the stabilization term is taken in the adjoint-operator-like form —eAv — (a - Vv)/y + ov, where the stabilization pa-
rameter y will be appropriately designed to adjust the convection strength to achieve high accuracy and stability. We
will explicitly establish the dependence of L? and H' error bounds on the diffusivity &, modulus of the convection
field, given as ||a|| := ess sup(x,y)eg(a%(x, y) + a%(x, y))!/2, reaction coefficient o and the mesh size 4. Our analysis
shows that the proposed method is suitable for a wide range of mesh Péclet numbers, defined as Pe, := |la|lh/(2¢),
and mesh Damkohler numbers, given by Da;, := oh/||a||. More specifically, if the diffusivity € is sufficiently small
with € < ||a||lk (i.e., Pe, > 1/2) and the reaction coefficient o is large enough such that ||a|| < oh (i.e., Da, > 1),
then the proposed method exhibits optimal convergence rates in both L?> and H' norms, with respect to the mesh
size as well as the regularity of the exact solution; see Remark 3 in Section 3 below. On the other hand, for a small
reaction coefficient satisfying |la|| > oh (i.e., Da;, < 1), the proposed method behaves like the well-known streamline
upwind/Petrov-Galerkin (SUPG) formulation of Brooks and Hughes [6]. We will present several numerical examples
involving boundary or interior layers to demonstrate the high performance of the proposed stabilized linear FEM.
The numerical results obtained are also compared with those of our previous stabilized FEM [22]. Strong numerical
evidences indicate that the proposed stabilization method is more stable than that of [22]. Moreover, we will apply
the developed method to the time-dependent reaction-convection-diffusion problems and numerical results will be
reported to illustrate the effectiveness of the proposed approach. Finally, we remark that the present new method can
work well on unstructured adaptive meshes, provided the stabilization parameters are directly redefined element-by-

element (cf. Remark 1 in Section 2). This expectation will be confirmed by numerical experiments.

The remainder of this paper is organized as follows. In Section 2, we introduce the new stabilized linear FEM and
establish the stability estimates for the finite element solutions. In Section 3, error estimates in L? and H! norms are
derived, where the dependence of error bounds on the diffusivity, modulus of the convection field, reaction coefficient
and the mesh size are given. In Section 4, several numerical examples are presented to illustrate the effectiveness of
the proposed method. In Section 5, we apply the developed method to time-dependent reaction-convection-diffusion

problems. Finally, a summary and conclusions are drawn in Section 6.

2. The stabilized linear finite element method and its stability estimates

Throughout this paper, we will use the standard notation and definitions for the Sobolev spaces H"(2) for nonnegative
integers m (cf. [1, 23, 24, 25]). The associated inner product and norm are denoted by (-, -),, and || - ||,,, respectively.
As usual, L2(Q) = H(Q) and

HY(Q) ={ve H'(Q): v=00ndQ}.

Let {7T7,}o<n<1 be a family of triangulations of Q. A triangulation 7, of Q into elements T consisting of triangles or
quadrilaterals is performed in the usual way; the intersection of any two elements is a vertex, or an edge or empty,
and Q = Ureg, T. For each triangulation the subscript & € (0, 1] refers to the level of refinement of the triangulation.
In particular, the mesh size 4 is defined as h = max{hy : T € 7}, where hy denotes the diameter of element 7. We
always assume that the family {77,}o<;<; of triangulations is shape regular [1, 23, 24]. Moreover, let (-, -),, 7 and || - |[,n.7

denote the associated inner product and norm in H"(T'), respectively, where T is a given element in 77,.



LetV, C Hé (€2) be the continuous piecewise linear (P;) or bilinear (Q;) finite element space over the triangulation
7. The standard interpolation theory [23, 24] ensures that if u € H*(Q) N Hé(Q) then there exists an interpolation
Tpu € V) such that

Nl = Tyaallo + hllee = Tyaally + 2l = Tyaallz < Chlula, )

where C is a positive constant independent of 4. In this paper, we use C to denote a generic positive constant, possibly

different at different occurrences, which is always independent of 4 and other parameters introduced.

We now propose the following new stabilized linear FEM for approximating problem (1):
Find uy, € Vy such that B(uy,vy) = L(v)) Y v, € Vy, 3)

where the bilinear form B(:, ) and the linear form L(-) are respectively defined as

v
Bu,v) = &e(Vu,Vv)y+ (a-Vu,v)y+ o(u,v)y — Z T(—sAu +a-Vu+ou,—eAv — a v + O’V)O - @)
TeT, Y ’
a-Vv
Loy = (- ) T{fi-ehv- +ov), s ©)
= ’
and the stabilization parameters 7 and y are given by
h2
L — ©)
oh?£) + 8¢ + 2||a|lh
1 if |lal| > oh,
= h? + 2|\allh R -1)+8
y [ dalhle G D Sefo) ey (M)
h2& -1 +8e/o’  h? +2llallh/o

with [la]| := ess sup, o /a%(x, )+ a%(x, ),

] ifo =0, 1 if llal| = oh,
= 8 . = 2
& max{l, —’S} ifozo, 4 14 24l e < o ®
ah? oh

Notice that 7,y > 0 and &1,&, > 1. Here, we emphasize that the test function in the stabilization term is taken in the
adjoint-operator-like form “—eAv —(a-Vv)/y +ov”, which makes us able to adjust the convection strength through the
stabilization parameter y to achieve high accuracy and stability of the method (3). This feature is the main difference
from the previous stabilization methods studied in [18, 19, 20, 21, 22]. We also remark that in (4) and (5), we have
Avylr = 0forall v, € V) and T € Ty, since each v, is a piecewise linear (bilinear) function. However, we still retain

the terms therein for the clarity of presentation.
We have the following stability estimate of the stabilized linear FEM (3):

Lemma 1. The stability estimate holds: for all v, € V1, we have

W~ 1) + 80w+ 2olalle o h?
oh?&, + 8e + 2lallh MO oh2g) + 8+ 2allh
B(vp,vp) = ’ s , (€))
(& - 1) + 80e 12 +2llallh/c .
: et S lla - Vvl if [lal| < oh.
oh?é, + 8e + 2lallh (ch% + 82 + 2|lallh)y
4

2 2
ellVvally + lla- Vvilly if llall > oh,

2 2
ellVally + lvallg +




Proof. First, we note that from Green’s formula [25] with the fact that V- a = 0 in Q, we have (a - Vv, v,)o = 0 for all
vp e Vi.Ifoc =0,thené; = 1,& = 1andy = 1 and the first part in (9) can be immediately obtained. We consider

the case of o > 0. From (4) and (6), we have

a 1%
B = ellVully + (@ Vvr v + olvilly = Y 7(@- Yy + vy ———= + om)
= ’
27,2 2
h —-&)+80e+2 h h
= oy + TGS S0e 20l Sy Z la - Vil
oh?é) + 8 + 2llallh ST ok + e+ 2lallhyy S ~

O'hzfg
(oh2&) + 8¢ + 2||allhyy

oh?
&2 Z (a- Vv, vpor +
=

- (&l : V 9
oI7E: + 82 + 2l £ h Z(w a-Vvyor

TeTy,
which, combining with

Z(d Vv, vior = Z Vh,a - Vvpor = (@~ Vv, v)o =0
TeT, TeTy,

and (7), (8), easily implies (9). This completes the proof. O

The stability estimate (9) ensures the unique solvability of the stabilized linear FEM (3). We note that the stabi-
lization parameters 7 and y given in (6) and (7) are defined globally, which may be not suitable for unstructured and
adaptive meshes. However, if the stabilization parameters are directly redefined element-by-element, as we will see
in Remark 1 below, the resulting stabilized linear FEM can work very well for adaptive computations; see numerical
results reported in Section 4 and Section 5. This advantage makes the newly proposed method different from that of
our previous method [22]. We also remark that the stabilized linear FEM (3) is a consistent formulation, since the
equation in (3) is satisfied when the finite element solution u, is replaced by the exact solution u of problem (1). As a

result, we have the following orthogonality property:
B(u—up,vy) =0 VYv, eV, (10)
which plays an important role in the error estimates of the stabilized linear FEM (3) given in Section 3.

Remark 1. For applying the stabilized linear FEM (3) to the computations on unstructured and adaptive meshes, we

therefore define the following elementwise stabilization parameters:

h2
T Il , VT €T, (1)
ohyéir + 8s + 2|lallrhr
1 if |lally > ohr,
yr = X{ hi +2llalirhr /o0 h3(Eir — 1) + 88/0} i lally < o VT €T (12)
s T Ts
hzT(gflT - 1)+ 8¢/o hZT + 2llallrhr /o
where |lall7 := €ss Sup . e /a%(x, y) + a%(x, y),
1 if =0, 1 if ||allr > ohr,
o 8 o
§ir = max{l, —82} if o #0, and & = 1+ 2llallr if |lall; < ohy, VT €T
oh; ohr

Now, if the global parameters 7 and y in (4) and (5) are replaced by the elementwise defined stabilization parameters

77 and yr for all T € 7, then we can prove the following stability estimate: Assume that o = 0 or the diffusivity € is
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sufficiently small such that € < |a||rhr and the reaction coefficient o is large enough with ||a||lr < ohr forall T € T,
Then we have

B, vi) = ellVuilll Y v, € V). (13)

The stability estimate (13) is somewhat weaker than that in Lemma 1. Its proof is based on Holder’s inequality and

Young’s inequality with direct computations. We omit the details here.

Remark 2 (Duan-Hsieh-Tan-Yang stabilized linear FEM). In our previous work [22], we have proposed the following

stabilization method using continuous piecewise P; (or Q) elements:
Find u, € Vy such that Bpgry(up, vi) = Lpary(vi) Y vy € Vi, (14)

where the bilinear form Bpyry(-, -) and the linear form Lpyry(-) are, respectively, defined as follows:

Bpury(u,v) e(Vu,Vv)g + (a - Vu,v)y + o(u, v)g — Z T(—sAu +a-Vu+ou,—eAv + a’v)O -

TeT

Lpury(v)

(f,v)o — Z T(f, —eAv + O'V)O’T,

TET)

and the single stabilization parameter 7 is globally defined by

2
T

The most important feature of the method is that the test function in the stabilization term is taken in the form

—&Av + ov, instead of the adjoint-operator form —€Av — a - Vv + ov in [18] and [19]. This stabilized linear FEM has

been shown to be very effective for problems with a small diffusivity € and a large reaction coefficient o-. In adaptive

computations, the stabilization parameter 7 in the method (14) should be directly replaced by its elementwise version,

2

T
=———— VYTeTy. 15
TT o-h2T+6s " (15)

However, with this elementwise defined stabilization parameter (15), it seems not easy to derive a stability estimate
similar to (13). Notice that when the diffusivity £ — 0% and the reaction coefficient o — oo, we have y;y — oo for
all T € 7}, and then methods (3) and (14) have the almost identical test functions in the stabilization terms, since
—eAv—(a-Vv)/yr+ov = —eAv+ov forall v € V;. This gives us a clue why yr plays an important role in the newly

proposed stabilized linear FEM for obtaining stability estimate (13) in adaptive computations.

3. Error estimates of the stabilized linear FEM

We now proceed to estimate the errors of the finite element solution u;, of the newly proposed stabilized linear FEM
(3). We will explicitly establish the dependence of L? and H' error bounds on the diffusivity &, modulus of the con-

vection field ||a||, reaction coefficient o~ and the mesh size /4. The main results can be stated as follows:



Theorem 2. Let u € H(]) () NH?*(Q) be the solution of problem (1) and uj, € V; C H& (Q) be the stabilized linear finite

element solution defined by (3). Then there exists a constant C > 0 independent of €, a, o and h such that

C[h+h3/2 M]||u||2 if |la|| = oh,

Vi — Viylly < & (16)

A

Ch |lull2 if [la|| < oh,

llu = upllo < C(h2 + hwli) lluell2 if |lall < oh. a7
(o

Proof. Letn = u— Tyuand e, = u, — Lu € V4, where 1 ,u is the interpolant of u in V; with the approximation

A

property (2). Firstly, we consider the case of ||a|| > oh. By virtue of the coercivity estimate (9) and the orthogonality

property (10), we have

O'2h2(§1 —1)+8ce+ 20'||a||h”e ”2 N W2
o1 + 8e + 2lallh Mot S12E + 8 + 2lallh
= B(ey, en) = Blup — Lhu,ep) = Blu — Lpu +uy, — u, ep)

2 2
el|Venlly + lla - Vexlly

= B(n, en)

=¢&(Vn, Vep)o + (a - Vn, ep)o + o( e)—z Ui (—aAu+a Vn+o _a~Veh+o_e)

= 1, Vén)o 7, €n)o 7, €n)o v oh2E, + 8e + 2lallh n n, h)or
oh?(& - 1) + 8 + 2||allh oh2 (& - 1) + 8oe + 20|allh

= &(Vn, Vep)o + 1 (a-Vn,ep)o + ¢ (. eno

oh2é) + 8& + 2||allh
h? h?
¥ o (Au,er)o +
oh2é; + 8¢ + 2|\allh oh2é) + 8¢ + 2|\allh
=hL+L+L+14+ 15,

oh?&) + 8¢ + 2||allh

(—sAu +a-Vn+on, a4 .;eh )0

where note that y = 1 from (7). We now estimate each term /; as follows. Assume that o > 0. Let a be a positive
number that will be determined later. Then from Holder’s inequality and Young’s inequality with Green’s formula,

we have

1
I < ¢ aIIVehII<2)+;||VI7II%),

_o-hz(fl - 1) + 8¢+ 2|lallh

L = a-V
2 oI2E, + 8o+ aln @ Ve
J (Oh2(E - 1) + 8s + 2llallh)® 1
< — olla - Vey 2 + L D" L,
o12E, + 8 + 2lallh (0h2E + 8 + 2lalh® @
oW (& = 1) + 8oe + 20allh s 1. 5
J el
s = g (anehuo allnllo)
o2 (& - 1) + 8ce + 20allh heo? 1
o< I allenll + —— i L aug,
o2, + 8e + 2lallh (012€1 + 8 + 2llalli)o 22 — 1) + 80s + 20 alll) @
2 1
I < 3alla - Vel + — (2|Aull? + lla - Vol + o2linl?) ).
s ( ol el + ~ (&2laulf + lla - Vi + o*IlR)



Taking @ = 1/5 with the approximation property (2), we obtain
a?h?& - 1)+ 8ce +20llallh, "

Veul2 + Ve, |2
éllveall oioE + 8o+ dalh bt e ee v e Vel
2
e { _— (ch2& - 1) + 82 + 2llallh) i 4 TP =D + 8o+ 2olallh, s
< gllVn n n
©T (W€ + 8+ 2l oh2é, + 8 + 2llallh 0
hielo?
+ llAullg
(oh2¢) + 82 + 2llallh)(c2h2(& — 1) + 80z + 20||al|h)
h2 2 2 2 2 2
Aullg + |la - Vnll5 +
T 2||a”h(s IAull§ + lla - Vg + o lnll3)
2
2g _
e {8h2 (@D S ) i 1)+ s 2ol
(0‘h2§1 + 8¢ + 2||a||h)h2 oh?*é) + 8¢ + 2l||a|lh
hielo?
+
(21 + 8e + 2llalih)(02h2(£) - 1) + 8ce + 2c||allh)
h2 2 2
+ + llal*h? + o*n* 2, 18
P 2||a”h(s lal*h* + o h*) fllull3 (18)
which implies
IVeul? < C(h2 lally h4)|| ulE < ( + 1l )n Wit llall > oh > 0. (19)

Now, combining the triangle inequality
IVi = Vuyllo < IVu = V(L pu)llo + [Venllo

with (19) and the interpolation property (2), we complete the proof of the first part of (16) for ||a|| > oh > 0. We
remark that for the case of oo = 0, one can check that the first part of (16) still holds since I; = 0 and then the proof

can be further simplified.

Secondly, we consider the other case, |la|| < oh. Again, utilizing the coercivity estimate (9) and the orthogonality

property (10), we have
a?h2 (& - 1) + 8o¢ oy 12+ 2)allh/o

Veull? + -Veull?
elvenllo + g 8o+ a0 * g, + 8e + 2jaliy @ ¥ erlo
= B(ey, en) = B(up, — Lyu, ep) = Blu — Lypu + uy, — u, e)
= B(n, e;)
=&(Vn, Vep)o + (a-Vn,ep)o + o(, en)o

B2 + 2lallh/o Ve,
— —eA .V -
TZ} oIPE T 8e + 2||a||h( eAu+a-Vn+on + O'e;,)o’T
€Th
oh*& - 1)+ 8¢ o?h? (& - 1) + 8oe
= &(Vn, Vey)o + & (a-Vn,ep)o + & 1, en)o

oh2&) + 8e + 2||allh oh2&) + 8¢ + 2||allh
W2 + 2l\allh/o h? + 2l\allh/o
eo(Au, ep)y +
o-hzfl + 8¢ + 2||allh (crhzfl + 8¢ + 2||a||lh)y
=N +h+I3+ 4+ Us.

(—eAu+a-Vn+on,a-Vey),



Similar to the treatment of above case, we estimate each term J; as follows. Let 8 be a positive number that will be
determined later. By virtue of Holder’s inequality and Young’s inequality with the definition (7) of the parameter vy,

we have the following estimates:

1
i < s(ﬂnVehn% + BnVnnS),
oh2 (& — 1) + 8¢ , 1 s
S < Wllg + —lla -V )
2 oh2E, + 85 + 2llallh Ballexll; ,BO'Ha nlly
oW - 1) + 8o¢ 1
J < 2 + = 2 s
35 D2 + 8e + 2l (ﬂllehllo ﬁllnllo)
FRE - 1)+ 808 (W +2llalln/o)(h + 2lallh/)?0?
Jy < 5 Bllexlly + 2 Aullg,
oh*é) + 8e + 2llallh (o2 + 8e + 2llalln)(0?h2(&) - 1) + 8cz) B
h? +2llallh/o » Lo 2 2. 202
J 3 -V + = (7| Aull; + lla - V7ll; +
S S i < s+ 2l \Pla Vel + 5(1Aulf + lla - Vol + o)

1 + 2llallhjo ) (72 + 2llalin/o)(W* + 2lalh/o)ea? )
3 3Blla - Veullg + ()1Aul
(oh*¢ + 8e + 2||allh)y (oh21 + 8e + 2llalih)(02h2(&) - 1) + 80e) B
RE - 1) +8e/o /1 o212 (& - 1) + 80e 1
5 (2)la- vyl + S B
oh2é) + 8¢ + 2llallh \B oh2é| + 8¢ + 2l|allh \B
Taking 8 = 1/4 with the interpolation property (2), we obtain
o*h? (& - 1) + 8o¢ K+ 2)allh/o
Ve 2+ L& = D808, o la - Ve 2
oh*§) + 8¢ + 2llallh (ch2&) + 8¢ + 2|lallh)y
W& -1 +8s/o a2h2 (& - 1) + 8o¢
< C{g||Vnl)? 21Vl 2
{SII nlly + oI, T 86 2I|athllatll VAl + o, + 86 2||anhllnllo
(r? + 2llalln/c)(i? + 2llalih/o )e*o ,
(| Aul| }
(o2& + 86 + 2lallh)(22(E — 1) +88)
<clen h2(§1 —-1)+8¢/o ||a||2h2 N 0'2h2(§1 -1)+8c¢ 4
oh2) + 8¢ + 2lallh oh2) + 8¢ + 2llallh
(72 + 2llalin/o)(H* + 2llalih/o)e*c } )
[leell5,
(oh21 + 8e + 2llalin)(02h2() - 1) + 80¢) ?
which implies
IVerlls < c(h2 + Mh) lull? < CR\lull3  if llall < oh, (20)
g
2
leall < c(h4 o alls @hz + fhz) lul2 < c(h4 + fhz)uuug if llall < oh. 1)
g (on o

Finally, combining the triangle inequality with (20), (21) and the interpolation property (2) yields the conclusion. This

completes the proof. O

Remark 3. We define the mesh Péclet number as Pej, := ||a||h/(2¢) and the mesh Damkohler number as Day, :=

oh/l|la|l. Theorem 2 shows that if Pe;, > 1/2 and Da;, > 1, then the second part of (16) and (17) can be respectively
9



rewritten as

IVu = Vo

IN

Chllull» if Day, > 1, (22)
lu—upllo < CHull,  if Day > 1 and 2Pe; > 1, (23)

which indicates that the proposed stabilized linear FEM (3) achieves optimal convergence rates in H' norm and also
in L? norm without using the duality argument, with respect to the mesh size 4 as well as the regularity of the exact
solution u € H*(). On the other hand, for a small mesh Damk&hler number Day, < 1, the errors of the stabilized finite
element solutions generated by the proposed method behave like the well-known streamline upwind/Petrov-Galerkin

formulation of Brooks and Hughes [6]. More precisely, from the first part of (16) we have

IVu = Vuylly < C(h + 12 M) lull,  if Daj < 1. (24)

e
Remark 4. With a close inspection of (18) in the proof of Theorem 2, we can also prove that

llall

leall < C(h“ v Zpp g 1l ih-") el < c(h4 + 2y el
o o o

— h3) lull3  if llall > oh > 0.
o llall
Using the triangle inequality,

ll — wpllo < e — T pullo + llello,

and the interpolation property (2), we obtain

/ h
Il — unllo < C(h2 +h %] [leell2 if lal| > oh > 0. (25)

Now, using the Poincaré-Friedrichs inequality and putting (24) and (25) together leads to

[ [ h
lle = upllo < C min {h + 132 @ W +h %} lluell2 if |lal| > oh > 0. (26)

This indicates that when 0 < oh < ||a]|, the behavior of the L? errors is determined by the comparisons among the

diffusivity &, the reaction coefficient o, and the modulus of the convection field ||a]|.

4. Numerical experiments

In this section, we will perform numerical experiments to illustrate the obtained theoretical results. We will consider
three test problems that are frequently used in the literature. The performance of the newly proposed stabilized linear
FEM (3) will be evaluated against the results from the previous Duan-Hsieh-Tan-Yang method (14), which is briefly
described in Remark 2 in Section 2. By comparison, we can find that the accuracy of both methods is comparable,

while the newly proposed method (3) seems a little more stable than the previous method (14).

Example 1. This example is taken from [22]. We will study the convergence behavior of the proposed stabilized
linear FEM (3) by a problem with an exact solution. Let Q = (0, 1) x (0, 1) and the convection field @ = (a;,ay)" =
(1/2, ¥3/2)T. We assume that the exact solution u of problem (1) is given by

u(x.y) = x? L5 ( 1 e )e% — e (1= Y ey ( 1 & )e¥ — e
24 2611 a% 2611 a% 1- 6_% 2612 a% 2612 Cl% 1- e%
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Substituting the solution u into problem (1) with various & and o, we can obtain the source function f. Notice that the
solution is dependent on the diffusivity € while it is independent of the reaction coefficient o, and when the diffusivity

€ is getting small, a strong boundary layer appears near the right up corner; see Figure 1.

Exact solution Exact solution
1
0.5
0.8 0.8
A% 0.4
0.6
0.3
04 0.2
02 0.1

00 0.2 0.4 0.6 0.8 1

Figure 1. Elevation and contours of the exact solution u of Example 1 with & = 107%.

We consider the stabilized linear finite element approximations to the problem on uniform square meshes and
uniform triangular meshes. A uniform triangular mesh is formed by dividing each square, with side-length 4* in a
uniform square mesh, into two triangles by drawing a diagonal line from the left-down corner to the right-up corner.
In the computations, we use the continuous piecewise P; elements for uniform triangular meshes while the contin-
uous piecewise Q; elements for uniform square meshes. We consider the values of ¢ = 1,0.1,0.01, o = 10° for
¢ =-2,-1,---,4 and compare the error behavior of the solutions generated by the new stabilized FEM (3) and the
Duan-Hsieh-Tan-Yang method (14). It is worth to point out that, under the presence of convection, a % 0, a better
choice of the element parameter 4 to yield better numerical results is defined as the largest diameter of element in the
direction of a; see [19]. Thus, in this example, we take the mesh parameter as h = V4/3h*, since a = (1/2, V3 /2)T.
The numerical raw data for P elements are reported in Table 1 and Table 2, from which we may observe that the
asymptotic convergence orders of both stabilized linear FEMs (3) and (14) are optimal in H' norm and L? norm.
Moreover, the accuracy of the numerical results of both methods is comparable, while the present stabilized linear
FEM (3) seems more suitable for problems with a larger mesh Péclet number and a larger mesh Damkohler number.

This observation is consistent with the error estimates (22) and (23).

Next, we consider the smaller diffusivity & = 107*. In this case, a strong boundary layer appears near the upper
right corner. Numerical results using Q; elements with o = 10%,10°,10%, h* = 1/64 and h = \4/3h* are displayed
in Figure 2. From the numerical results, we may observe that when o is not too large, say oo = 102, a little bit of
oscillation still occurs near the boundary layer region in approximate solution produced by the Duan-Hsieh-Tan-Yang
stabilized FEM and this spurious oscillation can not be eliminated even if we use a finer mesh such as 7 = 1/128.
When o is rather large, say o = 10%, the present stabilized FEM (3) gives stable results and it is able to capture the

boundary layer behavior very well.

‘We now compare the performance of these two stabilization methods (3) and (14) for the computations on a given

unstructured and adaptive mesh drawn in Figure 3. We use the stabilization parameters that are defined in Remark

11



1 for the method (3) while for method (14), we use the elementwise stabilization parameter given in (15) in Remark
2. The numerical results are depicted in Figure 4, from which we can find that the newly proposed stabilized linear
FEM (3) can work very well, while the Duan-Hsieh-Tan-Yang stabilized FEM (14) seems a little unstable for such an

adaptive mesh because the approximate solution oscillates slightly around the boundary layer region.

Present stabilized FEM: 6 = 100 Duan-Hsieh-Tan-Yang stabilized FEM:c = 100

Present stabilized FEM: ¢ = 1000

Present stabilized FEM: ¢ = 10000 Duan-Hsieh-Tan-Yang stabilized FEM:c = 10000

Figure 2. Elevation plots of the stabilized finite element solutions of Example 1 with & = 107* and

o = 102,10, 10%, using Q; elements, h* = 1/64 and h = 4/3h".
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Table 1. L? relative errors of u; using P elements for Example 1 with various & and o-.

C-error  |e [o || h=1/32] W =1/64] h*=1/128 | I’ = 1/256 |[ order ~

1072 [[ 3.0923E-03 | 7.7405E-04 | 1.9358E-04 | 4.8399E-05 2.00
10! || 3.0900E-03 | 7.7347E-04 | 1.9343E-04 | 4.8363E-05 2.00
Present 10° 3.0674E-03 | 7.6782E-04 | 1.9202E-04 | 4.8010E-05 2.00
method 1 10! 2.9068E-03 | 7.2749E-04 | 1.8194E-04 | 4.5491E-05 2.00
102 3.2508E-03 | 9.9898E-04 | 1.5849E-04 | 3.9624E-05 2.00
103 2.6011E-03 | 6.4309E-04 | 1.7080E-04 | 4.8646E-05 1.81
10* 4.1933E-03 | 6.9976E-04 | 1.5272E-04 | 3.7625E-05 2.02

1072 || 7.0191E-03 | 1.7729E-03 | 4.4510E-04 | 1.1149E-04 2.00
107! || 7.0225E-03 | 1.7737E-03 | 4.4531E-04 | 1.1154E-04 2.00
Present 10° 7.0432E-03 | 1.7787E-03 | 4.4658E-04 | 1.1186E-04 2.00
method 0.1 10! 6.9569E-03 | 1.7545E-03 | 4.4049E-04 | 1.1036E-04 2.00
102 9.0559E-03 | 2.7270E-03 | 4.1913E-04 | 1.0489E-04 2.00
103 1.1634E-02 | 2.1061E-03 | 4.9517E-04 | 1.3732E-04 1.85
10* 1.1277E-02 | 2.9403E-03 | 7.5546E-04 | 1.1813E-04 2.68

107> || 9.0582E-02 | 2.8545E-02 | 7.8174E-03 | 2.0241E-03 1.95
107" || 9.0608E-02 | 2.8548E-02 | 7.8179E-03 | 2.0242E-03 1.95
Present 10° 9.0863E-02 | 2.8583E-02 | 7.8223E-03 | 2.0248E-03 1.95
method 0.01 | 10! 9.2990E-02 | 2.8839E-02 | 7.8490E-03 | 2.0278E-03 1.95
102 1.4326E-01 | 4.4905E-02 | 7.9414E-03 | 2.0263E-03 1.97
10° 1.1782E-01 | 4.2598E-02 | 1.3993E-02 | 2.7109E-03 2.37
10* 1.1594E-01 | 4.0718E-02 | 1.2416E-02 | 3.4998E-03 1.83

1072 [[ 2.9762E-03 | 7.4488E-04 | 1.8627E-04 | 4.6571E-05 2.00
10! || 2.9838E-03 | 7.4679E-04 | 1.8675E-04 | 4.6691E-05 2.00

Duan-Hsieh- 10° 3.0576E-03 | 7.6525E-04 | 1.9137E-04 | 4.7845E-05 2.00
Tan-Yang 1 10! 3.5937E-03 | 8.9951E-04 | 2.2494E-04 | 5.6240E-05 2.00
method 102 4.7609E-03 | 1.1926E-03 | 2.9830E-04 | 7.4584E-05 2.00

103 5.3168E-03 | 1.3349E-03 | 3.3408E-04 | 8.3544E-05 2.00
10* 5.4468E-03 | 1.3728E-03 | 3.4409E-04 | 8.6085E-05 2.00

1072 || 5.7654E-03 | 1.4456E-03 | 3.6167E-04 | 9.0432E-05 2.00
107! || 5.7820E-03 | 1.4499E-03 | 3.6273E-04 | 9.0699E-05 2.00

Duan-Hsieh- 10° 6.0577E-03 | 1.5195E-03 | 3.8017E-04 | 9.5062E-05 2.00
Tan-Yang 0.1 10! 8.8649E-03 | 2.2283E-03 | 5.5783E-04 | 1.3950E-04 2.00
method 102 1.2720E-02 | 3.2364E-03 | 8.1285E-04 | 2.0345E-04 2.00

103 1.4118E-02 | 3.6739E-03 | 9.3110E-04 | 2.3367E-04 1.99
104 1.4349E-02 | 3.7761E-03 | 9.6679E-04 | 2.4397E-04 1.99

107> || 8.4636E-02 | 2.4046E-02 | 6.2483E-03 | 1.5779E-03 1.99
107! || 8.4517E-02 | 2.4036E-02 | 6.2472E-03 | 1.5777E-03 1.99

Duan-Hsieh- 10° 8.3535E-02 | 2.3971E-02 | 6.2440E-03 | 1.5778E-03 1.98
Tan-Yang 0.01 | 10! 8.4915E-02 | 2.5222E-02 | 6.6365E-03 | 1.6813E-03 1.98
method 102 1.1518E-01 | 3.7618E-02 | 1.0364E-02 | 2.6640E-03 1.96

10° 1.2741E-01 | 4.6096E-02 | 1.4102E-02 | 3.8459E-03 1.87
10* 1.2890E-01 | 4.7429E-02 | 1.4983E-02 | 4.2608E-03 1.81
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Table 2. H' relative errors of u;, using P; elements for Example 1 with various & and o.

Hemor |e [o || h=1/32] W =1/64] h*=1/128 | I’ = 1/256 |[ order ~

1072 [[ 5.5816E-02 | 2.7927E-02 | 1.3966E-02 | 6.9832E-03 1.00
107! || 5.5816E-02 | 2.7927E-02 | 1.3966E-02 | 6.9832E-03 1.00
Present 10° 5.5816E-02 | 2.7927E-02 | 1.3966E-02 | 6.9832E-03 1.00
method 1 10! 5.5816E-02 | 2.7927E-02 | 1.3966E-02 | 6.9832E-03 1.00
102 5.5823E-02 | 2.7930E-02 | 1.3966E-02 | 6.9832E-03 1.00
103 5.5853E-02 | 2.7932E-02 | 1.3966E-02 | 6.9833E-03 1.00
10* 5.6001E-02 | 2.7946E-02 | 1.3968E-02 | 6.9835E-03 1.00

1072 || 1.0641E-01 | 5.3402E-02 | 2.6726E-02 | 1.3366E-02 1.00
107! || 1.0641E-01 | 5.3402E-02 | 2.6726E-02 | 1.3366E-02 1.00
Present 10° 1.0641E-01 | 5.3402E-02 | 2.6726E-02 | 1.3366E-02 1.00
method 0.1 10! 1.0641E-01 | 5.3402E-02 | 2.6726E-02 | 1.3366E-02 1.00
102 1.0656E-01 | 5.3468E-02 | 2.6727E-02 | 1.3366E-02 1.00
103 1.0752E-01 | 5.3452E-02 | 2.6732E-02 | 1.3368E-02 1.00
104 1.0758E-01 | 5.3758E-02 | 2.6812E-02 | 1.3369E-02 1.00

107> || 5.6192E-01 | 3.3331E-01 | 1.7622E-01 | 8.9463E-02 0.98
107" || 5.6190E-01 | 3.3331E-01 | 1.7622E-01 | 8.9463E-02 0.98
Present 10° 5.6177E-01 | 3.3330E-01 | 1.7622E-01 | 8.9463E-02 0.98
method 0.01 | 10! 5.6083E-01 | 3.3323E-01 | 1.7622E-01 | 8.9462E-02 0.98
102 5.7874E-01 | 3.4071E-01 | 1.7621E-01 | 8.9463E-02 0.98
10° 5.6478E-01 | 3.3985E-01 | 1.8109E-01 | 8.9674E-02 1.01
10* 5.6400E-01 | 3.3845E-01 | 1.7966E-01 | 9.0832E-02 0.98

1072 || 5.5816E-02 | 2.7927E-02 | 1.3966E-02 | 6.9832E-03 1.00
107! || 5.5816E-02 | 2.7927E-02 | 1.3966E-02 | 6.9832E-03 1.00

Duan-Hsieh- 10° 5.5816E-02 | 2.7927E-02 | 1.3966E-02 | 6.9832E-03 1.00
Tan-Yang 1 10! 5.5821E-02 | 2.7928E-02 | 1.3966E-02 | 6.9832E-03 1.00
method 102 5.5871E-02 | 2.7934E-02 | 1.3967E-02 | 6.9833E-03 1.00

103 5.6010E-02 | 2.7954E-02 | 1.3969E-02 | 6.9836E-03 1.00
10* 5.6181E-02 | 2.7997E-02 | 1.3977E-02 | 6.9846E-03 1.00

1072 || 1.0656E-01 | 5.3421E-02 | 2.6728E-02 | 1.3367E-02 1.00
107! || 1.0655E-01 | 5.3420E-02 | 2.6728E-02 | 1.3367E-02 1.00

Duan-Hsieh- 10° 1.0648E-01 | 5.3412E-02 | 2.6727E-02 | 1.3366E-02 1.00
Tan-Yang 0.1 10! 1.0647E-01 | 5.3410E-02 | 2.6727E-02 | 1.3366E-02 1.00
method 102 1.0737E-01 | 5.3546E-02 | 2.6745E-02 | 1.3369E-02 1.00

103 1.0875E-01 | 5.3928E-02 | 2.6811E-02 | 1.3378E-02 1.00
104 1.0917E-01 | 5.4213E-02 | 2.6919E-02 | 1.3401E-02 1.01

107> || 6.0995E-01 | 3.4298E-01 | 1.7764E-01 | 8.9649E-02 0.99
107! || 6.0931E-01 | 3.4289E-01 | 1.7763E-01 | 8.9647E-02 0.99

Duan-Hsieh- 10° 6.0343E-01 | 3.4203E-01 | 1.7752E-01 | 8.9633E-02 0.99
Tan-Yang 0.01 | 10! 5.7319E-01 | 3.3679E-01 | 1.7680E-01 | 8.9542E-02 0.98
method 102 5.6373E-01 | 3.3533E-01 | 1.7677E-01 | 8.9550E-02 0.98

10° 5.7004E-01 | 3.4370E-01 | 1.8150E-01 | 9.0813E-02 1.00
10* 5.7098E-01 | 3.4561E-01 | 1.8382E-01 | 9.2342E-02 0.99
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Exact solution

0.5

Figure 3. Elevation of the exact solution u of Example 1 with & = 10™ on a given unstructured adaptive

mesh containing 1509 triangles and 901 nodes.

Present stabilized FEM Duan-Hsieh-Tan-Yang stabilized FEM

Figure 4. Elevation plots of the stabilized finite element solutions of Example 1 with & = 10 and

o = 103, using P, elements on the unstructured adaptive mesh given in Figure 3.

Example 2. This example is quoted from [19]. We will consider the reaction-convection-diffusion equation with & =
107, variable convection field a(x, y) =2y, 07,0 = 10* and f = 0 on the rectangular domain Q = (0, 1) x (0, 1/2)
subject to the boundary conditions described in Figure 5. We wish to test the performance of the stabilized linear
FEM (3) using P, elements on an unstructured mesh that is depicted in Figure 6. This mesh is constructed by dividing
each side of the rectangle Q into equal segments with length 4* = 1/32 and then using the FreeFem++ (see [26]) to
generate an unstructured quasi-uniform mesh. The elevation and contour plots for the approximate solutions u;, of
the the present stabilized linear FEM (3) and the Duan-Hsieh-Tan-Yang stabilized linear FEM (14) are displayed in
Figure 7, where we use the elementwise defined stabilization parameters as that described in Remark 1 and Remark
2 in Section 2. Although the exact solution of this problem is not available here, from the results reported in the
literature [19], it is supposed that the solution shape should look like the shape of the approximate solution generated
by the present stabilized FEM. One can also find from Figure 7 that the result of the present method (3) is comparable
to that of the Duan-Hsieh-Tan-Yang method (14).
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y
0.5 u=1
al(x, y)=2y
u=1 u:2y
a2(x, y)=0
0 u=0 X
1

Figure 5. Boundary conditions and convection field of Example 2.

Figure 6. An unstructured mesh with 4* = 1/32 for Example 2.

Duan-Hsieh-Tan-Yang stabilized FEM Duan-Hsieh-Tan-Yang stabilized FEM

0.5

0.4 08
0.3 0.6
0.2 04
0.1 0.2

0 0
0 0.2 0.4 0.6 0.8
Present stabilized FEM
0.5
v y
0.4 08
0.3 i 0.6
0.2 0.4
q

0.1 0.2

Figure 7. Elevation and contours of the stabilized finite element solutions of Example 2 with & = 107°,

o =10*and a = (2y,0)", using P, elements on an unstructured mesh given in Figure 6 and h* = 1/32.

Example 3. (cf. [19]) We now give an example to demonstrate that the proposed stabilized linear FEM (3) is suitable

for all sizes of o even if the diffusivity & is small enough. We consider a problem with f = 0, & = 107, and impose
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the boundary conditions described in Figure 8. The prescribed constant convection field is given by a = (0.15,0.1)7.
We use Q) elements on uniform square meshes. The side-length of each square in a uniform square mesh is denoted

by h* and the mesh parameter is taken as 7 = /13/9h* which is the largest diameter of element in the direction of a.

u=1

u=1 u=0

u=0 1

Figure 8. Boundary conditions of Example 3.

The elevation and contours of the approximate solutions for 4#* = 1/32 and different values of reaction coefficient
are displayed in Figure 9. Again, the exact solutions are not available here for various 0. However, from the results
reported in the literature (cf. [19]), we believe that their shapes should look like the shapes of numerical solutions
generated by the present stabilized FEM. From the numerical results, we can observe that for a problem with a given
small diffusivity & = 107, the proposed stabilized linear FEM (3) always gives stable and accurate results and it is

able to capture the behavior of boundary and interior layers, even we use a relatively coarse mesh with 4* = 1/32.

Present stabilized FEM: ¢ = 0.01 Present stabilized FEM: ¢ = 1

Figure 9. Elevation plots of the stabilized finite element solutions of Example 3 with & = 1075, o =
1072,1,10%,10* and @ = (0.15,0.1)7, using Q) elements, h* = 1/32 and h = V13/9h".
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5. Application of the stabilization method to time-dependent reaction-convection-diffusion problems

In this section, with the help of the the stabilized linear FEM (3), we are going to propose a stabilization scheme for
solving time-dependent reaction-convection-diffusion problems. Let [0, T] be the time interval under consideration

and Q the given spatial domain. Consider the following initial-boundary value problem:

0

6—?—5Au+a-Vu+0'u= f in (0, T] X Q,
u(0,x,y) = uo(x,y) for(x,y) € Q, @7
u(t,x,y)= 0 for (x,y)€0Q, 0 <t <T.

Based on the stabilized linear FEM (3) for the steady-state problem (1), we first state the semi-discrete formulation of

problem (27) as follows: Find u,(t, x,y) € V), for t € (0, T] with u,(0, x,y) = up(x,y) such that

ou
(a—th, Vh)o +&(Vup, Vvp)o + (@ - Vg, vi)o + o (s, vi)o

auh a
- Z T<E —&Auy + a - Vuy, + oup, —Avy, —
TeTh

= (fovdo— ), T{fi—ehvy -

TeTy

VV;,

+o'v)
"o

a-Vvh

+om),, VeV, (28)
where the stabilization parameters 7 and y are given in (6) and (7) in Section 2. After that, we use the time-
discretization scheme such as the classical backward Euler method or the Crank-Nicolson method to discrete the
time variable of the semi-discrete formulation (28). Here, we remark again that in adaptive computations, we may
replace the stabilization parameters 7 and y by the elementwise stabilization parameters 77 and yr that are defined in
(11) and (12) in Remark 1 in Section 2.

In the literature, various stabilized FEMs have been proposed and analyzed for solving the time-dependent reaction-
convection-diffusion problem (27). We refer the reader to the recent works [27, 28] and many references cited therein.
However, it has been observed in, e.g., [29, 30, 31, 32], that the small time step may cause the instability when
conventional stabilized finite element formulations are applied to solve time-dependent reaction-convection-diffusion
problems. In what follows, we will consider two examples to illustrate that the newly proposed stabilization method

is really stable and accurate, even if the diffusivity & is very small and the reaction coefficient o is large enough.

Example 4. In this example, we investigate the L-shaped front problem which is quoted from [31]. Let Q =
(0,1) x (0,1) be the spatial domain. We consider the initial-boundary value problem (27) with the zero source
term f = 0, the small diffusivity & = 107°, the zero reaction coefficient o = 0, and the constant convection field
a= (%, %)T. The initial and boundary conditions are described in Figure 10. We use the P; elements on a uniform
triangular mesh as that described in Example 1 and 2" = 1/40, h = \/Eh* various time steps At = h*,h*/4,h*/8,
to produce the stabilized finite element approximations, where the simple backward Euler method is applied to the
time-discretization for the semi-discrete formulation (28). The numerical results at + = 0.25 and ¢ = 1.5 are respec-
tively depicted in Figure 11, from which we can observe that our approach can produce reasonable results with a high

stability for CFL numbers of 1, 0.25, and 0.125.
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t=0 1

u=0| e u=0
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k u=0
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0 u=1 0.5 u=0 1

Figure 10. Initial and boundary conditions of Example 4 .

Present stabilized FEM: t = 0.25 Present stabilized FEM: t= 1.5

Figure 11. Elevation plots of the stabilized finite element solutions of Example 4 with £ = 107 and

o =0att=0.25andt = 1.5, using P, elements, h* = 1/40, h = V2h* and time step At = h* (top row),
At = h* /4 (middle row) and Ar = h*/8 (bottom row).
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Example 5. This is a hump problem taken from [33]. Consider the time-dependent convection-diffusion-reaction
problem (27) with the small diffusivity € = 107, the convection field @ = (2,3)7 and the initial function uy = 0 in the

spatial domain Q := (0, 1) x (0, 1). We assume that the problem has an exact solution in the form

arctan[2&71/2(0.25% — (x = 0.5)> — (y — 0.5)2)])

u(t, x,y) = 16 sin(an)x(1 — x)y(1 - ) (% N .

This is a hump changing its height periodically in time and a strong interior layer may appear (cf. Figure 12 and

Figure 14). Note that the exact solution u is independent of the reaction coeflicient o.

In the numerical simulations, we first use the uniform triangular mesh with 2* = 1/128 and take the mesh param-
eter h = /13/9h*, which is the largest diameter of element 7T in the direction of @ = (2,3)T. We take a small time
step length Az = 1073 and consider the cases of o~ = 1000 and o = 1. The numerical results at = 0.5 are depicted in
Figure 12. From the numerical results in Figure 12, we find that our approach can achieve a good approximation with
a high stability for o = 1000. However, only a reasonable result can be obtained for the small reaction coefficient
o = 1, since there is still a little oscillation near the interior layer region and this behavior is similar to the most typical
methods studied in [33]. In order to test the performance of our approach in adaptive computations, we next consider
the scheme on a given unstructured adaptive mesh which is depicted in Figure 13. The numerical results are shown
in Figure 14. We find that for both o = 1000 and o = 1, our approach can achieve a rather good accuracy and the

stability has been greatly improved for the case of small reaction coefficient o = 1.
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Exact: t=0.5 Exact: t=0.5

08 08
0.6 0.6
0.4 0.4
0.2 0.2
0
0 0.2 0.4 0.6 0.8 1
Present stabilized FEM: t = 0.5 Present stabilized FEM: t = 0.5
1
0.8 0.8
0.6 0.6
0.4 0.4
02 0.2
0
0 0.2 0.4 0.6 0.8 1
Present stabilized FEM: t= 0.5 Present stabilized FEM: t= 0.5
1
0.8
0.6
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Figure 12. Elevation and contour plots of the exact and the stabilized finite element solutions of Example
5 with & = 1075, ¢ = 1000 (middle row) and o = 1 (bottom row) at t = 0.5, using P, elements,
h* =1/128, h = \/13/9h* and time step At = 1073,
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Figure 13. An unstructured adaptive mesh containing 4566 triangles and 2300 nodes for Example 5.
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Figure 14. Elevation and contour plots of the exact and stabilized finite element solution of Example 5
with £ = 107, o = 1000 (middle row) and o = 1 (bottom row) at ¢t = 0.5, using P; elements on the

unstructured adaptive mesh given in Figure 13 and time step At = 1073,
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6. Summary and conclusions

In this paper, we have proposed and analyzed a new stabilized FEM using continuous piecewise P (or Q) elements to
approximate solution of reaction-convection-diffusion equations with arbitrary magnitudes of reaction and diffusion.
The most important feature of the proposed method is that the test function in the stabilization term is taken in the
adjoint-operator-like form —eAv — (a - Vv)/y + ov, where the stabilization parameter y is appropriately designed to
adjust the convection strength to achieve high accuracy and stability. We have derived the stability estimates for the
finite element solutions and then established the explicit dependence of L?* and H' error bounds on &, |la||, o and h,
from which we have found that the proposed method is suitable for a wide range of mesh Péclet (Pej,) numbers and
mesh Damkohler (Daj,) numbers. Indeed, if the diffusivity € is sufficiently small with € < ||a||k (i.e., Pe, > 1/2)
and the reaction coefficient o is large enough such that ||a|| < ok (i.e., Da, > 1), then the method exhibits optimal
convergence rates in both L? and H' norms. On the other hand, for a small reaction coefficient satisfying ||a|| > oh
(i.e., Day < 1), the method behaves like the well-known SUPG method. We have performed several numerical tests
of layer problems, and numerical results confirm the error estimates of the proposed method. We have also found
that the proposed method can work very well for the computations on unstructured and adaptive meshes, provided
the stabilization parameters are directly redefined element-by-element. Finally, we have applied the method to two
typical problems of time-dependent reaction-convection-diffusion equations and the simulation results have shown

the efficiency of the proposed approach. The analysis of this issue will be subject for future work.
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