SELF-SIMILAR SOLUTIONS OF o{-CURVATURE FLOW

SHANZE GAO AND HUI MA

ABSTRACT. In this paper, employing a new inequality, we show that under
certain curvature pinching condition, the strictly convex closed smooth self-
similar solution of oj-flow must be a round sphere. We also obtain a similar

result for the solutions of FF = —(X, en41) (%) with a non-homogeneous func-
tion F'. At last, we prove that if F' can be compared with %, then

a closed strictly k-convex solution of () must be a round sphere.

1. INTRODUCTION

Let X : M — R™*! be a smooth embedding of a closed, orientable n-dimensional
manifold with n > 2. Choose an orthonormal frame in R"*! along M such that
{e1,ea, -+ ,e,} are tangent to M and e,4; is the inward-pointing unit normal
vector of M. Under such a frame, let A = {h;;} denote the components of the
second fundamental form of X, then the principal curvatures Ay,---, A, of M are
eigenvalues of the second fundamental form A. Define

1 1102+ In
ak(A) = E(S (j1j2 .. Jn) hiljl h'i2j2 T hinjm

where § (;.1;.2 o 3") is the generalized Kronecker symbol. We use the summation
1J2 " Jn
convention throughout this paper unless otherwise stated. For convenience, we set

o9 =1and o, =0 for k > n.
In this paper, we consider a hypersurface M which satisfies the following equation

(1.1) F(A(x)) = —(X(x), ent1(x)), for all z € M,

where F(A) = f()) is a smooth function of principal curvatures and (, ) denotes
the standard Euclidean metric in R™*1.
This type of equation is important for curvature flow of the following type

(1.2) X, =F(A)en,1.
Actually, if X is a solution of (1.1) and F' is homogeneous of degree 3, then

X(a.1) = ((B+1)(T ~ 1) X (2)

gives rise to the solution of (1.2) up to a tangential diffeomorphism [17]. So in the
same spirit, we call the solutions of (1.1) self-similar solutions of (1.2). Moreover,
for F' = H, the solution of (1.1) is usually called self-shrinker which describes the
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asymptotic behavior of mean curvature flow (see [15, 11]). Huisken proved the
following theorem.

Theorem 1.1 ([15]). If M™, n > 2, is a closed hypersurface in R"*1  with non-
negative mean curvature H and satisfies the equation

H= 7<X7 en+1>;
then M™ is a round sphere of radius \/n.

Similar to the case of mean curvature, the solution of (1.1) with F' = ¢% also de-
scribes the asymptotic behavior of a-Gauss curvature flow (see [4, 5, 14, 16]). Very
recently, for F' = ¢, Brendle, Choi and Daskalopoulos proved that the solution of
(1.1) is either a round sphere for a > %ﬁ or an ellipsoid for a = %ﬁ (see [7, 8]).

In [17], McCoy considered the case which F is a class of concave or convex
homogeneous functions of principal curvature with degree 1. Under certain pinching
condition, he also obtained a result for higher degree homogeneous functions.

For homogeneous functions with degree greater than 1, the convergence of a-
Gauss curvature flow is well-studied. For the flows (1.2) of convex hypersurfaces
by speeds F = H® [18], F = 0% [1, 2] and more general F with certain properties
[6], similar results are obtained under certain curvature pinching conditions.

In this paper we first consider the self-similar solutions of of-flow for strictly
convex hypersurfaces when £ > 2 and o > % under a different type of curvature
pinching condition.

Let A = (A, -+, \,) denote the principal curvatures of M. M is said to be
strictly convex if A € I'y = {pr € R™"|u1 > 0,02 > 0,--- , up, > 0} for any point in
M. Denote

Uk<)‘) = Uk<)‘(A>) = Z )‘il)‘iz e )‘ik'
1<iy <ig---<ig<n
Let o1 (A]i) denote the symmetric function ox(A) with A; = 0 and o (A|ij), with
i # j, denote the symmetric function o (A) with A; = A; = 0. The following two
basic equalities are needed in our investigation of the o} self-similar solutions.

. Oog (A . 9201 (\
s = TR, aa(i) = G0,
3 3 ]
Condition 1.2. Assume
2 ..
Ul ()\)O-k*2()\‘7’-7) c [17 1 + 6]

(ak — 1)o1(N)ok—1(Alp) — (@ — k20, (N)
holds for all 1 <p <n,1 <1 < j < n, where

5 if k=2,
1.3) n—1
(1. Vn2+8n—-84+2—n

if3<k<n-—l.
2(n — 1)  E3sksn

Our main result can be stated as follows.

Theorem 1.3. Let M be a closed strictly convex hypersurface in R™1 with n > 2.
IfF=opf with2<k<n-1,a> % and Condition 1.2 holds, then the solution of
(1.1) is a round sphere.
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Remark 1.4. If M is totally umbilical, then Condition 1.2 leads to

o} (N or—2(Ali) _n
(ak — 1)01(/\)¢lfk—1(/\‘p) —(a—-Dk2op(\) n-—1 € 1,1+,

which implies that Condition 1.2 is a pinching condition for principal curvatures.

Remark 1.5. In the case of FF = 09, Condition 1.2 satisfies if 3Amin > Amaz,
where Apin and Ay, are the minimum principal curvature and maximum principal
curvature, respectively.

Remark 1.6. Brendle, Choi and Daskalopoulos obtained better result for the case
of F =02 in [7, 8], so we omit this case in the statement of Theorem 1.3.

Somewhat surprisingly, the above argument enables us to discuss the solution of
(1.1) with a non-homogeneous function F = Y_;' | a;0;, where a; are nonnegative
constants with ;" , a; > 0. Thus we obtain the following result.

Theorem 1.7. Let M be a closed strictly convex hypersurface in R™1 with n > 2.
If F = 27:1 ajo; and the condition Apin > ©Apmae holds, where 0 < © < 1 is a

constant depending on n, then, the solution of (1.1) is a round sphere.

Remark 1.8. For F =)' | a0} with oy > %, under suitable pinching condition,
the solution of (1.1) is also a round sphere. The proof is similar to the proof of
Theorem 1.7.

For F = G";—;l (which is used in [13]), the solution of (1.1) can be characterized
as follows when M is strictly k-convex. A hypersurface M in R"*! is strictly
k-convex, if A(z) € Ty, = {p € R*|oy(p) > 0,--- ,06(p) > 0} for all z € M.
Obviously, I'y =T', cI',,_1 C --- C I'y.

Theorem 1.9. Let M be a closed strictly k-convex hypersurface in R"t1. Assuming
F > % or F < %, if there exists a solution of (1.1), then
F= % and the solution must be a round sphere.

The paper is organized as follows. In Section 2, we show a new inequality of
symmetric functions, which plays an important role in the proof of our main result.
Some basic equations are derived in Section 3. In Section 4, we use the maximum
principle to establish our main result (Theorem 1.3). We devote Section 5 to a
discussion on the solution of (1.1) with a non-homogeneous function F'. Finally the
proof of Theorem 1.9 is presented in Section 6.

2. A NEW INEQUALITY OF SYMMETRIC FUNCTIONS

In this section we show a new inequality of symmetric functions, which may have
its own interest.

Lemma 2.1. For any2 <k <n and X\ € 'y, we have

1 kog(N) (k+1)ok+1(N)
) -

= Dor1() ke =

Equality occurs if and only if \y = Ao =+ = \,.
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Proof. Let Sy()\) denote the power sum of A defined by Si(\) = 31" A¥. Then

209 = S? — S5 and 303 = %S% — %Slsg + S3. Thus for £ = 2, we have

02 g3
o1 —4—=+3=
01 02

= - (oios — 403 + 3010%)
11

= 5ros (5551 = 82) = (7 = $2)° + Sl( S 75152 +S3))
1

1

0102

p— Z/\/\ 1)) >0

1<j

(5193 — S3)

and equality occurs if and only if Ay = Ao = -+ = A,,.
We complete the proof by induction for & and assume the lemma is true for
{2,3,--- ,k—1}. Let
fl) =T =Xz) =D (=) om(N)a™
i=1 m=0

Then

d - _
—fl) = > ()" moy (A2
x m=1
On the other hand, since 7~ d g (z) is a polynomial of degree n—1, by Rolle’s theorem,
if all roots of a polynomial f(x) are real and positive, then the same is true for its
derivative. This leads to
n—1 n—1
L) = o) [T - i) = —01 () Y (Dol
i=1 1=0

By comparing the above two expressions, we conclude that

(2.1) (m+ Doma1(N) =01(N)om(p) for 0<m<n-—1.
Thus, for 2 < k < n — 1, we obtain
(k+Vorn(h) _ ox(n)

kok(N) ak 1(p)

| \/

F A\ mzu) (k= 1)(k - 2)

k— 1( ko (A 205()\)
e (i )

— Dog—1(p) o1(p) )

k— 2ok 1A (BE=1)(k—2)o1(N)

(k: )2 ko () L 209(N)
Ck(k—2) (k—1op_1(N)  k(k—2)o1(N)

_ kog(N\) N 1 < kok () 3 202()\)>
(k —1)or_1(\) k(k —2) \(k—Dor_1(N)  a1(N)

kor(\) l: ( i+1) O—M(A) ioi(\) )

" (k- 1)01@71()\ ioi (A (- Do (V)
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koe() 1 3 o)
= (k—Doxa(h)  k(k—2) & i(i—1)
kdk(A) . 1 01()\).

T k- Dogr(\)  k(k—1)

For k = n, since 0,41 = 0, it is confirmed by the Newton-MacLaurin inequalities.
We finish the proof by noticing all equalities occur if and only if Ay = Ay = --- =
An- |

Remark 2.2. The condition A € I'y seems necessary because for k = 2,n = 3 and
A =(-1,3,3), we have 1(A) > 0 and g2(A) > 0 but

g2 g3
—4—=+43—== i ( < 0.
o 01 * g2 0102 Z )

1<j

The following corollary of Lemma 2.1 will be used in Section 4.

Corollary 2.3. For any2 <k <n and A € 'y, we have

a2(N) orr1(N)
k—1)o1(\) — 2k +(k+1 > 0.
( Joi(A) =Y ( ) oy
FEquality occurs if and only if \y = o =+ = A\,

Proof. Notice

(k+ 1)oppr(\) 202 MG +1) aM(A) ioi ()
ko () Z ( ) )

where the inequality follows from Lemma 2.1. O

To finish this section, we list one well-known result (See for example [3] and [12]).

Lemma 2.4. If W = (w;;) is a symmetric real matriz and Ay, = Ap(W) is
one of its eigenvalues (m = 1,---,n). If f = f(\) is a function on R™ and
F =F(W) = f(AW)), then for any real symmetric matric B = (b;;), we have the
following formulae:

OF af

) ——b;; = =——by,,
(1) 8wij J 8)\ pp
af af
.. O*F 0*f Dy "
) 29 = b +2 32 5 b
p<q
25 _ ot
Remark 2.5. In the above lemma, % is interpreted as a limit if A, = A,.
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3. EQUATIONS OF THE TEST FUNCTION

In this section, we will obtain some useful equations by direct computation from
the following equation

(3.1) F=—(Xent1)-
Differentiating (3.1) gives

VjF = hjl<X, 61>,
and
(3.2)

ViVjF = hﬂi<X, €l> + hij - hjlhliF.
Then, we obtain

(3.3) oF

OF OF
2 VY, F = V,F(X, 2 hij — ——hjhyF.
Dy Vit = VX ) g = bl
Let G = G(A) = g(A(A)) be a homogeneous function, called the test function in
this paper. By directly calculation, we obtain

oG 0?G oG
ViViG =V, (%hmﬁ) = mhquhsti + quhmﬂ-
By Codazzi equation and Ricci identity, we obtain

hpqji = hpjai = hpjiq + himj Bmpgi + Rpm Bmjgi-
Furthermore, using Gauss equation gives rise to

hqui = hiqu + hmj(hmqhm' - hmihpq) + hpm(hmthi - hmihjq)-
Then, we have

OF oF  9°G OF 0G
25— ViV;G = o—————hpgihai + 57— 5—hij
Oy I By Oyl P T B By
OF 0G
o o mi (hinahpi = hmilpq) + hpm (Rimghji = hmihiq))
ij Ollpg
oF  0°G oG 0’F
= O i+ R
Ohs; OhpgDhg 9" By (V”Vq ey 7 “’)
OF 090G
i (it + hymbunghse):
ij Ollpg
Moreover, using (3.2), we obtain
F
;TVZVJG - le<X, el>
ij
oG oF oG oF
3.4 = —hy (1 — —hpmhm ) + —hjhy (h — F)
( ) ah” J ahpq P q ahm J 8hpq Prq

L(OF _®G 0G O°F N\,
Ohij OhpgOhg  Ohij Ohpgdhg ) TV

The above equation is elliptic if % is positive definite. In fact, for A € 'y, the
ij
cases that we discuss are all elliptic.
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For convenience, we denote the first two terms on the right hand of the above
equality by TERM I and the last term by TERM II. In fact, by Lemma 2.4, we

have
_ dg ) _ Of 2 o OF
TERM I = a)\i)\l (1 78/\ A > o, )\ o, X f

and

2 2
TERMIIz(af 99 95 0f ) opiliagi

0N OAp 8/\ OA; OApOA

8 )
+22 a,\ 6f % 0,\f 8g 52
)\ — N 8)\ Ap —Ag O\ pqi’

r<q

4. THE CASE OF F =of (k> 2)

In this section, we consider the case of F' = of (k > 2) and we choose G =

k
Z—i as the test function. By straightforward calculation, we obtain the following

expressions which will be used later:

O*f (@ —=1)op—1(Alp)or—1(Alg) = or—2(Apq)
(41) ONON, of ( o? + Ok ) ’
af  of
5, g oe2(Apg)
(4.2) N afiak ,
dg ( k O'k-—l(>‘|p)>
4.3 7 - A
(4.3) OAp g o1 o)
I CE VI D ELIRT )
(4.4) OApOAg o? 010
_ or=2(Alpg) | 20k71(klp)0k71(>\|q))
O O'i ’
a a
(4.5) vl _or—2(Alpg)
' P S

We will see TERM 1 is non-negative and TERM II is non-negative under Con-
dition 1.2.

Lemma 4.1. For F = oy (k > 2) and G = 01 TERM I is non-negative for
«a Z . Moreover, it vanishes for o > + zf and only fAQ=d=-=\,.

Proof. Noting that G = Z—li is homogeneous of degree 0, we have g—)i)\i = 0. And,
(4.3) and Y"1, op—1(A[i)A? = 01 (N)og(A) — (k + 1)og1(N) yield

Og 2 _ k(o? — 203) kal()‘|p)>‘;27
A2 _
OAp o1 O

—y ((k: —1)oy — Qk— +(k+ 1)”(’;:1) .



8 SHANZE GAO AND HUI MA

Thus,

TERM I = (ka—1)fg <(k —1)oy — Qk— ¥ (k+ 1)0k+1> .
Ok

For f > 0 and g > 0, the proof is finished by Corollary 2.3. (I

Now, we consider TERM II and complete the proof of Theorem 1.1.

k
Lemma 4.2. For F = o (k> 2) and G = %, if G attains its mazimum at xg,
then, at xg,

akfg

O'IO'k

TERM II = (Z > oton-2(Apa) (Mg — hypitiaqi)

i p#q
+Z (o — D20y + (ak — Dorop_1 (i ))(Vi01)2)).

Proof. By Lemma 2.4, we have oj_1(A|p)hpp; = V,;0%. Then, by (4.1) and (4.4),

D*f (a V iox)? Ok—2 )\|pq
OO, anon, weiltaai = o f Z ZZ hppitqqi
i i pFq
and
(9 g V 0'1) kaidlvidk
3)\ 0Aq hppiliaqi QZ( 010k
_a(A 2(V,o1)?
Y 2; |pQ) it + ( ;;Tk) )
PF#q k k
. o . . . kVioy
Since GG attains its maximum at xg, then V;G = 0 at o which implies ——— =
o1
Viok at xg. Thus, at z,
Ok
0% f (a — V i01)? Ok_2 /\|pq
IApON, o wwiltaai = o f Z ZZ hppihqqi
i i p#q
and
0? g k(k — 101 Ok—2 A\pq
OAp0Ng an o, owiltaa = (Z ZZ hppvth)
i i pFq

Furthermore, using (4.2), (4.3), (4.5), at xg, we get

akfg
TERM II = e (Z Z 010k— 2()\|pq)( pqi hppihqqi)
17 i pFq

n Z (a — 1)k20y, + (ak — 1)alak,1(A\z))(vial)2)).

For convenience, we denote

Aij = J%Uk_g()\ﬁj)
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and
2
B, = —(a— 1)k*o + (ak — 1)o105-1(A|p).
Then,

ak
TERM II = fg (D> Aij(hd, — haiphiip) +ZB Vpo1)?
1 i#j P

Lemma 4.3. Let M be a closed strictly convex hypersurface in R with n > 2
k

satisfying Condition 1.2. For F = oy (k > 2) and G = %, if G attains its

mazimum at xo, then, at o, TERM II is non-negative.

Proof. Tt suffices to check if 37, . >° Aij(h;, = hiiphjjp) + 3, Bp(Vp01)? is non-
negative. Firstly, we notice

ZZAW iip — hiiphyjp) +ZBp(val)2

i#j D
= ; Aij(hi; + h3) + Z Aishi, ; Ayj(hizihgji + hiijhys)

i#] i#]
- Z Aijhiiphiip + Z B, Z hip + ; hiiph;jp)

i
—9 g AighZ; + Z Aijh%y, —2 ; Ayhaiihiji — Z Aijhiiphiip + Z Bih;
+ iJB h”p + Z Bihiiihjji + J;J‘Jhnjhjjj )+ Z Bphiiphyjp
- SB h2, + §]<2Aij + Bj) hi; + Z Aijhlyy +2) (= Aij + By) hiiihyji
i#] i#]

+ Z Al] + B nphjjpv

where # represents i, j, p are pairwise distinct.
Now, we estimate the lower bounds of the last two terms. For fixed i, j and p,
we have

2(—Aij + Bi) hisihjji > —aijhi;; — bijhs
where a;; > 0,b;; > 0 are constants satisfying
(4.6) aijbij = (—Aij + Bi)* .
And
(=Asj + Bp) hiiphyjp > —cijphisy — dijphisp »

where c¢;;, > 0, d;jjp > 0 are constants satisfying
2
(4.7) deijpdijp = (—Aij + Bp)

and ¢ijp = Cjip, dijp = djip-
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Thus we obtain

Z Z AU ljp hiip JJP + Z B p01

i#£j P

> Z Bi—Y ay | Wi+ <2A,;j +Bj—bji— > (e + dm’j))hfu

J#i i#£j pF#i,p#£]
Z A” ijp*

Condition 1.2 implies B; > 0, then we can choose a;; = —B;. Then, from
(4.6), we have

(n—1) (=Ai; + B))*
B, '
And, we can choose ¢;j, = d;jp, because h;;p and hjj, are the same type of terms.
Furthermore, from (4.7), we obtain

bij = (—Aij + Bi)* ;' =

1
Cipj = dpij = 5| = Aip + Byl.

Then, we just need

o 1 g, > M D(AG+ By
17 j =

+ > |—Ap+ Bl

B; —
pF#L,pF#]
For B; > 0, the above inequality is equivalent to
24.. A 2 A,
4.8 =2 41>mn-1)(-=2+1 - =2 411
(4.8 21z >(Bj+)+z,| 241
PFL,pF#]
It is easy to check this inequality holds if 1 < “ < 1+ 6 with § satisfies (1.3) for
all<p<nand1<i<j<n. O

Proof of Theorem 1.4. The proof is completed by the maximum principle. The
equation (3.4) is elliptic and at the maximum point of G, the left hand side of (3.4)
is non-positive. But, under Condition 1.2, we know the right hand side of (3.4)
is non-negative. This means TERM I must be zero. By Lemma 2.1, we obtain

k:
A1 = A = -+ = \,. By Newton-Maclaurin inequality, we know G = 0—1 also
reaches its minimum, therefore is a constant. So, Ay = Ay = = )\, is established
everywhere on M which implies M is a round sphere. (I

5. For F = Z?:l oy

In this section, for a non-homogeneous function F = Z? 1 @07, where a; is a

nonnegative constant and Y ;" a; > 0, we choose G = Ul as the test function. We
will analyze TERM I and TERM II as in the previous beCthIl

Lemma 5.1. For F' = Zl Loy and G = =+, TERM I is non-negative. Moreover,
it vanishes if \y = Ao = = \,.

Proof. Just need to notice that G = Z—? is homogeneous of degree 0 and %)\i —f=
Yoo (l = 1)aio; > 0, the rest of the proof is similar to Lemma 4.1. a
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Now, we regard TERM II as an operator on C*°(M), i.e.,
TERM II = &(f, g),

where @ : C°°(M)xC>® (M) — C°°(M). Obviously, (>3-, wor,9) = > 1 w®(01, 9).
Now, we consider ®(oy, g).

Lemma 5.2. For G = ==, if G attains its mazimum at xq, then, at xq,
o 1(A|z L noi2(Apa) _ ai-2(Alpa)
Ula = 9< E E ( - N )(hiqz - hppihqqi)
i p#q ApAg a1 ¢

2
07

n Z n(n — 1)o—1(Ai) (V¢01)2)-

Proof. By (4.3) and (4.5), we have

99 _ (n_ 1
a,  I\or

and
99 _ 99
A, 9, _ g
)‘p - )‘q )‘p)‘q
. - . ... nVo Vo
Since G attains its maximum at xg, V;G = 0, which implies L Y% ot
g1 (o)

xg. Thus, at zg,

9 — 1)(V;
X, agA piftaqi :g(zn(nl—m ZZ}\ e i)

i i pFq
Furthermore, we obtain

o1—1(A|7) nal, Alpg g1—2(A|pq
O'l, _g(zz( 1 ‘ 2( ‘ ) _ 2)(\ | ))(h?)ql _ hppihqqi)

01 i
i p#q

g

+> nin - 1)?71(/\“) (Vz‘al)Q).

For convenience, let

a1-1(Ald) + no—2(Alpq) -~ o1—2(Alpg)
/\p>\q g1 )\,’

Aijp =

and ( )
nn—1
Bp = 720l—1()‘|p)-
07

®(01,9) = g Z Z Aujp(hijp = hiiphiip) + Z B,(V,01)?).

i#j P p

Then,

Lemma 5.3. Let M be a strictly convex hypersurface in R™" 1! satisfying the condi-
tion Apin > 0(1,n)A\pae, where 0 < 0(I,n) <1 is a constant depending on | and n.
For G = Z—l, if G attains its maximum at o, then, at xg, (07, g) is non-negative.



12 SHANZE GAO AND HUI MA

Proof. Similar to the proof of Lemma 4.3, we obtain

SN Aijp(hiy, = hiiphijp) + Y Bp(Vy01)?

i#j P p

= Z B;h%, + Z(2A¢j¢ + Bj)h?ij + Z Aijph?jp +2 2(31 — Aiji)hiiihgji
i i#] £ i#]

+ > (By = Aijp)haiphijp-
=

We first estimate the lower bounds of the last two terms. As the previous section,

2 (B — Aiji) hisihjji > —aighly, — bigh; ,
where a;; > 0,b;; > 0 are constants satisfying
(5.1) aijbij = (Bi — Aiji)? .
And
(Bp = Aijp) hiiphyjp = —cijphiy, — dijphij,

where c;;, > 0, d;jp > 0 are constants satisfying
2
(5:2) Acijpdijp = (Bp = Aijp)”
and c¢ijp = Cjip, dijp = djip-
Then, we obtain

SN Aijp(hd, — hiiphigp) + > Byp(Vyo1)?
P

i#j P
> | Bi—D aiy | i+ (QAW +Bj—bji— > (i + dpij))hzzij
i i i#] pipAi
2
+ Y Aijphi,.
#
We can choose a;; = —= B;. Then, From (5.1), we have

(n—1) (~Aiji + B))®
B; '
And, we can choose ¢;j, = d;jp, because h;;p and hjj, are the same type of terms.
Furthermore, from (5.2), we can take

bij = (—Aiji + Bi)2 afjl =

1
Cipj = dpij = 5| = Aipj + Bjl.

Then, we just need

(n = 1) (~Aii + B;

2
S+ D = A+ Byl

J p#i,p£j
For B; > 0, the above inequality is equivalent to
24 A 2 Aipj
5.3 =L r1>nh-1)(-=+1 — =P 4.
63 Zeize-n(-Fa) + ¥ -G
pF#L,pF#j



SELF-SIMILAR SOLUTIONS OF oy -CURVATURE FLOW 13

Notice that %T = -5 at umbilical points of M for any 1 <4,j,p,q <n . Thus
we can assume
Ayj
(5.4) 1< =22 <1454,
Bq
Then, by solving
3> (n—1)0%+ (n—2)6,

we can choose § = —W such that (5.3) holds. By direct calculation, we

can choose
n—1 n
forl=1

max(\/ ==\ [ T A ) o= s

0(ln) = -1 -2 \ 7T -1 1—2 ==
ucvlil + Cn_—Z Cn_—l + Cn_—2
ma’X( = 1—1 1—2 9 (1+6)(’n—1) 1—1 1—2 ),for l = 27 ee
i+ TG-D i1 o2

such that under the condition A\pin > (1, 1) Anaz, (5.4) holds, where CF = 7,6!(:1]6)!.

Thus the proof is completed.
Proof of Theorem 1.7. Now, let O(n) = max 6(n,l). Then, under condition

Amin > OMpaz, P(01,g) is non-negative for all I. Therefore, TERM II is non-
negative under the condition. Similarly, by the maximum principle we complete
the proof. O

6. PROOF OF THEOREM 1.9

Proof of Theorem 1.9. By Minkowski identity, we have

k:/ ak<X,en+1>d,u—|—(n—k:—|—l)/ ox—1dp = 0.
M M

By (1.1), we have
—k+1)o,_
(6.1) 0= / ko <—F+ W) dy.
M Ok

Since o > 0 and —F + %

F = @=ktDoko1 - Notice that (6.1) also holds for k¥ — 1. Combining Newton-

k:o’k
MacLaurin inequalities, we have

(Tl —k+ 1)0k—1 (TL —k+ 2)Uk—2
= k—1 |- du < 0.
/M( )Uk ! < ko, + (k’ — 1)Uk,1 p=0

is non-negative or non-positive, we know

This implies
(Tl —k+ 1)0k—1 . (n —k+ Q)O'k_z
kak o (k‘ — 1)0'k—1
on M. Thus, we have Ay = Ay = --+ = A\, for every point of M which means M is
a round sphere. O
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