AN ENERGY FUNCTIONAL FOR LAGRANGIAN TORI IN CP?
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ABSTRACT. A two-dimensional periodic Schrédingier operator is associated
with every Lagrangian torus in the complex projective plane CP2. Using
this operator we introduce an energy functional on the set of Lagrangian tori.
It turns out this energy functional coincides with the Willmore functional
W~ introduced by Montiel and Urbano. We study the energy functional on
a family of Hamiltonian-minimal Lagrangian tori and support the Montiel—-
Urbano conjecture that the minimum of the functional is achieved by the
Clifford torus. We also study deformations of minimal Lagrangian tori and
show that if a deformation preserves the conformal type of the torus, then it
also preserves the area, i.e. preserves the value of the energy functional. In
particular, the deformations generated by Novikov—Veselov equations preserve
the area of minimal Lagrangian tori.

1. INTRODUCTION AND MAIN RESULTS

In this paper we study Lagrangian tori in the complex projective plane CP2.
The paper consists of two parts. In the first part we introduce an energy functional
E on the set of Lagrangian tori. The value of E on the torus is an integral of
the potential of the associated Schrodinger operator. It turns out that it coincides
with the Willmore functional W~ introduced by Montiel and Urbano [14] from
the twistor decomposition of the classical Willmore functional E(X) = W~ () =
2 [ do+7% [ |H|?do (see Lemma 1.4 bellow). We study this energy functional on a
family of the Hamiltonian-minimal (H-minimal) Lagrangian tori constructed in [12]
and support the Montiel-Urbano conjecture that the minimum of the functional is
achieved by the Clifford torus. This conjecture can be considered as a Lagrangian
analogue of the famous Willmore conjecture for tori in R, which was proved by
Marques and Neves [10].

The existence of the Schrédinger operator associated with Lagrangian tori allows
one to use methods of spectral theory and integrable systems to study Lagrangian
tori. In the second part of the paper we study minimal Lagrangian tori as an im-
portant subclass. More precisely, we study the deformations of minimal Lagrangian
tori preserving the value of the energy functional, i.e. preserving the area. Such
deformations give rise to eigenfunctions of the Laplace—Beltrami operator on mini-
mal Lagrangian tori with eigenvalue 6. Using the Novikov—Veselov (NV) hierarchy
[19] we propose a method of finding such eigenfunctions. We also prove that if a
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deformation of minimal Lagrangian tori preserves the conformal type of the torus
then it preserves the area of the torus. As an example of such deformations one
can consider deformations defined by higher equations from the NV hierarchy.

Let ¥ be a closed Lagrangian surface immersed in CP? with the holomorphic
sectional curvature 4. Let x,y denote local conformal coordinates such that the
induced metric of ¥ is given by

(1.1) ds? = 2@V (da? 4 dy?).

Let 7 : U — S° be a local horizontal lift of the immersion defined on an open
subset U of ¥, where S® C C? is the unit sphere. Since ¥ is Lagrangian and z,y
are conformal coordinates, we have

(1.2) (ryry =1, (rg,r)y=(ry,r) = (ry,ry) =0,
(1.3) (rg, 1) = (ry,Ty) = 2€",
where (, ) denotes the Hermitian inner product on C3. Hence
r
R= 17| €U@).

Then one can define a local function 8 : U — R, called the Lagrangian angle of ¥,
by e#(@¥) = det R. Consequently,

(1.4) R=| et | csu@).

By direct calculations, from
(1.5) R, = AR, R, = BR,
where A, B € su(3) (see Section 3), one can obtain the following lemma.
Lemma 1.1 ([11]). Any local horizontal lift v of a Lagrangian surface in CP?
satisfies the Schrodinger equation Lr = 0, where
L= 0~ D07 4 0, D02 4 Vi),
with the potential ‘
V = 4e¥ + i(ﬂi +52) + %M,
A = 0py + Oyy.
Now assume that ¥ is a Lagrangian torus given by the mapping
r:R? — S5,
where 7 satisfies (1.2) and (1.3). Then the potential V' is a doubly periodic function
with respect to a lattice of periods A C R? and r is a Bloch eigenfunction of the
Schrédinger operator L, i.e.,
r((z,y) +es) = ePer(z,y), ps €R, s=1,2,

where {e1, e} is the basis of A. We thus can introduce the energy of the Lagrangian
torus as follows.
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Definition 1.2. The energy E(X) of the Lagrangian torus ¥ C CP? is defined by
EX) = / Vdz A dy.
b

Remark 1.3. Similarly one can define the energy functional of arbitrary closed
Lagrangian surfaces in CP2.

It turns out that the energy functional has the following geometric meaning.

Lemma 1.4. The energy of a Lagrangian torus is

(1.6) EX) =W (%)= 2/2d0+i/Z|H|2do,

where do = 2e’dx N dy s the area element of ¥ and H = trh is the mean curvature
vector field in terms of the second fundamental form h.

Remark 1.5. In [14] W= () = 2 [, do + [;, |[H|?do, but there another definition of
the mean curvature vector H = %trh is used.

Remark 1.6. From now we will use both energy functional and Willmore functional
for the same notion (1.6).

Let X,, .., be a homogeneous torus in CP?, where 71,19, r3 are positive numbers
such that 72 + 73 + r2 = 1. Any homogeneous torus can be obtained as the image
of the Hopf projection H : S° — CP? of the 3-torus

{(rle“m,rgewz,rge“%), p; €R} C S5,

Every homogeneous torus is H-minimal Lagrangian in CP?, i.e. it is a critical

point of the area functional under Hamiltonian deformations (see [15]). Among

homogeneous tori there is a minimal torus Z%% X called the Clifford torus in
3'V3’V3

CP? and denoted by ;. One can easily calculate the energy of a homogeneous

torus.

Lemma 1.7. The identity holds
w1 —rf)( = r3)(1 - rd)

E(Erlﬂ‘z,rs) = T1TaT3 :

Montiel and Urbano observed [14] that among Lagrangian homogeneous tori in
CP?, the Clifford torus attains the minimum of the energy functional

{72
3v3’

From this observation they proposed the following conjecture.

E(Ec[) = 2AT€a(ECl) =

Conjecture 1.8. The Clifford torus attains the minimum of the Willmore functional
among all Lagrangian tori in CP?.

Let us consider another family of H-minimal Lagrangian tori in CP? (see [12]).
Let Xy i C CP? be given as the image of the surface

{(u16271'i7ny7 u2627riny’ u3627r7,'ky)} C SS
under the Hopf projection, where (u1,us,u3) € R3 such that

2 2 2
uy +uy +uz =1,
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mut + nuj + ku3 =0,
with integers m > n > 0 and k < 0. Such surface ¥, 1 is an (immersed or
embedded) H-minimal Lagrangian torus or a Klein bottle. The topology of ¥,, », &
depends on whether the involution
(u1, ug, uz) — (uq cos(mm), ug cos(nm), us cos(km))

preserves the orientation of the surface mu? + nu3 + ku3 = 0 in R3. We obtain
Theorem 1.9. The energy of ¥y, » i is greater than the energy of the Clifford torus
E(Zmnk) > E(Zc).
Theorem 1.9 supports the conjecture 1.8.

Remark 1.10. M. Haskins estimated the area of a minimal Lagrangian torus in CP?
in [5]. It follows from his estimate that Conjecture 1.8 is valid for tori with spectral
curves of large genus. For arbitrary minimal Lagrangian tori the conjecture remains
open.

In the second part of the paper we study deformations of minimal Lagrangian
tori in CP2.

Theorem 1.11. Let Xg be a minimal Lagrangian torus in CP%. Suppose that ¥,
is a smooth deformation of Xo preserving the conformal type of the initial surface
such that Xy is still minimal Lagrangian. Then the area of X; is preserved, i.e.,

Area(X;) = Area(X)).

Remarkable examples of such deformations are those generated by the NV hier-
archy. Let ¥ C CP? be a minimal Lagrangian torus. On X there are coordinates
x,y such that the induced metric is of the form ds? = 2¢*®¥) (dz? 4 dy?), where v
satisfies the Tzizéica equation
(1.7) Av =4(e"? —e").

Let r : R?2 — S® be a horizontal lift map for ¥ satisfying (1.2) and (1.3).
Theorem 1.12 ([11]). There is a mapping 7(t) : R? — S5, t = (t1,ta,...), 7(0) =
r, defining a minimal Lagrangian torus ¥, C CP? such that X9 = X. The map 7
satisfies the equations )
L7 = A7 + 4e"7 = 0,
8tn/iz = A2n+17:7

where Ag, 11 is a differential operator of order (2n+1) in x,y and ds? = 2e7@¥:1) (dz?+
dy?) is the induced metric on Xy. The deformation 7(t) preserves the conformal
type of the torus and the spectral curve of the Schrodinger operator L. The function
V = 4e® with ©(0) = v satisfies the NV hierarchy

oL

Oty
where Bo,_s is a differential operator of order 2n — 2.

= [A2n41, L] + Ban—2L,

Thus Theorems 1.11 and 1.12 lead to the following corollary.

Corollary 1.13. Deformations of minimal Lagrangian tori given by the Novikov—
Veselov hierarchy (see Theorem 1.12) preserve the area of tori.
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Taimanov [17], [18] proved that the modified NV equation defines a deformation
of tori in R3, which preserves the value of the Willmore functional. The tori of
revolutions are preserved by this deformation. It would be interesting to prove that
the first NV equation defines a deformation of arbitrary Lagrangian tori in CP2. In
this case the spectral curve of the corresponding Schrédinger operator is preserved
and the energy is also preserved. Moreover, since the first NV deformation preserves
the minimal Lagrangian tori, it gives a support of Conjecture 1.8.

Deformations of minimal Lagrangian tori are related to eigenfunctions of the
Laplace—Beltrami operator with eigenvalue 6. The preceding theorem provides a
method to find such eigenfunctions. In the next theorem two eigenfunctions related
to the second NV equation are found. Other eigenfunctions can be found with the
help of explicit calculations related to the higher NV equations.

Theorem 1.14. Let ds?> = 2e¥®)(dx? 4 dy?) be a metric on a surface ¥ and v
satisfy the Tzizéica equation. Then functions

2 2
ap = v —Uy—i—vm — Vyy,

Q2 = UgpUy + VUgy
are eigenfunctions of the Laplace—Beltrami operator with eigenvalue 6.

Acknowledgements. The authors are grateful to professors Yong Luo, Iskander
Taimanov and Francisco Urbano for their useful discussions.

2. AN ENERGY FUNCTIONAL FOR LAGRANGIAN TORI IN CP?

In this section we prove Lemmas 1.4, 1.7 and Theorem 1.9.

2.1. Proof of Lemma 1.4. For a given Lagrangian surface ¥ C CP?2, its mean
curvature vector field H = tryh satisifies

H = Jgradp,

where h is the second fundamental form, J is the standard complex structure on
CP? and gradp is the gradient of the Lagrangian angle 8 with respect to the induced
metric ds? = 2¢¥(dz? + dy?). Thus

e—U

H? = | Jgrad? = [gradd* = (82 + 52)

1 )
EX) = /de/\dy:/4e”dx/\dy+1/26“|H|2dx/\dy+%/Aﬁdac/\dy
by b b

)
1
2/(10—!—7/ |H|?do.
) 4 Js

2.2. Proof of Lemma 1.7. Let ¥, ,, ., C CP? be a homogeneous torus. Then
by choosing of appropriate coordinates and taking automorphisms of CP?, the
horizontal lift 7 : R* — S5 of ,, ,, ,, can be given by

. 2mix 2mi(a;x+b 2mi(asx+b
r(xz,y) = (rie ,T2€ (@124b1y) ), o2milaz 2?”)),

where r? + r3 +r3 = 1. It follows from (1.2) and (1.3) that

T‘% r1Trs3 r17r2

ay =a = ———>, = = —— -
r3+r3 ra(r3 +713)

_ by ——
(4l
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By direct calculations, we obtain that the lattice of periods A for Hor is A =
{Zey + Zes} C R?, where

273
€1 = (T% +T?2>’0)’ €2 = (T%, Tl)
By using (ry,7y) = (ry,r >:M we have
Tyl x Yy 'y T%+T§’
4d72p2
ds? = ——(dz®+ dy?
r3 + rg( V),
/ do = 4n’rirors,
= 272,73
1—3r? r(r3 — 'r%)
B= 2yt = 2T s
ry +173 ror3(r3 +73)
y o =R +3)
r3r3 ’

Hence the energy of ,, ,, r, is
(r2r3 +r2r2 — 8r3r3r2 + Oririr2 4+ r2r3)

E(Z = 82 2
(Bryra.ms) Ty rirers(rs +r3)

m(1—rP)(1 = r3)(A - r3)

r1re’3 '
Thus it is easy to find that the minimum of E(%,, ,, r,) is attained on the Clifford
torus X 1 1 1.

VARV RV

2.3. Proof of Theorem 1.9. By taking an appropriate parametrization of the
curve given by

uf +uj +uf =1,
mui + nuj + ku3 = 0,
where m > n > 0 and k < 0 are constant integers, we obtain

,(/)(u7 y) _ (uleQTriTny7 ,11/26271'1’711;7 ugeQTrik:y) C 557
with

. k k ncos?x n msin? z
up =sinzy/——, up =cosz|/——, uz= .
kE—m’ k—n’ n—k m—k

Thus we have a horizontal lift of the surface in CP? given by
r(z,y) = (ur(2)eX™ ™Y uy(z)e2™ Y,y (z)e2 k),

Now let us consider the torus as given above, denoted by ¥, », .
By straightforward calculations, we obtain that the induced metric on X, , j is

ds® = 2" (®) da? 4 2¢V2(®) gy

where
B k(m +mn — (m —n) cos(2x))
2mn — k(m + n) + k(m — n) cos(2z)’
2¢2@ = _2kr?(m +n — (m — n) cos(2z)),
and the Lagrangian angle is 3 = 2m(k +m +n)y + 3.

2¢v1(%)
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From above we know that e; = (2m,0) and e; = (0, 11;) give the basis of the
lattice of the periods, where p = (m — k,n — k) is the largest common factor of
m — k and n — k. Moreover,

vi4vg

A(Zm,n,k) = / do :/ 2e” 2 dx /\dy
Sonnk [0,27] %[0, 1]

1 [ —V2kn(m+n— (m —n)cos2x)

pJo  +/2mn—k(m+n)+ k(m —n)cos 2z

/ H|%do = / |22 52 dz A dy
) [0,27]x[0, ]

m,n,k
[ 2v2(k +m +n)*r J
= — T,
pJo  +/2mn —k(m+n)+ k(m —n) cos 2z

1
E(Zmyn»k) = 2A(Em,n,k) + */ ‘H‘2d0
E'm,n,k

4
1 2T 4k(m —n)cos 2z + (m +n — k)?
pv2Jo  \/2mn—k(m+n)+k(m—n)cos2x

It follows from k < 0 and n — k = pny with some positive integer ng that

L 2T 4k(m — n) cos 2z + (m +n — k)?

) pv2Jo  \2mn—k(m+n)—k(m—n)
_ 7w (m+n—k)? 7 (m+n—k)(m+pno)
P y/m(n—k) D Vmpng
272 m 8
> “—(n4+m—k)=2(—+no)r?>21% > ——n°.

Thus the proof of Theorem 1.9 is completed.

3. DEFORMATIONS OF MINIMAL LAGRANGIAN TORI

Now consider a Lagrangian torus in CP? defined by the composition of the maps
r : R? — S° and the Hopf projection H : S° — CP2, where r satisfies (1.2) and
(1.3). Then the associated frame R given by (1.4) satisfies (1.5), where

0o V2e 5" 0
A= _\/ie’u;zﬁ iFe=? Z(% + e—UG) _ 'U?y c Su(3),
0 (% 4 eG) + 2 —iFe™"
0 0 V2e 5t
B= 0 iGe™" i(Zr —e v F) + % | €su(3),
V27" il — e ) - —iGe™"

with real functions F' and G given by

F = =5 (o) = (0 + i8.)

and
1

G = Z(<7Ty7rT> - ev(vy +Zﬂy))
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The compatibility condition
A, —B,+[A,B]=0

leads to the following equations (see [11] and also [8], [9])

2Fa: + 2Gy = (Bmx - Byy)evu

2Fy - QGac = (696”3/ + ﬂyvm)eva

Av=4(F* + G?)e " — 4" — 2(FB, — GBy)e ".
3.1. Minimal Lagrangian tori. Now we assume that ¥ is minimal with § =
0. From the above equations it follows that F' and G are constants. With the

appropriate change of coordinates (a homothety and a rotation) one can assume
that FF =1 and G = 0. Hence

0 V22 0
(3.1) A= |[—V2ez e v - | esu(d),
0 Z —je v
0 0 2e2
(3.2) B= 0 . 0 —ie”" + % | €su(3),
—V2e3 —jev — 0

2
and v satisfies the Tzizéica equation (1.7). Smooth periodic solutions of the Tzizéica
equation are finite-gap solutions [16]. Minimal Lagrangian tori were studied in [3]-
[6]. Assume that we have a deformation X; of X, ¥y = X, given by the mapping

r(t) : R* — S°
with the induced metric ds? = 2¢*@¥*) (dz? + dy?), where v(x,y,t) satisfies (1.7).
We have R; = TR, where
1S ay + iby ag + ibg

(33) T=1|—-a1+ib 181 as + ibs S su(3),

—as9 + Zbg —as + Zb3 71'(8 + 81)
with functions s, sy,a1,as,as,b1,bs and b3 depending on z,y and t. From the
compatibility conditions
(3.4) A —T,+[A,T] =0, B, —T,+[B,T] =0,
we obtain the identities

e_%sz e_%sy

by = —-", by = —~2,
1 e 2 o)

eV (V2s, — Ze%”(alvy — 2a2,))
as = )
4v2
e 3V (—8ay — ﬂe%”(szvy + SyUp — 284y))
b3 = ’
8v2

e~ 3 (8a + V2e3"(8€"s + 5,0, — 85U + 2542))
8v/2

and the following overdetermined system of equations for s, a;, as which determine
the deformation:

1
(35) vt + 56721)(7\/56%1;@2%] — 2\[2(3%”(1196 + sm) = ()7

S1 =
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(3.6) As+12e"s = 0,

(3.7) 2a1, — 2az, — a1V, + agvy — \[267%1)836 =0,

(3.8) 2a1,, + 262, — a1V, — a2V + \/ie_%”sy =0,

(3.9) \/ie%agvy + 2\/5@37”@130 — 5, + 263”(b3vy + 8¢+ 81,) =0,
(3.10) 2e”"az — s1, + bzv, = 0.

Now we can give a geometric interpretation of s.

Remark 3.1. (1) The deformation we obtained above is a Hamiltonian defor-
mation with the Hamiltonian 3. In fact,

—v

T(sxim + syiry) = grad%,

b
1L 1
Tt = 1Ty =+

bo
V2e3 V2e3

where ;- denotes the normal component of the velocity vector r;.
(2) Observe that (3.6) can be rewritten as

Ty =

A, s = 6s,

where A, , is the Laplace-Beltrami operator with respect to the induced
metric on ;. In other words, the function s is an eigenfunction of the
Laplace—Beltrami operator with the eigenvalue 6.

Proof of Theorem 1.11. Using (3.5) and (3.7), we get

e 3 (2az, + azvy + 201, + a1v,)

2V/2

Considering the area form do = 2eVdz A dy, we set

vy =

65(21123/ + agvy + 2a1, + a1vy)

0 = 04(2e")dx Ndy = NG

dx N dy.

It turns out that Q = dw, where
w = ﬁe%(aldy — azdz).

If 3, is a smooth deformation of ¥ preserving the conformal type of ¥y, then

4 Qe”dx/\dy:/Q:/dw:O,
dt J5 A A

where A is a lattice of periods. The proof is completed.
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3.2. The Novikov—Veselov hierarchy and deformations of minimal La-
grangian tori. In this subsection we consider an example of a deformation of
minimal Lagrangian tori defined by the second NV equation. In particular we give
an explicit solution of the system (3.5)—(3.10) in terms of the function v defining
the induced metric (1.1) of the torus.

Let us recall the NV hierarchy. Let L be a Schrédinger operator

L= 8282 + V(Z, Z),
and
A2n+1 = 63n+1 + UQn_133n71 + -+ ulﬁz + 85”“ + wgn_ﬁg"*l + -+ wlag,

where u; = u,;(z, Z), w; = w;(2, 2). The operator J;,, — As,+1 defines an evolution
equation for the eigenfunction r of the Schrédinger operator Lr = 0 by

3tnr = A2n+17".
The n-th NV equation is

oL
Oty
where Bs,_» is a differential operator of order 2n — 2. Note that V' and the coeffi-

cients of Ag, 11 are the unknowns. In the case of the periodic Schrédinger operator
L the NV equation preserves its spectral curve.

= [A2n41, L] + Ban—2L,

When n = 1, as obtained in [13], we could take V = e?(2:2:1) wwhere v is a real
function satisfying the Tzizéica equation, and

Az = 02 +02 — (v2 +0..)0. — (V2 +vz2)0s,
By = —82(713 + Uzz) - 32(“? + UE?)'

It turns out the first NV equation reduces to vy, = 0. Hence it cannot provide a
deformation of minimal Lagrangian tori in CP2.

For the case where n = 2, as discussed in [13], assume

As = 05 +u30® + u3,0% + 110, + 02 + w302 4+ w302 + w0z,

By = u3,07 + us,. 0. + w307 + w3505 + w1, + w15,
the second NV equation reduces to

(3.11) uzz = dV,, w3, = HV;
(3.12) w1z = 10V, + 3usV, + us,V — us,,z,
(3.13) wy, = 10Vzzz + 3wsVz + wszV — w335,
Viy = 02V + usVizs 4 2us. Vae + (ug + us. ) Ve +ur .V
(3.14) +O3V 4 w3Vizz + 2w3:Vez + (w1 + w3z5) Ve + w5V,

Moreover, by the argument of [13], the equations (3.11)—(3.13) can be solved
explicitly in the following way.
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Theorem 3.2 ([13]). Let v(z, z,t2) be a real function satisfying the Tzizéica equa-
tion and V = e*(®%12)  Then the functions

us = 7§(’U§ +vzz)a w3 = Ug,
U §v4+gv2v ,iﬁ,@vv 7911 Wy =1u
1*9 z 9 2Vzz 3 z 9 z2VUzzz 9 2222 1 — U1,

satisfy equations (3.11)-(3.13). The second Novikov—Veselov equation (3.14) at-
tains the following form

(3.15) v, = h+ B,

1
h= 5(51)10% + 5v3v3 — buguz — v5 — vs),

Y]
where v; = 0Jv.

Let us consider a minimal Lagrangian torus defined by r : R — S° such that
R, = AR, R, = BR, matrices A, B have the form (3.1), (3.2). If we rewrite the
NV deformation

atzT' = A5T‘
in terms of the frame R, we get the corresponding matrix 7" € su(3) such that
R, = TR. The matrix T is given by (3.3), where

1 v
_ z v _ .4 2 .4 2
a; = e? (1446 ’Uy 3Uy Vyyyy Uy + 12vmy 3vxvxyy

72V/2
—2vyy(2’ufc — 3Ugs) — 21)5(21)%, + 31)925 — 2py) — 4vgvm + 31}51

—Uy (Uyyy - 16Uzvzy - 3vwwy) - 6Ua::ryy — UgVUgax — vwzwz>7

1

as = 72\/56% (Vg Uyyy — 41)2% + 8v§vzy — Qvgyyy — 40y (3vyy + 21;2 — 3U4)
730xvzmy + 'Uy(gvmyy + 4Uz(21)yy —+ Ug — QUmz) _ vmmm) + 4vmzzy),
1
s = gl Uj + Uz — Vyy)-

3
By direct calculation one can check that aq,as and s provide the solution to the
equations (3.5)—(3.10). In other words, equations (3.4) follow from the Tzizéica
equation (1.7) and the second NV equation (3.15).

Proof of Theorem 1.14. Given v satisfying the Tzizéica equation, it is easy to see
that the function 7 = v2 +v,, satisfies (3.6), which means that 7 is an eigenfunction
of the Laplace-Beltrami operator with eigenvalue 6. Thus s = a; = 4Ren,as =
—2Imn give two real eigenfunctions of the Laplace-Beltrami operator with eigen-
value 6 on the minimal Lagrangian torus. O
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