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EIGENVALUE ASYMPTOTICS AND BOHR’S FORMULA FOR
FRACTAL SCHRODINGER OPERATORS

SZE-MAN NGAI AND WEI TANG

ABSTRACT. For a fractal Schrédinger operator with a continuous potential and a coupling
parameter, we obtain an analog of a semi-classical asymptotic formula for the number
of bound states as the parameter tends to infinity. We also study Bohr’s formula for
Schrédinger operators on blowups of self-similar sets. For a Schrodinger operator defined by
a fractal measure and a locally bounded potential that tends to infinity, we derive an analog
of Bohr’s formula under various assumptions. We demonstrate how these results can be
applied to self-similar measures with overlaps, including the infinite Bernoulli convolution
associated with the golden ratio, a family of convolutions of Cantor-type measures, and a
family of measures that we call essentially of finite type.
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1. INTRODUCTION

The eigenvalues of a Schrodinger operator are referred to by physicists as the bound
state energies. Let A be the Dirichlet Laplacian on R™ and let N~ (V') be the number of the
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2 S.-M. NGAI AND W. TANG

negative eigenvalues, also called bound states, of the Schrédinger operator —A + V| where
V is a potential. In the early 1970’s, Birman and Borzov [1], Martin [24], and Tamura [36]

proved the following semi-classical asymptotic formula for N~ (5V) :

_ Wn n n/2
N=(BV) ~ (4ﬂ)n/zﬁ /2 /an) (= V()" de, asf— +o0, (1.1)

where V' is a continuous and compactly supported potential, 5 is called a coupling parameter,
D, (V) :={z € R": V(z) < 0}, wy, is the volume of the unit ball in R", and throughout
this paper, f ~ ¢g means lim,_, . f(z)/g(z) = 1. The main ingredients are the Dirichlet-
Neumann bracketing technique [30] and the Weyl law [37]. For fractal sets, Strichartz [34]
studied the counting function for the negative eigenvalues of the Schrédinger operator A4V
on the product of two copies of an infinite blowup of the Sierpinski gasket, where V is a
Coulomb potential. He showed that the number of eigenvalues that are less than —e is of
the order ¢™® as ¢ — 07, where § = (In(25/9) In9)/(In(9/5)In5). A main goal of this
paper is to obtain a crude analogue of for Schrodinger operators —A,, + BV defined

on domains by a measure u (see Theorem [1.1)).

The classical one-dimensional Bohr’s formula states that, under suitable conditions,

N(/\,—A—i-V)Ni/(]OO()\—V(a;))i/Q dz, as A — +o0,
where A is the Laplacian in L?([0, +00),dr), and V(z) — 400 as * — oo(see [12]). In
the classical setting, various forms of Bohr’s formula have been studied extensively (see,
e.g., [30]). In the fractal setting, Bohr’s formula has been obtained by Chen et al. |2] for
some unbounded potentials V' on several types of unbounded fractal spaces K., supporting
a measure [io, and having a well-defined Laplacian A, . K. is obtained by blowing up
some fractal K. In [2], sufficient conditions for the following Bohr’s formula to hold are

obtained:
N =Au, +V)~g(V,N), as A — +oo,

where N(X, —=A, + V) :=#{n: \y(=Au, +V) < A}, and
g(V, ) = / (()\ - V(m))+>d5/2 G (; In (A — V(IL‘))+> Ao (), (1.2)

ds = ds(—Au..), and G(-) is a periodic function. Moreover, these conditions are verified for

fractalfolds and fractal fields based on nested fractals. A key condition they assume is

N(A ALy ) = A/ (G(% nA) +R(Y)  forbe {D,N}, (1.3)
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FRACTAL SCHRODINGER OPERATORS 3

where N (A, Ale) = #{n: )‘"(_AZ\K) < A}, R’()\) denotes the remainder term of order

o(1), and —AﬂK and _Al]:]h{ are Dirichlet and Neumann Laplacians in L?(K, i), respec-
tively. Unfortunately, fractals with overlaps usually do not, or not known to, satisfy this
condition. Thus it is another main goal of this paper to derive an analog of Bohr’s formula

for such fractals by modifying (|1.3]).

Let A be a self-adjoint operator in a Hilbert space H that is semi-bounded below. If A

has pure discrete spectrum, then we define the eigenvalue counting function as
N\ A) :=F#{n: i (A) <A} (1.4)

where A, (A) is the n-th eigenvalue of A counted according to their multiplicities, and #F
denotes the cardinality of a finite set £/. Furthermore, we define the lower and upper spectral
dimensions of A, respectively, as

2InN(\ A - — 2InN()\ A
(A) ;= lim 2nNQA 4) and  ds(A) := lim M

Mmoo In A A—00 In A

d

Es

If d,(A) = ds(A), the common value, denoted by ds(A), is called the spectral dimension of

A; it measures the asymptotic growth rate of the eigenvalue counting function.

Let X C R™ be a compact subset and p be a positive finite Borel measure on X with
p1(X°) > 0 and supp(p) € X. It is known that p defines a Dirichlet Laplace operator A, if
the following Poincaré inequality for a measure (MPI) holds: There exists a constant C' > 0
such that

/ lul? dp < 0/ |Vul>de for all u € C°(X°) (1.5)
Xe Xe

(see, e.g., [13,26,27]). In the rest of this section, we assume that u satisfies (MPI).

The first part of this paper studies the Schrodinger operators —A,, + 8V in L?(X, 1) with
a continuous potential V' and a coupling parameter 3, focusing on self-similar measures.
Throughout this paper, we let D™ (V) := {x € X : V(z) < 0} and N, (V) be the number

of negative eigenvalues of —A, + V for a real-valued continuous function V' on X.

Before stating the main results, we introduce some definitions that will be used. A cell is
a closed subset of X whose interior has positive y measure. A p-partition P of X is a finite
family of interior disjoint cells such that p(X) = > zcp p(B). Under suitable assumptions,
1 also defines a Neumann Laplacian —Afy (see Subsection . Roughly speaking, we say
a sequence of p-partitions (Py)r>1 satisfies condition (N), if for each cell B € |Jpo Pr,
the Neumann Laplacian _AIJXB is well-defined and has compact resolvent. The precise

statements are given in Definition Let v be a positive finite Borel measure on X. A
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4 S.-M. NGAI AND W. TANG

sequence of p-partitions (Py)r>1 is said to be refining with respect to v if each member of
Pr+1 is a subset of some member of Py, and max{v(B) : B € Py} — 0 as k — oo.

Theorem 1.1. Let X C R" be a compact subset and i be a positive finite Borel measure on
R™ with supp(p) € X and u(X°) > 0. Assume that p satisfies (MPI) and V is a real-valued

continuous function on X. Let v be a positive Borel measure on X.

(a) If there exist positive constants C' and «, and a refining p-partition (Py)r>1 of X
with respect to v such that for all B € | J;=, Pk,

N(A, =A,,) > A2(Cu(A) +o(1)), as A — +0o0, (1.6)
then
Ny (8V) = 8 (C /D_(V) (V)2 dv+o(1)). as f - +oo. (1.7)

(b) If there exist positive constants C' and o, and a refining p-partition (Py)r>1 of X
with respect to v satisfying condition (N), and for all B € \J§— | Pk,

N, =AY ) < X2(Cv(A) +o(1)), as \ — 400, (1.8)

then the reverse inequality in (1.7)) holds.

We remark that (1.6) and (1.8)) are more general than the Weyl law. In the proof
of Theorem we use a similar method in [30, Theorem XIII.79] with (1.6) and (1.8)
replacing the Weyl law. We illustrate Theorem by a family of self-similar measures that

are so-called essentially of finite type (EFT) (see Section . The spectral dimension of all

these measures are known [29].

The second part of this paper studies the Schrodinger operator for some non-negative,
locally bounded, piecewise continuous potentials that tend to infinity, focusing on self-
similar measures with overlaps. Let X C R" be a compact subset and p be a positive finite
Borel measure on R" with supp(x) € X and p(X°) > 0. Assume that p satisfies (MPI).
We first state some Weyl asymptotic properties for A, which will be used in Section @

Definition 1.2. Let p, X and A, be defined as above. Define the following two Weyl

asymptotic properties.
(a) We say that (W1) holds if there exist positive constants Ci,Ca,ds such that

CIXE/2 < N(A, —A,) < Cor%/2) as A\ — +oo.
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1 (b) We say that (W2) holds if there exists a finite collection of closed subsets {Y;}jcs

2 of X with nonempty interiors satisfying the following conditions:
3 (1) there exist positive constants Cy and (& x)jes, k = 1,2, such that for all X > 0,
4
D N =Dy ) = Co S N =Ay) < 3 N(Ead Ay, ) +Co; (19)
Jje€J jeJ

(2) for each j € J, there exists a periodic or constant function Gj : R — Rt such
that 0 < inf G; < supGj < o0, and as X — 400,

N =By, ) = A2 (G5 () + By(),

5 where ds is a positive constant independent of j, and R;j(\) denotes the remain-

6 der term of order o(1).

7 We remark that (W1) implies that ds(—A,) = ds, and (W2) is stronger than (W1).
8 Condition (2) of (W2) means that —AMY]_ satisfies for all j € J. Consequently, (W2)
o is more general than (L.3), which corresponds to (W2) with J = {1}, Y1 = X, and Gi()
10 being a periodic function.

11 We extend X to an unbounded space X, as follows. Let X, := J,.; X, where

el
12 (C1) I is a countably infinite index set containing 0;

13 (C2) each i € I corresponds to a similitude 7; : X — X of the form 7;(x) = x + b;, with
14 b; € R™ such that 7y is the identity map on R™ and 7;(X) = Xj;

15 (C3) for any distinct 4,5 € I, X; N X; = 0X; NOX;.

16 Note each X; is isometric to X; in particular, |X;| = |X| for all i € I. Condition (C3)
17 implies that the interiors of any two distinct X; are disjoint. For each i € I, pu; := po T;l
18 defines a positive finite Borel measure on X;. Intuitively, u; and p have same measure

19 structure. Also, o = p. In a natural way, we can define a glued measure po, on X, by

Uoo(E) 1= Z,uz(E NX;) for all Borel subsets £ C X. (1.10)
el

20 Throughout this paper, we assume that pio(X; N X;) = 0 for any distinct 4,j € I. For
21 a real-valued function f on X and A > 0, we define the distribution function of f with

22 respect to peo as:

F(\ f) = poo({z € Xoo & f(x) < A}). (1.11)
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6 S.-M. NGAI AND W. TANG

Assume (W2) holds. For any j € J, define

Xoo,j = UTZ(YE) and Hoo,j = Noo|Xoo,j-
i€l

In order to state the precise results, we introduce the following associated Bohr’s asymptotic
function: for any j € J, A > 0, and f € L{ (Xooj, foo,j), define

loc

G ) = M(lyj) /Xm (0= @) 0 (m (- £@),) duses(@). (112
where G/ (-) is given in (W2). We remark that g;(-, ) is an analog of the g(-, -) in (L.2), which
appears in [2], but slightly different because it is assumed in 2] that u(K) = 1. Let V be a
non-negative, locally bounded, piecewise continuous function on X so that V(z) — 400
as |z| — oo. Also, let V/ (resp. VV) be the piecewise constant function which takes the
value sup,cy, V(z) (resp. infzex, V(x)) on X;. The theorem below gives the eigenvalue
asymptotics of N(A, —=A,_ + V).

Theorem 1.3. Use the notation above. Let V be a non-negative, locally bounded, piecewise
continuous function on Xoo so that V(x) — 400 as |z| — oo. Assume (MPI) and (W2)

hold. Let F(-,-) and g;(-,-) be defined as in (1.11) and (1.12) for j € J, respectively.

Assume that
FOLVY)/FI\ V™) =1+ 0(1), as A — 400, (1.13)

and that there exists some C > 0 such that F(2\,VY) < CF(\, V") for all sufficiently large
A > 0. Then as A — 400,

(1+01) Y gi(€aN &aV) S N —Dp + V) < (14 0(1) Y gj(2M &2V,

JjeJ J€J
where (§51)jes, k =1,2, are the constants in (1.9).

We remark that Theorem cannot be deduced from [2, Theorem 2.11], since (W2) is
more general than , which is a key assumptionin Theorem [2, Theorem 2.11]. Theorem
allows us to obtain eigenvalue asymptotics of Schrédinger operators in the absence of
condition , as illustrated in the examples of IF'Ss with overlaps in Section It also
enables us to draw conclusions on N (A, —A,_ + V) even though we only have information

about the Weyl asymptotics of the Laplacian on a proper subset of X.

We apply Theorem to three classes of self-similar measures in Section The infi-
nite Bernoulli convolution associated with the golden ratio and a class of convolutions of
Cantor-type measures have been studied extensively (see [9,|11,/15.|16},19,128]). They define

Laplacians that exhibit many behaviors analogous to Laplacians on p.c.f. fractals, such
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FRACTAL SCHRODINGER OPERATORS 7

as sub-Gaussian heat kernel estimates [11] and infinite wave propagation speed [29]. The
third class is used in [29] to illustrate self-similar measures satisfying (EFT). We show that

all these measures satisfy (W2). However, it is not clear whether these three classes of

measures satisfy ((1.3)).

The rest of this paper is organized as follows. Section [2]summarizes some of the definitions
and results that will be needed throughout the paper. In Section (3, we prove Theorem
and apply it to a class of self-similar measures satisfying (EFT). In Section 4, we study
Bohr’s formula for Schrodinger operators defined by measures and non-negative locally
bounded potentials, and prove Theorem [1.3| Finally, in Section we illustrate Bohr’s

formula by three classes of self-similar measures with overlaps.

2. PRELIMINARIES

Let X be a metric space. For any subset E C X, let E, OF, |E| and E° (or int(E))
denote, respectively, the closure, boundary, diameter and interior of F in X. For a real-
valued function f on X, we define f; := max{f,0} and f_ := —min{f,0}, and let f|p
denote the restriction of the function f to F C X.

Let (X, 1) be a measure space with a o-finite measure u. We denote by p|g the restriction
of pto £ C X. For 1 <p < oo, let [[ullp, = [|ullLr(x ) denote the norm in LP(X, u). We
denote by L™(U) the n-dimensional Lebesgue measure of U C R™.

Let (H1, | - ||1) and (Ha, || - ||2) be Hilbert spaces. Let Ay, A2 be linear operators in H;
and Hs, respectively. A; and A, are said to be unitarily equivalent, denoted A; ~ Ao, if
there exists a unitary operator ¢ : Hq — Ha such that

p(domA;) = domAy and ¢(A41(u)) = Aa(p(u)) for all u € domA;.

Note that u is a A-eigenvector of A; if and only if ¢(u) is a A-eigenvector of Ay. In particular,

unitarily equivalent operators have the same set of eigenvalues.

Let (H;)ier be a countably infinite or finite family of Hilbert spaces. Define a Hilbert

space

H= @Hi = {u = (ui)ies s ui € H; for all i € I and ||ul3, := Z HUzH%{Z < oo}.

il 1€l

Assume that each A; is a self-adjoint operator in H;. We write A := @, ; A;, if Au :=
(Aju;)ier with domain dom A := {u = (u;)ier € H : u; € dom A; for all i € I and Au € H}
(see [31]). We remark that (A,dom A) is a self-adjoint operator in H.
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2.1. Quadratic forms and the min-max principle. Let H be a (real or complex)
Hilbert space with inner product (-,-) and norm || - ||. We call a symmetric densely de-
fined bilinear form £ in H a quadratic form in H. A quadratic form (£,dom¢&) is called

semi-bounded below if there exists some constant M > 0 such that
E(u,u) > —M|ul? for all v € dom¢&, (2.1)

and that (£,dom &) is non-negative if one may take M = 0 in (2.1) (see [31]). Then a
quadratic form (€, dom &) is said to be closed if it is semi-bounded below and (Exs41,dom E)
is a Hilbert space, where Eyr41(u,v) := E(u,v) + (M + 1)(u,v) for all u,v € dom€&.

A self-adjoint operator A in H is said to be semi-bounded below if there exists some
constant C' > 0 such that (Au,u) > —C||u||? for all u € dom A. Tt is well known that if
a quadratic from (£,dom &) is closed, then there exists a unique self-adjoint operator A,
called the generator of (£,dom¢&), that is semi-bounded below, such that dom A C dom &,
and

E(u,v) = (Au,v) for all u € dom A and v € dom &

(see [10, Section 1.3]). On the other hand, any self-adjoint operator (A,dom A) in #H de-
termines a quadratic form (£,dom A) by &(u,v) := (Au,v) for all u,v € dom A. Moreover,
if A is semi-bounded below, then (£, dom A) is closable, and its closure (£,dom €) is called
the closed quadratic form associated with A. We let Q(A) := dom & and call it the form

domain of A. Furthermore, if A is non-negative, then AY/? is well-defined; moreover,
E(u,v) = (Al/Qu,Al/zv) and  dom & = dom (A'/?)

(see, e.g., |10, Theorem 1.3.1]). Moreover, for u € dom &, we have u € dom A if and only
if there exists a unique f € H such that &(u,v) = (f, U) for all v € dom &. In this case,
Au=f.

Fori = 1,2, let (&;,dom &;) be a closed quadratic form in a Hilbert space H with generator
A;. If dom& N domé&; is dense in H, then we denote the generator of the closure of
(&1 + &,dom & Ndom &) by Ay + Ag, and say that Ay + Ag is an operator defined as a
sum of quadratic forms.

Let (X, p) be a measure space with a o-finite measure pu. For any V € L (X, i), the

loc
quadratic form &y given by

Ev(u,v) = / woV dp for all u,v € C°(X),
X
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FRACTAL SCHRODINGER OPERATORS 9

is closable on L?(X, i). In this case, we denote the closure of (£, C2°(X)) by (Ey, dom Ey)
and regard V' as the generator (see [5,31]).

We now state the min-max principle for self-adjoint operators that are semi-bounded

below (see, e.g., [30]).

Theorem 2.1. ( [30, Theorems XIII. 1 and XIIL.2]) Let A be a self-adjoint operator in a
Hilbert space H with inner product (-,-) and norm || - ||. Assume that A is semi-bounded
below and let (£,dom E) be the closed quadratic form associated with A. Define

An(A) == sup inf E(u,u) for n > 1. (2.2)
Ulyetin—1  u€Edom&,|lul|=1
(u,ui)=0,i=1,...,n—1

Note that the u; are not necessarily independent. Then for each fixed n, either

(a) there are n eigenvalues (counting multiplicity) below the bottom of the essential
spectrum, and A, (A) is the n-th eigenvalue counting multiplicity;

or

(b) An(A) is the bottom of the essential spectrum, A\p,(A) = Apy1(A) = Apy2(A) = - -+,

and there are at most n — 1 eigenvalues (counting multiplicity) below A, (A).

Definition 2.2. Fori = 1,2, let A; be a self-adjoint operator in a Hilbert space H; that is
semi-bounded below, and (&;,dom &;) be the associated closed quadratic form. We say Ay <
Ay (in the sense of quadratic forms) if Ho C H1, dom & C dom &1, and & (u,u) < Ea(u,u)
for all u € dom &s.

We state a simple proposition. A proof can be found in [30, Section XIII].

Proposition 2.3. Fori = 1,2, let A; be a self-adjoint operator in a Hilbert space H; that
is semi-bounded below. Assume A1 < Ao. If A1 has compact resolvent, then so does As;
moreover, N (X, A1) > N(\, Ag) for all X € R.

2.2. Dirichlet Laplacian defined by a measure. For convenience, we summarize the
definition of the Dirichlet Laplacian on a bounded domain defined by a measure; details
can be found in |13|. Let U C R™ be a bounded open subset and p be a positive finite Borel
measure with supp(p) € U and p(U) > 0. We assume that p satisfies (MPI) (see (1.5))).
(MPT) implies that each equivalence class u € H}(U) contains a unique (in the L?(U, i)

sense) member 4 that belongs to L*(U, u) and satisfies both conditions below:

(1) there exists a sequence {u,} in C°(U) such that u,, — @ in H}(U) and u,, — @ in
L*(U, p);
(2) 4 satisfies inequality (|1.5)).
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10 S.-M. NGAI AND W. TANG

We call @ the L%(U, u)-representative of u. Define a mapping ¢ : H}(U) — L*(U, ) by
t(u) = @. ¢ is a bounded linear operator, but not necessarily injective. Consider the subspace
N of H}(U) defined as N := {u € H}(U) : [|e(u)]|2,, = 0}. Now let N be the orthogonal
complement of V' in H(U). Then ¢ : N+ — L?(U, p1) is injective. Unless explicitly stated

otherwise, we will denote the L?(U, u1)-representative @ simply by .

Consider the non-negative bilinear form £p(-,-) in L?(U, u) given by
Ep(u,v) = / Vu-Vudz (2.3)
U

with domain dom &p = N+, or more precisely, «(N*). (MPI) implies that (£p,dom Ep) is
a non-negative, closed quadratic form in L?(U, ). We use —AE (or simply —A,,) denote
the generator of (€p,domEp), and call it the (Dirichlet) Laplacian with respect to p.

Some sufficient conditions for (MPI) and the existence of an orthonormal basis {¢y,}22
of L?(U, ) consisting of the eigenfunctions of —A,, can be found in [6,/13,26]. We remark
that if n = 1, then (MPI) holds for any such p, and thus A, is well-defined; moreover, —A,,

has compact resolvent.

2.3. Neumann Laplacian defined by a measure. By assuming some regularity con-
ditions of the boundary of U, one can define a Neumann Laplacian in a similar fashion.
We state a result below that is sufficient for the purpose of this paper. Laplacians with
more general boundary conditions are studied in a forthcoming paper by Lau and the first
author [17].

Let U be a bounded open subset of R”. We say that f € C*°(U) if f € C*°(U) and all
of whose partial derivatives can be extended continuously to U. Suppose U is a bounded
open subset in R™ that has the extension property. Then C*°(U) is dense in H'(U). All
bounded regions in R™ with piecewise smooth or Lipschitz boundaries have the extension
property. Let u be a finite positive Borel measure on U with supp(u) € U and u(U) > 0.
The following analog of (MPI), which we call Poincaré inequality* for measures (MPI*) is

crucial: There exists a constant C' > 0 such that

/ lul*du < C (/ \Vul|* de —i—/ ]u\%la:) for all u € C*>°(U). (2.4)
U U U

We remark that (MPI*) is stronger than (MPI). Similarly, (MPI*) implies that each equiv-
alence class u € H'(U) contains a unique (in the L?(U, ;1) sense) member 4 that belongs to
L?(U, 1) and satisfies both conditions below:

(1) there exists a sequence {u,} in C°°(U) such that u,, — @ in H'(U) and u,, — @ in
L*(U, p);
(2) 4 satisfies inequality ([2.4]).
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In view of Subsection [2.2] we need one additional inequality, namely, Poincaré inequality
(PI), i.e., there exists some constant C’ > 0 such that

/ lu —u**dr < c’/ |Vu|*dz  for all u € H(U),
U U

where u* := (1/L"(U)) - [, udx (see, e.g., [23, Theorem 8.11]).

Define a quadratic form Ey(-,-) in L?(U, u) by
En(u,v) ::/ Vu - Voudz,
U

with domain domEy := +(N*1), where ¢ : HY(U) — L?(U,u) and N are analogues of
those in Subsection[2.2] (MPI*) and (PI) imply that (£, dom Ey) is a non-negative closed
quadratic form in L?(U, i) (see [13,(17]). We denote the generator of (€, dom Ey) by —Aﬁ[,
and call it the Neumann Laplacian with respect to u. We remark that —Aﬁf < -A,.

Some sufficient conditions for the existence of an orthonormal basis {¢,}%; of L?(U, 1)
consisting of the eigenfunctions of —Afy can be found in [17]. We remark that if n = 1 and
U = (a,b), then (MPI*) holds for any such p and (PI) holds, and thus Afy is well-defined.

Moreover, Afy has compact resolvent.

3. FRACTAL ANALOG OF A SEMI-CLASSICAL ASYMPTOTIC FORMULA FOR THE NUMBER
OF BOUND STATES

In this section, we prove Theorem and illustrate it by a class of self-similar measures

with overlaps.

3.1. Proof of Theorem Let p be a positive finite Borel measure on a compact subset
X C R"™ with supp(p) € X and pu(X°) > 0. We call a py-measurable closed subset B of X
a cell (in X ) if u(B°) > 0. Clearly, X itself is a cell. We say that two cells B and B’ are
p-equivalent, denoted by B =~ -, B' (or simply B ~, B’), if there exist some similitude
7 : B — B’ of the form 7(x) = rz + b, r > 0,b € R™, and some constant w > 0 such that
7(B) = B' and

plp =w-plport. (3.5)

It is easy to check that ~, is an equivalence relation.

We call a finite family P of cells a p-partition of X if any two distinct cells in P have
disjoint interiors, and pu(X) = > gep u(B).
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Definition 3.1. Let (Pg)i>1 be a sequence p-partitions of X. We say that (Py)k>1 satisfies
condition (N) if for each k > 1, L™(X°\ (Upep, B°)) = 0, and the following conditions are
satisfied: for each B € Jr=, Pk,

(1) B° has the extension property and satisfies (PI);
(2) plp satisfies (MPI*);

(3) —Aﬁf'B has compact resolvent.

Condition (N) ensures that the Dirichlet-Neumann bracketing technique can be used in
the proof of Theorem The following theorem from [17] gives a sufficient condition for
condition (N). For the definition of dim_(¢) and other unexplained terms, see [13}38].

Theorem 3.2. (|17]) Let U C R™, n > 2, be a bounded domain that has the cone property.
Assume that U has the uniform cone property or OU is minimally smooth. Let p be a finite

positive Borel measure on U with supp(u) € U and p(U) > 0. Assume that dim (u) >
n —2. Then B :=U satisfies conditions (1)—(3) in Definition .

Consequently, (Py)x>1 satisfies condition (N) if for each k > 1, L(X°\ (Upep, B°)) =0,
and for each B € |J;2 | Pk, U := B° satisfies the hypotheses of Theorem (3.2

Let (Pr)k>1 be a sequence of p-partitions of X, and let v be a positive finite Borel
measure on X C R™. For each k > 1, let my, = my(Py) := max{v(B) : B € Py}. We say
that (Px)r>1 is refining with respect to v if it satisfies the following conditions:

(1) {my} is nonincreasing and limy_,~, x, = 0;
(2) for any B € Py and any B’ € P41, either B C B or (B')° N B° = ().

Condition (2) means that each member of Py is a subset of some member of Py.

We now prove Theorem by modifying a method in |30, Theorem XIII 79].

Proof of Theorem[I1.1 Since X is compact and V is continuous, —A, + SV has discrete
spectrum on the negative real line for any 8 > 0, i.e,, N, (8V) is finite for any 8 > 0.
NM_(BV) < N;(/BVmin) = N(—fVuin, —A,) < 00, where Viyin == min{V(z) : v € X}.
For each k > 1, let Py := {Bjs}een, and define V,/ (resp., V}*) to be the piecewise
constant function over each By, with the value V) := min{V(z) : « € Byg} (resp.,
V0 = max{V(z) : © € By}).

(a) For k > 1, let —Al’j be the Dirichlet Laplacian on the union of the interiors of the
cells in Py. Since C2°(Upep, B°) € C2°(X°), we have —A, < —Aﬁ for £ > 1. Combining
this inequality with V' < VA, we have —A,, + SV < —Aﬁ + BV for k > 1. It follows from
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Proposition [2.3] that for all k& > 1,

N, (BV) = N(0,-AF + BV) = > N(0, —Dyis,, T BViY)
LTy

:ZN(—BV,&,—AMBH): > N(=BVie =By, ,)-
(eIl {Zenkzkaego}

(3.6)

Combining (|1.6) and (3.6) yields, for each k > 1,

NoBV) (e 3 (S V) B o)), asB o dee. g
{fer:kaego}

The definition of refining implies that limj_, max{v(Bj¢) : £ € I} = 0. Moreover, it

follows from the continuity of V' that

I — V) Pu(B :/ ~V)*2dy for be {V,A
dm o 3 (CW)TB = [ V)T frbe (Vi) (g
{rery,:vip <0}

which, together with (3.7]), yields the desired inequality.

(b) The proof is similar to that of part (a). Since (Py)r>1 satisfies condition (N), the
Neumann Laplacian —AZ’N is well defined on the union of the interiors of the cells in P
all k > 1. Let u € C2°(X°). Then the restriction of u to Upep, B° is in @pep, O (B).
Moreover, since L"(X°\ (Ugep, B°)) =0,

Vul|? dz = /Vqux.
| wukde= 3 [ va

BePy,

It follows that —Aﬁ’N < A, for k > 1. Hence —Aﬁ’N—i—ﬂVk\/ < —A,+ BV, which, together
with Proposition yields

N (BV) < N0, ALY+ BV) = D N(0, A+ Vi)
ey,

=) N(—ﬂVkYg,—Angk[) = > N(—ﬁkae,—AjjBH) for all k& > 1.
Cetly, T {Lem vy, <0} ’

Thus (1.8) implies the following analogue of (3.7), which holds for all & > 1,

NoBVY<a(C 3 (S V) B o)), as B oo
{tem:v,Y, <0}

Hence, the assertion follows from (3.8]). ]



10

11

12

13

14

15

16

17

18

19

20

14 S.-M. NGAI AND W. TANG

It is well-known that if B C X is a closed interval on R, then N(A, —A,) < N (A, —Aﬁ]) <
N, —Ay) +2 for all A > 0 (see, e.g., [28]). Thus N(\,—A,) and N()\,—Afj) have the
same asymptotically behavior as A — co. Consequently, the result in the following remark
holds.

Remark 3.3. Let X = [a,b]. If there exist positive constants C' and o, and a refining
p-partition (Pr)k>1 of X such that all sets in | Jro, Px are closed interval, and (L.6]) holds
with the inequality being reversed, then the conclusion of Theorem (b) holds.

Let (X, pt) be a measure space with p being o-finite, and let (£, dom £) be a non-negative
closed quadratic form with generator A. Levin-Solomyak (see [20, Theorem 1.2]) proved
that if following Sobolev’s inequality holds for some ¢ > 2: there exists some constant
C > 0 such that ||u|]3“ < C&(u,u) for all u € dom &, then the following general Cwikel-
Lieb-Rosenbljum (CLR) inequality holds:

N(0,A—-pV) < epCpo/ VPdu, for all g > 0, (3.9)
X

where 0 < V € LP(X,pu) and p := ¢/(¢ —2) > 1. In the case X = R", n > 3, p is
Lebesgue measure on R”, and the generator A is the Dirichlet Laplace —A on R"”, then
holds with p = n/2 and C™! = (n(n — 2)/4)n/2wn_1, where wy,—1 is the volume of
the unit (n — 1)-sphere in R™. In this case, is called the classical (CLR) inequality
(see [3L21},22,30,132]).

We give a simple corollary for the general (CLR) inequality (3.9).

Corollary 3.4. Let pu be a continuous Borel probability measure in R with supp(u) C [a, b,
and (Ep,dom Ep) be defined as in (2.3). Assume 0 <V € LP((a,b),u) for some p > 1.
Then

N(0,-A,—BV) §epb—a|pﬁp/prd,u, for all B > 0.
Proof. For all u € H}(a,b) and z € [a, b],
‘u(az)’ = |u(:n) — u(a)‘ = ‘/; u'(t) dt‘ < |b—alY?Ep(u,u)/2.
It follows that for all ¢ > 0,
(/ab u(e)*du) " < b alép(uu).

and thus Sobolev’s inequality holds with C' := |b — a|. Setting ¢ := 2p/(p — 1). Thus using

the discussion above or [20, Theorem 1.2], the desired inequality holds.
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We remark that Theorem [L.I|(b) does not follow from [20, Theorem 1.2], which requires
the Sobolev’s inequality. For n =1, Corollaryimplies that the general (CLR) inequality
holds for all p > 1. However, Theorem[L.1(b) does not follow from [20, Theorem 1.2] in
this case either, since the constant o in Theorem b), which corresponds to the constant
p in the general (CLR) inequality , could be less than or equals 1. Precisely, we would

like to have oo = ds(—A,) < 1, if ds(—A,) exists and n = 1, as in our examples below.

We now apply Theorem to a class of self-similar measures on R satisfying (OSC). For
the convenience of the reader, we first state a slightly modified version of [28, Proposition
2.2(b)] below.

Proposition 3.5. ( |28, Proposition 2.2]) Let S : R — R be a similitude, with Lipschitz
constant r, such that Sla,b] = [c,d], S(a) = ¢, and S(b) = d. Let v be a continuous positive
finite Borel measure on [a,b] with supp(v) C [a,b]. Assume that [a,b] >~ + [c,d]. Then

—AV‘[M] ~ (ryw)~t- (— A,,“a’b]), where r, is the contraction ratio of T.

Let {S;}",, m > 2, be an IFS on R satisfying (OSC) with respect to an open set (a,b),
and let p be a self-similar measure defined by {S;}"; and a probability vector (p;)™,. Let
X = [a,b], and ds be the unique solution of

m

Z(piTi)dS/Q =1,

i=1

where 7; is the contraction ratio of S;. Solomyak and Verbitsky [33] have studied the
asymptotic behavior of the eigenvalue counting function N(A,—A,) as A\ — 4o00. They

proved that there exist some positive constants C7, Cy such that
CXB/2 < N(A, —A,) < CoXB/2 as A — +oo. (3.10)

In particular, for ¢ := In(rgpg), if at least one of the ratios cy/cy is irrational, where
k.0 € {1,...,m}, then there exists some constant C' > 0 such that N(\,—A,) ~ C\4s/2,
The same holds for the Neumann Laplacian for with the same constant C'. We note that
ds = ds(—A).

Proposition 3.6. Use the notation above and assume that {S;}7*, satisfies (OSC). Let
v be the self-similar measure defined by the probability vector ((pyr;)®/?)™,. Then for all

1=1"

continuous functions V on X,
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(a) there exist positive constants C1,Cy such that, as f — 400,

N (BV
c{/ (—Vﬁ%ndug'tyz)fng/ (- V)" aw. (3.11)
D-(V) s/ D-(V)

(b) if, in addition, at least one of the ratios cy/cy is irrational for any distinct k, ¢ €

{1,...,m}, then one may take C1 = Cy in (3.11)).

Proof. Using the discussion above, we see that (b) follows from (a). Thus, we only prove
(a). For k > 1, define Py, := {S;([a,b]) : 5 € {1,...,m}*}. It is easy to see that (Pg)r>1
is a refining p-partition of [a,b] with respect to v, and all cells in (J;>, Pk are closed
interval. Thus by Theorem [L.I] and Remark [3.3] it suffices to show that for all £ > 1 and
ic{l,...,m}",

Crv(Si([a, b)) A%/2 < N (A, —A ) < Cov(Si([a,b]))A%/2, as X — +oo. (3.12)

#ls; (ja.b))
Fix any & > 1 and any 4 € {1,...,m}*. (OSC) implies that Bls;((a)) = Pittljap) © Si_l
on Si([a,b]). It follows that [a,b] ~, . 5, Si([a,b]) and p(S;([a,b])) = p;. In the view of
Proposition we get N (A, Au\s o) = N(ripiA, —Ay), where r; is the contraction
ratio of .S;. Comblmng this with (| -, there exist some positive constants Cq,Cy such
that

Cr(rapi) ™A% < NS =By ) < Calrips) PA%2 as X — +oc.
Since (r;p;)%/? = v(S;([a, b])), (3.12) follows, which completes the proof. O

3.2. A class of self-similar measures satisfying (EFT). In the rest of this section, we

consider the following family of IFSs:
Si(z) =rix, So(x)=rox+r1(1—1r2), S3(z)=rex+1—ro, (3.13)

where the contraction ratios 1,79 € (0,1) satisfy 71 + 2rg — rire < 1, ie., So(1) < S3(0).
The Hausdorff dimension of the self-similar sets is computed in [18]. The multifractal
properties and spectral dimension of the corresponding self-similar measures are recently
studied in [7,[29).

Let u be a self-similar measure defined by an IFS in (3.13|) and a probability vector
(pi)?_;, and —A,, be the associated Dirichlet Laplacian with respect to pu. We note that
supp(u) = X :=[0,1]. Let ds be the unique solution of

(1= (p2r2) ") (1 — (p3r2)™/2) Y (wi(k)rir§) ™2 + (0 + p3?)rg?* =1, (3.14)
k=0



10

11

12

13

14

15

16

17

18

19

20

21

22

23

FRACTAL SCHRODINGER OPERATORS 17

where wi (k) := p1 Zf:o pg_ipé. [29, Theorem 1.2] implies that there exist some positive
constants C', Cy such that, for £ =0, 1,

CIXS/2 S N\ =Dy, ) < Cod™/?, as A — 00, (3.15)

where By := S1(X)JS2(X) and By := S3(X). In particular, ds = ds(—A,,).

In order to define a sequence of refining p-partitions of [0, 1] with respect to u, we adopt
the definition of an island from [29]. Let M, := {1,2,3}* for k > 1 and Mg := ). A closed
subset B C [0,1] is called a level-k island with respect to { My} if the following conditions
hold:

(1) there exists a finite sequence of indexes g, %1,...,%, in My such that S; (0,1) N
Si1(0,1) # D forall k =0,...,n—1, and B = (J;_,55,([0,1]);
(2) for any j € My \ {é0,...,9,} and any k € {0,...,n}, S;(0,1) N S;,(0,1) = 0.

Intuitively, for each level- island B, B° is a connected component of Sy, (0,1) := ;¢ M, S;(0,1)

(see Figure[l). For k > 1, define
P := {B: B is a level-k island with respect to {My} }. (3.16)

We note that Py = {B1 1, B1o} (see Figure. It is easy to see that (Pg)x>1 is a sequence of
p-partitions of [0,1]. By the proof of [29, Example 3.3], (Py)x>1 is refining with respect to
w; moreover, for any £ > 1 and any B € Py, we can find a unique sequence of p-partitions

(Br)e>1 of B satisfying the following conditions:

(i) UZZl B, € Ukzl Pr;
(ii) for each £ > 1, there exists a unique cell B; € B, such that B} is not p-equivalent
to any By, 1= 0,1, and u(B;) — 0 as £ — oo;
(ili) Bi € Prs1, Bes1 \ Be € Pryryr and By \ {B)} C Byyq for all £ > 1.

Notice that (B¢)¢>1 is not refining with respect to p, since condition (1) in the definition of

refining fails. For example, define
By = {Spi11(Br1) : 1 < i <} {Soip o)1 1< i <} {Soe(Br1)}  forall £> 1.

Then (By),>1 is a sequence of p-partitions of By such that all conditions above hold with
B} = Sy(B1,1) (see Figure 1.
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X
0 e 1
Bi1 B
k=1" 1 .. g
Lm e e mm o &———————-—-—-——-——= J
By
k=2 o — Lo
[ 4 @ | L 4 *r—
‘L,,,!T‘
*
BZ
— o ~— 777; — o— ~— o
-~ ~— ~— ~—
- -— —, \ -— -—
\FF\F

FIGURE 1. p-partitions Py, and B} := Sy¢(B1,1) for k =1,2,3 and £ = 1,2,
where Py, is defined as in (3.16]). Cells that are labeled consist of line segments
enclosed by a box. The figure is drawn with 71 = 1/3 and rp = 2/7.

Proposition 3.7. Use the notation above. Let v be a positive finite Borel measure on R
and assume that max{v(B) : B € Py} — 0 as k — oo. Let ds be defined as in (3.14) and
let P, . ={BePy:k>1and B, By, for someiec{0,1}}.

(a) If there exists some constant ¢ > 0 such that
(1B u(B))*"* > cv(B)  for all B € P, (3.17)

then there exists some constant C > 0 such that

N, (BV) > Cp%/? (/ (=V)%/2 du + 0(1)> , as B — +oo. (3.18)
D

2

(b) The reverse inequality in (3.18]) holds if (3.17) holds with the inequality being re-
versed.

Proof. Since (Py)r>1 is refining with respect to p and max{v(B) : B € Py} — 0 as k — oo,
(Pr)k>1 is refining with respect to v. (a) In view of Theorem |1.1j(a), it suffices to show that
for all B € Uy~ Pk,

N =AL,) 2 Ads/2 (Cv(B) +o(1)), as A — +o0. (3.19)

Fix any B € (Jy>; Pr. Let (Bg)e>1 be the unique sequence of p-partitions of B satisfying
conditions (i), (ii), and (iii) in the paragraph preceding this proposition, and B} be the cell
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1 satisfying the condition (ii) above. Thus, for each ¢ > 1, we can write

L

Bi= (U {Bis 0 <5 <m@}) LB} (3.20)

=1

2 where m(i) is a positive integer for any ¢ > 1. Hence, for any ¢ > 1 and 0 < j < m(7),
3 there exists a unique number w(i, ) > 0, a unique (¢, j) € {0, 1}, and a unique similitude
4 75 such that By (i) ~uw(ij)m, Bij- 1t follows from that there exists some ¢, > 0
5 such that for all # > 1 and 0 < j < m(i),

o ds/2 _ [ 1(Bij) |Bi.j
w(t, j)r(i, j ( .
( )r(ij)) 1(B1(ig)  |Busg.l

ds/2
) > c.v(By), (3.21)

6 where r(4, j) is the contraction ratio of 7; ;. By assumption, we have v(B}) — 0 as { — oo,
7 and thus
oo m(i)
=> > v(Bi). (3.22)
=17

)

8 Using calculations from |29 Sections 4 and 5], we get, as A — +o0,

oo m(i)
N =85 =D ) N =4y, )+ A% 0(1)
o (3.23)
oo m(i)
= N (w(i, §)r(i, 5)A, _AMBLW)) Ad/20(1),
i=1 j=1

where the fact By . ;) ~w(ij)m,; Bij and Proposition are used in the last equality.
Combining (3.23)) with (3.15)), (3.21)), and (3.22)), we obtain positive constants C,Ca such

that

—~

N =AL,) 2 O A% /2( Z 7 (i j))ds/2 0(1))

=1 j=1

oo m(i)
> Oy )\ds/2<z Z v )+ o(1 )) = Cy\%/? <V(B) + 0(1)), as A — 400,
i=1 j=1
9 i.e., (3.19) holds, which completes the proof.
10 (b) The proof is similar to that of part (b). If (3.17) holds with the inequality being
11 reversed, then the same is true for (3.21)). Consequently, the desired inequality holds. O

12 We now give a sufficient condition for the reverse inequality in (3.17)) to hold.
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Remark 3.8. Use the notation in Proposition . If (rip1)%/? < p1, po = p3 and
(7“2192)ds/2 < po, then there exists some constant ¢ > 0 such that

ds/2

(|B| w(B)) < cu(B) for all B € P,.

Proof. Let ¢ be a positive constant such that

de/2

(|B| u(B)) < cu(B) for B € {B1,0,B1,1} (3.24)

By assumption, wi(j) = p1 fo:op%*"pé =m(+ l)p% for 7 > 0. Using the assumptions
(7"1]91)0[3/2 < p1 and (T’sz)ds/2 < po, we have

(T1T%w1(j))ds/2 = (rip1)%/2 - ((G+ 1)(p2r2)j)ds/2 <pi(j+ 1)ds/2p§

A (3.25)
<pi(j + 1)ph = wi(4),

where the last inequality uses the fact ds/2 < 1. Fix any B € P,. By the definition of P,
there exist a unique ko € {0,1}, w > 0, and % € Uk>0{1,2,3}k such that By iy ~uw,s; B.
Let r; be the contraction ratio of S;. By the definition of ~,, |B| = 13| B1 k| and p(B) =
wp(By k). From the proofs of |29, Lemma 3.5 and Example 3.3], we see that w can be

expressed as w = wl(i)p{pgp’;*l*iﬂ*e = wl(i)p{pgflfifj for some 4,5, € {0,1,...,k}. In
this case, r; = ri 71 Hence,

ds/2

ds
(74| Biko| - wie(Buky)) &
i . j fm1—ijy | %/2
= <|Bl,k0‘M(Bl7ko) : 7”17"2w1(1) ) (plrl)j : ((p27“2) ]))

< cp(Brgo)w1 (D)plph 7 = cu(B),

(1Bl u(B))

where we have use (3.24)), (3.25)), and the assumptions to get the inequality. This completes
the proof. O

4. BOHR’S FORMULA FOR SCHRODINGER OPERATORS WITH LOCALLY BOUNDED
POTENTIALS

Let X C R™(n > 1) be a compact subset, and p be a continuous positive finite Borel
measure on X such that 4(X°) > 0 and supp(u) € X. We extend X to Xoo := [J;c; X as
described in Section (1| so that conditions (C1)—(C3) are satisfied. For each i € I, let 7; be
a similitude of the form 7;(z) = = + b;, b; € R" satisfying condition (C2) in Section |1} and
i == o 7';1. Also, let 1100 be a positive measure on X, defined as in . Assume that
Hoo (X3 N X;) = 0 for any distinct i,j € 1.
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In the rest of section, we assume that y satisfies (MPI). Let —A,, be the Dirichlet Lapla-

cian with respect to u. We first give a simple proposition.

Proposition 4.1. Let (1;)icr, (Xi)ier, Xoo, and piso be defined as above. Assume that
satisfies (MPI). Then

(a) for any i € I, the Dirichlet Laplacian —A,,, with respect to p; is well-defined and
_Aui ~ (_Au)-
(b) —Au = Bie;(—AL,) is a non-negative self-adjoint operator in L*(Xoo, fioo).

Proof. Part (a) can be proved by verifying (MPI) and using a similar argument as that
in [28, Lemma 2.1]. Part (b) follows from the facts that L?(Xu, fieo) is isomorphic to
@D;c; L*(X7, ;) and that —A,,, is a non-negative self-adjoint operator in L?(X?, y1;) for all

1 € I. We omit the details. O

In the rest of this section, we define —A,, = @,.;(=A,;). Let V be a non-negative,
locally bounded, piecewise continuous function on X, such that V(z) — oo as |z| — oc.

Then —A,, + V|x, is a non-negative self-adjoint operator in L?(X;, u;) for all i € I.

Theorem 4.2. Use the notation above and assume that V is a non-negative, locally bound-
ed, piecewise continuous function on Xoo so that V(x) — +oo as |z| — oo. Then the
Schrodinger operator —A,,  + 'V, defined as a sum of quadratic forms, is a non-negative

self-adjoint operator in L?(Xso, o) and has compact resolvent.

Proof. Let D := {(u;)icr € L*(Xoos ftoo) © ui € C°(X7) for all i € I}. Tt follows from the
fact D C Q(—A,..) NQ(V) is dense in L?(Xoo, fics) that —A,  + V, defined as a sum
of quadratic forms, is a non-negative self-adjoint operator in L?( Xy, fioo). The remaining
assertion holds by using Theorem and the proof of [30, Theorem XIII.16]. O

Let Y be a closed subset of X with pu(Y°) > 0. If u satisfies (MPI), then so does ply.
Hence, we can obtain analogues of Proposition and Theorem for ply, as follows.

Remark 4.3. Let (u;)icr, (Xi)ier, (7i)ier; Xoo, and piso be defined as above. Assume
that p satisfies (MPI). Let Y be a closed subsets of X. Define Xooy 1= ;e m(Y) and
Poo,Y = foo| Xy - Then

_Auz'lmy) ~ (=Ayy) foranyie I;
—-A
—Auy + Vix.y is a non-negative self-adjoint operator in L*(Xeoj, fico,;) with

—~
=

—
o
~—

compact resolvent.

fooy ‘= @z‘el(_Auilmy)) is a non-negative self-adjoint operator in L*(Xeo v, foo,y );
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Proposition (b) implies that —A, +V =@, ;(—A,, + V]x,). It follows that

N =D +V) =) N\ Ay, +Vl]x,)  forall A>0. (4.1)
el

Let V (resp. VY) be the piecewise constant function which takes the value sup,cy, V()
(resp. infyex, V(z)) on X;. Applying Theorem to V? for b € {Vv,A}, we see that
A, + V? is a non-negative self-adjoint operator in L?(Xoo, fioo). Note that o is an
eigenvalue of —A,|x, + V?|x, with eigenvalue ¢ if and only if ¢ — V?|x, is an eigenvalue of

—A,|x, with the same eigenfunction. Hence,
N(A, —Ay; + Vb|Xi) =N - Vb|Xiv _AM)' (4.2)

This allows us to relate the eigenvalue counting function of the Schrodinger operator to
that of the Laplacian. Since 0 < VV <V < V/ in the sense of quadratic forms, we have
Ay +VV<-A, +V <-A,_ + V", and thus, for all A >0,

As in ([4.1)), for b € {V, A}, by (4.2),
N(A, Ay + Vb) = ZN()" —Ay, + Vb’Xi) = Z N(A - Vb‘Xﬂ _A,ui)

el i€l

= Z N()‘ - Vb|Xi’ _Au)v
{iEIZVblxiS)\}

(4.4)

where Proposition (a) is used in the last equality. Replacing Proposition (b) and
Theorem by Remark [4.3[(b) and (c), respectively, we also can now obtain analogues of
(4.1)) and (4.4) as follows. For all j € J and b € {V, A}, we get

N =Dy, +Vxe,) = DN =By o + Vingy),  and (4.5)
1€l
N =D, +VPx.,) = > NA-Vx, ~Dyy,). (4.6)

; /b
(i€1:Vb|x, <A}

Define B(z,7) := {y € X : |z — y| < r}. The following theorem gives the existence of
spectral dimension of —A,_ 4+ V. A similar result was obtained by Chen et al. [2]. We

replace their assumption that p is Ahlfors-regular by a more general condition.

Theorem 4.4. Use the notation above. Assume (W1) holds, and there exist positive con-

stants c1, ca, c3, 0 such that

alz)f <V(z) < ezl for all x € X, (4.7)
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and pi0o(B(0,27)) < 34100 (B(0,7)) as 7 — oo. Then there exist positive constants C,C1, Co
such that, as X — +00,

FA\VY) < CEOAVY) and COAE2F(AV) < N, —A, + V) < CoXB2FE(\ V),

1 where F(-,-) is defined as in (1.11)) and ds comes from (W1).

2 Proof. Fix any b € {V,A}. Since V’|x, is a constant for any i € I, we see that

FOLVY = ) peelX) = u(X) - #{i € T: Vx, <A} for A> 0. (48)
{iel:VP|x, <A}

By (W1), there exist positive constants ¢y, ¢5, Mo such that ¢sA%/2 < N (), -A,) < c5\ds/2
for all A > Mj. Thus

NOA=Vx,,—A,) < N\, —A,) < esA%/2 for all A > My and any i € 1,
while for all A > 2Mq and i € I such that V?|y, < \/2,
NO =V x,,—A,) > N(A/2,=A,) > (cs27%/2) . \ds/2,
Combining these estimates with and , we get

N, =Dy, + V8 <esh24{i e T:Vb]x, <A}
= (c5/u(X)) - A%2E(N\, VP for all A > My, and,

N, —A, +V%) > > N =Vx,, —A,)
{ie:Vb|x, <\/2}

> (427 % /2 NB2l L e T2 VO, < A/2)
= (272 /(X)) - AX=2E(N/2, VP for all A > 2Mj,.

3 It follows that there exist constants cg,cy > 0 such that for all A > 2M,
ccAE2PE(N /2, V) < N\, A, + V) < e 2R\, V). (4.9)

By the definition of F(-,-), F(A\/2,V") < F(\,V) < F(A\,VV) for all A > 0. Using (4.3)),

we have

N, -A, + V") < N -A, +V) < N\ =A, +VY)

for all A > 0
MNZEOLVY) = AERE(N V) ASRZE(A2, VA ’
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which, together with (4.9)), gives

FO/2,VY) N =D +V) _  FOVY)

——————— for all A > 2M,. 4.10
CTFOLVY) S EE(NV) — TR0,V 0 (4.10)

Using (4.7), we obtain positive constants Mj, cg, cg such that
cslz)? < VVi(x) < VNz) < cola)? for all x € X, with |z| > M. (4.11)

Define My := sup{V"(z) : © € X such that |z| < M;}. Thus for all A > 2M5, we have

FM\/2,V") > oo ({7 € Xoo : cglz|® < A/2}) = p1oo (B(0, €10A1?)),
F(A, Vv) < poo({7 € Xoo 08|513"9 < AP = boo (B(O,cll)\l/e)),

~1/0

where ¢ := (2¢9) and cqp := cgl/e. Moreover, since poo(B(0,27)) < c3p00(B(0, 1)) for

all sufficiently large r by assumption, we have
oo (B(O, 011)\1/9)) < 3" oo (B(O, 27m0011)\1/9) <3 oo (B(O, 010)\1/9)), as A — +0o,

where my := min{i € Z : i > In(ci11/c10)/In2}. Thus F(A\,VY) < °F(A/2, V") as
A — +o00. It follows from (4.10]) that

3™ e NEF(\ V) S N\, —A,, +V) <G X=F(\, V) as A — 4oo,

which completes the proof. ]

Assume (W2) holds. Fix j € J and b € {V,A}. Define

ds/2
ROV = Y (A= VxR (A~ V). (4.12)
(il VP x, <A}
Let g;(-,-) be defined as in (1.12)) for j € J. We first observed that
ds/2
GV = S (A=) G'j(ln (A — Vb\Xl.)>. (4.13)
(i€L:Vb|x, <A}
Thus limy—,o0 R;(A, V?)/g;(X, V?) = 0, and using (4.6), we have N(A, —A,__ +V’|x_ ) =
;i (N V) + R;(N, V?P) as A — +o0. It follows that
N\ =A, 4+ VPl x , b . b

lim ( oy V) lim 550VD) + B VT) 1. (4.14)

A—00 gj()\, Vb) - A—00 gj()\, Vb)
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The following theorem is a slight modification of a similar one in |2], in order to suit our

purpose. We include a proof for completeness.

Theorem 4.5. |2, Theorem 2.11] Let V' be a locally bounded non-negative, piecewise con-
tinuous function on Xoo so that V(x) — +o0o as |x| — co. Assume that (W2) and
hold. Let F(-,-) and g;(-,-) be defined as in (1.11)) and (1.12)) for j € J, respectively. Then
for each j € J,

N\, —A +Vlixe ;) ~ gi(A V), as A — +00. (4.15)

Hoo,j

Proof. Fix any j € J. We claim that
gi(NVY)/gi(A\ V) =1+ 0(1), as A — +oo. (4.16)

Define F;(\, V?) i= poo({r € Xoo; : VO(z) < A}) for b € {V,A}. Similar to (£.8), we
get (N V) = w(Y;) - #{i € I : VPx, < A} for b € {V,A} and A > 0. This, together
with (L8), vields Fj(\, VV)/F;(A\, V) = F(\,VY)/F(\,V"). By [2 Proposition 4.2, if
F;(\, VYY) ~ Fj(\, V") as A — 400, then (4.16) holds. The claim follows by combining
these observations with ([1.13)). Combining (4.16) and (4.14)), we get

. N(A’ _Aﬂoo,j + VV|Xoo,j) . N()‘v _A/—Loo,j + V/\|Xoo,j)
lim = lim
A——+o00 g]-()\, V/\) A——+00 gj()\, V\/)

=1. (4.17)

We note that h;()\) := A\%/2G;(In \) is nondecreasing on (M, +00) for some constant M > 0.
Hence, by the definition of g;(-,-) in (1.12]),

gV <gi(\ V) <gi(\VY) as A — +oo. (4.18)

As in (4.3)), we have

N =D, + VM x ) SN =Ap, + Vixe,)) SN =D, + VY xL,)-
It follows that, as A — +oo,
N, =Dy, +Vx0 ) < N =D, +Vixe,) < N, =Dy +VVx0 )
9i(AVY) - 9i(A V) - 9i (A V) ’
which, together with , yields . ]

We now prove Theorem

Proof of Theorem [1.3 Proposition[d.1[a) and Remark[4.3{(a) imply N(X, —A,,) = N(A, —A,)
and N(\, —A ) =N\, —A,, ) forallie [ and all j € J. Also, (1.9)) holds by (W2).

Hilr;(v;) mly;
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1 Thus, for all 7 € I,

Z N(fj@)\, _A;U'i|ri(Yj)) —Ch < N(/\, _AIM') < Z N(fj,g)\, _Aﬂi|ri(Yj)) + Cy. (4.19)
jeJ jeJ

For all i € I, since VV|x, < V|x, < V/|x,, Proposition 2.3 and ([4.2) give
N(A - V/\|Xi7 7Alii) = N()\, 7A,U«i + VA|X¢) < N(Av 7AM + V|Xi)
< N()" _Aﬂi + VV|X¢) = N(A - V\/|Xi’ _Aui)v
which, together with (4.19)), yields

D ONEIA =V x), “Dpilryryy) = Co S N Ay, + V)
jeJ

< Z N(&2(A = VVYx,), _Amlri(yj)) +Co.
jeJ

It follows that

DY NG -V ), By~ Co-#li€l: VA lx, < A}

el jeJ
SN =B + V) = 3 N =4y + V]x)
iel
SZZN(£J:2()‘ - V\/‘Xi)a _A“i‘Ti(Yj)) + C[) . #{Z ecl: ‘/\/’X2 < )\}
el jed

2 Using (4.8)) and (4.6, we get

Z N(&ah =Dy + &1V xy,) — C1F (A V)

JjeJ
<N\, —Au, +V) (4.20)
<D ON(Gad —Ap, + &2V x0,) + C2F(NVY),

JjeJ

3 where C;, ¢ = 1,2 are positive constants. Combining (4.13]) and (4.8) with the fact 0 <
4 inf Gj <supG; < 400, we have for b € {V,A} and all ¢ > 0,

gj (e, ch) > (cd5/2 inf G;) - Z ()\ — Vb\xi)ds/2
(iel:VY|x, <A}

> (¢/2inf Gy)(V/2)%/2 - #{i € T: V|x, < A/2}
> CsAB2E(A /2, V) > CuA%2F(\ VP, as A — 4o,

(4.21)
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where C; > 0, i = 3,4, are constants, and the last inequality uses the assumption F/(2\, V") <

CF(\, V") as A = +oo. Combining ([4.21)) with (4.18]), (4.17)), and (4.20), we have

N, =Dy +V) 2jes N(Eiad =D + &1V xe )

lim > lim
A=00 3 ie g 95(§A &1 V) T Ao >ics 9i(§aA&aVY)
. C1F(\, VM)
— lim =14+0=1.
A0 D 0e 1 95 (&N € VY)
Similarly, we have
N\, —-A
lim A =B +V) <1.
A=vo0 ) e Gi(&G2A &j2V)
The proof is complete. O

A sufficient condition for ([1.13]) is given in |2, Remark 2.9]. We now give a simple sufficient
condition for (|1.13]), which is needed in Section

Proposition 4.6. Let X = [0,a] C R and let Xoo and poo be defined as above. Assume
that V' is a locally bounded mon-negative, piecewise continuous function on X so that

V(z) ~ cz|® for some B > 1 and ¢ > 0. Let F(-,-) be defined as in (T.11)). Then (1.13)
holds.

Proof. By the definition of F(-,-) in (L.11)), we have F(\, V) > F(X,V"). Since V(z) ~
c|z|?, for any sufficiently small ¢ > 0, there exists some sufficiently large constant M > 0
such that 0 < ¢(|z| —a)? — e < VV(z) < VNx) < ¢(|z| + a)? + € for all z € X, such that
|z| > M. Define My := sup{V(z) : x € X such that |z| > M}. Thus for all A\ > My, we
have #{i € I : VV|x, <A} < #{i e I:V"|x, <A} + C(e, M), where C(e, M) is a positive
constant depending only on € and M. It follows that

v 1 . \Y <
A—00 F(/\,VA) A—00 #{2 cl: V/\’Xi < )\}
) . A <
< qim PUET:Vix <A} +Cle, M)
A—00 #{ZGIV/\|XZ S)\}

= 1.

Hence, ([1.13)) holds. O

5. EXAMPLES: SELF-SIMILAR MEASURES ON R WITH OVERLAPS

In this section, we apply Theorem to self-similar measures on R with overlaps. We

first prove a simply proposition, which leads to a sufficient condition for Theorem [£.4

Proposition 5.1. Let X :=[0,a] and p be a continuous positive finite Borel measure with
supp(p) € [0,a]. Let Xoo := U;er 7i(X) and pioo be defined as in Section with I = 7Z and
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Ti(x) = x + b;, where b; = a+ b1 for all i € I. Then X = R, and there exist positive
constants Cp,Cy such that Cir < poo(B(z,r)) < Cor for all x € R and r > 2a, where
B(z,r) :={z € R: |z| <r}. Consequently, under the assumptions of (W1) and (4.7), the
conclusions of Theorem [{.4] holds.

Proof. By assumption, 7;(0) = 7;,_1(a) and |7(X)| = a for all i € Z. Thus X, = R. Let
X; := 7;(X). Fix any z € R and r > 2a. Then there exist positive integers mg, m; such
that m1 — mo > 2 and U™, X; € B(z,r) € U1 | X;. Thus

i=mg

my mi+1
a(my —mo) = > Xl <2r < Y |Xi| = a(my —mo +2) < 2a(my — my).
i=mg i=mo—1
It follows that
+ 4u(X
“(a)r < (m1 = mo)u(X) < poo(Blx, 7)) < 2(m1 — mo)u(X) < MEI )“

where the fact poo(X;) = pi(X;) = p(X) for all ¢ € I is used. Hence the assertion holds. [

The spectral dimension of the examples in Subsections and are computed in [28].
We will compute the spectral dimension of the example in Subsection by using a similar
method. The technique is to apply a vector-valued renewal theorem |14, Theorem 4.2] by
deriving a system of renewal equations for the eigenvalue counting functions, and express

them in vector form as:
f="Ff*xM, +z, (5.1)
where o > 0, and

£ =) = [Y),.... 1), teRr

M, = [,ugcn?] is a m x n matrix of Radon measures on R;
z =z () = [z%a) (t),...,2()] is some error function.
Let
Ma () = [uim (R)] . (5.2)

If the error functions decay exponentially to 0 as t — oo, then ds(—A,) is given by the

unique « such that the spectral radius of M, (c0) is equal to 1.

For the examples in this section, the functions G in condition (W2) tend to either a

constant or a (non-constant) periodic function as A — oo. This dichotomy is determined by
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is

(a)]n

whether a set Ry in [14] is arithmetic or non-arithmetic, where M := My = [py, 17 ,,—1

an n X n matrix-valued Radon measure and Rj; is the closed subgroup of (R, +) generated

by G :=J {supp(py) : 7 is a simple cycle on {1,...,n}} (see [14]).

5.1. Infinite Bernoulli convolution associated with the golden ratio. In this section,

we consider the infinite Bernoulli convolution associated with the golden ratio:

1 _ 1 _
M:§M°S1l+§ﬂos2la (5.3)

where
Si(x) =px,  Sa(z)=pr+(1—p), p=(5-1)/2

We note that supp(p) = [0,1]. Strichartz et al. [35] showed that p satisfies a family of

second-order identities with respect to the following auxiliary IFS:
To(z) == p’x, Ti(z) == pPx + p?, To(z) := p*x + p. (5.4)
For any integer k& > 0 and any index j = (j1,...,jx) € {0,2}*, define

1 1 11 10
Cj::m[l 1]13][1]7 Pj:=Pj --- P, POZ{O 1], and Pg:[l 1].

The vector-valued renewal equation (|5.1)) reduces to the following scalar-valued one:

FO =YD (0 Pe) ft+ (™)) + (1),

k=0 jejk

where f(t) = e N (et, —Dulr
Section 5]). Moreover, M = [(®] is a 1 x 1 matrix-valued Radon measure, where p(® is
a discrete measure with support G := {—In(p***3¢;) : k > 0,5 € {0,2}*}. Let Rys be the
closed subgroup of (R, +) generated by G.

) and 2%(t) = o(e™"), as t — oo, for some o > 0 (see |28,

Let ds be the unique positive solution of

o0
Z Z (p2k+3c]')ds/2 =1. (5.5)
k=0 jeJg

[28, Theorem 1.2] shows that ds(—A,) = d,, and (W1) holds.

Proposition 5.2. Let p be the self-similar measure defined as in (5.3), and —A, be the
associated Dirichlet Laplacian with respect to p. Then (1.9)) holds with J = {1} and Y1 :=
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T1(X), where T\ is defined as in (5.4)). Moreover, (W2) holds; in particular, the non-
arithmetic case holds: there exists a constant G1 > 0 such that
N(X—A

ulTl(X)) = )\d‘s/Q(Gl + 0(1)), as A — +oo,

where dg is defined as in (5.5)).

Proof. From [28, paragraph following Proposition 3.2], we see that there exists a constant
& > 0 such that
N()\,—A ) < N\, —A

<N(EA, —-A )+1  forall A >0, (5.6)

M|T1(X) M|X) M\TI(X)

and hence the first assertion holds. Condition (2) of (W2) holds by combining [28, Theorem
1.2 and Theorem 4.1]. We now use [28, Theorem 4.1] again to show that the non-arithmetic
case holds by verifying that Ry; = R. Suppose, on the contrary, that Ry; # R. Letting
k = 0 and 1, we obtain the elements a := —In(p3/4) and b := —1In(3p°/32) in G. Then
b/a =1—1n(3p?/8)/a € Q and thus there exist m,n € Z such that —In(3p%/8)/a = n/m.
Consequently, 3™ = 23m=2n32m=3n where B = 2/(v/5—1) = 1/p. Without loss of generality,
we assume that 2m — 3n > 0. Define h(x) := 23m=2ng2m=3n _ 3m  Then h(B) = 0. Since
B is an algebraic integer with 22 — z — 1 being its minimal polynomial, 22 — z — 1 divides

h(zx), a contradiction. Hence, Ry; = R, which implies the desired result. O
Let I := Z and define 7;(z) = x +1 for all i € I. Define Xo := {J;c; 7(X) and let pio be
defined as in (1.10). Thus X = R. Define Xoo1 := U,;c; 7i(T1(X)) and fioo1 1= floo|X a0 ;-

Corollary 5.3. Let Xo, floo, Xoo,1 and fioo,1 be defined as above. Assume V is a locally
bounded non-negative, piecewise continuous function on Xso such that V(z) ~ clz|? for
some B> 1 and ¢ > 0. Let ds be defined as in (5.5)). Then

(a) there exist positive constants C1,Co such that
CINEREONV) S N, Ay, +V) < CAS2E(\ V), as A — 4oo,

where F(-,+) is defined as in (1.11));
(b) as A = 400,

(1+0(1))g1(\ V) S N, =Au + V) < (14 0(1) g1 (€N, V),

where & comes from (5.6, and gi(-,-) is defined as in (1.12)) with G1(-) being a
constant function in Proposition [5.2
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Proof. Part (a) follows from Proposition [5.1 and the fact that (W1) holds. Part (b) follows
by combining Theorems [I.3] and [£.4] with Propositions and O

5.2. A class of convolutions of Cantor-type measures. We study the following family

of convolutions of Cantor-type measures studied in [16,228]. Let
z, Si(x) = —z+ ——, (5.7)
where m > 3 is an odd integer. Let v, be the self-similar measure defined by the IFS (/5.7

with probability weights pg = p1 = 1/2. The m-fold convolution pu,, of v, is the self-similar
measure defined by the following IFS with overlaps (see [28]):

i, i=0,1,...,m,

together with probability weights w; := (T) /2™, i=0,1,...,m. That is,

um:Zwi‘umoSi_l. (5.8)
=0

Note that supp(um) = [0, m]. For the rest of this subsection, we fix an odd integer m > 3,
and let p := p, for convenience. It is shown in [16] that p satisfies a family of second-order
identities with respect to the IF'S

1
Tj(x) = —x + ], j=0,1,...,m—1. (5.9)
m
Similarly, the vector-valued renewal equation (5.1)) is given in |28, Section 6] with f(¢t) =
e’atN(et,—AmTz(X)), ¢=1,...,m—2. Thus M = [M;E;?)]Z?fl is an (m —2) x (m — 2

matrix-valued Radon measure. By the proof of |28, Proposition 6.2], we have
supp (i) = {In(@™ }J{ — In(ej/m**?) : & > 0,5 € {0,2}"}, (5.10)

where for any integer k¥ > 0 and any index j = (ji,..., i) € {0,2}%,

IS

By the definition of G and [14, Lemma 2.3|, we get supp(,ugcf)) C G. In particular, the

1
Pj =Py Py €= ggmpr (%)
equation holds if m = 3.

An explicit formula for the spectral dimension of —A, is given in [28, Theorem 1.3],
which also shows that (W1) holds.
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Proposition 5.4. Let p:= py, be defined as in , and —A,, be the associated Dirichlet
Laplacian. Then holds with J = {j} and Y; :=Tj(X) for any j =1,...,m —2, where
T; is defined as in . Moreover, (W2) holds. In particular, the non-arithmetic case
holds: for any j =1...,m — 2, there exists a constant G; > 0 such that

N\, —A ) = As/2 (G; +0o(1)), as A — 400,

Hlr;(x)

where dg is the spectral dimension of —A,.

Proof. Asin the proof of Proposition using the discussion in the paragraph following |28
m—2

Proposition 3.2], we see that there exist positive constants (;) =1 such that for each

j=1,...,m-2
N =By ) SN, =4

< N(EA, —A +1. (5.11)

ulx) MITj<X))

Hence, the first result holds. Condition (2) of (W2) follows from |28|, Section 6 and Theorem
4.1]. As in Proposition we show that Ry; = R. Letting k£ = 0, we get a := — In(m(m +
1)/2)+21n(2™) € G* C Rys. Suppose Rys # R. Since In(2™) € G*, we have —a/ In(2™)+2 =
In(m(m+1)/2)/In(2™) = s/t for some s,t € Z. Thus m®(m+1)* = 2"™+5 a contradiction,

and the assertion follows. OJ

Let V; := Tj(X) for j = 1,...,m — 2. Let I := 7Z and define 7(z) = x + mi for all
i € I. Define Xoo := J;c; 76(X) and let pio be defined as in (1.10). Then X, = R. Define
Xooj = Uier mi(Yj) and poo j = ool x o, for j=1,...,m—2.

Corollary 5.5. Let Xo, floo, Xoo,j and [t j be defined as above. Assume V is a locally
bounded non-negative, piecewise continuous function on Xoo so that V(z) ~ c|z|? for some
B>1and c> 0. Let ds be the spectral dimension of —A,. Then

(a) there exist positive constants C1,Co such that
CEPEONV) SN, A, + V) S CAS2E(N V), as A — 4oo,

where F(-,-) is defined as in (L.11));
(b) as A — +o0,

m—2 m—2
(1+0(1) > g\ V) SN, =Au, +V) < (T+0(1) Y gi(§M V),
j=1 Jj=1

where §; comes from (5.11)), and g;(-,-) is defined as in (1.12)) with G;(-) being the
constant function in Proposition [5.4)
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Proof. The proof is similar to that of Corollary [5.3] with Proposition [5.4] replacing Proposi-
tion O

5.3. A class of graph-directed self-similar measures satisfying (EFT). This pur-
pose of this subsection is to illustrates the arithmetic case by constructing a graph-directed
self-similar measure.

A graph-directed iterated function system (GIFS) of contractive similitudes is an ordered
pair G = (V, E)) described as follows (see [25]). V := {1,..., ¢} is the set of vertices and FE is
the set of directed edges with each edge beginning and ending at a vertex. It is possible for
an edge to begin and end at the same vertex and we allow more than one edge between two
vertices. Let F;; denote the set of all edges that begin at vertex 7 and end at vertex j. We
call e =ej...ex a path with length k if the terminal vertex of each edge e; (1 <i <k —1)

equals the initial vertex of the edge e;11.

Consider the GIFS G = (V,E) with V = {1,2} and E = {e; : 1 < i < 5}, where
el,es € Ei1, e € FEio, eq € FEo1, e5 € Eoy. The five similitudes associated with E are
defined by

1 1 3 1 5 1 1 9
Se, () = 2% Se, () = 2% + 7 Ses(z) = 27 16 Se,(z) = 1% +2, S (z) = 2% + T
The GIFS G = (V, E) is used in [4] as basic example for the graph finite type condition. It
is known (see [8,25]) that if for each edge e € E, there corresponds a transition probability

De, then for each ¢ € V', there exists a unique Borel probability measure p; such that

2

Mi:zzpe'ﬂjose_l'

j:l eGEiJ-
We note that supp(p1) = [0, 1] and supp(us2) = [2, 3].

Define p(E) := p1(ENI0, 1])+p2(EN[2, 3]) for all measurable subset £ C R. We call p the
graph-directed self-similar measure defined by G = (V, E) and probability matrix (pe)ecp-
Since p satisfies (EFT) (see |29, Example 3.6 ]), we can derive a vector-valued renewal equa-
tion by using the same method in [29, Section 4] as follows. Let Y] := S, ([0, 1]) U Se,4([2, 3])

and Ya := S¢,([0,1]). For a > 0 and j = 1,2, define f;(t) = fi*)(t) :== e *'N(et, ~A,, ).
J
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1 Thus, combining the proof of |29, Example 3.6 | and the process of deriving the vector-valued
2 renewal equation in [29, Section 4], we see that (5.1]) can be written as

11t = (Per) i (t+mPeny) + (B Bebe) T (1 g (P o PesPer))

4 4 dpe, 1 dp,
PesPes  Pes \* PesPes  Pes (a)
+kzl< 4k+1 pez) fQ(t—i-ln( gkl p@))-ﬁ-zl (1), (5.12)
fo(t) = %)aﬁ(wrln (%)) n (%)afz(t—{—ln (%D + A9,

3 where zga)(t) = e*at(N(et,—Au‘Bnt) + e(ne, 1)), Bp, == S n-1(B13), and zéa)(t) =

esey
4 e %g(2,2).
5 For j, k € {1,2}, let ,ué;) be the discrete measure such that

(n )= () (-n) - ()

—In (pﬂ T p63p64)) — (}ﬁ i PesPey )O‘;

Hiz ( 1 i, 1" ap,, -
k ke .
() DesD Pe . (PesD Pey \ @ .
H12 (—ln( 4k+i5 .pei)) N ( 4k+i5 'pez> for k2 1;
(a)( ] Dey ) — (pez)a
(%) = (%"

6 Let M, (c0) be defined as in (5.2). Since uéon;)(R) > 0 for all £,m € {1,2}, M,(c0) is
7 irreducible. The remaining conditions of |29, Theorem 1.1(b)] can be easily checked by using
8 the same method as in [29, Propositions 5.2 and 5.4]. Finally, It follows from [29, Theorem

o 1.1(b)] that the spectral dimension of —A,, exists, and (W1) holds.

10 Proposition 5.6. Let u be the graph-directed self-similar measure defined by the GIFS
11 above and probability vector (pe)eck, and —A,, be the associated Dirichlet Laplacian. Also,
12 let Y1 and Ys be defined as above. Then holds with J = {j} and Y; := T;(X) for any
13 j=1,2. Moreover, (W2) holds. In particular, if pe, = De, = 1/4 and pe; = pe, = Pes = 1/2,
14 then the arithmetic case holds: there exist non-constant period functions G1(-) and Ga(-)
15 such that for j = 1,2,
N\, —A

vy ) = A52(G(In ) +o(1)), as A — +00, (5.14)

16 where ds is the spectral dimension of —A,,.
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Proof. Combining |29, Example 3.6] and |29, Proposition 4.5], we see that for each j = 1,2,
there exists some constant §; > 0 such that
N\ —-A

< N, —Au) < N(EA -A (5.15)

;L|yj) N‘Yj)'

Hence, the first assertion holds. Since all conditions of |29, Theorem 1.1(b)] hold, con-
dition (2) of (W2) follows from |28, Theorem 4.1]. Hence, (W2) holds. Assume that
Dey = Pe, = 1/4 and pe; = Pey = Pes; = 1/2. Using |28, Theorem 4.1] again, we show that
the arithmetic case holds by verifying that Rj; can be generated by a real number a € R. By

- M = | is a 2 x 2 matrix-valued Radon measure, where ,u,( ) is defined as in (15.13).

It follows from [147 Lemma 2.3] that Rj is the closed subgroup generated by supp(/tgl)),

supp(/tgg)), and the closure of supp(,uiQ)) + supp(,ugg)). Combining (5 and the assump-
tions on (pe)eeE shows that Supp(/tg1 ) ={In(8)}, supp(,ugl)) = supp(/t22 ) = {In(16)}, and

supp(,u12 ) = {In(4)} U{In(23*+3) : k > 1}. Consequently, Rj; can be generated by In(2),
which completes the proof. O

Let X =[0,3] and I := Z. Define 7;(z) = o + 3i for all i € I. Define Xo, := [J;c; 7:(X)
and let pioo be defined as in (1.10). Then Xo = R. Define Xoo; 1= U;e;7(Y;) and
Poo,j = HoolX s, for j =1,2.

Corollary 5.7. Let Xo, floo, Xoo,j and i, j be defined as above. Assume V' is a locally
bounded non-negative, piecewise continuous function on Xoo so that V(z) ~ c|z|? for some
B>1and ¢ > 0. Let ds be the spectral dimension of —A,. Then the following hold.

(a) There exist positive constants C1,Cy such that
CINEPEO V) S N, —A, + V) <OXE2EN V), as A — +oo,

where F(-,-) is defined as in (1.11)).
(b) As A — 400,

2
(1+o0(1) V) SN, —A,, +V) < (1+0(1 Z (&N &V)

||Mw

where §; comes from (5.15)), and g;(-,-) is defined as in (1.12)) with the non-constant
period function G;(-) in (5.14)).

Proof. The proof is similar to that of Corollary [5.3 with Proposition [5.6] replacing Proposi-
tion O
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