ORTHOGONAL POLYNOMIALS DEFINED BY SELF-SIMILAR
MEASURES WITH OVERLAPS

SZE-MAN NGAI, WEI TANG, ANH TRAN, AND SHUAI YUAN

ABSTRACT. We study orthogonal polynomials with respect to self-similar measures,
focusing on the class of infinite Bernoulli convolutions, which are defined by iterated
function systems with overlaps, especially those defined by the Pisot, Garsia, and
Salem numbers. By using an algorithm of Mantica, we obtain graphs of the coeffi-
cients of the 3-term recursion relation defining the orthogonal polynomials. We use
these graphs to predict whether the singular infinite Bernoulli convolutions belong
to the Nevai class. Based on our numerical results, we conjecture that all infinite
Bernoulli Convolutions with contraction ratios greater than or equal to 1/2 belong
to Nevai’s class, regardless of the probability weights assigned to the self-similar
measures.

1. INTRODUCTION

Orthogonal polynomials with respect to fractal measures have been studied by
authors including Mantica [9}/10], Heilman et al [7], Kriiger and Simon [8], and Bandt
and Pena [1]. In [7], the self-similar measures studied satisfy the open set condition.
As the classical theory [6,22] to compute the orthogonal polynomials can be applied
to a large class of general measures and algorithms formulated by Mantica to compute
the coefficients of the 3-term recurrence relation (see ) can be applied to general
self-similar measures, we use them to study self-similar measures defined by iterated
function systems with overlaps. This paper can be consider a continuation of the
explorations in [7].

Let u be a positive measure on [0, 1]. We say that a measure p is in Nevai’s class
(see [12,/14,/18]) if the recurrence coefficients A,, and r, in (2.2)) satisfy

1 1
lim A, = = and lim 7, = —.
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Rahmanov [19,20] proved that if p/ > 0 for Lebesgue a.e. on [0, 1], then u belongs
to Nevai’s class. On the other hand, Lubinsky [13] constructed singular continuous
measures that belong to Nevai’s class. These results seem to suggest the relationship
between absolute continuity being in Nevai’s class, and motivated our study of infinite
Bernoulli convolutions with overlaps. They are self-similar measures defined by an
iterated function system (IFS) with two similitudes {51, Sa} together with probability
weights wy = wy = 1/2 as follows:

1 1
M25M05f1+§#052_17 where

Si(x) = pz, So(x) = pr + (1 — p), 1/2<p<1l

(1.1)

We are particularly interested in several families of algebraic integers. If p~! is a
Pisot number (i.e., an algebraic integer > 1 whose algebraic conjugates lie inside the
unit circle), then p is singular [3]. This is the only class of numbers for which p is
known to be singular. Wintner [23] proved that if p = 1/3/2 for some n € N, then
& is absolutely continuous. Garsia [5] constructed a class of algebraic integers for
which p is absolutely continuous. These are the only numbers for which the self-
similar measures are explicitly known to be absolute continuous, and by Rahmanov’s
theorem, they are in Nevai’s class. Solomyak [21] proved that for Lebesgue a.e.
p € (1/2,1), u is absolutely continuous. Salem numbers are algebraic integers greater
than 1 whose algebraic conjugates have moduli less than or equal to 1, with at least
one of them being 1. They are of interest in dynamical systems and number theory
(see [2,|15] and references therein) as well as fractals (see, e.g., [4]). Although the
definition of a Salem number is close to that of a Pisot numbers, Salem numbers,
as well as the associated self-similar measures, are much less understood. It is not
known whether the self-similar measure associated with a Salem number is absolutely
continuous or singular.

We also study weighted infinite Bernoulli convolutions, namely,
,u:wmoSfl—l—wguoSQ_l, where w; > 0, wy > 0, wy +wy =1,

(1.2)
Si(z) = pz, So(z) = pr + (1 = p), and 1/2<p< 1l

As the weights become more biased, the corresponding measure p tend to be more
singular (in the sense that the Hausdorff dimension of 1 becomes smaller). However,
our numerical experiments suggest, rather unexpectedly, that p continues to belong
to Nevai’s class. Unfortunately, we are not able to prove this.

This paper is organized as follows. In Section [2] we establish some properties of the
recurrence coefficients for general measures. In Section [3, we graph the orthogonal
polynomials defined by the infinite Bernoulli convolution associated with the gold-
en ratio and the 3-fold convolution of the Cantor measure, both being self-similar
measures with overlaps that have been studied extensively. In Section {4] we derive
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explicit formulas for computing the recurrence coefficients by using both Mantica’s
and Chebyshev’s algorithms. Numerical solutions are displayed in Section [5| Finally,
we state some open problems and conjectures in Section [6]

2. 3-TERM RECURSIVE RELATION AND SYMMETRIC MEASURES

Let u be a positive measure on R. Let [P be the vector space of all real polynomials
and P,, be the subspace of polynomials of degree < n. Define an inner product and
norm on P respectively as

(wohi= [wwdi fulli= e

The inner product is said to be positive definite on P (resp. P,) if |lul[, > 0 for all
u € P (resp. P,) that is not identically 0. The orthogonal polynomials {P,(z)}n>0
with respect to p are polynomials of the form

P.(x) =cpx"+ -+ cx+ ¢ with ¢, > 0 (2.1)

that satisfy (P, Pj), = ¢;; for all 4,5 = 0,1,2,..., where 0;; is the Kronecker delta.
{P;(z)}1, form a basis of P,,. The existence and uniqueness of orthogonal polynomials
{P.(2)}n>0 with respect to p are well-known (see [6, Theorem 1.6]). The orthogonal
polynomials { P, (x)},>o satisfy a 3-term recurrence relation (see |6, Theorem 1.29])

zP,(x) = rpi1Poii(x) + A Py() + 1y Poq () forn=0,1,2..., (2.2)
where P_y(z) =0, Py(z) = 1, and ry = 1. Orthogonality implies that for all n > 0,

Tnp1 = (@ Pni1, Po), and A, = (zF,, ), .

Monic real polynomials ﬁn(aj) =x"4+---,n=0,1,2,..., are called the monic
orthogonal polynomials with respect to the measure p if (P, P;),, = 0 for all i # j €
{0,1,2,...} and || B, > 0 for all i = 0,1,2,.... Note that P,(x) = B,(z)/||P.|,-
Combining [6, Theorem 1.29] and (2.2)), we see that monic orthogonal polynomials
{ﬁn(x)}nZO satisfy the following 3-term recurrence relation

2P, () = Ppi1(z) + ApPo(z) + 12 Py (2) forn=0,1,2..., (2.3)

where P_y(z) = 0 and Py(z) = 1.

Let 29 € R and T'(z) := 2x9 — x for € R. Note that T'=T~'. We say that u is
symmetric with respect to @ = x¢ if u(E) = po T7(E) for all y-measurable E C R.

Proposition 2.1. Let p be a positive measure on R and let {P,(x)} be orthogonal
polynomials with respect to p as in[2.1. Assume that p is symmetric with respect to
x = xg for some xo € R and let T'(x) := 2xy — x. Then for each n > 0,

(a) P,(z) = (—=1)"P,(T(x)) for all x € R;
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Proof. (a) For each n > 0, define P, (z) := (—=1)"P,(T(z)) for z € R. It follows from
the definitions of T'(z) and P,(z) that P,(z) = ¢,z" 4 - - -. Moreover, for 0 < k # £,
we have

<%EM—PN“A&@@WUWMMw

= (=) /T(R) Pu(y)Puly) dp o T~ (y) (2.4)

= (_1)k+e/RPk(y)P€<y) d,u(y) = (_1>k+z<Pk7 Pz># = Oke-

Thus {pn(if)}nzo is also a sequence of orthogonal polynomials with respect to u. By
the uniqueness of orthogonal polynomials, P, (x) = P,(x), i.e., (a) holds.

(b) Combining T'=T7!, = poT™!, and (a), we have

An = /R v Py (x) dp(z) = /T (R)(T_l(y))Pﬁ(T_l(y))duOT‘I(y)

2.5
- [en—pPrw) i) = [ @r-yP) i (25)
R R
=20 — A, for n > 0.
Thus A,, = zq for all n > 0. 0]

3. GRAPHING ORTHOGONAL POLYNOMIALS WITH RESPECT TO SELF-SIMILAR
MEASURES

Let p be the self-similar measure defined by an IFS {S;}¥, on R of the form

N
i=1"

together with a probability weight {w;} That is, p is the unique probability

measure satisfying the following self-similar identity
N
= Zwi,uoSfl. (3.2)
i=1
Thus for any continuous function f on R,

/deﬂ:éwi/KfOSid% (3.3)

where K := supp(u) is called the self-similar set defined by {S;}& . Tt is known that
if N > 2, then p is continuous. For n > 0, let m,, be the n-th moment with respect
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to p, defined as

My = my(p) == /Kx" dp. (3.4)

Let {P,(2)} s be the monic orthogonal polynomials with respect to p. In this
section, we will draw the figures of ]Sn(x) Since the monic orthogonal polynomials
P,(z) can be expressed in terms of the moments in the following well-known formula
(see, e.g., [6]):

mo mq “ee mn
1 m1 mo -+ Mpyi
Po(z)=——| & i .. (3.5)
n
Mp—1 My - maon—1
1 x ) xn

we first need to compute the moments {m;}2"5" with respect to .
The following proposition gives a straight-forward derivation of a formula for the

moments corresponding to any one-dimensional self-similar measure .

Proposition 3.1. Let p be defined by (3.1) and (3.2), and let m,, be defined as in

(3.4). Then

= sznzf()kb"k

1w1pl i=1 k=0

Proof. Letting f(z) = 2™ in (3.3) yields

N N n—1
m, = Zwl/ (pix 4+ b;)" dp = sz/ <p?:c” + (k) kpn—k ’“) dpu
i=1 K i=1 K k=0
N n—1
= (szpz>mn+2wi <Z) kpn—Fk :
i=1 i=1 k=0
which gives the desired formula. OJ

3.1. Infinite Bernoulli convolution associated with the golden ratio. The

infinite Bernoulli convolution associated with golden ratio y is the self-similar measure
on [0, 1] defined by the IFS

Si(x) = pr,  Selz)=pr+(1—p), p=(5-1)/2~0.618033988..., (3.6)

together with probability weights w; = we = 1/2. That is,

1 1
p=gpoSi+ oSy (3.7)
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It is known that p is singular (see [3]) with supp(p) = [0,1]. By using Proposition
B.1 we have

1 P & (n) .
m, = ——— ) p 7 imy. (3.8)
2(1—pm) ; i

Now the point is how to compute the moments. Using formula , would takes
too much time to compute m, when n > 18. The following are some equalities
which may be used to reduce computing time. We first introduce the Lucas and
Fibonacci sequences, which are closely related to the golden ratio p. The Lucas
sequence { Ly, }n>o is given by the recurrence relation:

LO = 2, Ll = 1, Ln = Ln—l + Ln_g, n e Z, (39)
while the Fibonacci sequence {F, },>¢ is given by

FO = O, Fl = 1, Fn = anl + Fn727 n € 7. (310)

Let ¢ := p~'. We note that for n > 0,

(-0

L,=¢"+(1—-¢)" and F,= 7

Thus
¢" = (L, +V5F,)/2  forn>0. (3.11)

It follows that
P 1 2

= = = : 3.12
L—pr  p2n—p™m ¢ —¢"  (Ly, — L) + V5(Foy — F,) (3.12)
Combining (3.8)), (3.11]) and (3.12), we have
1 1 - (n
Monic orthogonal polynomials P;(z), ..., Ps(z) corresponding to the golden ratio

are plotted in Figure [If(a).

3.2. Three-fold convolution of the Cantor measure. The 3-fold convolution of
the Cantor measure is the self-similar measure defined by the IFS

1 2
together with the probability weight {1/8,3/8,3/8,1/8}, i.e.,

1 3 3 1
p=ghoSr oSy +ope Syt +ope Syt
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FIGURE 1. Monic orthogonal polynomials Py (z), . . ., Ps(z) correspond-
ing to (a) the infinite Bernoulli convolution associated with the golden
ratio, and (b) the three-fold convolution of the Cantor measure.

0 3
Voo e N
0 1 2 3
FiGURE 2. Figure showing the IF'S defining the 3-fold convolution.
(See Figure [3.2]) We note that u = p** := . * p. * p1., where p. is the standard

Cantor measure.

Proposition [3.1] implies that for the 3-fold convolution of the Cantor measure, the
moments m,, satisfy

n—1

1 — [n
"= s 3.2k 4347k 4 6" Ry
m 8(3n_1)kzzo<k)( + + Yy
Monic orthogonal polynomials ﬁl(:p), ce ﬁg,(l’) corresponding to the 3-fold convolu-

tion are plotted in Figure [I(b).

4. ALGORITHMS FOR COMPUTING A, AND 7,

In this section, we introduce two methods, namely Mantica’s algorithm [9] and
modified Chebyshev’s algorithm [6], to compute the A,’s and r,’s in (2.2]).
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4.1. Mantica’s algorithm. In this subsection, we use a method of Mantica [9] to
compute the A,’s and r,,’s in (2.2)). We first describe the method for an IFS {S;}¥,
on R, where

Sl(l'):pl$+bl, izl,...,N,
and let p be the self-similar measure defined by the IFS together with a set of prob-
ability weights {w; } ;.

Let P,(z) be orthogonal polynomials with respect to p. For any n > 0 and i €
{1,..., N}, and 0 < ¢ < n, let I'?, be defined by the relation:

) =Y T7Px). (4.1)
/=0

According to |9, Lemma 1], the coefficients I'}, can be determined recursively from
{pi ¥, {6}, {Ar}i,, and {ry}7_,. We state the precise result below.

Proposition 4.1. Let (I'?,) be the the coefficients in (4.1). For eachi € {1,..., N},
we have

(a) Fz 0= (piAOF?,o + biF?,o - AOF?,O)/Tl and le,1 = PiF?,o-

(b)
F?o (Pﬂ”lrz |+ piAoT; io +bi on Alrz‘l,o - 7"lr(z'),o)/7’2
Fz21 (Pﬂ”le o+ piAil; il T biri,l - Alrz‘l,l)/r2 (4.2)
Fz?,2 = Pirzl,r

(c) forn>3and1 <{<n-—2,

7o = (piAdly" + pir TP + b — ATl — rn-lFZag)/rn;

U7y = (pareDy ) 4 oA+ pirea D + 007 — A Ty = o 07 fra

F:Ln 1 — (plrn 1F?n 2 + p’LAn 1F?n11 +b; F?nll F?nll)/rn7
F?,n = plF?nll

Proof. We first note that P_;(z) =0. Fix any i € {1,...,N}.
(a) Using 3-term recurrence relation ([2.2]), we have

zPy(x) = rP(z) + AgPo(z) + roP-1(z) = m Pi(x) + AgPo(x). (4.3)
Substituting = by S;(z) = p;x + b;, we have
(pix + b;) Py (Si(z)) = r Py (Si(x)) + Ao Po(Si(x)).
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It follows from (1)) that (p;z+b;) TP Po(x) = 1 (T Po(x) + T Pi(x)) + AT Po(x),

ie.,
pilYoxPy(x) = (rTfy + Aol — biT) Po(x) + I 1 Pi(z). (4.4)
Combining with , we have
P50 (r1Pi(z) + AoPo(x)) = (Do + Ay — bilyg) Po(x) + I} Pi(x).  (4.5)
Thus p;rIYy =T}, and p; Al = T}y + Aoy, — bil'Y,. Consequently,
F},l = PiF?pa Fz'l,o = (piAOFiO,O + bir?,o - AUF?,O) /T

(b) Similarly, using 3-term recurrence relation (2.2)), we have
2Py (x) = roPy(x) + A1 Pi(z) + riPo(z). (4.6)
Substituting = by S;(z) = p;x + b;, we have
(pix 4 b;) P1(Si(x)) = ro Py (Si(x)) + A1 Py (Si(2)) + r1 Po(Si(z)). (4.7)

Using , , and , we have the left side of
(pir + b)) Pr(Si(w)) = (piw + i) (T g Po(w) + T; 1 Pi(2))
= pilj g2 Po(x) + pil'} 12 Py(x) + b T} o Po(x) + b} Pi(x)
= pilio(rPi(z) + AgPo(z)) + pil'y 1 (roPa(a) + AL Py(z) + 1 Py ()
+ 0.0 Po(x) + b1 Pi(x)
= Pi7’2rz1,1p2($) + (Pirlrz{o + Pz‘AlF},l + biF}J)Pl(x)
+ (Pz’AOF%,o + Pirlril,l + birz‘l,o) Po(z).

(4.8)
On the other hand, (4.1]) implies that the right side of (4.7)
TQPQ(SZ(QJ)) -+ Alpl(SZ(SC)) —+ 7“1P0(Sl(x))
=12 (7o Po(w) + T3, Pr(w) + 7, Pa(x)) + Au(Tjg Po(w) + Ty Pri(x) (49)

+ 11l Po(x)
=1l 5oPay(a) + (ralsg + Al g + milho) Po(z) + (rolf, + AT} ) Pu(x).
Combining ([4.7)), ([£.7), and (4.7), we obtain
Fio = (pirlrl{l + Pz‘AOF},O + birzl,o - Alrz‘l,o - 7”111?,0)/7”2
I? = (pirTio + piAily + 00 — AL ) /o (4.10)
Fiz = PiF},r
(c¢) Fix any n > 3. Replacing = by S;(z) = p;x + b; in (2.2)) gives
(,Oll’ + bz - An—l)Pn—l(Si(x)) == TnPn(SZ(x)) + rn_lpn_g(Si(x)). (411)
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Using (4.1), we can write this as
n—1 n n—2
(x4 bi = Ap1) Y T Pol) =, Z T} Po(x) + 10y Y T0 2Pl
=0 =0 =0

n—2
Z Tn zé_'_r” 1Fz€ )PZ(‘I)

+r nFi7n_1Pn_1($) + rnFZnPn(a:).

(4.12)

Moreover, (2.2) implies
n—1
=0

n—1 n—1
=pi Y Tl wPy(a) + (b — Anr) Y _T7 ' Pi(x)
/=0 /=0

n—1
—PZZF (rev1 Pea (z) + AcPo(x) + moPra (@) + (b — Aua) D T3 Pola

( A()Fno + pzrlF —f- bszal - An_lFZal)Po(x)
+ Z pﬂ’grzz_ll + ,OzAgFZZI + pirgHFZ[jl + b,FZ;l - An_lrzzl)Pg(fL’)
(=1

=+ (pirnflrth;EZ + plA 1Fn 11 +b; an 1 A 1an 1)P (l’) + pirnrzn 1P ( )
(4.13)
Equating (4.12)) and (4.12)) gives, for 1 </ <mn —2,
[Py = (piAOFZEI + Pﬂ“lrzl_l + biFZal - An_lFZal - rn_lFZ‘,ag)/rn;
Tie = (pireyly + piAd g+ pirena Dl + 00 — Au D70 = raaT0%) fra;

F?n 1 — (plrn 1an 2 +p2ATl 1an 1 +brzn 1 zn 1)/7’7”
F;l,n = plrznnll
The proof is complete. [l

Let P,(z) = rn Py (). Hence, we can write a second decomposition
P,(Si(z)) =T}, Py (x) + Y _T7,Pi(x). (4.14)
=0

It is easy to see that f?,e = rnF,’;e for 0 < ¢ < n-—1 and f?n = an Thus the

coefficients I'}, can be computed recursively on the basis of the knowledge of only

(Tk)k p and (Ag)pZ

The following proposition gives formulas for A, and r,. The proof is given in [9,
Lemmas 2 and 3].
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Proposition 4.2. Forn > 0,

(a) i = (ZL w;(B; + Ci))/(l — N wiplE, T ), where

n—1 n—2
B; = (b + PzAK) ern , and  C; = p; Z Te+1 (Fz Erz o1 T Fz £+1F22_1)'
=0 =0
(4.15)
n— n n— n n n 2
(b) Ap = Z 1wz< e:ol(rz,z)z(bi‘|‘f’if4€)+2,0i Zz:ol (ST S AR (an) >/(1—

Zi]il Wi Pi (Fz,n) 2) .

4.2. Modified Chebyshev’s algorithm. Let u be a positive measure on R with
compact or infinite support, for which all moments m,, n = 0,1,..., exist and are
finite. Let {P,(z)}ns0 be the monic orthogonal polynomials with respect to . We
can also use the Modified Chebyshev algorithm [6] to compute the A,’s and r,’s in
(2-2), as follows. Let {m,(z)},>0 denote a system of monic polynomials satisfying a
recurrence relation

27 (x) = T (x) + apmp(x) + Bamn_1(2), n=0,1,2...,
7T,1(.§L’) = 0, 7T0<l’> = 1,

where «,, € R and 3, > 0 are assumed known. In the case a,, = 3, = 0, it reduces

(4.16)

to Chebyshev’s original algorithm. We then call

U, = Up () ::/Rﬁn(x) du(x), n=0,1,2..., (4.17)

the modified moments of the measure p relative to the polynomial system {m,(z)}.
Combining (2.3)) and (4.16)), we see that if a,, = A, and 3, = 72, then 7, (z) = P,(z)
and the modified moments reduce to the ordinary moments (3.4)).

To describe the algorithm, we introduce mized moments, which are defined for
k,¢ > —1, as follows

Ok = / ﬁk(l')ﬂ'g<l’) dpu with o_1,0:=0. (4.18)
R

One obtains the first n coefficients ay, By, £ = 0,1,...,n — 1, from the first 2n
modified moments v;, ¢ = 0,1,...,2n — 1, by the following modified Chebyshev’s
algorithm:

Initialization:

Ao = Oy + Ul/Uo,

o = \/U_Ov

o_1,=0, (=1,2,...,2n—2.
00,0 = Uy, 820,1,2,...,277,—1.

(4.19)
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Continuation: For k =1,2,...,n—1,

2

Okt = Ok—14+1 — (Ak—l - ae)Uk—l,e — Tp_10k—2¢+ 5&%—1,12—17
(=kk+1,....2n—k—1,

Ok k+1 . Ok—1k

)
Ok,k Ok—1,k—1
Ok,k
T = —
Ok—1,k—1

The algorithm requires {v,}7"" and {ay, B }iy? as input, and produces {Ag, 74 }7 2.
The complexity in terms of arithmetic operations is O(n?). We apply the Chebyshev
algorithm to infinite Bernoulli convolutions with overlaps. The results are the same
as those obtained by Mantica’s algorithm.

5. NUMERICAL RESULTS FOR INFINITE BERNOULLI CONVOLUTIONS

In this section, we display numerical results for the recurrence coefficients A,, and
T In for the symmetric and weighted infinite Bernoulli convolutions in ({1.1))
and (1.2). The value of p in and are taken from the following Table
through Table . For symmetric Bernoulli convolutions, we have A, = 1/2 for all
n=0,1,2,... (see Proposition , and so in this case, we only display numerical
results for r,. For the weighted infinite Bernoulli convolutions in (1.2]) with weights
wy = 1/4 and wy = 3/4, we show numerical results for both A, and r,.

We also remark that for the symmetric Bernoulli convolutions, A,, = 1/2 is known,
and so we are able to compute r, quite efficiently for n up to 10000. For the weighted
Bernoulli convolutions, computations of A,, and r,, take much more machine time and
memory and so we only show results up to n = 1000.

Label | p~! | Appro. value p | Label | p~! | Appro. value p

(a) 0.7071067811 | (d) | V2 | 0.9170040432
(b) 0.8408964152 | (e) | /2 | 0.9659363289
(c) 0.8908987181 | (h) | 'V/2 | 0.9930924954

hS)

TABLE 1. The sequence /2.
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Label | Minimal polynomial | Appro. value of p~—* )
a) a3 —2r —2 1.7692923542 0.5651977173
) -2 -2 1.6956207695 0.5897545123

a3 — 222 422 —2

1.5436890126

0.6477988712

) |2d—2?+x -2

1.3532099641

0.7389836215

a0 —ax2—2

1.2980299423

0.7703982530

e)
f) 3 2

x’+xt—x—2

1.2055694304

0.8294835409

TABLE 2. Selected Garsia numbers.

Label

Minimal polynomial

Appro. value of p~ p

1

a)

$6—I5—$4—$3—.’E2

—x—1

1.9835828434

0.5041382583

b) |2d—2?—z—1 1.8392867552 0.5436890126
23 -2+ -1 1.7548776662 0.5698402909
d) |22—-z-1 1.6180339887 0.6180339887

(§]

3 —ax?—1

1.4655712318

0.6823278038

(

(
(¢)
(

(
(f

)
)

3 —x—1

1.3247179572

0.7548776662

TABLE 3. (f) is the smallest Pisot number. (d) is the golden ratio. We
also include the first few Pisot number from the family 2™ — 2" 1 —
-+ —x —1=0. These family of Pisot numbers are decreasing and tend

to 1.
Label | Minimal polynomial Appro. value of p~! p
2 —a —aT —ab b -t -t - 41 1.9940041991 0.5015034574

~—

7

By S U N |

1.9748187082

0.5063755957

~—

26

—dh 41

1.9468562682

0.5136486017

~—

o —r+1

1.7220838057

0.5806918319

20— a8 T — 241

1.2934859531

0.7731046460

~ |

e R Ly R QR |

1.1762808182

0.8501371309

TABLE 4. Selected Salem numbers.
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where p comes from the sequence {+/2} in Table .
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in (1.2)) with weights w; =
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F1GURE 5. Graphs of A, for the weighted infinite Bernoulli convolu-
tions in ((1.2)) with weights w; = 1/4 and we = 3/4, where p comes from
the sequence {/2} in Table .
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FIGURE 6. Graphs of r,, for the infinite Bernoulli convolutions in ([1.1]),
where p are selected Garsia numbers in Table
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FiGURE 8. Graphs of A,, for the weighted infinite Bernoulli convolu-
tions in (1.2)) with weights w; = 1/4 and we = 3/4, where p are the
Garsia numbers in Table 2
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FIGURE 9. Graphs of r,, for the infinite Bernoulli convolutions in ([1.1]),

where p are the selected Pisot numbers in Table
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3/4, where p are the
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FicGure 12. Graphs of r, for the infinite Bernoulli convolutions

in (L.1]), where p are the selected Salem numbers in Tabl.
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Ficure 13. Graphs of r, for the weighted infinite Bernoulli convolu-
tions in (1.2)) with weights w; = 1/4 and wy = 3/4, where p are the
selected Salem numbers in Table [4
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F1GURE 14. Graphs of A,, for the weighted infinite Bernoulli convolu-
tions in (1.2)) with weights w; = 1/4 and we = 3/4, where p are the
selected Salem numbers in Table [l

6. COMMENTS AND OPEN QUESTIONS

In view of numerical experiments in Section [5, we formulate the following conjec-

ture.
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Conjecture 6.1. The family of infinite Bernoulli convolutions in (1.2)) belong to
Nevai’s class, regardless of the probability weights wy and ws.

In fact, it is of interest to study a weaker version of this conjecture: the average of
A, tends to 1/2 and the average of r, tends to 1/4.

It is also of interest to study the behaviors of the recurrence coefficients A, and
r,, for other one-dimensional self-similar measures with overlaps, such convolutions of
Cantor-type measures (see, e.g., [11,|16]) and measures that are so-called essentially
of finite type (see, e.g., [17]).
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