An SPD stabilized finite element method for Stokes equations
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Abstract A new residual-based stabilized finite element method is analyzed for solving the Stokes
equations in terms of velocity and pressure, where the H~! norm is introduced in the measurement of the
residuals to obtain a symmetric positive definite (SPD) method. The H~! norm is computable and can be
always easily realized offline by the continuous linear finite element solution or the preconditioner counterpart
of the Poisson Dirichlet problem. Although the H~! norm is computed in the linear element space, no matter
what the finite element spaces for the velocity and the pressure are, optimal error bounds can be established
when using continuous finite element pairs R; — R,, for velocity and pressure for any [, m > 1. Numerical
experiments are performed to confirm the theoretical results obtained.

Keywords: Stokes equations; stabilized finite element method; H ! norm; symmetric positive definite-
ness; linear finite element solution of Poisson Dirichlet problem.

1 Introduction

Given Q C R?, d = 2,3, a bounded and connected open domain with a Lipschitz-continuous boundary I', we
are interested in the finite element method for the Stokes problem [36, 23]:

—Au+Vp=f divu=0 inQ, u=0 onT, (1.1)

where wu, p, f are the velocity, the pressure and the given source, respectively. Introduce standard Hilbert
spaces [1: L2(Q) = {v : [|v|} == [, [v|* < oo}, HY(Q) = {v € L3(Q) : Vv € (L*(Q))%}, H(Q) = {v €
HY(Q) : vr = 0}, H'(Q)/R = {v € H'(Q) : [, v = 0}, where we use the same notation |[v|[y and |- |; to
respectively denote the norm and the semi-norm for these H! spaces, with ||v||7 := ||v||3 + ||Vv||? and with
|v]1 := ||Vvl||o. The dual of H}(€2) is denoted by H~1(Q), with the duality pairing (-, -), where the norm for
H~1(Q) is denoted by || - ||-1 and is defined by [1, 40]

X,V
Il o= sup X% (1.2)
overt(@) vl
where if x € L?(Q2), the duality pairing (x,v) is the L? inner product (x,v) = [, xv. Set
X = (Hy(), M =L*Q)/R, (1.3)

where X is equipped with the norm |[v||; and M with the norm |[|g|o/r := infcer ||g +c||o (hereafter, |[q||o/r
is still denoted by ||¢||o for convenience). We define the bounded bilinear forms as follows:

a(u,v) = (Vu, Vo) : X x X - R, b(v,q) = —(dive,q) : X x M — R. (1.4)
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Let f € (H ()% The standard Galerkin variational problem for the Stokes problem (1.1) is to find
(u,p) € X x M such that

P(u,p;v,q) = a(u,v) +b(v,p) + b(u,q) = (f,v) V(v,q) € X x M. (1.5)
Problem (1.5) is well-posed, since it is well known that [12, 23, 36, 27, 8]:

e@ .
sup  2WP0D S o o) V(wp) € X x M. (1.6)

0£(w.grexxm |1vl[1 =+ llallo

As usual, let h denote the mesh size of the finite element triangulation 7; of 2. Introduce finite element
spaces X;, C X and M), C M N H*(Q). Unfortunately, the finite element problem of (1.5) over X, x M},
is not always well-posed, since, in general, (1.6) cannot hold over X} x M), uniformly in h. Readers may
refer to [8, 23, 38] for more details. Another difficulty is the need to solve an indefinite saddle-point system
resulting from the finite element problem. There have been much progress in iterative methods for solving
saddle-point systems in the past decade [5, 18]. But, a symmetric positive definite (SPD) system is still the
most desirable in large-scale computations, since there are many readily available preconditioning techniques
and algorithms for iterative solutions of SPD system [29]. The stabilization methods as in [19, 20, 21, 13] are
not SPD. For the purpose of practical applications, on the other hand, there has been increasingly interest in
employing equal-order continuous elements for the velocity and the pressure of the Stokes problem. Least-
squares (LS) methods are thus suitable for these considerations [2]. The idea for the LS method is quite
simple [2]. Measuring the residuals of the underlying partial differential equations in some suitable Hilbert
norms, to find the minimizer which belongs to suitable Hilbert spaces such that the residuals is minimized in
those Hilbert norms. Trivially, the original solution is usually exactly the minimizer of the LS minimization
problem. The obvious advantages of LS method are that the minimization problem is at least semi-positive
definite and symmetric and that the Inf-Sup constraint (1.6) between X}, and M}, is not required and any
conforming finite elements can be employed. The LS method may be divided into two main subclasses. One
subclass is the LS method for the second-order system of partial differential equations like (1.1), see [25]. The
other subclass is the LS for the first-order system of partial differential equations which is usually formulated
by the introduction of additional unknowns other than the velocity and the pressure from a second-order
system [16, 2, 14, 25].

In the context of second-order system like (1.1), the H~! LS method is a desirable method that allows
the velocity and the pressure to still belong to X x M and behaves just like the standard finite element
method for elliptic problems in [10], for instance, the condition number is O(h~=2). The H~! LS method
is to use the H~! norm to measure some of the residuals of the underlying partial differential equations
[25]. For the Stokes problem (1.1), the H~! LS method is to find the minimizer (u,p) € X x M such that

F(u,p; f) = ( §n1)£1 M/(v,q;f), where #(v,q; f) = || — Av + Vg — f||>1 + ||divv|[3. It is obvious that
v,q)EX X

if (u,p) solves (1.1), it indeed minimizes # (v, q; f) at the zero minimum, i.e., #Z (u,p; f) = 0. Also, it can
be shown that the solution of (1.5) is the minimizer and vice versa. The Galerkin problem of the H~! LS
minimization is coercive over X x M, inheriting from (1.6). From Lax-Milgram lemma, one can infer that the
H~! LS Galerkin problem admits a unique solution (u,p) € X x M. It then follows from the standard finite
element theory that the solution (u,p) can be numerically solved in any X x M conforming finite element
space and the convergence optimal relative to the order of approximation and the required regularity can
be obtained. Now, the only question is how to compute the H=' norm. As in [25, 24], the H~! norm is
approximately computed from the finite element solution operator or its preconditioner counterpart of the
Poisson equation of Laplace operator with homogeneous Dirichlet boundary condition. The idea comes from
the Riesz representation theorem [40], since the H~! norm of any x € H~1(Q) is equal to the H! norm
of the Riesz representation in H}(Q) of y, i.e., the solution of the Poisson Dirichlet problem of Laplace
operator with right-hand side y. In implementation, the H ! LS finite element method involves three stages
where three symmetric and positive definite algebraic systems are solved. The first stage is to solve the
L? projections of —Au + Vp onto X,. The second stage is to solve the Poisson Dirichlet problem in X},
with the finite element solution operator T}, : (H~'(€))? — X} or to construct the symmetric positive



definite preconditioner By, : X; — Xp, which satisfies the spectral equivalence to T}. The third stage is to
numerically solve (u,p) from the H~! LS finite element problem in X, x Mj,. All these stages are realized
in X}, the finite element space of the velocity.

In this paper, we shall propose a new H~! LS finite element method. The key feature is that all the
three stages mentioned as above are implemented only in the continuous linear element space, denoted by
Vi € X, no matter what the finite element spaces X x M), for the velocity and the pressure are. In other
words, here the H~'-norm is computed in the linear element space V},, unlike the method elsewhere where
the H~'-norm is computed in the finite element space X}, of velocity. More importantly, employing this
newly proposed H~! LS method with finite element spaces X}, x M}, of velocity and pressure, although the
H~'-norm is only computed in V}, (instead of X}), we can still obtain optimal error bounds in both order of
approximations of X x M), as well as required regularity of velocity and pressure. Besides, other advantages
of H~'-LS methods are all inherited, for example, the “norm equivalence” property in H' norm of velocity
and in L? norm of pressure still holds. In the new H~! LS method, the L? projections of —Au 4+ Vp and
the finite element solution operator of the Poisson equation of Laplace operator with homogeneous Dirichlet
boundary condition are defined only in the linear element space Vj, which are respectively denoted as A,
and Sy, ie., Ay : (H71(Q)? — Vi and Sy : Vi, — Vi, see (2.2) and (2.3) in section 2. Both A; and
Sy, are used for computing the H !-norm, see (2.9) and (2.11) in section 2. They can be easily obtained
from simple numerical quadrature methods, such as ‘mass-lumping’ method with a diagonal resultant mass
matrix for the former and one point quadrature scheme for the latter, see [10]. The preconditioner of the
finite element solution operator S;, which is defined in the linear element space V}, is denoted as By: Vi, — Vj,,
which is spectrally equivalent to S, see (2.13) in section 2. This linear element preconditioner B;, can also
be easily obtained from a one step smoothing in one time V-cycle multigrid algorithm on nested meshes.
Nowadays, the multigrid algorithm for linear element method, which is built-in most existing softwares, is
readily available. Many other algorithms are also available for easily generating the preconditioner Bj in
the linear element space V}, for the finite element solution operator S;, which is defined in the linear element
space V},, such as domain decomposition method.

The new H~! LS method is then highly attractive for the case where X}, of the velocity is involved with
higher-order elements, nonnested meshes, nonnested elements, and three-dimensional problems. Among
others, no matter what finite element spaces X, x M}, for solving the velocity and pressure are, we always
compute the H ! norm in the continuous linear element space V},. As such, whenever the degrees of piecewise
polynomials change globally or locally in X} x M) by adding more nodes in all or part of the elements of
Th, the L? projections A;, and the finite element solution operator S, or its preconditioner counterpart 3y,
which are all defined in the linear element space V}, always live on only the vertices of the elements of Tj.
Therefore, the new H—! LS method would be potentially very useful in several circumstances, say hp-version
and p-version methods [33, 35], discontinuous Galerkin methods [11], adaptive methods [31, 32], etc. All
these methods may involve locally or globally higher-order approximations in X3 x M}, so that the velocity
and the pressure can have higher accuracy locally or globally.

Here we should note a fact. The preconditioner ), we shall define in the linear element space V}, is not
a preconditioning of the one in [25]. In other words, the preconditioner B, (or the finite element solution
operator S) in the linear element space V3 is not involved with the preconditioning of the finite element
space Xj, of the velocity. In any case, the linear element preconditioner By is only the preconditioner of
the linear element solution operator Sy, in the linear element space V},, no matter what the finite element
space X}, of the velocity is. The only role of the linear element preconditioner B;, (or the linear element
solution operator Sp,) which is an approximation of the Riesz representation operator associated with the
Poisson equations of Laplace operator with homogeneous Dirichlet boundary condition is for computing the
H~'-norm.

In this paper, we shall also prove the optimal L?-norm error bound for the velocity with one order higher
than the H'-norm error bound if the H? regularity of the solutions of the Stokes problem and the linear
elasticity problem hold (e.g., the H? regularity holds for convex domain). This type of error estimate has
not appeared elsewhere in the literature for the H~' LS method of the Stokes problem, to the best of the
authors’ knowledge. We elaborate an ad hoc duality argument to achieve this.



The rest of this paper is outlined as follows. In section 2, we define the L? projection and the finite element
solution of the Poisson Dirichlet problem (including the preconditioner) and the discrete H ! norm in the
linear element space. In section 3, the new H~!' LS finite element method is defined and the consistency
property is shown. In section 4, the coercivity/ellipticity or the norm equivalence is established and the
estimate of the condition number of the resulting algebraic system is given, and the optimal error bounds in
H' norm for the velocity and in L? norm for the pressure are obtained. In section 5, the argument for deriving
the optimal error bound in L? norm for the velocity is developed. In section 6, numerical experiments are
presented to confirm the theoretical results obtained, and a conclusion is given in the last section.

2 L’ projection, finite element solution of Poisson Dirichlet problem, discrete
H~! norm and preconditioner in linear element space

Let © be a simply-connected polygon or polyhedron, with connected polygonal boundary I'. For any h > 0,
let Ty, denote a family of shape-regular conforming triangulations of 2 into elements [10, 6], such as triangles
or tetrahedra or quadrilaterals or hexahedra. As usual, h = maxxeT;, hx, where hx denotes the diameter of
K. Denote by F/ the set of all interior element boundaries in 75, and we denote by J, the set of all element
boundaries in 7;,. The diameter of F' € F}, is denoted by hp. For any given interior edge or face I’ € }-,{ which
is the intersection of two elements Ki, Ko € Ty, of v across F' we define the jump [v]|r = (v|k, — V|K,)|F-
Let R;(K), | > 1 being an integer, either denote the space of polynomials over K € T, of total degree in all
coordinates variables not greater than [ for simplexes, or denote the space of isoparametric functions over K
from the polynomials over the fixed reference element K of the respective degree in each coordinates variable
not greater than [.
We define the linear element space:

Vi ={ve X vk e (R(K))VK € Th}. (2.1)

Associated with V},, we introduce a discrete L? inner product, denoted by (-, -)o.», which is an approximation
of the L? inner product (-,-). We also introduce a discrete H' inner product ((-,))1 5, which is an approxi-
mation of the H* inner product ((+,-))1 := (V-,V:) + (-,+) or (V+, V). Firstly, we define a generalized linear
element L? projection operator Ay : (H71(2))? — Vj,: given any y € (H1(Q))%, Anx € V}, satisfies

(Anx; zn)on = (X, 2n)  Vzn € Vi (2.2)

Note that the above is not a genuine L? projection. Nevertheless, the left-hand side (-, -)o 5 is the approxima-
tion of the L? inner product and (x, z) = (x, z) for x,z € (L?(2))?, so Ay is essentially the L? projection
of x when y € (L?(2))?, and we will simply call A, the L? projection operator. Next, we define a linear
finite element solution operator Sy, : Vj, = Vj: given any xn € Vi, Shxn € Vi, satisfies

((Snxn,zn))1,0 = (Xns 2n)o,n Van € Vi, (2.3)

It is obvious that SpAp @ (H71(Q2))? — Vj, gives the relation: given any x € (H~1(Q))%, SpAnx € Vi
satisfies
((SnArX; 2n))1,0 = (X, 2n)  V2p € V. (2.4)
In other words, according to which one ((-,-))1 5 is taken as the approximation of either ((-, )1 = (V-,V-)+
() or ((,)1 = (V-,V:), SpAp (or Sp) is the linear finite element solution operator, with respect to
((+,+))1,n, for the Poisson Dirichlet problem as follows:

—Aw+w=yx or —Aw=x in, w=0 onl. (2.5)

Below we formulate a better understanding of Ay, and Sy, for Stokes problem. For any given (u,p) € X x
M, letting x := —Au+Vp € (H~1(2))%, in terms of a(-,-) and b(-,-) in (1.4), since (x,v) = a(u,v) +b(v, p),
we have from (2.3) and (2.4)

(An(=Au+Vp), 2n)o,n = (ShAp(—Au+ Vp), 2n))1,n = alu, 2) + b(zp,p)  Vzn € Vi. (2.6)



Assumption A1) Let |[zn|[5 ), = (24, 2n)o.n and [|24]17 ), := ((zn, 21))1.n for all zj, € V. We require
that the discrete L? inner product (-,-)o. and the discrete H' inner product ((,-))1., respectively satisfies

Cillznllo < |]znl

o.n S Collznllo Yz € Vi, Csllzn|li <]z

1.h < Callznlli Van € Vi, (2.7)
From the definition of S;, we can easily show the following Proposition 2.1.
Proposition 2.1 Assume that Assumption A1) holds. The finite element solution solver Sy is sym-

metric, positive definite with respect to both (-,-)on and ((,-))1,n:

((Snxn xu)rn = lIxallgn = Cllxnllg >0 VO # xn € Vi,

(Snxns xn)on = ((Snxn, Snxn))1.n = |ISuxallTn >0 V0 # xp € Vi

We can now define a discrete version of the H~! norm (1.2), according to the linear element space Vj,
as follows:

y 2 s
[IXn|l-1,n = sup Gcna 2o YXn € Vi (2.8)
0#zp €V ||Zh| 1,h
From the definition of Sy, in (2.3), we have
IIxall=1n = [ISxullin YXn € Vi, (2.9)
and we have
IxnllZ1 0 = (Ocns Snxn)on Vxn € Vi (2.10)
From the definition of Aj in (2.2) we have, for all x € (H~())¢,
V2
lAnxll-in= sup XERD (2.11)
0#£zp€Vy, ||Zh| 1,h

Proposition 2.2  Assuming Assumption A1), we have, for all x € (H=1(Q))4,
ShARXl1,n = [[Anx]l-1.n < Cllx]|-1- (2.12)
Proof.  From (2.3) and (2.10) it follows that
ShARXIIT 1 = (ShAnX> ShARX))1.h = ((Anx, SnARX))on = |[AnXI[% 1 -
From (2.11), (1.2) and Assumption Al) we have

<Xazh> HXH—lehHl < 1|| || sup ||Zh|‘17h
Lh  ogzmevn  lanllin T Cs 0#£zneVi, |12nll1,n

| Anx||-1,, = sup

=2 [l
= —IIxll-1.
0#z,eV |12l Cs

O
In practice, to compute Sy, we may choose a spectral equivalent preconditioner B, so that B,S, L
well-conditioned, and so that the computation of S;, can be efficiently implemented by the preconditioned
conjugate gradient algorithm with a convergence rate uniform in the mesh size h. On the other hand, we
may directly replace S;, by its preconditioner B, in computing the H~! norm for developing the H~! LS
finite element method, so we do not need to properly or exactly solve the Poisson Dirichlet problem (2.5).
Namely, it is unnecessary to solve (2.3) to a full extent.
To achieve this, we make an assumption on the preconditioner By, of S, L
Assumption A2) We require that there exists a preconditioner By : V;, — Vj,, which is symmetric,
positive definite with respect to (-, -)o x, such that the spectral equivalence to Sy, holds:

C5(Shzn, zn)o.n < (Buzn, zn)o.n < C(Shzn, zn)on  Vzn € V. (2.13)



From (2.9) and (2.10) we can see that (2.13) implies the following
CsISnznllf = Csllznll21n < (Buzn, 2n)on < Collznl |21 = CollSnanllin Ve € Va. (2.14)
Lemma 2.1 Let By, be stated as in Assumption A2). Assuming that Assumption A1) holds, we have
Csl|Shznllin < IBrznllin < CsllSnznllin Van € Vi (2.15)

Proof. Firstly, from the definition of the discrete H ' minus norm || - ||_1 in (2.8), we find that for
all 0 # z, € V3, and for all x, € V},

|(Xns 21)o,n] (Xn> Wh)o,n .
o < sup S = [|xall-1.n,
I[2n]l1,n 0£wnevi,  |[wnll1n

that is,
|(Xns z0)o,n| < lIxnll=1,0ll20]]1,8-

Clearly, for z, = 0, the above still holds. Hence,

[(xhs zn)on| < lIxwll=1nll2ell1,n V2R, XK € Va. (2.16)

Secondly, from Proposition 2.1 we know that Sy is symmetric, positive definite with respect to the discrete
L? inner product (-,-)o.n, and we have the following generalized Cauchy-Schwarz inequality

[(Shxh, 2r)0,n] < ((ShXh,Xh)o,h> : ((Sth Zh)o,h) : YXh, 2n € Vi, (2.17)

and from Assumption A2) we know that the preconditioner By, which is symmetric, positive definite with
respect to the discrete L? inner product (-, )., also satisfies the generalized Cauchy-Schwarz inequality
1 1
2

|(Bhxhs 2n)on| < ((BhXhaXh)O,h> : ((thm Zh)mh) YXns 2n € Vi (2.18)

Thus, from (2.14), (2.16) and (2.9), we have

1 1
IShznll} n < = (Brzn, 2n)on < o Bnznllinllznll-1n = & |1Buznllnl|Shznll1.n,
5 5

Cs
and it follows that the left-hand side of (2.15) holds. On the other hand,

B
Buznllin = sup (Bn#hwh))in

, (2.19)
0Fwn €V Hwh”l,h

where, from Proposition 2.1 we know that S, 1 exists, since the coercivity holds with respect to the discrete
H?' inner product ((+,-))1.4, and from (2.3), (2.18) and (2.14), we have

1

((Bnznswi))1,n = ((Brzn, SkSy, 'wn))1n = (l?’hzhasglwh)o,h
< ((thhv Zh)o,h) ’ ((Bhsﬁlwhasglwh)o,h) F < Cs||Snznl|i,nllwal]1,n-

(2.20)

It follows from (2.19) and (2.20) that the right-hand side of (2.15) holds. O
So far, we have completed the definitions of the linear element L? projections, the linear finite element
solution, the linear element discrete H ~! norm, and the linear element spectral equivalent preconditioner 3,.
All these will be used to define the linear-element-based H~' LS finite element method in the next section.
In what follows, we shall give some remarks.
Remark 2.1 Due to the linear elemenlt slpacg V., for simplex meshes, we may use the ‘mass-lumping’ L?
K +1

inner product [37, 6]: (u,v)o,n =D kT, 31 2oim1 w(ai)v(a;), where |K| is the area or volume of K € Tj,



and a;, 1 <1i < d+ 1, are the vertices of K. Note that the resulting matrix is diagonal. For quadrilateral
or hexahedral meshes, we may use the four-node or eight-node quadrature formula. Regarding defining
((*,+))1,n, since it is the approximation of the H! inner product ((,-)); in the linear element space V;,, we
may use the same quadrature schemes as defining (-, -)o,5. With these choices, Assumption A1) can be easily
verified to hold true. We refer to [10] for a complete theory on numerical quadrature schemes. Anyway, both
Ap and Sy, can be easily implemented in the linear element space V},.

Remark 2.2 To generate a preconditioner By, to satisfy Assumption A2), one may use the multigrid
algorithm one time on the h level [26, 6, 7, 15]. For the linear element V}, on nested meshes, applying a one
time V-cycle multigrid algorithm on the h level with one smoothing, we can obtain a preconditioner B which
satisfies the spectral equivalence (2.13) or equivalently the norm equivalence (2.15). See, e.g., Section 7.4 in
[26] for V-cycle multigrid preconditioner and Section 4 in [26] for multilevel additive preconditioner. The
preconditioner By, satisfying Assumption A2) may be also generated from domain decomposition methods,
see [9, 34, 39]. Indeed, as a preconditioner in the linear element space Vj, of the Poisson Dirichlet problem,
many existing algorithms are readily available for generating such a Bj,.

Remark 2.3 Since Aj, and S; are not involved with the finite element spaces Xj x My, they can
be obtained in advance, preceding the solution of the Stokes problem in X, x Mj. Note that the T}, as
mentioned earlier in the Introduction section, is defined by ((Thx,vn))1 = {x,vs) for all v, € X, for given
X € (H71(Q))4. Only when X}, = V},, may the combination Sy,Aj, in (2.4) be viewed as Tj,. However, more
importantly, here the combination Sy Ay, is defined only onto the linear element space V},, whatever the finite
element space X}, of velocity is. This is a significant difference from 7}, which is defined onto and varies with
Xp. When X, is high-order elements, a ‘high-order’ T}, need to solve and must be realized at the realtime
when X, is specified (i.e., the realization of T}, cannot be performed before the specification of Xp,).

3 Stabilization, finite element method and consistency

For solving the velocity and the pressure of the Stokes problem, we introduce two finite element spaces as
follows:

Xp={veX:vgeRK)VKeT), M,={ge MNH(Q):q|lx € Ru(K),YK € T}. (3.1

We first define two types of mesh-dependent residual-based stabilization terms.
For all (u,p), (v,q) € [1ger, (H?(K))4 x [Ixer, H'(K), we define the stabilizing bilinear form

8u ov
Gh(u,piv,q) = hi(—Au+Vp,—~Av+Vq)ox + »  hr an][an] (3.2)
KeTn FeF]
and the corresponding right-hand side linear form for f € (L%(9))4
Gn(f;v,q) Z h3(f, —Av + Vq)o k- (3.3)

KeTh

When (u,p) € (H?*(Q))? x H'(Q)/R is the exact solution solving the Stokes problem (1.1), we have the
consistency for all (v,q) € [[xcr, (H?(K))? x [ker, H' (K):

Gn(u, p;v,q) = Gn(f;v, ). (3.4)
We also have the following boundedness:
1€ (uny prs vny gn)| < Cl|unlly + [Ipallo) (lvnlls +llanllo)  Y(un, pr)s (Vn, qn) € Xn x My, (3.5)

G (f5 0n, an)| < ClIfllo(llvnlls + llanllo)  Y(vn, qn) € X x M. (3.6)

If the exact solution (u, p) of the Stokes problem is not so smooth that they belong to (H?(2))?x H'(Q2)/R
and f may be in (H~!(€2))?, we have to adopt the embedded-bubble technique in [17] to formulate the
stabilizing bilinear form and its right-hand side in the following.



For each interior edge/face F' € .7-'}{ which is shared by two elements K7 and Ks, let Mr = K;UK> denote
the macro-element, and let M}, be the set of all these macro-elements Mpr when collecting all the interior
edges/faces F € Fi, i.e., My, = {Mp,VF € F}}. Let by, € Hi (M) denote the macro-element bubble over
Mp = K; U K3, whose restriction to F' is an edge/face bubble, i.e., by, |r € HE(F). It may be generated
by the local basis functions of R;(K;) and R;(K>2) associated with the vertices of F' € 0K; N dK,. For
example, in the case of simplexes, letting )\]5(7 1 < j < d, denote the d local basis of the linear element P; (K)
associated with the d vertices of F, we define bar,. |, = M -~ \5%, i = 1,2. Clearly, this by, € H}(Mp) and
by | € Hi(F). Meanwhile, let bx € Hg(K) denote the element bubble, for example, by = A< -+ AFAEK
for simplexes, where )\ffH denotes the local basis of P;(K) associated with the vertex opposite F'. For each
FeF ,{ which corresponds to the macro-element Mpr € M), and for each element K € 7T}, we introduce two
local function spaces

O(Mp) = span{d; € (H'(Mp))",1 <j < Jp}, W(K)=span{v; € (H'(K))",1<j<Jk},  (3.7)

where those local functions 0;,1 < j < Jp, and ;,1 < j < Jg, with two integers Jr and Jg, are chosen so
that the following local inclusions hold:

vy
on

These local inclusions can be easily done. In fact, for example, considering the case where 7} is composed
of simplexes, we may choose ©(Mp) and W(K) as the spaces of polynomials as follows:

O(Myp) = (Ri_1(Mp))?, W(K) = (Rmax(l—2,m—1)(K))d~

(—Avp, + Van)|xk € W(K), [ llF € O(Mp)|r Y(vh,qn) € Xpn X Mp. (3.8)

With this choice we can easily verify the above local inclusions (3.8). Let v > 0 be a stabilization constant
independent of h. For all (u,p), (v,q) € X x M, we define the stabilizing bilinear form and linear form:

JKr

> ((Fu, 9 wbx))o.x = (div (t50x), 2o, ) (Yo, D (Wbx))o.xc = (div (t50x), 0)o.c )

=1
Cn(u,p;v,q) == 2
h

KeTy

JK
3 I3t
]:

% ((VU,V(Gijp))o,MF — (div (aijF)vp)O,MF) ((VU,V(ijMp))o,MF — (div (GijF),q)o,Mp)

Y =

FeF] 2 2
h Zl ||V(9ijp)Ho,MF
]:
(3.9)
Jx )
> (1 wsbrdo) (Ve Vb = (div (Wbx). do.x)
G(fiv,0)= 3 = 7
€ S IV Wbi I3 ¢
S =t (3.10)
£ .
) ((f, oijp)o,Mp) ((Vv, V(0;0015))0,01 — (div (05ba1), Q)o,Mp)
iy = i
FEZ '21 V(6001 |(2),MF
j=
Clearly, when (u,p) € X x M is the solution of the Galerkin problem (1.5), we have the consistency:
Cn(u,p;v,q) = Gn(fiv.9) V(v,q) € X x M. (3.11)
We also have the boundedness:
Ch (u, p; v, q)| < Cl[ully + [Ipllo) (o]l + llallo)  V(u,p), (v,q) € X x M, (3.12)



1“0 (f3 0,0 < C[lfll=1(lJvllr +lall1)  V(v,q) € X x M. (3.13)
On the other hand, for all (u,p), (v,q) € [1xer, (H*(K))* X [1xer, H'(K), we have

K

J
Z: ((—AU + Vp, 7/Jij)o,K) ((—AU + Vg, 7/)ij)0,1()
%h(uvp;an) = KZ’T =

€Tn

JK
Zl IV (506115 5
J:

Ir ou ov
> ((~u+ V. 03 )one + [ Oibare[51) (— 80 + Ve, Obar Jouasr + [ 050 [5-)
j=1 n n
Py i
rez > 1190030011 o,
Jj=

(3.14)
Under the local inclusions in (3.8), following the argument in [17], for a suitable v > 0, we can show the
following equivalence:

Coll(vn, an)lln < Cn(vnsanivn,an) < Csl|(vn an)lli Y(vn, qn) € Xp x M, (3.15)
where
(%h
Nonan)lli = Y bkl = Avn+ Vaull§ x + > hF/ I[%]I2 , (3.16)
KE€Ts FeF] F

Remark 3.1 The stabilization terms in (3.9)-(3.10) are advantageous over the ones (3.2)-(3.3), since
they are meaningful for the weak solution only in X x M of the Galerkin Stokes problem (1.5). With this
choice, we can establish the following quasi-optimal error estimates between the exact solution (u,p) € X x M

and the finite element solution (up,pr) € Xpn X Mp: [J[u—uplls + [|p —prllo < C inf (lu —wvpll1 +
(vh,qn) €Xn X Mp

llp — anllo)- If (3.2) and (3.3) are instead used, a weaker result holds. See Theorem 4.3 in the next section.
We are now in a position to state the finite element problem for solving the Stokes problem (1.1): Find
(up,pn) € X X Mj, such that for all (vp,qn) € Xp X My,

PBn(un, pr; vny qn) = (An(=Aup + Vpp), Sk An(=Avi + Van))on + Ch(un, pr; vn, qn) + (div up, div o)
= Zn(f;vn,qn) = (f, ShAR(—=Avp + Van)) +Gu(f;vn, qn)-
(3.17)
With the preconditioner By, replacing Sy, in the above, the alternative finite element problem for solving
the Stokes problem (1.1) reads: Find (up,pp) € X X M}, such that for all (vp,qn) € Xp X M,

B (un, pr; v, ) = (An(=Aup + Vpp), BpAn(=Avp + Van))o,n + G (tn, prs vn, ) + (divug, divoy)
= Zn(fivn,qn) = (f, BuAn(—Avy + Van)) + G0 f; vn, qn). 5.15)
3.18

In both (3.17) and (3.18), if (u,p) € (H?(2))?x H(Q)/R solve the Stokes problem (1.1) and f € (L?(Q2))¢,
we employ the stabilizations (3.2) and (3.3). If (u,p) € X x M solve the Galerkin problem (1.5) and
f € (H71(2))? then the stabilizations (3.9) and (3.10) are chosen.

Remark 3.2 Both (3.17) and (3.18) are least-squares methods based on discrete H ~*-norm. Note that,
from (2.9) and (2.10), we have (Ah(—Avh + th),ShAh(fA’Uh + VQh))O,h = HAh(—Avh + th)H%l,h =
[|ShAR(—Avy, + th)||%h for all (vp,qp) € Xp X Mp. From (2.14), ||SpAn(—Avy, + th)||ih is equivalent
to (An(—Avy + Van), By An(—Avy + Van))o,n- Note that || Ay (—=Av, + Vau)l|2, , + [|dives][§ is not yet
equivalent to ||vp||? + ||gn||2, although || — Avy, + Vgn||2; + ||divug||2 is. To obtain this equivalence for
[|Ap(—Avp, + th)|\2_17h + ||div v,||3, the stabilization 6} (un, pr;vn, gn) must be introduced (see Lemma 4.1
in the next section), while the right-hand side %, (f; v, gn) is only for consistency.



We next show how to use the bilinear forms a(-,-) and b(-,-) in (1.4) to express the above finite element
problems so that we can easily see that the finite element problems satisfy the consistency property. For any
given (vp,qn) € Xp X My, we can associate with a v € V}, C X as follows:

U =S8 Ap(—Avy, +Vq,) or U= Bh.Ah(—Avh + th), (3.19)

and from (2.6) we have
(An(=Aup 4+ Vpr),0)o,n = a(un,v) + b(0, pp). (3.20)

From (3.19), (3.20), (3.4) or (3.11) and (1.5) we can show the consistency property of the finite element
methods (3.17) and (3.18).

Theorem 3.1 Let (u,p) € (H*(Q))4 x H(Q)/R solve the Stokes problem (1.1) or (u,p) € X x M solve
the Galerkin problem (1.5), where the stabilizations € (-, -+, ) and G,(f;-,-) are correspondingly chosen as
(8.2)-(5.3) or (8.9)-(5.10). Let (up,pr) solve the finite element problem (3.17) or (3.18). Then, we have the
following consistency property:

B (= up,p — Phi Vs qn) = Bi(w — Wy D — P Vhy qn) =0 Y(vn, qn) € X X My, (3.21)

O

4 Coercivity, condition number and error bound

In this section we shall establish the coercivity /ellipticity over X} x M}, and the quasi-optimal error bound.
Lemma 4.1 Assume that Assumption A1) holds. We have

C(l[ullf + 11pll5) < (An(=Au+ Vp), S An(=Au + Vp))on + | (w, p)l[; + [|div ullg, (4.1)

for all (u,p) € X x M N ([Tger, (H*(K)* % [1ger, H'(K)), where ||(u,p)||n is defined by (3.16).
Proof.  For any given (u,p) € X x M N (HKeTh(H2(K))d X [1ger, H'(K)), from (1.6) we have

H(u,p;v, q
i+ lpllo<C  sup Ve (12)
o£(w.qexxm vl =+ lallo
Letting II;, : X — V), denote the linear finite element interpolator [10, 6], we have
3
( > hll = aolfs e+ Y hF1|v—Hhv||%,F> +[[polly < Clfolr-
KeTy FeFy
From (1.5) we have
PB(u,p;v,q) = a(u,v — pv) +b(v — Hpv, p) + b(u, q) + a(u, pv) + b(Iyv, p), (4.3)
where
ou
a(u,v —pv) + bv — Hpv,p) = > (—Au+ Vp,v =)ok + > fF[a J(v — )
KeTn FeF} n
h (4.4)
< Cll(u, p)ln < > hlllo = Mpl[g g+ 30 hp'lle - HhUII%,p) < Cl(u, p)Inllvll1,
KeTy FeFy,
b(u,q) < [|div ullol|q|lo- (4.5)
Thus, we have
B(u, p;v, . a(u, IIpv) + b(I1xv,
sp  PUBLD )+ ldivalle) + sup LR IR g
0#£(v,q) XXM [[v[l1 + [lgllo 0#(v,q)€X XM [[vl]1 + [lgllo
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where

a(u, pv) + b(Il,v, p) a(u, ITyv) + b(Il,v, p)
sup = sup )
0% (v,q)EX x M [lvll1 + [lgllo 0£vEX [[v]l1
<C sup a(u, Hpv) + b(I1v, p)
0#£veX [[po|[1

b
SC sup sup G,(U,Zh)+ (Zhvp)
0£veX O;éz(hGVh ) (||Zh||)1
a(u, zp) + b(zp, p
= C sup (4 7)
0£21 €V, " ||£h||1 :
- \Y4
—C sup (An(=Au+ Vp), zn)o,n
042, €V, " A||Zh||1
<C s n(—Au+ V), zn)o,n
02, EVi, I[2nll1,n
= C|[An(=Au + Vp)[|-1,n

= C((An(~Au+ Vp), SiAn(—Au+Vp))os )

N|=

Therefore, summarizing (4.2)-(4.7), we have

C(lfuls + lpllo) < ((An(~Au -+ Vp), Snn (A +Vp))on ) * + 11w, p)l I + [1iv ull,

which completes the proof. O
Theorem 4.1 Assume that Assumptions A1) and A2) hold. We have the following coercvity/ellipticity:

B (u, p;u, ), B (u, piu,p) = C(lJullF +|Ipll§)  V(u,p) € Xp x My, (4.8)

Proof. From Lemma 4.1 and Assumption A2) it follows that (4.8) holds. O
Lemma 4.2 Assume that Assumptions A1) and A2) hold. We have

|Bn(w,pivq)ls | Bulu,piv,9)] < C(l[ully + [lpllo)(vll1 + llgllo)- (4.9)

Zn(f50, 0, 1Zn(f30,0)] < Ol (loll + lallo) (4.10)

for all (u,p), (v,q) € Xp x My, if the stabilizations are (3.2)-(3.3) and ||f||« = ||f|lo, or for all (u,p), (v,q) €
X x M if the stabilizations are (3.9)-(3.10) and ||f||« = ||f]|-1-
Proof. Below we only show (4.9), while (4.10) can be similarly shown. From (2.16) and (2.9) we have

[(Ap(—Au + V), SpAp(—Av +V@))on| < |[An(—Au+ Vp)||=1,1]|ShAL(—Av + V¢)||1.n
= |[An(=Au + Vp)||— 1 n|[An(=Av + V)| -1,n,

but, for all (u,p) € X x M, we have from (2.11), (2.6) and Assumption Al)

An(—Au+ Vp), z a(u, zp) + b(zn,
HAh(—AU—vaﬂLl,h = sup ( h( p) h)O,h _ P ( h) ( h p)
0£2,€V), l1zal[1,n 0£2,€V;, 1znll1,n
G(U,Zh) +b(Zh7p) (411)
<C sup < C(|luflr + lplfo),
0#zp €V ||Zh||1

and we have for all (u,p) € X x M and for all (v,q) € X x M,
|(An(=Au + Vp), SpAn(=Av + Vq))o.n| < C(l[ullr + [[pllo)([|v]l1 + [lallo)- (4.12)
Thanks to (2.16), Lemma 2.1, Proposition 2.2 and (4.11), for By, we also have

|(An(—Au + Vp), BpAp(=Av +Vq))on| < [[An(—Au + Vp)||-1, 4] BrAn(—Av + Vq)||1,n
< C(|lully + lIpllo)|ShAR(—Av + V@) [1,n (4.13)
= C(llullr + [[pllo)[[An(=Av + V@) || -1,n '
< C(|fully +pllo)([vll1 + llallo)-
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for all (u,p) € X x M and for all (v,q) € X x M. Finally, from (3.5)-(3.6) if the stabilizations are (3.2)-(3.3),
or from (3.12)-(3.13) if the stabilizations are (3.9)-(3.10), from (4.12) and (3.17) or from (4.13) and (3.18)
we obtain (4.9). O

Theorem 4.2 Assume that Assumptions A1) and A2) hold. We have the following norm-equivalence
over X, X My:

Co([[ull? + |Ipl3) < Bn(u.p;u,p),  Bu(u,piu,p) < Cro(l[ul? +[[p|2) Y(u,p) € Xp, x My, (4.14)

Proof. Consequently, Lemma 4.2 and Theorem 4.1 lead to this result. O
Corollary 4.1 Assuming the same assumptions as in Theorem 4.2, the finite element problem (3.17)
or (3.18) admits a unique solution (up,pp) € Xp X My, satisfying

[lunllv +llpallo < ClIfllo or Clf][-1. (4.15)

Proof. From Theorem 4.1 and Lax-Milgram lemma, we have the existence and uniqueness of the
solution of the finite element problems over X; x M. Following the same argument as proving Lemma
4.2, from (3.5)-(3.6) or (3.12)-(3.13), Theorem 4.2, (3.17) (or (3.18)) and (4.10), we can have the continuous
dependence on f or the stability of the finite element solution (up,pr) € Xp X Mp. In other words, (4.15)
holds. O

Meanwhile, from Theorem 4.2, a standard argument (see page 261-265 in [6]) and the inverse estimate in
Theorem 17.2, page 135 in [10], we can have the estimation of the condition number for the resulting system
of the finite element problem.

Corollary 4.2 Assuming the same assumptions as in Theorem 4.2, and additionally assuming quasi-
uniform meshes, we have the condition number O(h=2) of the resulting algebraic system from the finite
element problem (3.17) or (3.18). O

We shall next analyze the error bounds.

Theorem 4.3 Assume that Assumptions A1) and A2) hold. Let (u,p) € (H?(Q)) x HY(2)/R solve
the Stokes problem (1.1) or let (u,p) € X x M solve the Galerkin Stokes problem (1.5). Let (uyp,pp) denote
the finite element solution of problem (3.17) or (3.18). If the stabilizations are chosen as (3.9)-(3.10), then
for (u,p) € X x M

|u—unlls +[lp—prllo < C inf (Ilu = vnl[1 + [P — anlfo)- (4.16)
(vn,qn)EXn X My,

If the stabilization terms are chosen as (3.2)-(3.3), then for (u,p) € (H?(Q))? x HY(Q)/R,

llu —unlli +llp—pullo <C inf (llw = vnll1 + [P — anllo)
(vn,qn) €Xn X Mp,
2 (4.17)
+C inf B2 (|lu —vpll2 ~ + llp — qnll? )
oS =l = a0

Proof. Take any (vp,qn) € Xp X M, and put

Vi=Up—Vh, §:=Dh—qhy €u=U—Vp, €p:=DpP=—(qh

From Theorem 4.1 and Theorem 3.1, we have

1912 + g} < CZu(@,30,9),  CPu(,¢:7,9)
:C‘@h(euvep;av‘)v C%h(eu7ep;57~)a

where

B (e, ep;0,q) = (Ap(—Aey + Vep), ShAR(—AT + Vq))o,n + Gn(ew, ep; U, Q) + (div ey, divv),

%h(eu,ep;5,® = (Ah(—Aeu + Vep), Bh.Ah(—A5+ V(}'))o,h + (ﬁh(eu,ep;ﬁ,a) =+ (le €u,diV5).
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Similar to (4.12) and (4.13

)s
|(.Ah(—A€u + Vep), Sh:4h(—A5+ V@)o)h
< C(lleullr + llepllo)(I[0]l1 + [gllo)-

If the stabilizations are chosen as (3.9)-(3.10), then for (u,p) € X x M
€ (eus ep; 0, 9)] < Clllewllr + llepllo) (10111 + [lallo)-
If the stabilizations are chosen as (3.2)-(3.3), then for (u,p) € (H%(Q))? x H'(Q)/R

_ _ Oey . 00
Chleu, ep;0,q) = > h2 (—Ae, + Vep, —AT1+VQq)ox + >, hr fF[ie ][l]
KETh FeF! on "on

we can have

R \(Ah(—Aeu + Vep),BhAh(—A5+ V(A]'))o’h|

2

< C(|[vlh + llallo) |€u|1+< > h%(||€u||§,x+|€p|ix)>
KeTn

(div ey, div ) < Clley|1][0]]1-

The proof is finished by putting the above together and by applying the triangle-inequality. O
Corollary 4.3 Under the same assumptions as in Theorem 4.3, the estimation (4.16) implies the
convergence if the exact solution is only in X x M. Namely,
lim ([|u — unl[1 + [[p = pallo) = 0.
h—0
Proof. 'The argument for proving the above convergence from (4.16) is quite standard, see page 139 in
[10]. O
Corollary 4.4 Under the same assumptions as in Theorem 4.3, for (u,p) € (H'TY(Q))4 x H™() for
I,m > 1, then for X;, and My, which are defined as in (3.1),

llw = wnlls + |[p = pallo < CR™™ O™ (a1 + [[pl[m)- (4.18)

Proof. Let (mhu, ppp) € Xp X My, denote the finite element interpolations of (u,p) € X x M, where
7, and pp, represent the finite element interpolators. From the classical finite element interpolation theory
[10, 6], e.g., see Theorem 16.2 on page 128 in [10], we have for (u,p) € (H'T1(Q))4 x H™(Q) for I,m > 1,

2
[lu = mhully + lp = prpllo + (KZT hi([lu — mnull3 g + llp — phpllf,K)> < Ch™™ 0™ (i1 + [ [plm)-
€

h

(4.19)
It then follows from Theorem 4.3 and (4.19) that (4.18) holds. O

5 L2 error bounds

In this section, we shall establish the L? error bound for the velocity. This error bound says that the error
between the exact solution and the finite element solution in L? norm would have one order higher than that
in H! norm. We shall elaborate an ad hoc duality argument to achieve this.

For that goal, we shall make a series of assumptions of the H? regularity of the solutions of the Stokes
problem and the elasticity problem in the following.

Assumption A3) We require that for any given f € (L2(Q2))%, the solution (u,p) of the Stokes problem
(1.1) satisfies

lulls + lIplls < CIflo.

Assumption A4) We require that for any given f € (L?(£2))? and for all A > 0, the following elasticity

problem
—Au—AVdivu=f inQ, u=0 onl,
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has a solution u € (H?(Q))4, satisfying
(lullz + Alldivally < Cl|flo,

where C' is independent of .
Assumption A5) We require that for any given f € (L%())¢ and for any given v € (H2(Q)NHE(Q))4
the following generalized Stokes problem

—Au+Vp=Ff, divu=dive inQ, wu=0 onT,
has a solution pair (u,p) € (H2(Q2))? x H*(Q), satisfying
[lullz + [lplly < C([|fllo + [[div v[[1).

Remark 5.1 On convex polygon or on smooth domains the above H? regularity assumptions A3)-
A4) hold [3, 6, 23]. Concerning assumption A5), it essentially results from A3). For example, let us
consider a convex polygon. From (11.4.21), (11.4.22), page 326 in [6] (or, Lemma 2.1, page 323 in [30]),
for the given v € (H%(Q) N H(Q))?, there exists a v* € (H2(Q) N H{(2))? such that dive* = divo,
satisfying ||v*||2 < C||divv||;. Thus, with the right-hand side f + Av* in assumption A3), we find (w, ) €
(H?(Q) N HE(2))? x HY(Q)/R, which solves —Aw + V7 = f + Av* in Q, divw = 0 in Q and w = 0 on 9
and satisfies |[wl]> + ||}y < CIIf +Av*llo < C(I[fllo + [lo]l2) < C(ILfllo + ||div o). Put ui=v* +w and
p:=m. Such (u,p) is the desired in assumption A5) with the given f and v.

Assumption A6) We require that the numerical quadrature ((-,-))1,5 is chosen so that

[((wns zn))1n = ((whs zn))1| < Chllwalhlzally - Ywn, zn € Vi,

where ((-,-))1 = (V-, V) + (-,-) or (V-,V-).

Remark 5.2 See for a complete theory in [10] from which the above holds, e.g., see Theorem 28.2,
page 199 in [10].

Lemma 5.1 Assume that ((-,-))1,n is the approzimation of ((-,-))1 = (V-,V-). For any given wy, € Vy,
letting w := SpAp(—Awy) € Vi, denote the linear finite element solution to the Poisson Dirichlet problem
for the right-hand side —Awy, € (H=1(Q)): 2z € HE(Q) solves

—Az=-Aw, mQ, z=0 onl. (5.1)

Assuming Assumption A6) and Assumption A1), we have

lwn — w1, [Jwn — @l|n < Chfjwnlr (5-2)

Proof. From (2.4), we have
(w0, 2n))1.n = (ShAR(=Awn), 2n)) 1,0 = (—Awp, 2n) = (Vwn, Vzi) = (wh, 2n))1 - Yzn € Vi

Choosing
Zh :Z@—whEVh,

from Assumption A6) and Assumption Al), we have

znll3 1 = ((zny20)) 1.0 = (@ = wh, 20)) 1.0 = (@, 20))1,0 — (W, 20)) 10 = (Why 20))1 = ((Whs 20)) 10
< Chllwll1|lznllr < Chllwall1]|znll1,n,

and we obtain
|w —wnll1,n = |[2nll1,n < Chl[wa]l1.

From Assumption Al), we further have ||w — wp||1 < Chl|lwy|];. O
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For the choice of ((-,-))1,, being the approximation of ((-,-))1 = (V-,V:) + (-, ), we can similarly prove
the following lemma.

Lemma 5.2 Assume that ((-,-))1,n s the approzimation of ((-,-))1 = (V-,V:) + (-,-). For any given
wp, € Vp, letting w = SpAp(—Awy, + wy) € Vi, denote the linear finite element solution to the Poisson
Dirichlet problem for the right-hand side —Awy, +wy, € (H=1(Q))4: 2 € H}(Q) solves

—Az+z=-Awp,+w, nQ, 2z=0 onT. (5.3)
Assuming Assumption A6) and Assumption A1), we have
lwn —wlly,  [lwn = @[l,n < Chl|wl]s. (5.4)

0O

Remark 5.3 Note that wy € V}, is in fact the linear finite element solution to the Poisson Dirichlet
problem which is solved using the bilinear form ((+,-))1, while w = SpAp(—Awy,) or w = SpAp(—Awy, +wp,)
is also the linear finite element solution to the same problem but it is solved using the numerical quadrature
((+,+))1,n- Also, note that if we choose ((,-))1,n := ((+,*))1, i-e., if no numerical quadrature is used for defining
Sh, then w = wy. In that case, Assumption A6) is unnecessary.

We shall now prove the L? error bound of the velocity variable for the case where Sy, is employed in the
finite element problem (3.17).

Theorem 5.1 Assume that Assumptions A1)-A6) hold. Let (u,p) € (H?(2))? x H(Q)/R denote the
solution pair of the Stokes problem (1.1) and let (un,pp) denote the finite element solution of (3.17). Then

2
lu —unllo < Ch | [[u—unlls + |lp = pnllo + ( > hiclllu = unll3 i + ||p_ph||iK)> : (5:5)
KeT,

Proof. From Assumption A3) we first know that the solution pair (u,p) of Stokes problem (1.1) belongs
to H2(2) x H(Q). Putting

1
E,i=u—u,€X, E,=p—p,€ MNHQ), \:= R
from Assumption A4) we have a solution w € (H(Q) N H2(£2))? which solves
—Aw—-AVdivw=FE, inQ, w=0 onT,
and which satisfies
llwllz + Al|divw|ly < C||Eullo- (5.6)
Put
0 := Adivw, where ||0]]1 < C||Eulo,
and take w € V}, such that
[lw —wl[y < Ch|w]]. (5.7)

In terms of the bilinear forms a(-,-) and b(-,-) in (1.4), we have

||Eu||g = (—A’LU - VG, Eu) = a(EU7w) - b(Euy 9)

u

= (B, w — @) + bw — @, Ey) — b(w, Ey) — b(Ev, 0) + a(Eu, @) + b(, E,), (5.8)
where
a(Ey,w —w) +b(w —w, By) < C([|Eu|l1 + [|Epllo)||w — ||y < Ch(|[Eull1 + || Epllo)]|w]]2 (5.9)
< CR(||Eull1 + | Epllo)|| Eullo,

—b(w, Bp) < ||divwllol|Epllo = A7 [0llo]| Epllo = Rll6llol| Epllo < hlIOll1][Epllo < ChIIEy[lol| Eullo,  (5.10)
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and if ((+,-))1,5 is chosen as the approximation of ((-,-))1 = (V-, V-), then from (2.6)

a(Ey, @) +b(w, EBy) = (An(=AE, + VE,), W)on = (An(=AE, + VE,), © — SpAn(—AD))o,n
+(AR(=AE, + VE,), SpAn(=A(w — w)))on  (5.11)
“F(Ah(—AEu + VEP), Sh-Ah(_A'LU))O,h,

(

alternatively, if ((-,-))1,5 is chosen as the approximation of ((-,-)); = (V-,V-) + (-, -), then

a‘(Euv w) + b(w7 EI)) = (Ah(_AEu + VEp)v Uj)O,h
= (Ah(*AEu + VEP), w — Sh.Ah( Aw + QI)))
+(Ah(_AEu + VEp),ShAh( ( ) +w ))O,h
+(Ar(—AE, + VEp),Sh.Ah( Aw + w)) 0,h-

Below we only consider (5.11), while (5.12) can be similarly dealt with. From (2.6), Lemma 5.1, (5.7), (5.6),
(2.12) and the fact that from (1.2) we have
<7A(’LD _ w)v U> _ a(ﬂ) ) U)

| = A —w)||[-1 = sup ~——-—"—F = sup
0#£veX ||UH1 0#veX ||’UH1

(5.12)

< Cflw —wlfy,

it follows that
(An(—AE, + VEP), w — SpAR(—A )) h

< C([Eullr + |1 Epllo)||@w — SpAn(—A )|
< Ch(|[Eullr + | Epllo)[|w]|2 < Ch(||Eyl|

a(Ey, W — SpAR(—A®D)) + b(w — SpAn(—Aw), Ep)
Ch(||Eullr + [|Epllo) |||

<
+Epllo) [ Eullo;

1
1

(5.13)
(An(=AEy + VE,), SpAn(=A(w — w)))o,n = a(Eu, SpAn(=A(@ — w))) + b(SpAn (=A@ — w)), Ep)
C(I[Eully + || Epllo)|[SnAn(~A(@ — w)l[1 < C(IEulls + | Epllo) 1S An(—A(@ — w))]|1.n
< C([Bulls + [1Epllo)]| = A(@ — w)|| -1 < C(||Eullr + [[Epllo)||w — wl]x
< Ch(||EBully + [|Epllo)[lwll2 < Ch(||Eully + [|Ep|lo)] | Eullo-
(5.14)
Thus, from (5.8)-(5.11) and (5.13)-(5.14), we find that
125 < CR(IEull1 + | Epllo) | Eullo + €], (5.15)

where

£ = —b(Eu,G) + (.Ah(—AEu + VEP),ShAh(—Aw))O’h.

In what follows, we estimate £. For that goal, we let (u*,p*) € (Hg () N H?(Q))? x H*(Q)/R, and solve the
following generalized Stokes problem

—Au* 4+ Vp'=—-Aw, divu* =6 inQ, u" =0 onTl,
where —Aw € (L2(Q))? and 0 = A divw with w € (H}(Q) N H2(22))?, and from Assumption A5), we have
w2+ llp*[lr < C( = Awllo + [|0]]1) < Cl|Eulfo-

Take (@*,p*) € Vi X Qi C Xp, x My, where Qp, = {qg € HY(Q)/R : q|x € Ri(K),VK € T3} is the linear
element subspace of My, such that, e.g., see Theorem 16.2 on page 128 in [10],

2
IIU*—U*II1+IP*—p*|Io+<Z hic (|l = @13 & + [lp" = 273, )) < Ch((lu*ll2 + [[p*[[1)- (5.16)

KeTy
We then have

& =(A(-AE, + VEP), ShAh(—Aw))O,h + (div E,, 0)
— (An(—AE, +VE,). SpAn(—Au* + Vp*))on + (div Eu, divu®)

= (An(—=AE, + VE,), ShAn(—A(u* — @) + V(p* — p*)))on + (div Ey, div (u* — @*)) (5.17)
+(An(=AE, + VE,), Sp An(—Aw* + Vp*))on + (div By, div a*)
=1 + I,
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where

= (Ap(—=AE, + VE,),SpAp(—A(u* — a*) + V(p* —p)))o,n + (div By, div (u* — ")),

= (Ap(=AE, + VE,), Sp Ap(— AT 4+ Vp*))o,n + (div By, diva™).
Noting that
(div By, div (u* = a")) < C||Ey| 1] v — @*||1,
from (4.12), we have
T, = (Ap(-AE, + VE,), Sp Ap(—A(u* —a*) + V(p* — p*)))on + (div E,,, div (u* — @*))
< C(|Eully + [[Epllo) ([[u* — @*[|x + [|Ip* — £"lo)
< Ch(|[Eully + [|Epllo)(Ilw*l2 + [Ip*[l1) < Ch(||Eullr + [|Epllo)||Eullo-

Iy, = (An(—AE, + VEp),Sh.Ah(—Aﬂ* + Vﬁ*))oyh + (div E,,, div a*)
= (A (-AE, + VE,), Sp Ap(—AT* + Vp*))on + (div E,, diva*) + G (Ey, Ep; 0, p*)
_(gh<EuaEp;a*a]§*)7

where from Theorem 3.1, we have

(Ah(—AEu + VEP), ShAh(—Al_l,* + Vﬁ*))gh + (diV FE,, diva* ) + (gh( ,u*7]3*)
= f%h(E'Lu Ep7 ﬂ*ap*) = Oa

and
_%h(Elep?a*Jj*) = (gh(E’umEp;U/* - ’a*mp* _p*) - %h(Eu>Ep;U*7p*)7
where if choosing the stabilizations (3.9)-(3.10) then
Gh(Bu, Ep;u™ —u”,p* = p*) < C([[Bully + [[Epllo)([[u” — @[l + [[p* = p*[o)

< Ch(||Eu[r + [|Epllo) ([Ju*[|2 + [[p*]]1)
< Ch(|[Eullr + [|Epllo)l| Eullo;

or if choosing (3.2)-(3.3) then
Ch(Bu, Bpsu* — ', p* = p*) = 3 hic(=AE, +VE, —A(u* —a*) + V(p* —p*))o.x

0B o0 "
+ h
1 1
2 2
C( > h%{(||Eu||§,K+|EP||%,K)> (Z hi(||u* — *||§7K+||p*—p*|iz<)>
KeTn KeTn
! )
( ullf k + Rk ) (Z [lu* — @*||2 x + h|lu* U*||2K>
KeTy, KeTy

N

<Ch (”Equ + ( > P (|Bull3 x + IEpIIiK)>
KeTy

) (Hw*{l2 + 1lp*1]1)
) [ Eullo-

Nl=

< Ch (IIEulll + < > W (1Bl x + IEpIIiK)>
KeTn

*

Since u* € (H%(Q))?, we have [%u
n

the routine in proving (5.20) to obtain

3
—Ch(Bu, Ep;u”,p*) < Ch (IIEulll + ( Y hkIEf x + IEpllf,K)) ) [ Eulfo-

KeTh
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(5.18)

(5.19)

(5.20)

] = 0 across each F' € F}, and from either (3.2) or (3.14), we can follow



Hence, we obtain

3
Iy < Ch | |[Eulls + ||Epllo + ( > Wk (1B + ||Ep||?,;<)> 1 Eullo- (5.21)
K€7—h
From (5.18) and (5.21) we have
1
2
€] < Ch | [Eully + [[Epllo + (KZT hic(1Bull3  + |Ep||?,K)> [Eullo- (5.22)
€Tn

Therefore, (5.5) follows from (5.15) and (5.22). O
In what follows, we shall prove (5.5) for the finite element problem (3.18), where the preconditioner By
is employed. For that goal, we shall make an additional assumption on the preconditioner Bj, as well as the
spectral equivalence in Assumption A2).
Assumption A7) In addition to the spectral equivalence (2.13), we require that the preconditioner
B), satisfies
||Shznllo,n < Cll1Brznllo,h-

Remark 5.4 If Bj, is obtained from the multigrid algorithm on the ki level, then we can show that Bj
satisfies Assumption A7) from the L? norm convergence in [4].
Lemma 5.3 Assumption A7) implies

185, Snznllon < Cllzallon  Vzn € Vi
Proof. In fact,

_ B—lShzh WhH)Oo.h Shzn B—lwh oh
1B), 'Shznllon = sup (By » Wh)o, —  sup ( , By, “wn)o,
0£wp, EV}, HwhHO,h 0w, Vi ||wh|‘07h

)

where, putting xj := B;lwh, we have from Assumption A7)

(Shzn, By 'wn)on _ (Shzns Xh)o,h _ (2h, ShXh)o,h < |z5]]0,n1|Sh XA
llwnlo,n 1Brxnllo,n |[Buxnllon — [1Brxnllo,n

h
O < O|l2nllo,-

The proof is then finished. O
Assumption A8) We require that the discrete L? inner product (-, -)o j, satisfies the following property

|(Whs zn)o,n — (wh, 2n)| < Chl|w|[1]|znllo Ywn, zn € Vi.

Remark 5.5 Assumption A8) is true for the numerical quadrature for the L? inner product, see [10] for
more details. For example, if we choose the mass-lumping L? inner product in Remark 2.1, then Assumption
A8) holds as well [37].

Under Assumptions A1)-A8), we prove the L? error bound for the finite element problem (3.18).

Theorem 5.2 Let Assumptions A1)-A8) hold. Let (u,p) € (H?(2))? x H'(Q)/R denote the solution
pair of the Stokes problem (1.1) and let (up, pp) denote the finite element solution of (3.18) Then

%
lu = unllo < Ch | |Ju = unllx + [|lp — pallo + (Z h%((”“uh”g,KJerthiK)) : (5.23)
KeTh

Proof. The argument is quite similar to the one for proving Theorem 5.1 for problem (3.17). Following
the same argument until (5.11) or (5.12), we shall only deal with (Ax(—AE, + VE,), SpAn(—Aw))op in
(5.11) in a different way as follows:

(An(—=AE, + VE,), SpAn(—Aw))on = (BuAw(—AE, + VE,), By 'Sy An(—Aw))o.n,
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where

(BhAh(—AEu + VEP>, B,;lShAh(—Aw))Qh = (Bh.Ah(—AEu + VEP), B;IShAh(—Aw))O)h
—(BrAR(—AE, + VE,), B;lshAh(wa))
+(BrAp(=AE, + VE,), B, 'SpAn(—Aw)),

and from Assumption A8) and Assumption Al), we have

(BrAn(—AE, + VE,), B, ' SpAn(—Aw))o n — (BrAw(—AE, + VE,), B} ' SpAp(—Aw))
< Ch||BpAp(=AE, + VEy)|[1|B;, ' SnAn(—Aw)||o
< Ch|BrAn(=AE, + VEp)||1allB;, ' ShAn(=Aw)][o,n,

where from Lemma 2.1, (2.12) and (4.11), we have
|1BrAR(=AEAVEp)|[1n < ClIShAn(=AE AV E)[[1n < Cl|An(=AE+VE)[|-1.n < C([[Eull1 +[|Epllo);

and from Lemma 5.3 and the definition of Ay, in (2.2), where from Assumption A1), we know that ||Apx|lo.n <
C||x||o for any given x € (L?(£2))?, we have

1By, SnAn(—=Aw)|[on < Cl|An(=Aw)|lo,n < Cl|Awllo < Cfjwlls < C|Eullo, (5.24)
and from the definition of Aj in (2.2), we have

(Bh.Ah<—AEu + VEp>7 B;lsh.Ah(—Aw)) = (Bh.Ah(—AEu + VEP), AthlshAh(—Aw))o,h
= (Ah(*AEu + VEP), BhAthl'ShAh(*Aw))o’h.

Now, we can obtain (5.15), and we need only to estimate
£ = —b(Ey,0) + (A (~AE, + VE,), By ApB; 'S A (—Aw))on
For that goal, we let (u*,p*) € (H}(Q)NH?(Q))4 x H'(Q)/R solve the following generalized Stokes problem:
—Au* 4+ Vp* = B’,;l"Sh.Ah(—Aw)7 divu*=6 inQ, v =0 onTl,

where 6 = Adiv w satisfies ||0||1 < C||Ey||o (see (5.6)), and we have from Assumption A5), Assumption Al)
and (5.24)

[lw*[l2 + [lp*|ln < C(/18;, " SnAn(=Aw)llo + [10]11) < C(11B;* SpAn(~Aw)]

o.n +1011) < ClIEulfo-

Hereafter, just following the same argument from (5.16) to (5.22), with B}, replacing Sy, and with B, replacing
Ay, we can obtain (5.23). O

Corollary 5.1 Under the same assumptions as in Theorem 5.1 or in Theorem 5.2, for (u,p) €
(HHL(Q)? x H™(Q) for l,m > 1, then

llu = unllo < CR™ ™ E Y ([fullisy +[[p]]m)- (5.25)

Proof. Let (mpu, ppp) € Xp X M), be the finite element interpolant to (u,p) as in (4.19). Observe that
from the local inverse estimates [23, 10, 6], we have

hrc|lmhu — unlle,x < Cllmpu — upllyx < C(||mnu — ull1x + |[v — unll1x),

hicllonp = pullik < Cllpnp = pallo,x < C(llpnp — pllo,x + [P — Pallo.x)-
Hence, using the triangle inequality, from (4.18) and (4.19), we have

2
c (KZT hic(lu = unlf3 g + |Ip—ph||?,;<)> < [lu = unlly + llp = pallo + [lu = maulls + [Ip — prpllo
€Th

2

+ ( > hi(|lu—mnull3 g+ |lp — pth%K))
KeTy

< ChEM (|41 + | |p]lm)-

In conclusion, combining Theorem 5.1 or Theorem 5.2 and Corollary 4.4, we obtain the desired (5.25). O
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6 Numerical experiments

In this section we report some numerical results to support the proposed method and the theory developed
in the earlier sections. Given Q = (0,1)*> C R?, and f € (L*(Q))? and g € L*(Q), with [, g = 0. Consider
the following Stokes problem:

—Au+Vp=f, divu=g inQ, u=0 onl.

We choose f and g so that the exact solution (u,p) = (u1,us,p) is

ui(x,y) = sin(nzx) sin(my), wug(z,y) = sin(7rx)sin(ry), p(x,y) = cos(nz) exp(my).

We partition  into uniform square elements, and we perform the finite element method stated in (3.17),
with an additional term (g, divv,) in the right-hand side (3.17) to account for the consistency in the above
model with non-zero divergence. For the finite element spaces X, C (H}(Q))? and M, C H'(Q)/R of
velocity and pressure, we consider three cases:

Case 1. Equal-order bilinear elements (denoted by @)1 elements)

Case 2. Equal-order biquadratic elements (denoted by @2 elements)

Case 3. Unequal-order biquadratic-bilinear elements (denoted by Q2 — Q)1 elements)

In three cases, we employ the bilinear element for V;, C (H(€))? to define the involved bilinear finite
element solution solver Sp. A, from (2.6), and we use (3.20) to compute the first term of (3.17). The mesh-
dependent bilinear and linear forms %), and %, are chosen as (3.2) and (3.3). The theoretical results of the
error bounds are as follows:

[l = unlli +|lp = pallo < Ch([[ullier + ol M —unllo < CATH(lullirs + [1pl]1),

where [ = 1 and [ = 2 are theoretical convergence order, respectively corresponding to equal-order
elements and equal-order () elements or unequal-order Q2 — @)1 elements of velocity and pressure. Due
to the limitations of our Laptop computer’s power, we provide numerical results on a sequence of coarser
meshes. The computed results in L2 norm and H! norm are listed in Tables 1-6. We find that the computed
and the predicted are consistent. Equal-order and unequal-order elements work for velocity and pressure,
and, in particular, even if the H~' norm is computed only in the linear element space Vj,, when using
higher-order elements Q- for velocity and pressure, we obtain the predicted convergence.

Table 1: Equal-order )1 elements
Errors and convergence order in L? norms for velocity and pressure

1/h | ||lup —wuinllo  order  |lug —uapllo  order llp — prllo order
4 | 3.477980E-01 3.325297E-01 3.799489E4-00
8 | 2.423516E-01  0.52  2.385534E-01 0.48 2.995609E400 0.34
12 | 1.719798E-01 0.85 1.706970E-01  0.83  2.208155E+400 0.75
16 | 1.241632E-01 1.13 1.236360E-01 1.12 1.626164E400 1.06
20 | 9.212606E-02 1.34 9.187738E-02 1.33 1.223679E+00 1.27
24 | 7.035846E-02 1.48 7.022841E-02 1.47  9.452716E-01 1.42
28 | 5.517351E-02 1.58 5.509985E-02 1.57  7.485025E-01 1.51
32 | 4.427169E-02 1.65  4.422725E-02 1.65  6.056930E-01 1.59
36 | 3.622929E-02 1.70 3.620107E-02 1.70  4.993316E-01  1.64
40 | 3.014983E-02 1.74 3.013114E-02 1.74  4.182407E-01 1.68
44 | 2.545444E-02 1.78  2.544162E-02 1.78  3.551265E-01 1.72
48 | 2.175914E-02 1.80 2.175007E-02 1.80  3.051079E-01 1.75
52 | 1.880254E-02 1.83 1.879596E-02 1.82  2.648349E-01 1.77
56 | 1.640237E-02 1.84 1.639750E-02 1.84  2.319540E-01 1.79
60 | 1.442874E-02 1.86 1.442506E-02 1.86  2.047758E-01 1.81
64 | 1.278720E-02 1.87 1.278437E-02 1.87  1.820639E-01 1.82
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Table 2: Equal-order Q1 elements

Errors and convergence order in H' norms for velocity and pressure

1/h | J|jug —wiplls  order  |jug —usgplly  order lp = prll1 order
4 | 1.591977E+00 1.524381E+00 1.403737E+01
8 | 1.113779E+00 0.52  1.096775E4+00 0.48 1.042898E+01 0.43
12 | 7.950230E-01 0.83  7.892634E-01 0.81 7.602035E400 0.78
16 | 5.782950E-01  1.11  5.759270E-01  1.10 5.594013E+00 1.07
20 | 4.328143E-01 1.30 4.316983E-01 1.29  4.230709E+00 1.25
24 | 3.337075E-01  1.43  3.331248E-01  1.42  3.298303E+00 1.37
28 | 2.643488E-01  1.51  2.640195E-01  1.51 2.643626E+00 1.44
32 | 2.143727E-01  1.57  2.141746E-01  1.57 2.169811E+400 1.48
36 | 1.773616E-01  1.61  1.772361E-01 1.61 1.816890E+00 1.51
40 | 1.492722E-01 1.64 1.491894E-01 1.64 1.547216E4+00 1.53
44 | 1.274908E-01 1.66 1.274342E-01 1.65 1.336536E+4+00 1.54
48 | 1.102809E-01  1.67  1.102410E-01  1.67 1.168765E4+00 1.54
52 | 9.645765E-02  1.67  9.642885E-02  1.67 1.032933E+00 1.54
56 | 8.519314E-02  1.68  8.517189E-02  1.68  9.213590E-01  1.54
60 | 7.589567E-02  1.68  7.587969E-02  1.67  8.285424E-01  1.54
64 | 6.813399E-02  1.67 6.812178E-02  1.67  7.504583E-01  1.53
Table 3: Equal-order Q)2 elements
Errors and convergence order in L? norms for velocity and pressure

1/h | |lup —uinllo  order  |jug —uspllo  order Il — prllo order

4 | 1.816323E-02 — 1.615629E-02 — 2.298031E-01 —

8 | 1.559541E-03 3.54 1.536019E-03 3.39 4.340678E-02  2.40
12 | 4.050852E-04 3.32  4.055466E-04 3.28 1.511455E-02  2.60
16 | 1.501849E-04 3.45 1.508731E-04 3.44 7.028019E-03  2.66
20 | 6.863550E-05 3.51  6.900508E-05 3.51 3.935371E-03  2.60
24 | 3.603071E-05 3.53  3.622434E-05 3.53  2.484405E-03  2.52
28 | 2.086180E-05 3.54 2.096791E-05 3.55 1.701130E-03  2.46
32 | 1.299041E-05 3.55 1.305165E-05 3.55  1.234097E-03  2.40

Table 4: Equal-order Q5 elements
Errors and convergence order in H' norms for velocity and pressure
1/h | |lup —wuiplls  order  |lug —ugpll1  order llp — prll order

4 | 1.557982E-01 — 1.523290E-01 — 2.798491E4-00 —

8 | 2.865841E-02 244 2.862063E-02 2.41 1.109327E4+00 1.33
12 | 1.059827E-02 2.45 1.060124E-02 2.45  6.606824E-01  1.28
16 | 5.287807E-03 2.42  5.290716E-03 2.42  4.676084E-01  1.20
20 | 3.123207E-03 2.36  3.124905E-03 2.36  3.615504E-01  1.15
24 | 2.048378E-03  2.31  2.049358E-03  2.31 2.946316E-01 1.12
28 | 1.441736E-03  2.28  1.442326E-03  2.28 2.485808E-01 1.10
32 | 1.067474E-03  2.25 1.067845E-03 2.25  2.149591E-01  1.09
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Table 5: Unequal-order Q2 — 1 elements
Errors and convergence order in L2 norms for velocity and pressure

1/h | JJug —uipllo order  |lug —ugp|lo  order llp — prllo order
4 | 8.080257E-02 — 1.381396E-02 — 7.752562E-01 —
8 | 7.244889E-03 3.48 1.780281E-03 2.96 9.695358E-02  3.00
12 | 1.476571E-03  3.92  5.229798E-04  3.02  3.146412E-02  2.78
16 | 4.630260E-04 4.03 2.156166E-04 3.08 1.582979E-02  2.39
20 | 1.868489E-04 4.07 1.057930E-04 3.19 9.630225E-03  2.23
24 | 8.897097E-05  4.07 5.810773E-05 3.29 6.494196E-03  2.16
28 | 4.760877E-05 4.06 3.461162E-05 3.36 4.679310E-03 2.13
32 | 2.777557E-05  4.04  2.192604E-05 3.42  3.533364E-03  2.10

Table 6: Unequal-order Q2 — Q1 elements
Errors and convergence order in H! norms for velocity and pressure

1/h | |lur —wuiplly  order  |lug —ugn|ly  order lp = prll1 order
4 | 4.227891E-01 — 1.584266E-01 — 7.060317E4-00 —
8 | 4.883858E-02 3.11  3.030656E-02 2.39 3.365978E400  1.07
12 | 1.389177E-02  3.10 1.158630E-02  2.37  2.224405E400 1.02
16 | 6.182536E-03  2.81 5.808297E-03 2.40 1.661126E+4+00 1.01
20 | 3.461147E-03 2.60  3.399543E-03 2.40 1.325575E+00 1.01
24 | 2.206119E-03 247 2.202112E-03 2.38 1.102865E+00 1.01
28 | 1.526170E-03 2.39 1.531721E-03 2.36  9.442559E-01 1.01
32 | 1.117043E-03  2.34 1.122661E-03 2.33  8.255476E-01 1.01

7 Conclusion

In this paper we have proposed a new least-squares finite element method for Stokes equations, where the
discrete H~'-norm is used for measuring the residuals from the momentum equation of Stokes equations.
The main novelty and advantage is the computation of the H~! norm is always only in the linear element
space, whatever the finite element spaces of velocity and pressure are. Since the discrete H ~'-norm involves
only the linear element solution of Poisson Dirichlet problem, it can be realized cheaply and ‘offline’ or in
advance, before the solution procedure of Stokes equations. We have presented a theoretical analysis to give
a rigorous justification for this novelty and advantage, and optimal error bounds are shown to hold true,
even if the discrete H~!'-norm always lives in the linear element space. In addition, an ad hoc argument
is developed for the derivation of the optimal L2-norm error bounds for velocity. We have performed some
numerical experiments to illustrate the performance of the proposed method and to confirm the theoretical
results obtained.
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