DIFFERENTIABILITY OF THE L-SPECTRUM AND MULTIFRACTAL
DECOMPOSITION BY USING INFINITE GRAPH-DIRECTED IFSs

GUOTAI DENG AND SZE-MAN NGAI

ABSTRACT. By constructing an infinite graph-directed iterated iterated function system
associated with a finite iterated function system, we develop a new approach for proving the
differentiability of the L?-spectrum and establishing the multifractal formalism of certain
self-similar measures with overlaps, especially those defined by similitudes with different
contraction ratios. We apply our technique to a well-known class of self-similar measures of
generalized finite type.

1. INTRODUCTION

The idea and physical significance of multifractal measures have their origins in the work
of Mandelbrot [20] in the 1970’s. In the 1980’s physicists (see [8-10] and references therein)
proposed the so-called multifractal formalism, which allows one to obtain the dimension of
the multifractal components of the support of a measure by taking the Legendre transform

of its Li-spectrum.

Let © be a finite Borel measure on R™ with compact support. For ¢ € R, the Li-spectrum

of p is defined as
B . Jdog (sup X2, p(Bs(xi))?)
7(q) = 7.(q) := hélgéglf o , (1.1)

where the supremum is taken over all families of disjoint balls Bs(z;) of radius ¢ and center

z; € supp(p).

The Li-spectrum is one of the basic ingredients in studying multifractal phenomena.

Heuristically, if 7(g) is differentiable, then by varying ¢, one might be able to extract different
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multifractal components

N . log p(Bs(z
K@ .= {x € supp(p) : éligh % = a},

a=1"(q),
that dominate the sum ), u(Bs(x;))? in (1.1). More precisely, we say that the multifractal
formalism holds if the Legendre transform of 7(q), defined as 7*(«) := inf{qa—7(q) : ¢ € R},

equals the Hausdorff dimension of K(®, i.e.,

dimy K@ = 7*(a). (1.2)

It is well known that if p is a self-similar measure defined by an iterated function system
(IFS) of contractive similitudes {S;}}", satisfying the open set condition (OSC) [12], 7(q)
can be calculated by an explicit formula and is differentiable on R [1,3]. We refer the reader
to [1,3,7,15,25] for some further properties and results concerning the L?-spectrum and the

multifractal formalism.

We say that an IF'S has overlaps if it does not satisfy the open set condition. In this case,
it is much harder to obtain a formula for 7(¢) and it is not known whether the multifractal
formalism holds in general. Nevertheless, Lau and Ngai [15] proved that (1.2) holds if the
IF'S satisfies the weak separation condition (WSC) and o = 7'(q) where ¢ > 0. (WSC) is
strictly weaker than (OSC) and is satisfied by many interesting IFSs with overlaps. Feng
and Lau [7] proved that for IFSs of contractive similitudes satisfying (WSC) there exists
an open ball such that the Li-spectrum obtained by restricting the measure to it behaves
more nicely, and using this they proved the multifractal formalism for the original measure
in the range ¢ > 0. It is also worth mentioning that Feng [6] showed, without assuming any
separation condition, that if o = 7/(¢) is differentiable at some ¢ > 1, then the multifractal

formalism holds for the corresponding «.

For iterated function systems with overlaps, the differentiability of 7(¢) remains an inter-
esting and largely unsolved problem. Lau and Ngai showed that for the infinite Bernoulli
convolution associated with the golden ratio [14] and a class of convolutions of the Cantor
measure [16], 7(q) is differentiable in the region ¢ > 0. Feng [5] showed that for a class of
Pisot numbers, 7(q) is differentiable for all ¢ € R. The existence of a nondifferentiable point
qo < 0 was proved for the infinite Bernoulli convolution associated by the golden ratio by
Feng [5] and for the three-fold convolution of the Cantor measure by Lau and Wang [18].
Feng [4] proved that for equicontractive IFSs on R satisfying the finite type condition [23],
7(q) is differentiable on (0, c0).
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In this paper we study the differentiability of 7(q) for IFSs with overlaps without assuming
that the contraction ratios of the IFSs maps are the same. We will assume the generalized
finite type condition [13,17]. Our basic idea is to convert a finite IF'S into an infinite graph-
directed iterated function system (GIFS).

Consider the following multifractal decomposition problem. Let (V, E, M, P) be a GIFS
and assume that there exists a unique family of graph-directed sets (also called the at-
tractor) K = (K,)uey and a unique family of graph-directed measures p = (py)uey (see
Theorem 2.1), where P is a transition probability matrix and M is the associated M-matrix;
see Section 2 for more details about GIFSs. Let Bs(x) be the ball in R™ with center x and
radius 0, E2° be the set of all infinite paths associated to the graph (V. E), and p(e|k) be
the weight associated to the prefix e|k of the infinite path e (see definitions in Section 2).

Define | B
KI(LCM) = {1‘ e Ku : hm M — Oé}’
50+ log &

R 1 k
K= e B s tim B _ )
k—oo log r(elk)
Let B(q, 7, P) = (byy) be the corresponding weighted incidence matriz with

buo = bun(q,7) = Y _ p(e)r(e) ™" (1.4)

eEEuv

(1.3)

For each ¢, let 7(q) be the unique number such that the spectral radius of B(q, 7(q), P) is 1.
Clearly, this defines a differentiable function 7 when the vertex set V' is finite. If V' is finite
and (OSC) holds, Edgar and Mauldin [3] obtained the multifractal formula

dimy 7, (K(®) = dimp m,(K®) = 7*(«),

where dimp F' denotes the packing dimension of a set F' C R" and 7, is the natural projection

from E;° onto K,.

In contrast to [3], we will consider GIFSs (V, E, M, P) with V' being countably infinite.
The following is one of our main results. We refer the reader to Section 3 for the definitions
of the matrix B(q,7(q), P), the degree deg(V') of V', and the positive separation condition.

Let v' denote the transpose of a finite or infinite vector v.

Theorem 1.1. Let (V,E, M, P) be an infinite GIFS that has a unique attractor K =
(Ky)l ey and a unique family of graph-directed measures pp = (pu,)!,cy, . Assume that deg(V') <
o0, B := B(q,7(q), P) is primitive, and (OSC) holds. Let x' = (zy)uev and'y = (yu)' ey
be positive 1-invariant measure and vector of B, respectively, with x'y < oo. Assume, in

addition, that the following conditions hold:
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(1) the functions 7, X', y, and x'y are differentiable;
(3) for all q, 0 < inf, {y,} <sup,{y.} < 0.

Then for all u € V,
dimy 7, (K = dimp 7, (K)) = ().

Moreover, if (OSC) is replaced by the positive separation condition, then the above dimension

formula also holds when WU(KSQ)) is replaced by K, i.e.,

fla) =7%(@).

We will apply this theorem to the following class of IFSs with overlaps:
Si(z) = riz, So(z) = rex + 11 (1 — 19), Ss(x) =1 + 1 — 19, (1.5)
where the contraction ratios 71,7 € (0, 1) satisfy
r1+2rg —riry < 1, (1.6)

i.e., So(1) < S5(0). Let K be the corresponding self-similar set (see Figure 1).

RN

FIGURE 1. The first iteration of {S;}7_;. The figure is drawn with r; = 1/3
and o = 1/5.

This well-known class of IFSs appeared in the work of [13,17,19]. The IFSs satisfy the
generalized finite type condition but is not of finite type in the sense of [23], because the
contraction ratios are not necessarily exponentially commensurable. The dimension of the
self-similar set has been investigated in [13,17,19] using various methods; it is the unique

number d satisfying
r{ 4 2rd — (rirp)? = 1.
One of our main objectives is to prove the differentiability of 7(¢). As the contraction ratios

of the IFS maps are not equal, previous techniques such as those in [4,5,16] cannot be

applied. This is in fact a main motivation of this paper.
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Let p be the self-similar measure defined by an IFS in (1.5) and a probability vector
(p17p27p3)- Define

1 B
K®={zreK: lim M
5—0+ log ¢

= a}, a € [0,00). (1.7)

From the structure of the self-similar set K, we will construct an infinite GIFS (V, E, M, P)
such that K, p are the first components of the attractor K and the family of graph-directed
measures p respectively. This infinite GIFS defines a unique 7(g). Concerning this 7(q) we

have the following result.

Theorem 1.2. Let u be the self-similar measure defined by the IFS (1.5) with probability
weights p1, pe, ps. Assume that (1.6) holds. If ps > ps or ¢ > 0, then 7(q) is differentiable
and

dimy K@ = dimp K@ = ga — 7(q).

In the case py < ps, it is likely that 7(¢) may have a nondifferentiable point in the region

q < 0. See Section 9 for additional discussions.

As a consequence of Theorem 1.2 and [11,22], we have

Corollary 1.3. Assume the same hypotheses of Theorem 1.2. Then 7(q) = 7(q) if ¢ > 0.

Moreover,
dimpg (u) = 7'(1).

As the proof of Theorem 1.2 is long and complicated, we outline the main steps here. A key
in the proof is to show the differentiability of 7(¢). First, we use quasi-extension and quasi-
truncation techniques to define a sequence of infinite GIFSs (V, E, M, P,) which converges
to (V, E, M, P) in some sense. Each of these infinite GIFSs defines a differentiable function
7n(q). Second, for a fixed ¢, we use the boundedness of {7,,(¢)} to choose a subsequence 7,, (q)
that converges to 7(q). Let xflk,ynk be the 1-invariant measure and 1-invariant vector of the
incidence matrix By, (¢,7) = B(q, 7, (q), Py,) of (V,E, M, P,,). By showing that x|, ,yn,
converge to x',y, the l-invariant measure and 1-invariant vector of B(q, 7, P) respectively,
we conclude that the spectral radius of B(q,7(q)) is 1. This implies, by the monotonicity
of p(B(q,7, P)) as a function of 7, that 7,,(¢) converges to 7(¢). Third, we use the implicit

function theorem to obtain the differentiability of 7(¢). Finally, we show that x'y < oo and

d d
d—q(X y) = Z d—q(arkyk)-

k>1
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Now all the conditions in Theorem 1.1 are satisfied, and the conclusion follows.

This paper is organized as follows. In Section 2, we recall the definition of an M-matrix
and introduce infinite GIFSs. In Section 3, we present the proof of Theorem 1.1. The
definitions of quasi-extension and quasi-truncation are stated in Section 4. We also define a
sequence of infinite GIFSs induced by any IFS of generalized finite type in the family (1.5).
We prove the convergence of 7,,(¢) in Section 5 and the differentiability of the limit function
7(q) = lim,,_,o0 7(q) in Section 6. The proof of Theorem 1.2 is given in Section 7. Finally,

we state some comments in Section 9.

2. M-MATRICES AND GIFSs

Let us first recall the definition of an AM-matrix and refer the reader to [13] for more
details. An M -matriz is a matrix each of its entries is a collection of mappings on R". We
use M = NM(m) (m is finite or o) to denote the collection of all m x m M-matrices. For
M € M, let M? be the M-matrix whose (i,7) entry is (J,-, MixMy;, where the product of
two sets of mappings ® and WV is defined by

OV :={poh: pe b e U}

If ¢ = (), we define ¢ o) = 1) o p = (). Inductively, we can define MF* for all k£ > 1.

For a set of mappings ® and a subset F' C R", define ®(F") := Ugoe<1> ©(F), where if ¢ = (),
we define p(F) := 0. Let M € 9(m) be an M-matrix, where m is finite or oo, and let

F = (F, F,,...)" be a vector of sets with m components, where F; C R™. Denote

MF = (CJMU(FJ-), 6 Mo (), .. .)t.

Let G = (V, E) be a directed graph with a finite or countably infinite vertex set V' and
edge set E. To each vertex v, we associate a metric space X,. Throughout this paper, we
assume X, = R". Let E,, be the set of all edges from u to v. For e = (u,v) € E,,, we
let t(e) := u and k(e) := v denote the initial and terminal vertices of e, respectively. Let
E., = U,ey Euw be the set of all edges with initial vertex . Then E = (J, E,. To avoid
redundancy, we assume FE, # () for any u € V. We call € = e - - - e a path with length k,
and denote its length by |e|, if the terminal vertex of each edge e; (1 <i < k — 1) equals the
initial vertex of the edge e;,;. Infinite paths are defined similarly. We denote by EX  the set
of all paths of length k from vertex u to vertex v. Let Ej, := ;5o EL,, where E), = {0}
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and let

Ef=|]JEN, EY=|JEN, E=|JE, E=[JE"

veV ucV k>0 k>0

Let E;° be the set of all infinite paths which begin at u and E* := (J ., £5° be the set of
all infinite paths. We say that a graph G = (V| E) is strongly connected if for any u,v € V,
there is a path from u to v. For e € E"|JE>® and k < n, let e|k := ¢, ---¢;. For e € EF,

define the cylinder with prefix e as [e] .= {e/ € E* : €|k = e}.

To each edge e € E,,,, we associate a weight p(e) and a contractive similitude S, : X, — X,
with contraction ratio r(e) € (0,1). This defines an M-matrix M := (M,,) with M,, =
{S.: e € Ey,} and a matrix P = (p(e)). For each e = ¢, - - - ¢, € E¥, use the notation

p(e) :=pler)---pler),  Se:=9¢ 005,  ue)=1ue),  r(e):=rlex).

If p(e) € (0,1) for all e € E, and the weights of all edges leaving a given vertex u sum to
1, namely,
DY ple)=1, (2.1)
veV e€Byy
we call p(e) is a transition probability and P a probability matriz. Unless stated otherwise,
we always assume that P is a probability matrix. We remark that M is indexed by the
vertices u € V', while P is indexed by the edges e € E. If the cardinality of the F,, does not
exceed 1, then P is also indexed by u € V; this is indeed the case when we study the family
of IFSs in (1.5). We call (V, E, M), or more broadly, (V, E, M, P) a graph-directed iterated
function system (GIFS). If V' is countably infinite, we also call (V, E, M) an infinite GIFS.

If there exists a finite or countably infinite sequence of nonempty compact sets K =
(Ku)! ey such that MK = K, namely

K= | S(K.), ueV, (2.2)

veEV e€Eyy
we call K a family of graph-directed sets (or an attractor). We remark that an attractor
need not exist, and even if one exists, it may not be unique. In fact, if we let V"= {1,2,...},
assume that for each n € V, there is exactly one edge from n to n+1, and define f,(x) := z/2

for all e € E, then K is not unique since K7 can be any nonempty compact set.

Definition 2.1. We say that a finite or infinite GIFS (V, E, M) that has a unique attractor
K = (K,)! ¢y satisfies
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(a) the open set condition (OSC) if there exists a sequence of nonempty bounded open
sets {U, : w €V} such that
(1) for eachu € V, U,ey Ueep,, Se(Uy) C Uy, and
(2) Se(Uy) N Ser(Uy) =0 for alle € Eyy and € € By with e # €;

(b) the strong separation condition (SSC) if, for any u € V', the union on the right side
of (2.2) is disjoint;

(c) the positive separation condition (PSC) if

d(V) := inf inf {d(Se(Kv), Se(Ky)): e#¢€,e € Ey, e € Ey,v,0" € V} > 0,

where d(X,Y) :=inf{|z —y| : * € X,y € Y} denotes the distance between two sets
X,Y CR".

We remark that (PSC) is stronger than (SSC) in general. However, they are equivalent if
V' is finite.

For an attractor K and a probability matrix P = (p(e)), we define a vector probability
measure g supported on K as follows. For each u € V', (2.1) implies that there exists a

unique Borel probability measure fi,, supported on F;° such that

f([e]) = p(e) = pler)---pler), e=e e €k, k>0

-1
u

Now we let u, = fi, o7, , where 7, : E2° — K, is the natural surjection, i.e., for each

infinite path e € E°, m,(e) is the unique element in the intersection

() Sett (Eeelr))-
K

Finally, let p := (p,)!cy and call it the family of graph-directed measures.

Let deg(u) := #FE, be the number of edges starting from the vertex u, and define the
degree of V' as

deg(V) := supdeg(u).
In order to prove the existence and uniqueness of the attractor K of (V, E, M), we assume
that
deg(V) < oc. (2.3)

Similar to the proof of the existence and uniqueness of self-similar sets and measures, we

have
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Theorem 2.1. Let (V, E, M, P) be a GIFS with G = (V, E) being strongly connected. As-
sume

(1) deg(V) < oo,
(2) {S(0):S € My,u,v € E} is a bounded set;
(3) there exists a positive constant C' < 1 such that sup{r(e) :e € E} < C.

Then there eixst a unique attractor K and a unique family of graph-directed measures .

The theorem follows from Banach’s fixed point theorem. Condition (1) allows one to use

the fact that a finite union of compact sets is compact. We omit the details.

3. PROOF OF THEOREM 1.1

Let (V,E, M, P) be a GIFS with a unique attractor K = (K,)!.,, a unique family of
graph-directed measures g = (f1,,)%,cy,, and a primitive probability matrix P. Throughout

this section, we assume that condition (2.3) holds.

For any o € R and u € V, let K and K be defined as in (1.3). We point out that
K\ = Wu(f(éa)) if (PSC) holds. Let B(q,7) = B(q, 7, P) denote the matrix whose (u,v)
entry is given by (1.4), and let p(B(q, 7)) denote the spectral radius of B(q, 7).

Define the norm of a matrix A = (a,,) as

|Al| := sup Z |- (3.1)

v€FEyu
Let B(£>, £>°) be the space of all bounded linear operators on . For any A € B((>, (), A

is well-defined for any k& > 1. Note that the operator norm of A € B({>°, () coincides with
the norm defined in (3.1). We also recall that the spectral radius of a matrix A € B(£>, (>)

can be computed by
p(A) = lim [ Y|, (3.2)
k—o0

We need two mild conditions.
(i) The contraction ratios have a common positive lower bound and a common upper
bound less than 1, i.e.,
ring :=1inf {r(e): e € E} >0, Teup :=sup {r(e) : e€ B} < 1. (3.3)

(ii) B(q, ) is an operator from > to ¢>°. If ry,¢ > 0, this is equivalent to B(q, 0) having
a finite norm which is defined by (3.1).
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By the assumptions By = y and inf,y, > 0 of Theorem 1.1, condition (ii) holds when
7 = 7(q). Condition (i) is used to ensure the differentiability of x*,y,x"y, 7 and the existence

of the attractor K.

The following proposition shows that these conditions imply that the spectral radius

p(B(q, 7)) is also a continuous function of 7, as when B(g, 7) is a finite matrix.

Proposition 3.1. Assume that conditions (i) and (ii) above hold. For a given q, if B(q,0)
has a finite norm, then p,(7) = p(B(q,T)) is a continuous function of 7, which is strictly

INCTeasing; moreover,

Pg(—00) := _lim py(7) =0, Pq(00) := lim py(7) = oo.

T——00 T—00

Proof. As B(q,0) has a finite norm and ry,; > 0, for any 7, B(q,7) also has a finite norm.

Hence

po(7) = lim || B(q, 7)"[|"*

is well-defined. For any h > 0,

po(f+h) = ,}LI{}OHB(%%M)’“II”'“

= lggo <SUPZ Z p(e +h>1/k

v ecEk,
A 1/k
< (T ¥ o)
v e€Ek,

= Ti;?pq(%)-

Similarly, p,(7+h) > Suppq( 7) > py(7) for any h < 0. This proves that p, is strict increasing

and continuous.

Owing again to the fact that B(q,0) has a finite norm, p(e)?r(e)~" converges uniformly to
zero as 7 — —o0. 30 B(q, —00) := lims_,_, B(q,7) is the zero matrix and hence p,(—o0) =
0. Since P is primitive by our assumption, we assume, without loss of generality, that E,,
is not empty. Choose e € F,,. Then

pa(00) = lim lim ||B(q,7)¥||"* > lim p(e)?r(e)™" = oo. O
T—00 k—o0 7F—ro0
Assume the hypotheses of Proposition 3.1, then for all ¢ € R, there is a unique number 7

such that B(q,7) has spectral radius 1. This defines a function 7p(¢), also denoted by 7(q)
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or 7. Notice that p,, (7) > pg,(7) if ¢1 < go. This implies that 7(g) is increasing with respect

to ¢. We now give the proof of Theorem 1.1 under the condition 7(q) is differentiable.

For any vector y = (y1, 42, ... ), we let
Yinf \= lnf Yi and Ysup := Sup Yi.
Also, for any FF C R" s > 0, and € > 0, let

PI(F): =sup { Z(?ri)s : {B,,(z;)} is a countable collection of disjoint

)

balls with centers x; € F' and radius r; < 5}.

Proof of Theorem 1.1. The proof is similar to that of [3, Theorem 1.6]; we only give a sketch.
Let a = a(q) := 7'(¢). We normalize x* and y so that Y, =, = 1 and ) z,y, = 1 for
all ¢. Conditions (1) and (2) imply that the series x'y = > wx,y, is differentiable and
differentiable termwise. Denote S := x'y = x'By = > > > . z,p(e)ir(e) "Dy,
which is also differentiable termwise since the cardinality of {¢ € E,, : v € V} has a
common upper bound, a consequence of the assumption deg(V') < co. Differentiating S = 1

and solving for 7/(q) yields

v ZeGEuv (l’up<€)q7’(€)_%('nyv) logp(e)
> ecr,, (Tup(e)tr(e) @y, ) logr(e)
For e € E,,, define p(e) := y; 'p(e)ir(e) " @y,. For e =e;---¢, € EF, with t(e;) = v; and

k(e;) = viy1, define the measure of the cylinder [e] by

k k
i (e]) = [ T bles) = [T v e r(en) ™ Pyuns, =y "ple)r(e) Wy,
=1 =1

Using a similar argument as [3, Lemma 4.1], and using Lemma 4.1 instead of [26, Theorems
4.1, 4.2] for a countable Markov chain, it can be shown that ﬂ&q)(fﬂsa)) = 1; we omit the
details.

First, we compute the upper packing dimension of WU(IA(Q(LQ)). By virtue of condition (3.3),
packing dimension can be computed as in the case of a finite GIFS. For each integer k > 1

and each § > 0, define

1 k )
{eGE:: ng(e‘)ga—l——}, q >0,

5 — 40 (q, 6) = log r(e[k) q
“ “ {eeE*'logp(e|k)>a+§} q<0
¢ logr(elk) = ¢/ '
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Denote
R = R(0,5):= (55, KM = K (a,8) = m K.
k>N
Then K € Uysy K& and K € Uys, K&V Fix N € N and fix ¢ > 0 small enough
so that r(e) > ¢ for all e € EY. Let B.,(z;) be a countable disjoint collection of balls with

(N)

centers x; € Ky ’ and radii ¢; < . Let e; satisfy m,(e;) = x; and choose k; € N such that

r(e;lk;) < &; < r(e;|(k; — 1)). The choice of  implies e; € 5" and hence
pleilk)r(e;|k;) 7@ > r(e;|k;)e @,
which holds for all ¢ € R. Since ¢; < r(e;|k;)/Tint,

Z(rinfei)%*(a)ﬁ < Zr(eﬂki)%*(a)w < Zp(eﬂki)qr(eilki)—f(q)

7 %

< up (k) < .

Yinf Yint

where the last inequality holds since the cylinders [e;|k;] are disjoint and ﬂ&”(f(ﬁa)) =1. So
Pﬁ*(“)”(K,EN)) < C(2/rine) @F0 where O := Vsup/Yine- This, together with the arbitrari-
ness of §, implies that the packing dimension of Wu(f(ff)) is bounded above by 7*(«).

Next, we prove the desired lower bound for the Hausdorff dimension of 7Tu(K ) We take
a Borel set F C R" such that 2a := i )(ﬂ'ulF) > 0. Define

1

) ) log r(elk
S =5 (a,0) = {ee \(F) 1o§pée=k; 0 }oa<o
71' “Ty .
logr(elk) =" " gJ7 1

Denote KV = ﬂkZNS’qSk) and KV := Wu(Ku ) Choose N large enough so that ﬂSLQ)(}Aﬂ(LN)) >
a, and take € > 0 small enough such that ¢ < r(e) for all e € EYN. Let {4;} be any countable
cover of F' with diamA; < e. For each A;, let

H;, = {e € £ r(e) < diamA4; < ?"(e“e] — 1), mu(fe]) N AN Fﬂwu ) £ (Z)}

Then [e1] N [ex] = 0 for any distinct er, ey € H;. Denote H := |J, H;. Then {[e] : e € H}

(N)

forms a cover of K. Now for each e € H , we see that

ple)?r(e) " < r(e) ),
which holds for all ¢ € R. This implies

0 < (KM) < 370 ([e]) < T N7 r(e)” @70 < 3 (diam A

ecH Yint ecH
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The last inequality can be obtained from [21, Lemma V]. It follows that dimy 7, '(F) >
#(a). Hence dimy 7, (K) > #*(a).

When (PSC) holds, K = ﬂu(KfLa)), and this completes the proof of the theorem. O

4. INFINITE MATRICES AND SELF-SIMILAR SETS

4.1. Infinite matrices. Let A = (a;;) be a non-negative infinite matrix. We assume that
A € B(£>, (), the space of all bounded linear operators on ¢*°, and consequently A* is
well-defined for any £ > 1. Note that the operator norm of A coincides with the one defined

in (3.1). Denote the maximal real eigenvalue of A, if it exists, by A(A). It is well known that
A(A) < p(A).

We denote the (i, j) entry of the infinite matrix A* by agf). If for each pair (i,7), there
(k)
ij
those k for which az(f )'> 0. An irreducible matrix A is said to be primitive if d; = 1 for some

exists k such that a;.” > 0, we call A irreducible. Let d; be the greatest common divisor of

(and hence all) 1.

Let 8 > 0. A non-negative row vector x' # 0 is called a S-invariant measure if fx'A = x'.

A non-negative column vector y # 0 is called a S-invariant vector if fAy =y.

The following lemma is a combination of Theorems 5.5 and 6.4 in [26].

Lemma 4.1 (General Ergodic Theorem). Let A = (a;;) be a primitive (row) stochastic
matriz, i.€e., Z;’il a;; = 1 for eachi. Suppose X' is a 1-invariant measure andy a l-invariant

vector of A. If
x'y = Z%% < o0,
i=1
then for each 7,

. k —
lim a§~) =c oy,
k—oo

where ¢ =Y o, ©n. Thus ¢™'x" is the unique stationary distribution of A.
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Let us introduce some “extensions” of vectors and matrices; they will play a key role in

our theory. Let B, be an n x n matrix and B be an infinite matrix defined as
B by

> Bll b1 . b2 bn,n—l—l
B, = <b2 bnn;n) and B= p, Dt 1o , (4.1)

where b, € R and the undisplayed entries are zero. We denote the (i, j) entry of B, by
bij., and that of B by b;;. We call B,, the n-th quasi-truncation of B if bunin = bpnt1 and
B the quasi-extension of B, if baot; = ba, butjntjt1 = bnny for any j > 0. If B, is the
n-th quasi-truncation of B and B, is the quasi-extension of B,,, we call B,, the extended n-th

quasi-truncation of B.

For a column vector ¥, = (y1,...,9n)", we call y = (Y1, -, Yns Yns Yn, - - )" the column

extension of y,. For a row vector X!, = (z1,...,z,)" and a number ¢ € [0,1), we call

Xt(C) = (Cl? T 7C”*17 (1 - C)Im (1 - C)me (1 - C>C2xm < )

the row extension of X! with respect to (. Note that

[e.e]

Z(l — Oy = 2 and x'y < o0.

k=0
It is clear that for any X!, and y,, the extensions x* and y belong to ¢*.

The following three lemmas provide some information on the spectral radius of an infinite

matrix. Lemma 4.4 will play a key role in defining 7(q).

Lemma 4.2. Let A € B({>°,(>*) be a nonnegative infinite matriz and assume that there
exists a I-invariant vector y = (y1,ya,...)" of A satisfying 0 < Yint < Ysup < 00. Then
p(4) = 1.

Proof. Let ¢ := ygup/ ¥t < 00. Since A¥y =y for any k, we have

(k)
e @Y .
14 = sup 3 o) < sup 2L _ g B o
i = i Yinf i Yinf
It follows that ||A*||'/* < ¢/ — 1 as k — co. An similar argument yields ||A*[|'/* >
c Yk — 1 as k — co. Hence p(A) =1 by (3.2). O

Lemma 4.3. Let B = (b;;) be a non-negative infinite matric as in (4.1) with {b,2}, {bnnt1}
being positive for any n > 2 and b;; = 0 for other i,j. Denote

s = inf{b,o: n > 2} and t:=1inf{b, i1 : n > 2}
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Then s+t < p(B).

Proof. By using induction, we see that the sum of the second row of B* is no less than

(s +t)*, which implies p(B) > s + t. O

FIGURE 2. Figure for Lemma 4.4 for the case n = 3. The left one is for (V, E)
and the right one is for (V, E).

Lemma 4.4. Let B, be a finite irreducible non-negative matriz with a positive invariant

measure and B, be its quasi-extension. Then

p(Bn) = A(Bn) = A\(B,). (4.2)

Furthermore, if \(B,) = 1, X!, > 0 is a corresponding positive 1-invariant measure, by, > 0,

and x" is the row extension of X!, with respect to ¢ = byp.p, then

x'B,, = x'.

Proof. Since B, is a finite irreducible matrix, A = A\(B,) is the unique maximal eigenvalue,
which is positive by the Perron-Frobenius theorem. Let y, = (1,92,...,¥,)" be a positive
A-eigenvector and y be its column extension. Then by definition, B,y = Ay, i.e., A is a

positive eigenvalue of B,.

Next, we show p(B,,) = p(B,). We regard B,, and B, as two weighted incidence matrices
(not necessarily stochastic) for two directed graphs G' = (V, E) and G = (V, E) respectively,
with V,V C N (see Figure 2). For @ := &, ---¢; € E*, denote bg,, := H§:1 be;m- Similarly,
we define b for e € E*. Forue V and v € V, let

Au(k) == b and  Ay(k) =) ben, (4.3)
ecEk eckk

where we define A,(0) := A,(0) := 1. Define a map ¢ from V onto V as:
v, ifv<n,
p(v) = if v >n.
This map induces a surjection, also denoted by ¢, from E* onto E*. The definition of B,

implies that be = by(e)m-
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Claim: For u < n, the map ¢ is a bijection from E onto E? .

To prove the claim, note that for w,v > n, b,, > 0 if and only if (u,v) = (p,p+ 1) for

some p > n. This implies the following:

Observation 1: For each k > 1, there exists a unique path in E* that does not pass through
any vertex v if v < n, but passes through the vertices n,n +1,....,n+ k — 1 in the given
order. (See Figure 2.)

Let e =e;---¢, and £ = fi --- fr. be two paths in E satisfying ¢(e) = ¢(f). Let v;, u; be
the i-th vertex in the paths e, f, respectively. We will show u; = v; for each ¢, which implies
¢ is bijective. Fix i € {1,...,k}. By the definition of ¢, we see v; = u; if v; < n or u; < n.
When v; > n (and hence u; > n), denote

co :=min{j: v, >n,j <p<i}, ¢ r=max{j: v, >n,i <p<j}

do :=min{j : u, > n,j <p <i}, di :=max{j: u, >n,i <p<j}
It follows from u < n that c¢g,dy > 2. The definition of ¢ again yields ¢; = d;, « = 0,1. Then
from Observation 1, we know v; = u; = n+c¢; — ¢g for ¢g < j < ¢;. Hence, v; = u;, which

completes the proof of the claim.

From the claim above and (4.3), we know for each u < n,
Au(k) = A, (k) for all k > 1. (4.4)

On the other hand, by the definition of A, (k) and Observation 1,

Aua(k+1) = >0 3" beA(k)= Y D beAy(k) + buoruAu(k)

veEV e€Ey_1,v 1<v<ne€By—1,v
= ) burwAg(k) + buruAu(k), u>n. (4.5)
1<v<n

The first equality holds by the definition of A, (k). The second one holds since the vertex set
V' is divided into two parts, one satisfying v < n and the other satisfying v > n; however,
the second part contains a unique vertex u by Observation 1 since u > n. Rewriting (4.5)
gives

Au(k)—bu11u<Au (k1) = 3 b A ) w>n. (4.6)

1<v<n

Applying the above argument to (V, E) and B, yields
A, (/{;)_bnllnn(An k1) = D burem Ay ) (4.7)

1<v<n
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Substituting v = n into (4.6) and comparing it with (4.7), we conclude from (4.4) and the
equality b,,—1 n.n = bn—1, that

Au(K) = A (h). (1)
The definition of A,(k + 1) yields
n(E 1) = b Ay(k) + by An (k). (4.9)
1<v<n

Now we compare (4.9) with (4.5) with u substituted by n + 1, i.e.,

a(k+1) =" by Ay(k) + by Anga (k).
1<v<n
Note that we have b,y = bny for v < 0, bppn = bpni1, and A, (k) = A, (k) for v < n. It
follows that A, (k) = A, (k). Using (4.6) and induction, we get

Au(k) = A,(k), u>n. (4.10)

Notice that [|Bf|| = sup,ey .5 bk = sup,cy Au(k) and ||B¥|| = sup,cy Au(k). By
combining (4.4), (4.8), and (4.10), we get ||BF|| = ||B¥|| for all k¥ > 1. Thus by (3.2),

p(B,) = p(B,). Finally, (4.2) follows from the fact that the spectral radius of a finite

non-negative matrix is equal to its maximal real eigenvalue.

Now suppose X!, = [z1, ..., z,]" is a positive l-invariant measure of B,,. Then ¢ := b,.,, €
0,1), as A(B,) = 1. Denote the j-th component of x' by z;. By the definition of x', z; = x;
for j < nand z; = (1 — ()¢ "z, for j > n. Notice that ijo Zn+; = T,,. Hence by using
the definitions of B, and B,,, we get

( n—1 n
szb2jn+zzn+z njn inbij;n:xj = Zj, if 1 S] <n,
o] >0 =1
Z?«’isz = Zj—lbj—l,j =(1- C)CJ n= lxnbmm =(1- C)Cj_”xn =z;, if j>mn,
inbij;n — ijnn;n = .%J(l — bjj;n) = Zj, lfj = nNn.
\ =1
These equalities yield x!B,, = x?, which completes the proof. O

Remark 4.5. Under the same conditions as in Lemma 4.4, the invariant measure x' is

positive if by p., > 0.
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4.2. An infinite GIFS induced by an IFS with overlaps. Let {S;(z) = 7,0,z + d;}}¥,
be an IFS of contractive similitudes, where r; € (0,1), O; is an orthogonal matrix and

d; € R™. Then there exists a unique nonempty compact set K satisfying

K = JSi(K).

We call K the self-similar set generated by the IFS. For a probability vector (pi,...,pn)
(i.e., ZZ]\LI pi = 1 and p; > 0 for all 7), there is a unique probability measure pu, called a

self-similar measure, such that
N
MZZP¢M0551~ (4.11)
i=1
Moreover, the support of u is K. For a € [0,00), let K(® be defined as in (1.7).

Now we consider the special IFS {S;}3_, given as in (1.5) with contraction ratios satisfying
(1.6). Let p be the self-similar measure with respect to the probability vector (py, pa, p3). To

avoid confusion, we denote, in the rest of this section,

Se =051, Spi=28, Sc:=053 Ppa=pi, Pp:=p2, DPei=p3, 23:={ab,c}.

We list some properties of K and p. They are based on the structure of K and will play

a key role in the construction of a desired infinite GIF'S. Let v; := 1 and

n—2
vn::1+&(1+&+---+<&> ) n>2. (4.12)
Do Py Py
Denote p1,1 := pe, p12 := 1 — p, and
a1 = 22, m2:1_§i—ﬂ%ik pmﬁﬂzpﬁwﬂ n>2. (4.13)

Then P = (p;;) is a primitive infinite stochastic matrix if we set all other p;; := 0. Let
Q1=K and Q= Sy (S(K)| JSy(K)) forn>2
(see Figure 3). Then Q1 = Q2J S.(Q1) and Q11 = Sp(Q) for all n > 2. Also, by using

these relations and the equality S,. = Sp,, we conclude by induction that

Qn = Sy—24(Q2) | Quir | Spr-16(Q1)  for m > 2, (4.14)

Lemma 4.6. Using the notation above, we have u(Q,,) = p’;_lvn foralln > 1. Consequently,

pSpdQ) _ plSian(@) _ p(Que) (.15

M(Qn) = DPn,1, N(Qn> = DPn,2, ,U(Qn> — Pnn+1-
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0 O I

FIGURE 3. The first 4 intervals containing {Q,}, drawn with r, = 37! and
9 = 2/7

Proof. Since v; = 1 and p, > 0, u(Q1) = pu(K) = 1. Forn > 2, welet I, ; :== {y € X5 ':
Sy (K)NQ, # 0}. Then

L1 = {ac" 2 bac"®, ..., b" *ac, b" 2a, b" '},
Clearly, S;1(Qn) N K = K for each v € I,_1. As Qpn = Syn—24(K) | Spn-1 (K),

S,y_l(Sbn—Za(K)) - K, lf S»y - Sbn—2a,

-1
S’Y (@n) 2 {Svl(sbnl(K)) =K, if Sy = Spn-1.

Therefore, by the definition of v,

mQn) = D Pyl H(Qn))

"/Gln71
= (Papl ™+ pepall 4+ + DY Pape + D0+ 0y ) 1K)

n—1
= pb Un -

Now we show (4.15). The third term follows directly from the equality u(Q,) = p;~ v,
and the definition of p,, 41 in (4.13). Notice that there is only one index v € X% satisfying
S, (K) N Syn-16(Q1) # 0. So, p(Syn-1(Q1)) = py 'pe. This, together with the definition of
Pn.1, yields the first equality in (4.15). Finally, since the union on the right side of (4.14) is
disjoint, and p,, 1 + pn2 + Ppnt1 = 1, we get

#(Sh—24(Q2)) o p(Qni1) + p(Spr-10(Q1)) o B i
M(Qn) =1 /L(Qn) 1 Pnnt1 = Pni Pn2-

This completes the proof. O

Lemma 4.7. Let 0 € ¥5.
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K
SQ(KQ) 53(K1>

K,
Ss(Ks) Sy(K3) S3(K1)
Ks S5(Ks) Sy (Ky) S3(K71)
K 52 (K) S, (1) Sy(K)

FIGURE 4. The sets K;,i = 1,2,3,4, where S5 := S, 5, 5,.

(a) For any p-measurable set F' C Qs,
(00 (@2))(F) _ 11(Spa(@2))1(F)

(¢ R T (4.16)
(b) For any p-measurable set F' C Qq,
(Sun (7)) = PO QDD s, Q). (4.17)

(@)
where 0" = bc or §' = cc. Furthermore, (4.17) also holds if 06" = c.

Proof. (a) Assume |[0] = n and let FF C Qq. Let J, 1y := {y € 257 : S (K) N Spa(Q2) #
0}. Then it follows from the structure of K that |, ., S,(K) = Spu(K). Notice that
Sga(Qg) C Sg( ) So

WSn(F)) Do (ST S0(F)) ()
1(S6a(Q2)) a nyEJ,,Hrl pvﬂ(s;lsea(QQ)) N 1(Q2)

We get (4.16).

(b) A similar argument yields (4.17). The last conclusion is clear since S.(K) does not

intersect S, (K) |J Sp(K). O

Now we construct an infinite GIFS such that K and p are, respectively, the first compo-

nents of the attractor and the family of graph-directed measures. First, let
K=K and K,:=S5""(Q,) =5"S(K)|JK, n>2
Then, by (4.14) (see Figure 4),
Ky = S3(Ky) | JS(Fa), K, = S3(Ky) | 851 8518:(Ka) | ) Sa(Knsr), n>2.  (4.18)

The above recurrent equations, together with P = (p;;) defined as in (4.13), form an infinite
GIFS (V, E, M, P) with attractor K = (K1, Ka,...)", where the (i, j) entry of M is defined
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as
Sc; j = 17
Sba j:Z+17Z217
Mij = SU - S_ls S . .
b arb, J = 2a 1 Z 27
0, otherwise.
That is,

S, Sy o 0 0
Ss S;1S818, Sy B0
M=1g 5188 0 S 0

By (1.6), we know (V, E, M) satisfies (PSC). For (V, E, M), (3.3) becomes

Tinf = min{ra; Tb}, Tsup = max{ra, 7’b}- (419>
Fore=e;---e, € E", we call ¢;---e; a quasi-circle of e if 1(e,,), i < m < j, are increasing
and ¢(e;—1) > u(e;) (if e;—1 exists), r(e;) < u(e;) (if 7 = |e|, we allow k(e;) > t(e;)). We call

e € E* an n-quasi-circle if e has n quasi-circles. For example, e = (1, 1) is a quasi-circle and
both (1,1)(1,2)(2,1) and (1,1)(1,2) are 2-quasi-circles.

Theorem 4.8. Let p = (1, o, - - .)" be the family of graph-directed measures of (V, E, M, P).

Then the first component of pu coincides with the self-similar measure p, namely py = p.

Proof. The conclusion K = Kj is obvious. To show u; = pu, we first notice that the set
consisting of cylinders F = {Se¢(K;) : e € Ef;,,i > 1} forms a subbase of K. Hence it
suffices to show ji1(Se(Ki(e))) = t(Se(Ku(e))) for each e € Ef. We use induction. First, we
show that the conclusion is true when e =e; - - -, € E} is a quasi-circle by considering the

following three cases.

Case 1. e = (1,1). In this case p1(Se(K1)) = f11([e]) = p11 = pe. On the other hand, from
Se(K1) = S.(K), we see 1(Se(K1)) = pe. S0, p1(Se(K7)) = p(Se(K)).

Case 2. e ends with n + 1. In this case, from the structure of the infinite directed
graph (V, E, M, P) and the definition of quasi-circle, we know the path e has the form
e=(1,2)(2,3)---(n,n+1). This yields
Ml(Se(Kn+1)) =P12 " Pnan+l — P?Unﬂ-
The fact Se(Kpi1) = SP(Kpi1) = Qny1 implies
p(Se(Knt1)) = 11(@n1) = Ppvns1- (4.20)
SO, ,ul(Se<Kn+1)> = M(Se(KnJrl))'
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Case 3. e = (1,2)---(n — 1,n)(n,i) with n > 2, where i = 1 or i = 2. In this case
Se = Spn-1S,, where v = cif i = 1 and v = b~lab if i = 2. By using Ky = S;'(Q2), equation
(4.20), and the first two equations in (4.15), we get

M(SG<K1)) = M(Sbnfl’y(Ki)) = U(Qn)pn,z = plr,b_lvnpn,i-

The definition of p; implies

p1(Se(KG)) = pra- Prno1nPni = pZ_lvnpn,i-

Thus we get 111(Se(K:)) = p(Se(K7)).

Next, we assume that the conclusion holds for any (k —1)-quasi-circle e € Ef and consider
the case e = e;---e, € L] being a k-quasi-circle. We divide this into two cases. Let

e = e; - -¢; be the first quasi-circle of e (i could be 1). Denote j = k(e).

Case 1. The terminal vertex of € is 1. In this case, we choose the unique 6 € ¥} satisfying
Sp = Sey.e;- Since S, is followed by S, or S, in {Se : e € E*}, @ must end with ¢ and cannot
end with ac (since x(e’) = 1). We conclude that S, ..., (K;) is a subset of @, = K. Since
0 ends with ac or cc, the path e; ;- - - e, starts with vertex 1 and S,
Denote F' = S, ..., (K;). Then F' C K;. Now (4.17) implies

maps K; into K.

i+1°€n

1(Se(K)) = pu(Stespren (15)) = 1(So(F)) = p(Se (K1) u(F) = pu(So (K1) 1Sy en (1))

(where we have used the fact Q1 = K7). Applying the induction hypothesis and the fact
Ser = Sy, we get

p(Se(K5)) = p(Ser(BKa)) i (Serproen (K5)) = 1 (Ser (K1) )i (Ser e (7))

= De'Deiyy-en = 111(Se(K;))-

Case 2. The terminal vertex of e; is 2. Note that e; - - - ¢; is a quasi-circle in e and i < |e|,
which implies that 2 = k(e;) < (e;), and consequently, e; # (1,2). Hence in this case
Se, = S, 18.5p. So SpSer1ven(IG) = S(1,2)es 10 (Ij) is a subset of Q2 and (1,2)e;4q - e,
is a (k — 1)-quasi-circle. Notice that there exists § € X3 such that Sy = S, , S, . That
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K, = Sb’l(QQ) implies Spa(Q2) = Spar(K2) = Se,...e; (K3). Hence (4.16) yields

1(Se(K;)) = p(S9SaSpSe;iyen(K;))

M(Sbs€i+1 ©€n (KJ))

= 1(50a(Q2))

(using e; # (1,2))

Q)
_ /”Ll(Sl,ZSEi+1'“en<Kj))
- /’L1<Sel"'ei(K2)) 1 e

e1:-€e;

1_pc

P1,2Pe; 1 --en

= pe = 11(Se(Kj)).

By induction, we see that pi;(Se(Kue))) =

complete.

Let P, = (pij:m) be the extended n-th quas

p(Se(Ku(e))) for each e € E}. The proof is
U

i-truncation of P. Then P, converges to P in

the (> norm and P, is another transition probability matrix of the GIFS (V, E, M).

Next, we establish some properties of the matrices P, and P. Denote

_ Pe
P
Lemma 4.9. Let P and P, be defined as abo

o1

09

o DPa + Db — Pe
Pa

ve. Then the following hold.

(a) The sequence {pn1 = pc/vn} is decreasing for each p. > 0, and

0, (o] 2 1,
lim p,1 = c — Pe
M pr =4 peo=pe)
Da +pb — Pec
(b) For each n > 1,
pp(o9 — 0F
b( = nfll)a (%51 7£ ]-7
Pnn+1 = 92— 01
’ po(py + np1) o =1
P+ (n—1)pa’

The sequence {ppn+1tn>1 1S increasing when p. > 1/2, decreasing when p, < 1/2,

and constant when p. = 1/2. Moreover,

lim Pnn+1 = max{pbapc}-
N—00

(c) The sequence {py2}n>2 is increasing and

]-_p87 01217
lim p,s = o (Da
im pn,» PalPatpr)
2(pa+pb>_]'

(d) lim,, o By, = P in £>° norm.
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Proof. Before giving the proof, we observe that v, can be written as

o 1_ n—1
oy Pallzoim) o £ 1,
v, = Py — Pe (421)
1+m-12 o=1
Do

(a) Since the sequence {v,} is increasing as n increases, {p,1 = p./v,} is decreasing. The

limit of p,, 1 follows directly from (4.21).

(b) First, suppose n > 2. When o7 # 1, the definitions of o7 and o5 imply that

n
DPoUnt1 — 02 — 03

Pnn+1 = o =Dv: W
When o, =1,
» —» Dy + NP1
) +1 — Mb° °
o Dy + (TL - 1)pa

Notice that when n = 1, p12 = p, + s, i.€., the expression for p, ,+; also holds for n = 1.

So the formula of p, ,+1 holds for each n > 1.

It is clear that {p,,+1} is increasing to p, when oy = 1. Now we show the other cases.
Notice that if oy # 1 then

n—1 n+1 2 2n n—1 n+1
Prn+1,n+2 o (02 — 0 )(02 — 0 ) . gy + 01" — 0207 — 0204

= 2 2
Pnn+1 (0'2 _0'?)2 o +0’1n—20'20'?
The difference of the numerator and the denominator is
0907 (201 — 03 — 1) = —090) (o — 1)?,

which is positive if o9 < 0 and negative if oo > 0. Since p, > 1/2, p. = 1/2 and p. < 1/2
are equivalent to oo < 0, 09 = 0 and oy > 0 respectively, p, 41 is decreasing if p. < 1/2, a

constant if p. = 1/2, and increasing if p. > 1/2.
The conclusion of the limit of {p, ,+1} is obvious in view of the formula for p,, ;.

(c) Notice that p,2 = 1 — pp1 — Pnnt1 and is thus increasing when p. < 1/2. To show
the monotonicity of {p,2} for p. > 1/2, we consider ¢, = p,1 + Prnt1. Now o1 = p./pp >
pc/<1 - pc) > 1 Thus7

Pe py(on — oT')
. 1_Jn—1) + _n—1
tn 1+p(p# 279 p(of — 02) (P — po(pa + Py — Pa0y))
oot De py(o2 — ™) (peol — peoa) (P2 — po(Pa + py) + Papeot)”
1 4 Pal=oi) o9 — O

Pv—Pc
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Since py # Pe,
tn - tn-‘,—l - O?pa(pa + pb)(pb - pc)z >0

and hence p, 5 is increasing.
Finally, the formula for the limit of {p, 2} follows from those for {p,1} and {p, .1}
(d) Notice that the first n rows of P, and P are the same. Hence the structure of F implies
|P.— P| = ?;ITI? (Ipig = Pl + |pi2 — Pagl + [Piis1 — Prnial)- (4.22)

Parts (a)—(c) imply that the sequences {pn1}, {pn2}, and {pnni1} converge. Thus the right

side of (4.22) converges to zero as n — oo, completing the proof. O

5. CONVERGENCE

Suppose (V, E, M, P) and (V,E, M, P,) are given as in Subsection 4.2, and B(q, T, P),
B.(q,7) := B(q, 7, P,) are defined by (1.4). B,(q,7) is the extended n-th quasi-truncation
of B(q, 7, P). The matrices P and B(q, 7, P) are, respectively,

pu piz2 0 - p(fﬂ"; p(fzrgf 0 X
P21 P22 pe3z 0 - ]0317’; pgz””ft Pisry 0 (5.1)
psi ps2 0 pya O oo > PsiTa PRy 0 JZA '

Note that B,(q,7, P) = B,(q,7,P,) and hence we can denote the common value unam-
biguously by B,(q,7). For each ¢, we denote by 7,(¢) the unique number 7 such that
p(Bn(q,7)) = 1. Since B,(g,7) is an n x n primitive matrix, 7,,(¢) is a well-defined differen-
tiable function of the variable q. Moreover, p(B,(q,7,(q))) = 1 by [3, Proposition 3.2] and

Lemma 4.4. Denote

p = max{py, pc}- (5.2)

Lemma 5.1. For any fized ¢ > 0, the sequence {7,,(q)}n is bounded. If ps > ps, the same
result holds for any fived q € R.

Proof. If ¢ = 0, all B,(0,7)’s (n > 3) are the same and p(B3(0,7)) = p(Bs(0,7)) by (4.2) in
Lemma 4.4. If ¢ = 1, the fact p(P,) = 1 = p(B,(1,7,(1))) implies that B,(1,7,(1)) = P,
and 7,(1) = 0. Hence {7,(0)} and {7,(1)} are bounded. Next, we divide the proof into
several cases. Fix ¢ € R\ {0, 1}.
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Case 1. ¢ > 1. In this case we know B,,(¢,0) < P, and hence 7,,(¢) > 0. Denote
. qlnpypy —In2
Ti=—
In T2
The (2, 2) entry of B, (g, 7) is 2, which implies p(B,,(¢,7)) > 1. Thus the conclusion 7,,(q) < 7T

follows from Proposition 3.1.

Case 2. 0 < g < 1. By Proposition 3.1 again, the inequality p(B,(q,0)) > p(B,(1,0)) =1

implies 7,,(¢) < 0. Denote
~ In4

T = )
In 7i.¢

So for each e € E, p,(e)ir(e)™" < r; = 1/4. Therefore, as deg(V') = 3 we have

sup Z pn(e)qr(e)_; <1,

w eeEu

which implies that p(B,(¢,7)) < 1. Hence 7 < 7,(¢q) < 0.

Case 3. ¢ < 0. As in Case 2, we get 7,(¢) < 0. By Lemma 4.9, the assumption py > p3
implies

Dint := inf {p(e) ce€ E} > 0.
Since P, — P in B({>°,{>*) as n — oo, for large n, we get p,(e) > pinr/2 for any edge e € E.

Let
~ _ (a—1)1og(pint/2)
log 7sup

Then for all e € F,
- 11 inf/ 2
pn<€)q7’(€)_7— _ pn(e)qexp(_ (q ) Og(p f/ >10g7“(6))
log rsup

< pale)?exp ((1 —q) logpn(e))
= pu(e)'pn(e)' ™7 = pule).

So p(Bn(q,7T)) < p(P,) = 1. Proposition 3.1 implies 7,,(¢) > 7, completing the proof. O

In the following lemmas, we let 7,,(¢) be a limit point of {7,,(¢)} at ¢, where ¢ # 0, 1.
Let {7,,(¢)} be a subsequence converging to 7«(q). Denote B, = B, (¢,7s.(¢), P) and
B = B(q,7(q), P) =: (b;;). Clearly, By belongs to B(¢>,¢>) if and only if ¢ > 0 or
p2 > ps.

We will study the following limits:

ap .= hm bil; a9 ‘= hm big, as ‘= hIIl bi,i—&—l‘ (53)
1—00 1—00 1—00
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Lemma 5.2. Assume py > p3 or q > 0. Let p be defined as in (5.2) and a1, as, az be defined
as in (5.3). The following hold.

(a) {B,,} converges to By, in B({>,(>);
(b)

(C) b1 <1 and by < 1;
(d)

the limits defining a1, as, as exist;

az = piry STl

Proof. (a) Recall that deg(V') = 3 and p;;., = pnj.n if ¢ > n. Note that

1Bn. = Booll < |Bny, = B(q: Ty, (0), P)|| + [ B¢, T, (0), P) — Buol|- (5.4)

The second term on the right side is equal to

Sup Z Z —ny, (@) _ T(e)—foo(q)‘

v e€Fyuy
By the mean-value theorem,
Sugp(e)q\r(e)‘%"k @ —r(e) ™| < Cy|#n, (@) — F(q)] (5.5)
ec
where
sup{p(e)?| Inrye|}, if ¢ <1,
C = €€EA
;?T‘X’(q” In rine|, if g >1,
which is finite for each ¢. It follows that

Now we estimate the first term on the right side of (5.4), which is equal to

Supz > r(e) D p,, () — p(e)?] < M, SUPZ > b (e)” = p(e)?]

v e€Fyy v e€Euwy

where, by the convergence of {7, (¢)},
M, :=sup {r(e)’f"k(q) cee E,on, > 1} < 00.

We first consider the case ¢ < 0 or ¢ > 1. By letting

- q|(pine/2)77" if ¢ <0,
v q ifg>1

and applying the mean-value theorem to py, (€)? — p(e)?, we see that
’pnk< —ple ’ < Cq‘pnk —p(e)‘ forall e € E.

It follows that
| By, — B(q, Tu, (@), P)I| < Mycy|| Py, — PJ|. (5.7)
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Next, we consider the remaining case 0 < ¢ < 1. Fix ¢ > 0 and choose ky large enough
such that || P,, — P|| < ¢ for all k > kg. Then for such £,

(3e)9, if p(e) < 2e,

e |pn, (e) — ple)| < e, if p(e) = 2e.

Note that ¢ — 1 < 0, and hence max{p(e)?~!,p,, (e)¥ '} < 97! for p(e) > 2¢.) Thus
k

|pn, (€)9 — p(e)?| < 3. The fact deg(V') = 3 implies that

|Pn, ()7 — p(e)?] < {

HBnk - B<Q7 %nk (Q), P)H < qugq. (58)
Then, combining (5.6), (5.7) and (5.8), we obtain

| B, — Bl = 0 as k — oc.

(b) The existence of the limits defining a, as, as is guaranteed by the monotonicity and

boundedness of {pi1}i>1, {piz}i>2 and {p;;+1} (Lemma 4.9).

(c) First, we see that ¢y := bioby; = (plgpgl)qr;%’"(q) > 0. For 0 < & < ¢p/4, by the
convergence of B, , we choose ko sufficiently large so that k > ky implies b;j.,, > b;; — € and
19, bo1.m, > c2/4. Let B, o be the positive matrix (b, )i<ij<a- The spectral radius of

Bnk,Q is

— bi1.m, + bo2, + \/(bll;nk — baon, )2 + 4b12:0, 021,
p(Bnk,Q) - 9 )

which is no more than p(B,,) = 1. This implies b1y, < 1 or bag,, < 1, which in turn

(5.9)

implies by; < 1 or byy < 1. If by; = 1 and byy = 1, then for € and kg given as above,
1-— 1-—
€+ [ &) N 1’
2
a contradiction. Thus by;; < 1 or byy < 1. Without loss of generality, we assume byy < 1.
Then (5.9) implies

p(Bnk,Z) >

bll;nk S 11— (]- - b22;nk)_1b12;nkb21;nk‘
By lettmg k— o0, wWe see that b;; <1 — (]. — bgg)_1b12b21 < 1.

Too (g

(d) Since biiy1 = pfiiroe ) and the limit of Piit1 is p (Lemma 4.9), we obtain ag =

pqr;f'oo (@)
— ool

p3s > pa. So az = pir, 9 — b1y < 1. In the remaining case when {p, n+1}n>2 is not

, where p is defined as in (5.2). If {pnn+1}n>2 is increasing, then by Lemma 4.9,

increasing, we replace each entry lying in the first row and the first column of B,,, by zero
and denote the resulting matrix by B)°. Clearly B,, > By, and thus p(B,,) > p(B}?).

Assume ¢ and kg are given as in the proof of (c). Since for k > kg, Bj" satisfies the condition
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of Lemma 4.3 with respect to
s 1= }gzlg{bnkz;nk} = bagny, > b —c and t:= }ng{bnk,nwl;nk} > az — ¢,

we get ag + byg < 14 2e. As byy > 0, it follows that as < 1. O

Lemma 5.3. Suppose ¢ > 0 or py > p3. Let sz and yy, be l-invariant measure and 1-
invariant vector of By, respectively, with the first component of yy, being 1. Then {x], }

and {yn,} converge in (>°.

Proof. Recall that Bnk is the ny-th quasi-truncation of B,, and B,, is the quasi-extension

of B,,. We divide the proof into five steps.

Step 1. Ezistence of X, andy,,. By the structure of B, , we know that B, is primitive and
b, € (0,1). Theorem 4.4 says that p(B,,) = AM(By,,) = A(By,) = 1. Let X!, and y,,, be
l-invariant measure and 1-invariant vector of B, , respectively. Let x!, be the row extension
of X}, with respect t0 by, in, and yy, be the column extension of y,,. By Theorem 4.4 and
its proof, X%k and y,, are l-invariant measure and l-invariant vector of B, , respectively.

This establishes the existence.

Step 2. Convergence of {x;n, }, the i-th component of x,, . Before proving this, we see that
for any € > 0, there exists N = N(¢) such that for each ¢ and k > N with ¢ > ny, we have
(1—¢)ay < bjm, < max{e, (1+¢)ar},

(1 —¢e)as < biom, < (1+¢)ayg, (5.10)
(1 —¢)az < biiyim, < (1+¢)as,
where ay, as, as are defined in (5.3). Equation (5.10) holds because {B,, } and the three

sequences {by, 1}k>1, {bny.2 k2, {bngmy+1 te>1 converge.

For convenience, we consider a multiple of the 1-invariant measure
1 t

Nk

t
Zy,, = (Zl§nk7 2%y - ) -
l‘2;nk

instead of the invariant measure itself, where we have used the fact that B,, is irreducible

and thus x|, is strictly positive (Remark 4.5). Then, by the convergence of B, , for i > 3,

i—1 1—1
Zing = Zicvmbi i, = | [Digerme = [[ b=z (k= o0). (5.11)
j=2 j=2
Since a3 < 1, the series ) .., z; converges and we let ¢; denote the limit. Let

0<e<min{(l—b)/4,(1—as)/2}. (5.12)
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Then there exists Ni(> N) sufficiently large so that

N1
H bj’jJrl < (1 + 8)715 (513)

=2

and (5.10) holds. We also take N, sufficiently large so that nj > Ny implies
(1 =)™ 51 < bjjiam, < (L4050, 5> 1, (5.14)

and thus by (5.10), (5.12), and (5.14)

m N, m
It = | [orvime < [Tbisnr [ (14 2)as),
j=2 =2 j=N1+1 (5.15)

<e((+e)as)” ™ <c((A+e)as)”,  m=Ny,

where ¢ is some positive constant.

Denote
2e 14+¢ 1—¢
/
= = b(e) := .
c 1— bll, a(g) 1-— 8,, (6) 14¢€
Then a(e) < 4 by the choice of €. Since z/, B,, =z, ,
o bi1Zip oo bitin, Zin o bi12ip
Z]z2 J1<j4; kb<€) < i, = 222 JLing<jing < 2322 J1<j4; ka(g)‘
1—bu ’ 1 — biim, 1—bu

Let M = SUp,>9 bj1 < 0o. The for all ng,n; > N,

(1 = bur)|z1n, — 21m)| 1
M - s M‘ > bnzimale) - ijlzj;mb(g)’

5>2 j>2

< (X 42 ) |rimale) - zmbe)]

2<j<N1  j>M
< (a@)1+e)=bE)1-2) > z+ale) Y (Zm + Zim)

2<5<Ny J>N1
16¢,¢ =
1
C e T oo
j>N1 k=N1+1

16618 1
< 8¢ — -
- 1_b11+ c 1—(1—}—5)@3

(1601 L 16 )5
]-_bll 1-&3 ’

The fourth inequality holds by using the inequality a(¢) < 4 and equation (5.15) for m = Nj.
This implies the convergence of {z1.,, }x>1. In view of (5.11) and the fact that z,,, =1, we

obtain

lim z;.,, =2 for alli. (5.16)
k—o0
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Let € and N; be given as above. Choose N3 > N; sufficiently large so that Zi>N3 z; < E.
Take Ny > N such that |z;.,, — 2| < N3 'e for n, > N,. Now (5.15) yields

‘ Z Zing, Z zi| < Z ’Zi;nk - zi‘ + Z (’Zi;”k + Zi)

i>1 i>1 1<i<N3 i>N3
< etet—
- 1— (1 -+ 5)@3
Therefore,
kh_}IElOZ Zimy, = Z 2. (5.17)
i>1 i>1

So the sequence {) .., %in, }x converges to z; + ¢; € (0,00), and consequently, zo,, =
(> is1 Zim, )"t converges to (z; + ¢;)7t > 0. Tt follows that {Z;.,, = zin, Tom, bk>1 converges

for each 3.

Step 3. Convergence of {x}, }. Denote

Xt = (ijlzj)_l(zlﬂ 29,y .. )

Then
x! —x'| = su ‘ Ziin “i ‘
| "k | izll) Z Zjing, Z'Zj
Z; Z;
S su ( znk _ znk ‘ 1N )
1211) z zj ng Z Z] Z] ’

which, in view of (5.15), (5.16), and (5.17), tends to zero as k — oo. This implies the

convergence of {x,, }r>1.

Step 4. Convergence of each sequence {Yin, tr>1, the i-th component of y,,. From the
construction of B,,, we know ¥;.,, = Yn,.n, for any ¢« > ny. For i = 2,

—Tny, () —7oo(q)
1—bi1n 1— k 1—pl
Y2iny, = e p3r2 — P37 _ as k — 0.

le;nk (1 . pg)q’f' Tnk(q) (1 _ p3>q,r,2_7—oo(Q)

Assuming {y;.,, }x>1 converges for some i > 2, we now consider the case i + 1. Equating the

i-th components on both sides of the equation B,,,y,, = yn,, we get

Ying, — bi—i—l,l;nk - bi+1,2;nky2;nk

Yit1my, —
g bi,i—i—l;nk

Each term on the right side of the equation is convergent, and therefore the left side converges.

By induction, each sequence {y;., }r>1 converges, and we denoted the limit by y;.

Step 5. Convergence of {y,,}. Choose € > 0 small enough such that

€ < min {agl , (2a3)7" — 1}
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and thus (1 + ¢)%a3 < 1. Let N = N(¢) be sufficiently large so that (5.10) holds and
(1 —€)y2 < Y2n, < (1 +€)yo for any k > N. Denote

¢ :=max{e,(1+e)a1} + (1 +¢)azyp and 17 := (1 +¢)as.

Then n < (1+4¢)%a3 < 1. Fix any pair (¢, n;) with 4,k > N. Since y,, is a 1-invariant vector
of B,,,

Yim, = bil;nk + bi?;nkyZ;nk + bi,i—i—l;nkyi—i-l;nk

max{e, (1 +¢)ar} + (1 +¢)%aay + (1 + €)azyn, 11, (by (5.10))

IN

A\

5 + NYi+1;ny, < 5 + 577 + 772yi+2;nk < -
3

1—n 0 Yiming

This implies that y;.,, < &/(1 —n) since Yiimp, is constant for large m and n™ — 0 as

A

m — oo. Similarly, we get y;.,, > &' /(1 —1'), where
¢ =(1-¢e)ay+ (1 —¢e)ay and 7' =(1—¢)as.

Now in view of Step 4, let N5 > N be sufficiently large so that |y;.,, — yin,| < € for any
1 <i< N and k,l > N5. It follows that if k,l > N5, then

[Yr, = Yl = SUD [Yizny, — Yirmy|
i>1

= max { max {|yi;nk - yi;nl |}7 Sup {|yz,nk - yi;m | }}
i>N

1<i<N
/

< { C C }
a. — .
) G I B

Let ¢ := max{1,ay,as,y2}. Then the choice of ¢ yields

c d 2¢3(4 — az + aze?)e 16c2e
1—d 1—-d = (1—a3)?—(aze)® — (1 —a3)?*
Hence {y,, }n>1 converges by the completeness of (. O

Lemma 5.4. Suppose ps > ps or ¢ > 0. Let X', y be the limits of {x!, }, {yn,} respec-
tively. Then x' andy are respectively the 1-invariant measure and 1-invariant vector of Beo;
moreover, X'y < oo and 0 < inf;y; < sup,y; < oo, where y; is the i-th component of y. In

particular, p(Bs) = 1.

Proof. Note that B, y,, = ¥n,, 1€,

00
E bij;nkyj;nk = Ying, 1 Z 1.
Jj=1
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Since deg(V') = 3, the left sum consists of three terms. By letting k — 0o, we see that
D by =y, =1,
j=1

ie., By =y. Clearly, all y; >0, y; =1 > 0 and

/

0<

c
1_d,§yz’§—1_d<00

for i large enough, where ¢, d, ¢ and d’ are given as in the proof of Lemma 5.3. This and
the convergence of each sequence {y;.,, }r>1 show that sup, y; < oo. If inf; y; = 0, then there

would exist some 7 such that y; = 0. From B,y =y, we see that

Yi = b1 + bioyo + yir1 = 0.

This is impossible since, by the definition of Bu, bi1 = pijry (@) < 0. So inf;y; > 0.

Denote x' = (x1, xa,...). We have the following estimate

‘ D b=l <Y wilbi = bigny |+ D bimy v — T |

i>1 i>1 i>1

+) E biginiTizng, — Ty,

i>1

+ [Ty, — 5]

t

n, 18 l-invariant

The third term on the right side of the above inequality is zero since x
measure of B,,. That B,, converges to B, and 2121 x; < oo imply that the first term tends
to zero as k — oo. The convergence of {z;.,, } implies that the fourth term tends to zero as
k — oco. Now we consider the second term. The assumption p; > p3 or ¢ > 0 implies B,
has a finite norm. Since B, converges to Bu, bjjn, < 2||Bs|| for large k£ and all 4, j. So

D i i = Tine| < 20| Bool > i = Tiin, |-

i>1 i>1
An similar argument as in Step 2 of the proof of Lemma 5.3 yields ., [¥; — ip, | — 0 as
k — oo. This implies .., bjjz; = x; for all j, i.e., xX'By, = x". The conclusion ), z; = 1
follows from the convergence of {2221 Tiny ti>1- If 2, = 0 for some ¢ > 2, then the equality
x'B,, = x implies that z; = 0 for all i > 2, and hence z1b1; = 1. However, by Lemma 5.2(c),
the fact b;; < 1 implies that x1 = 0 as well, which is impossible. Thus all x; are positive.

Therefore, x' is a 1-invariant measure of Ba.

Now,

xy < |lyl Y wi = |yl < oo.

So, the last conclusion p(By,) = 1 follows from Lemma 4.2. O
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Theorem 5.5. Suppose ps > ps or q > 0. Then 7,(q) converges.

Proof. Fix ¢ € R. From Lemma 5.1, 7,(q) is bounded. Suppose 7 (¢q) and #((q) are two
distinct limits of {7,(¢)}. Then Lemma 5.4 yields p(Bu(q, 7 (q))) = p(Bus(q, 7 (q))) = 1.

This contradicts the strict monotonicity of p,(7) (Proposition 3.1). So 7,,(¢) converges. [

Remark 5.6. Since 7,, converges, all results in Lemmas 5.2, (5.3) and (5.4) still hold if we

replace ny by n.

6. DIFFERENTIABILITY OF 7(q)

Recall that 7..(¢) := lim,_, 7,(¢q). For convenience, we denote 7 (q) by 7(¢) and By by
B. That is, for each ¢, 7(q) is the unique number such that p(B) = p(B(q,7(q), P)) = 1.
Our goal in this section is to show the differentiability of 7(¢). We do this by showing 7(q)
is differentiable on any symmetric interval [—L, L], where L is a fixed positive number. We

remark that if ¢ is negative, the condition ps > p3 is necessary, as before.

Recall that B,(q,7) = B(q, T, P,) is the extended n-th quasi-truncation of B(q,7) =
B(q,7, P) and B,(q,7) = (bij.n) is the n-th quasi-truncation of B(q, 7). To avoid confusion,
we denote the (7, 7) entry of B(q,7), where ¢ and 7 are independent, by b;; and that of B
by b?j. We emphasize that b;; is a function of the variables ¢ and 7, while b?j is a function of

the single variable q.

For any e = (i,j) € E, bj; = pgjrif, and r;;, p;; being positive constants. These yield the

following facts.

Fact 1. b;; is continuous on the (q,7) plane, and hence attains its mazimum and minimum
on any compact set.
Fact 2. 0b;;/0q < 0, 0b;;/07 > 0 for all ¢ and 7, and hence, b;; is monotonically decreasing

with respect to q and monotonically increasing with respect to 7.

In order to prove the differentiability of 7(q), we will first establish several lemmas. For

any fixed positive number L, let

ke = k(L) = max{

sup %(q)‘} + 1. (6.1)

lg|<L

inf 7(q)

lq|<L ’

By the monotonicity of 7(¢) and a similar proof as that of Lemma 5.1, we see k; < o0o.
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Lemma 6.1. Assume py > p3 or ¢ > 0. Then supj, <, b, <1 fori=1,2.

Proof. The definition of k; yields infjg<p b > pfjrff > 0 for any (i,j) € E. So ¢ =

infig < b3,09, > 0. The spectral radius of the positive matrix B := (b);)1<i j<2 satisfies

S b(l)l + 632 + \/<b(1)1 - b82)2 + 4y

because p(BY) < p(B) = 1. This implies that 87,09, < 1 and that
W, <1—(1-09) " e < 1. (6.3)

If sup;, <z bY; = 1, there exists a convergent sequence {¢;} such that lim; ,o 07, (¢:;) = 1. So
lim; o b95(q;) = 1 by (6.3). Now by (6.2), we obtain
bi1(@) + bgs(@) + v > 1
2 Y
which contradicts p(B3) < 1. Thus supy, <z b}, < 1. The conclusion sup, <z, b5, < 1 follows

from b9, <1 — (1 —bY,) 7 Ley. O

lim p(By) > lim
1—00 1—00

Recall that p = max{ps, p.}. Define

as = inf ag and a3 ;= sup as.
lgl<L lg|<L

Corollary 6.2. Assume the hypotheses of Lemma 6.1 and let az := lim; b?,i+1 be defined
as in (5.3). Then 0 < ay <as < 1.

Proof. That ay > 0 follows from the inequality as > p“rs", where k: is defined in (6.1). If
{Pnni1}n>2 is increasing, then p3 > py (Lemma 4.9(b)) and hence az = b}, (Lemma 5.3). The
supremum of ag is less than 1 by Lemma 6.1. If {py, 11 }n>2 is not increasing, then from the

proof of Lemma 5.2(d), we get az + b, < 1. The assertion follows since infjg<z b3, > 0. O

From B, (q, 7), we replace b,,., by zero and denote the resulting matrix by BY(q, 7). Define
D,, := det (In — Bg(q,i')) and F, =D, — by +1Dp_1,

where [, is the n x n identity matrix, and let

U {(q,f‘) : qlnp —In(as/2) <i< glnp —In((1 —1—63)/2)’ gl < L},

In 7y Inrs
where a4, a3 are given as in Corollary 6.2. Clearly, for each pair (¢,7) € U, we have
_ 143
% <piry" < —;a?’. (6.4)

It follows from this that the compact region U contains the curve {(¢,7(q)) : |q| < L}.
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Lemma 6.3. Assume the hypotheses of Lemma 6.1. Then there exists a constant vy (inde-
pendent of n) such that |0D,,/OT| < v and |D,| < for all (q,7) € U.

Proof. By using definition and induction, we have

D, = (b1 — 1) ZSZQ — bio Zsila
=1 i—1

where s11 =0, s19 = —1, and

T2

i—1 N
7, ri\NTT . .
Sij = bi,j ku,k—i-l = <pl7] Hpk k+1> 7’2 n7 <—J> s (3 Z 2, ] = 1, 2. (65)
k=2

Notice that by, be; are continuous on the compact region U. We claim that the series with
non-negative terms » ., s;; converges uniformly on U for j = 1,2. If so, we can find a

constant 7, such that |D,| < v for all (¢,7) € U and all n > 3.

To show the claim, we first fix j € {1,2}. From Lemma 4.9, the three sequences {p, n+1},
{pn1} and {p,2} are convergent. For any ¢ > 0 satisfying (1 + ¢)*/(1 + a3)/2 < 1, there
exists N > 0 such that n > N implies pn41,;/pn; < 14 ¢€ and p,pny1/p < 14 €. Therefore,
if i > N, then for each pair (¢,7) € U, by (6.4) and (6.5),

Si+1,5 pH—l,] pz Z+1pq -7 < (1 + S)QLﬂ < 1. (66)
Sij pi; D 2

Thus the series Y .-, s;; converges uniformly on the compact region U, as claimed.

Differentiating s;; with respect to 7 for i > 2,

%: Sij’(i_l)“nTQ‘a Jj=2, (67)
or Sij‘((i—2)’1nr2‘+‘lnrl‘)a .7:1
Then
T 29i10/07 _ Sty g
i—00 aSi]’/aT 1—00 Sij

This also proves that the series with non-negative terms ».°, ds;;/07 converges uniformly

on the region U. So 2% Y7o 8ij = D i 85;7. Let ¢ satisfy

o (T e T8} <

i>2 1>2
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From the expression b;; = pgjrif for e = (i,j) € E, we know 0b;;/07 is continuous on the

compact set U, i,7 € {1,2}. Differentiating D,, with respect to 7 yields

8Dn 6611 “ - 881'2 8b12 " ~ 88“
— S sin + (b — 1 N b Y
o7 o7 i:f”(” >i:1 o o LTl
2 05,5
< a E (1+ E Sij + § afj) < ¢ =y,
j=1 1>2 i>2 T

where ¢ = max(y ey {max{|by1 — 1|, |0b11/07|, |b12|, |0b12/07|}}. The conclusion now fol-

lows by letting v := max{~y;,72}. O

Corollary 6.4. There exists a constant vy (independent of n) such that both |F,| and |0F,, /07|
are less than ~y for any pair (q,7) € U.

Proof. The conclusion follows from Lemma 6.3 and the fact that b, .1 and 0b,, ,,+1/07 are

continuous on U. O

Now we consider the differentiability of 7(q).

Theorem 6.5. Assume ps > p3 or ¢ > 0. Then the function 7(q) is differentiable on
(=L, L).

Proof. We use the implicit function theorem. Let
D = (bll — ].) Z Sig — b12 Z Sil, (69)
i>1 i>1
where s;; is defined as in the proof of Lemma 6.3. Next, we verify the conditions in the

implicit function theorem in several steps.

Step 1. 7(q) is a solution of the functional equation D(q,7(q)) = 0. From the proof of
Lemma 6.3, we see that D,, converges uniformly to D on U, and thus F,, converges uniformly
to ' = D(1 —pir;7) on U. For any ¢ > 0 and q € [~L, L], choose N sufficiently large so
that n > N implies |F — F,| < € and |%,(q¢) — 7(q)] < e. Note that A\(B,(q,7.(¢))) = 1. So
F.(q,7.(¢)) = 0. Now the mean-value theorem yields

|F(q,7(q))| < |F(q,7(q)) — Fulq, 7(q))| + | Fula, 7(a) — Fu(q, 7ulq))]
OF, |, A
< s+‘ o || 7(0) 7(q)|

IA

=
+

2
™
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The last inequality holds by Corollary 6.4. Therefore F'(q,7(q)) = 0 for all ¢ € [-L, L]. Tt
follows from 1 — piry” # 0 that D(q,7(q)) = 0.

Step 2. 0D/OT is continuous in the interior of U, denoted by U°, and 0D/07T # 0 at
(¢,7(q)) for —L < q < L. Using (6.9), together with the uniform convergence of )., sy
and )., 0s;;/07, j = 1,2, we obtain the continuity of dD/97 on U.

Let ¢ € (—L, L). We state three obvious observations:

(O1) It follows from Lemma 6.1 that b9, (q) = b11(q, 7(q)) < 1.

(02) The proof of Lemma 6.3 implies that the series » .., si converges to a positive
number. (Note that s;; = 0, s;; > 0 for i > 2, by the definition of s;; at the point
(¢,7(9)));

(03) The equality D(q,7(¢q)) = 0 and (6.9) imply that the series > .., si» is negative at
(¢.7(q))-

The partial derivative of D with respect to 7 can be written as

oD o 8[)11 832'2 0
% = 872 Z Si2 + (b11 — 1) 2 872 + (97A' ( — b12 Z 8i1>. (610)

1>1

i>1

The first term on the right side of (6.10) is negative at (g, 7(q)) from Fact 2 and observation
(03). The second term is non-positive from the monotonicity of the series } ., s;» with
respect to 7 and observation (O1). The monotonicity of the series bys ) ;- si1 With respect

to 7 shows that the last term is non-positive. Hence 0D /07|(4,7(g) # 0.

Step 3. 0D/0q is continuous on U°. First, by (4.13), p;1 = pc/v; for i > 2, where v; is
defined as in (4.12). By Lemma 4.9(a,b), we know

i—1 i—1
Py DPe
Pi1 Prk+1 = . 6.11
,]I? * Pa + Do ( )
Then
Osi1 .
g =5 ((i = 1) lnpy +Inp, — In(pa + py))
As for s;5, we have
8822 i—1
P Si2 <lnpi,2 + Zlnpk,kH)-
k=2
As both {p; 2} and {p; 1} converge to positive numbers, we have
— 08i41.4/0 — Sit1
i O0et1a/00 g sivg g (6.12)
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Thus the series Y -, 0s,;/0q converges uniformly on the region U, and hence % Zi21 Sij =

Y i1 aas—éj is continuous on U°. Now the continuity of 0D /dq follows from the equation

oD  0b 0s; ob 0s;
- = 1123124- 511—12 2—i 51’1—512281-
i>1

9q i>1 i>1 i>1 q

By the three steps above, the three conditions in the implicit function theorem for D(q, 7)
hold. Hence 7(q) is differentiable on (—L, L), and

oy OD/0q
"0 =505

This completes the proof. [l

7. PROOF OF THEOREM 1.2

In this section, we denote the (i) entry of B = B(q,7(q), P) again by bY;, which is a

function of ¢q. Clearly, for each (i,j) € E, b?j is differentiable. To prove Theorem 1.2, we

need some notation and lemmas. For j = 1,2 and ¢ > 2, denote

= bo H bk; k+1 (7.1)
We remark that s7;(¢) = s5(q,7(q)), where s;; is given in the proof of Lemma 6.3
Lemma 7.1. If po > p3 or ¢ > 0, then the following series
ds? dsY sV d /s°
Zz’(s%—i—s%—i—‘—“’—i— 2, Y Y= (5) (7.2)
i>2 dg dg i>2 b%}? i>2 dg bl%?
converge uniformly on [—L, L]. Consequently, the functions

0
0 0 Si2
Si1s Si29 bg

i>2 i>2 i>2 42

are differentiable.

Proof. We first observe that for each ¢ € [—L, L], the limit of bo2 is positive. From the proof
of Lemma 6.3, there exists a constant 0 < ¢ < 1 such that for all ¢ € [—L, L],

. 0 0 0 0
— (i + 1)8i+1,2/bi+1,2 — Sit1,2 — (i+ 1) Sit1,1 — Sit1,1
li — 0 = lim <ec, lim ————— = lim —5~ <c¢
i—o0 7 - Si2/bz’ 9 i—oo S i—o0 (N i—woo S
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. . . . . 0 . 0 O 0
The ratio test implies the uniform convergence of » . ,ish, > 5008% and D .oy 5in/07y.

Differentiating s?j, j = 1,2, with respect to ¢ and using (6.7), we get

ds,  0s; AT Os; dsl,  0sp AT Os;
g ) R Al__{_ 1 _ SZ'Oltil, 72 _ A2_+ 2 _ S,?Qtig,
dg or dq  0Oq dgq 0T dq  Oq
where
tn = ((2—1)Inry — lnrl)d——i-(z—l)lnpg—i—ln Pe and
dq Pa +pb
d i—1
tio ((1—z)lnrg)d——i-lnpzz—i-ZlnpkkH
k=2
Note that pgrr1 — p € (0,1) as £ — oo. A simple computation yields
lit1,5 .
lim - — 1, j=1,2.
It follows that
— (i+1)] dS?Jrl ]/dQ| I oo 5?+1,j|ti+1,j| — Tm 5?+1,j
' =lm ———— = lim —(>= <ec< L
i—00 |d8 /dq| i—00 Si,j|tij| i—00 Si,j

This, together with the uniform convergence of .., -s% and Yo, i-s%, implies the uniform

convergence of the first series in (7.2) on the interval [—L, L.

Now we show the convergence of the second series in (7.2). Since s7; /b7, = = T2, s, it
follows that the derivative of sy, /b0, at q is (sy;/0),)t;, Where

i—1

d
= ((2 —1) lnr2)d—;— + E In pg 41
k=2

Also, a simple computation shows that ¢;,1/t; = 1 as i — 0o. So
m d(3?+1,2/b?+1,2>/dq _ Tm 3?+1,2/b?+1,2 L
00 d(sgz/b?g)/dq 00 ng/b?g ti

The ratio test implies the uniform convergence of the second series in (7.2). The last part

<c.

of the conclusion follows from the uniform convergence of the two corresponding series. [J

Lemma 7.2. If p, > p3 or ¢ > 0, then x' and y are diﬁerentiable. Moreover,

—Z T = Z (xi:)- (7.3)

i>1 1>1

Proof. Since x' is a l-invariant measure of B, x'B = x'. Notice that x5 # 0 for any ¢. By

letting z* = 2, 'x*, we get z'B = z'. This implies that for i > 2,

Ritl = zz+1zz = H by k1

2<k<s
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It follows that z; is differentiable for all : > 2. Equating the second components of z‘B and
z! yields
blo21 = Zzz i2 = 23127
i>2 i>2
which is differentiable by Lemma 7.1. As b9, > 0 is differentiable, so is z;. An analogous

argument shows the differentiability of the sum

0

S:

2

2a=at) g
i>1 i>2 12

The formulas 2o = (Zizl z)~! and x; = 1y2; now yield the differentiability of x'.

From By =y, we get yo = (b%,)71(1 —1Y,) and
yi — b — by

0
bmﬂ

Yi+1 = s 1 Z 2. (74)

So each y;, ¢ > 1, is a differentiable function of q.

Notice that zo = 1 and y; = 1. The expressions for y;;1 and z;,1 imply, by iteration,

ZigrWinr = 2 — (b — Uiay2)zi = Y2 — 2 Z Sk2 — Z Sk1-

The above equation can be rewritten as

7 %

byzit1yiv = (b, — 1)( Sha — 1) — b, Z St
k=2 k=2

Since 7(q) is the solution of D(q,7(q)) = 0, we see that
—bYyziy; = (b)), — 1) Z Sk2 — bl Z 321'
k> k>i

By the uniform convergence of the first series in (7.2), we see that Y., )52y, converges

(absolutely) on [—L, L]. Notice that

d dbyy dSk dp? ds;
’d_(b(l)QZiyi) = |4 Z spo + (0 — Z 2 - 12 Z Sk — bYy q i
q q k>i k>1 k>i k>1 q
ds? ds?
< s akir)
S O Z <Sk‘,1 + SkJ,Q + dq + dq s

k>i

where ¢ := maxy < max{| db);/dgl,b%; + 1,|dbY,/ dgl,b%,}. Since

ds?
Z ‘ dq (0952:1:)| < co Z <511 + 8% + ‘ 2

dsz2

=),
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Do diq(b?inyi) converges uniformly by Lemma 7.1, and so does } -, diq(xglziyi) = i1 diq(:niyi),
because xy = (3,5, z) " and bf, are positive. Hence ), z;y; is differentiable and (7.3)

holds. O

Theorem 7.3. Let K be given as above. If p» > ps or ¢ > 0, then

dimyg K@ = dimp K@ = a — 7(q).

Proof. We apply Theorem 1.1. Theorem 6.5 guarantees the differentiability of 7. Lemma
5.4 and Remark 5.6 show that x' and y are, respectively, the 1l-invariant measure and 1-
invariant vector of B with 0 < inf;y; < sup,y; < oo and x'y < oo. Lemma 7.2 implies
the differentiability of x* and y, as well as the termwise differentiability of x'y. Finally, by
equation (1.6), d(V) =1 —r; — 2ry + ryry > 0, and thus (PSC) holds. The conclusion now

follows from Theorem 1.1. O

Proof of Corollary 1.3. We first notice that the concavity of 7,(¢) implies that of 7(q). It
follows from Theorem 1.2 and [7, Theorem 1.2] that 7*(a(q)) = 7*(a(q)). Now, by concavity,

7(q) =77(q) = 7"(q) = 7(q).

Finally, the equality dimg(p) = 7'(1) follows from the differentiability of 7 and results
in [11,22] concerning this equality. O

8. EXTENSIONS TO OTHER IFSs

The technique developed in this paper can be applied to other classes of IF'S of generalized
finite type. We briefly discuss several families of examples without going into details. In each
case, the probability weights defining the self-similar measure must be chosen appropriately
as in Theorem 1.2. All of these IFSs can be represented by an infinite graph-directed IFS
satisfying (PSC). It is of interest to investigate the extend to which the method in this paper

can be generalized.

We first note that the self-similar set K generated by the IFS in (1.5) is of generalized
finite type. A graph-directed system satisfying (OSC) is given below (see Fig 5):
K = T1 = Sg(Tl) U SQ(TQ),
TQ - S5(T2) U SQ(TQ) U Sg(Tl)
We point out that, although 7} and K have the same Hausdorff dimension and the same

(8.1)

Hausdorff measure, the first component of the invariant vector measure p = (1, po) (for
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O T1 ]. 7’1 — 7"1/7°2 T2 1

S(Ty)  S5(Th) S (Ty) S(Ty)  S3(Th)

FIGURE 5. A graph-directed system satisfying (OSC) that generates K, where
7. = K and S5 = S,'519,. The mappings are represented by thin or thick
lines depending on whether they originate from 77 or T5. The figures are drawn
with 7 = 1/3 and ry = 2/7. .
T, Ts) of such graph-directed system does not coincide with the self-similar measure p (for

K). In fact, they are singular to each other.

The graph in Fig 6(a) is the basic directed graph for the above graph-directed system.
Our method can be applied to the case when certain additional edges are added to such
directed graph (see Fig. 6(b)) so that we can consider a class of IFSs obtained by adding
more maps to the IFS in (1.5). The difference between the matrices P and B = B(q, 7, P)
for the new graph-directed system and the ones in (5.1) is in the first columns. The m-th

components of the first columns of new matrices P and B(q, 7, P) are

( n n
E E q -7 —
pml,i) and pml,irou? m = ]'7
=0 =0

2n 2n
E E q -7

pml,j» and pml,jruv,ja m Z 27
Jj=0 Jj=0

\
respectively, where r,,,; and r,, ; stand for the ratios of the mappings on the edges e, ; and

euv,j Tespectively. Moreover, py1; and p,1; (m > 2) can be obtained using the same method

for p1; and p,, (M > 2).

The following example is for n = 2, obtained by adding two mappings from 77 to 77 and

four mappings from 7; to T5.

Example 8.1. Add Sy(x) = riz + ro + 0.9r; and Ss(z) = rirex + 1 — 1.5ry to the IFS in
(1.5) to obtain a new IFS (see Fig. 6). To gquarantee that the new IFS is of general finite
type, the conditions Sa(1) < S4(0), S4(1) < 55(0),S5(1) < S3(0) are required.

From Figure 6, we see that the new IFS is of generalized finite type. The attractor has
positive finite a-Hausdorff measure where « is the unique number satisfying r{+2r&+r2® = 1.

We can also handle IFSs in higher dimensions. The following family of IFSs from [17] is

a two-dimensional extension of the family in (1.5).
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Co ) ce\o,f@

(a) (b "

B=0 g 1
Sy 2 \S1 \Ss 3

k=1 —— @ — = —

k=2 @ —=--— — -

FIGURE 6. An IFS with more added mappings. The figure is drawn with
ry=1/4,ry =2/7.
Example 8.2. Let {S;}}_, be an IFS on R? defined as
51(33) =nx, 52(33> =T + (7“1 — 1Ty, 0)>
Sg(w) :r2w+(1—r2,0), S4(Q'J>:T‘2£L'+(0,1—T2),
where 0 <r;y <1,0<ry <1, and ry 4+ 2ry — riro < 1. See Figure 7.

Y Y
1 1L ‘e
T -
[ [ | e g e
€T T[T m m m €T ESE ;:.:. S i
@) 1 @) 1
(a) k=1 (b) k=2 (c) The attractor

F1GURE 7. The first two iterations of the IFS in Example 8.2. The attractor
is shown in (c). The figures are drawn with r = 1/3 and ro = 3/10.

It is shown in [17] that {S;}._, is of generalized finite type and it does not satisfy the open
set condition. Let F' be the attractor of the IFS. Then dimg(F') = dimg(F') = «, where « is

the unique solution of the equation 7§ + 3r$ — (r1r2)* = 1. Moreover, 0 < H*(F) < oo.

Example 8.2 has a three-dimensional extension as shown in the following example.
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_
|
I
|

X

FIGURE 8. The first iteration of the example in R3. The figure is drawn with

ry =1/3 and ry = 2/9.
Example 8.3. Let {S;}?_; be an IFS on R® defined as
Sl(w> =ne, 52(w> =T + (7’1 — T, 07 0)7
Sg(CC):T2$+(1—T2,0,0), S4<.’.B):T2$+<0,1—T2,0), 55(58) :r2w+(0,0,1—r2),

where 0 <ry <1,0<ry <1, and ry + 2ry — riry < 1. See Figure 8 for the first iteration.

It is easy to show that the attractor, denoted by G, given as in Example 8.3 is of generalized
finite type, although it does not satisfy (OSC). The attractor G shares some similar properties
with the attractor F'; for example, H*(G) is positive finite, where a the unique number
satisfying the equation

ri 4+ 4ry — (rre)* = 0.

Our results can also be extended to certain graph IFSs of generalized finite type. Such
IFSs are studied in [2,24].

FI1GURE 9. The mappings are represented by thick or thin lines depending on
whether they originate from 77 or Ty. The figure is drawn with r; = 1/4 and
9 = 1/5
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T

_— — -

= 53(Ts) =

FIGURE 10. The graph-directed system satisfying (SSC).

Example 8.4. Let V = {1,2}, Ey; = {e1,eq,e3}, F1o = {es}, Fo1 = {es5,e6}, and Eay =
{ez}. The corresponding graph-directed IFS is (after abbreviating Se, as S;):

Si(x) = Ss(x) = rz, So(x) = Sy(x) = rox 4+ r1(1 — 1),

S3(x) = Se(x) = rax + (1 —1g), S(z) = r3x + 3ry,
where 11,179 € (0,1), r1 + 2ry — ri7ry and r1(1 —ry) < 3ry < 1 —ry. The reader is referred to
Fig. 9 for the first iteration.

The graph-directed system (V, E, {S;}) for the vector attractor {77, T>} stated above does
not satisfy (OSC). However, we can construct another graph-directed system satisfying
(0OSC) as follows. Let Ty = Sy 'S (Ty) UT; U Ty. Then {11, Ty, T3} is the vector attrac-
tor of a graph-directed system satisfying (OSC) (see Fig. 10). More precisely, denoting
So = 52_13152, we have

Ty = So(T5) U S5(1T7),

Ty = S5(Th) U Se(T1) U Sq(T>),

T3 = So(T3) U Sa(T3) U S3(T7) U Sy(T3).
By extending such graph-directed system to an infinite one, we can consider the measure for
T7.

With suitable modification, our method seems applicable to some other IFSs; however,

additional work may be needed. We illustrate this by the following family of IF'Ss.

Example 8.5. Let an IFS be defined as below

Si(z) =rx, So(x) =ri 3z 4+ (1 —ry)(ry +12),
{53 oo )

r+r(1—re), Si(z)=rex+1—rs.

where 11,19 satisfy r1,7m9 € (0,1), and r1+1ry—1rire < 1 (see Figure 11 for the first two steps
of the iteration).
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@
A JS2\S3 \54
—|Q2
— — Q4 .

FIGURE 11. Figure for Example 8.5. The figure is drawn with r; = 1/3 and
9 = 1/4

It can be checked directly that the IFS above is of generalized finite type. The matrix
B(q, 7, P) for this IFS, shown below, can be obtained by using the method for the IFS in
(1.5).

P({ﬂb_f p?Q(Tg/TlA)# 0 0 0
d o7 d =7 q T2 r -7 d o7 0
B = B(q,?,P) = DTy D227y pas(r3/r1) D242

q =T q =T q 2 —7 q —T
P3179 P3oTq pa3(r3/71) 0 D357 0

We refer the reader to Figure 11 for an illustration of the second row of B.

9. COMMENTS AND QUESTIONS

In the case py < p3 in Theorem 1.2, it is likely that there is phase-transition in the region
g < 0; that is, 7(¢) has a non-differentiable point. In this case there are points with very

small p measure; in fact, lim,_,o p,1 = 0.
It is of interest to study, under the assumption of Theorem 1.1, the equality 7(q) = 7(q).

We do not know whether the method developed in this paper can be applied to IFSs that

do not satisfy the generalized finite type condition.
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