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ABSTRACT. We exam the validity of the definition of the ADM angular
momentum without the parity assumption. Explicit examples of asymp-
totically flat hypersurfaces in the Minkowski spacetime with zero ADM
energy-momentum vector and finite non-zero angular momentum vector
are presented. We also discuss the Beig—O Murchadha-Regge-Teitelboim
center of mass and study analogous examples in the Schwarzschild space-
time.

1. INTRODUCTION

After decades of study, the energy-momentum proposed by Arnowitt,
Deser, and Misner [I] for asymptotically flat initial data sets has been well-
accepted as a fundamental concept in general relativity. Schoen-Yau’s the-
orem [19] (see also Witten [20]) establishes the most important positiv-
ity property of the definition. In addition, the rigidity property that the
mass is strictly positive unless the initial data set can be embedded into
the Minkowski spacetime is also obtained. Bartnik also proves the ADM
energy is a coordinate invariant quantity [3]. Above-mentioned properties
hold under rather general asymptotically flat decay assumptions at spatial
infinity.

There have been considerable efforts and interests to complete the def-
initions of total conserved quantities by supplementing with the angular
momentum and center of mass. For example, see [18] for the angular mo-
mentum and [4], [I7, [I3] for the center of mass. Those definitions using
flux integrals have applications in, for instance, the gluing construction of
13, 12]. However, they are more complex for at least the following two
reasons:

(1) The definition involves not only an asymptotically flat coordinate sys-
tem but also the asymptotic Killing fields.
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(2) The corresponding Killing fields are either boost fields or rotation fields,
which are of higher order near spatial infinity in comparison to translat-
ing Killing field used in the definition of the ADM energy-momentum
vector, so there is the issue of finiteness of the integrals.

The issue of finiteness has been addressed by Ashtekar-Hansen [2], Regge-
Teitelboim [18], Chrusciel [10], etc. Among them, Regge-Teitelboim pro-
posed a parity condition on the asymptotically flat coordinate system. In
particular, explicit divergent examples violating such a parity condition were
constructed in [I5] [6].

In this note, we address the question about the validity of the ADM angu-
lar momentum and the Beig—() Murchadha-Regge-Teitelboim center of mass
without assuming the parity condition. In particular, we provide explicit
examples of spacelike hypersurfaces of finite angular momentum and center
of mass in the Minkowski and Schwarzschild spacetimes.

Theorem 1. Let (M,g,7) be an asymptotically flat initial data set. If
g=0+4O(r=1%) for some q > % and 7 satisfies

T =ar"P+0(r3)

where 0 < p < 3 and 7 is a (0,2)-tensor on the unit sphere S*. Then the
ADM angular momentum is always finite.

Theorem 2. There exist asymptotically flat spacelike hypersurfaces in the
Minkowski spacetime with zero ADM energy-momentum, but the ADM an-
gular momentum is finite and non-zero.

Theorem 3. There exist asymptotically flat spacelike hypersurfaces in the
Minkowski spacetime with zero ADM energy-momentum, but the Beig-OMurchadha-
Regge-Teitelboim (BORT) center of mass is finite and non-zero.

Theorem 4. There exist asymptotically flat spacelike hypersurfaces in the
Schwarzschild spacetime of mass m whose ADM energy-momentum vector
is (m,0,0,0) and the ADM angular momentum is finite and greater than m.

The above examples do not satisfy the Regge-Teitelboim condition. Hence,
it is unclear whether the angular momentum and center of mass satisfy the
corresponding change of coordinates when they are computed with respect
to another asymptotically flat coordinate system (c¢f. [14]). The properties
of the ADM and BORT definitions are in contrast to those of the recent def-
inition of total conserved quantities on asymptotically flat initial data sets
in [7], where, for example, the new definitions of angular momentum and
center of mass integrals always vanish for hypersurfaces in the Minkowski
spacetime.

This note is organized as follows. In Section [ we rewrite the ADM
angular momentum integral in the spherical coordinates. In Section Bl we
develop criteria to ensure the finiteness of the ADM angular momentum
and BORT center of mass and prove Theorem [II In Section M we discuss
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examples of hypersurfaces in the Minkowski spacetime and prove Theorem [2]
and Theorem Bl In Section Bl we prove Theorem [

2. ADM ANGULAR MOMENTUM AND BORT CENTER OF MASS

An initial data set is a three-dimensional manifold M equipped with a
Riemannian metric g and a symmetric (0,2)-tensor k. On an initial data
set, one can define the mass density p and the current density J by

1
p=g (Ry = K2+ (6rgh)).
J =divgk — d(trgyk).
Definition 2.1. Let p > % The initial data set (M, g, k) is asymptotically
flat if for some compact subset K C M, M \ K consists of a finite number

of components My, ..., M, such that each M; (end) is diffeomorphic to the
complement of a compact set in R3. Under the diffeomorphisms,

gij = 8ij = O2(r™P), ki =O1(r™P7)
and
p=0(z[7*79), |J]=0(z|7°7)
for some € > 0.
Note that it is necessary to assume p > % in order to prove positivity, rigid-

ity, and coordinate invariance of the ADM definition of energy-momentum
and mass by Schoen-Yau [19], Witten [20], and Chrusciel [I1] (see also, for

example, [9, [8, [5]).

It is often convenient to consider the conjugate momentum
=k — (trgk)g.
It contains the same information as k because k = 7 — %(tl“gﬂ') g. Then the

Einstein constraint equations become
1

2 2

Ry — a2 + 5 (trgm)? = 21,
divgm = J.

Abusing terminology slightly, we will refer (M, g, ) as an initial data set
below.

Definition 2.2 ([I8,[4]). Let (M, g,7) be an asymptotically flat initial data
set. The center of mass C and angular momentum J(Y) with respect to a
rotation vector field Y = % X &, for some i =1,2,3, are defined by

Lo dgij  gui\ o’
CY=—1 @ L R
167 700 v Z < oxt &L"J) ||

|z|=r

(2.1) W

> ((gm — 0 )% — (9ii — 5u’)§>] doyg

i
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and
1 gk
(2.2) JY)=— hm/ ijkw?dao,
|z|=r

where dog is the area measure of the standard sphere.

Our goal is to express the ADM angular momentum in the spherical
coordinates. Let {r,u®},a = 1,2, be the spherical coordinates corresponding
to {z'}. The rule for change of variable is " = rz* where z*,i = 1,2,3, are
the three coordinate functions on the unit sphere S?. We have
ozt _ oz’ ox!

Fdudr + r?g;;—— —— du®du’.
oul 913 5ua gub

gijdl'idl'j = (gijizii*j)drz + 27’97;]'
Similarly,
ozt _. 0zt 0/
&ja Zdudr + T27Tij—x T i du?

Ou® ub
= Ty dr? + 27 qdrdu® + apdu®dul.

T = (Wijii'li'])dT2 + 2T7Tij

In particular, we see that if m;; = O(r7?), then m, = O(r™P), T4 =
O(r=Pt1), and 7y, = O(r—P+2).

Proposition 2.3. Let (M, g,7) be asymptotically flat and let {x'} be an
asymptotically flat coordinate system. Let {r,u®},a = 1,2, be the spherical
coordinates corresponding to {x'}. Then the angular momentum integral
22)) can be written in the spherical coordinates:

0 o, 1

) ——_— [ 2 ij~l~bca d
- X - ) = m r €51 € T 2.
oxJ aﬂj‘l) 8 r—oo /5'2 ! bre Glis

i

J(z

It is understood that 7., = m.c(r,u®) is considered as a one-form on 52
that depends on r and the integral f g2 e”ljlgbcﬁbmc dpg2 becomes a function
of r only. Note that é*dym,. corresponds to d of m... In particular, this is
zero when T,..(+,u?) is a closed one-form on S2.

Proof. To compute the angular momentum, we need the following change of
variable formulae:

i = laji 5abi + @22
ort  rous  Oub or’
0 -0 O 07 0
i ] — (50 2 Nxab Y
T ow TV ox (@ our " au“)a oub’
Hence, we obtain
.0 .0 0 OFd Ot
A, Y — (A =] ~ab
m(z oxJ . oxt’ 87") (@ ou® v 8u“)0 o

It is easy to check that

08 0F 7
~7 ~ o ~b 1] ~l
z — T —— = €,€”,0,7",

ou? ou?
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where €. is the area form on S? and eijl is the volume form on R3, raised
by the standard metrics on S? and R?, respectively. Therefore,

00 o3t
(2" — 7 VT = — €I F ey
a a 1
S2 8’[1, au S2

3. FINITE ANGULAR MOMENTUM

Let (M, g, m) be an initial data set where 7 = k — (tryk)g is the conjugate
momentum. In this section, we consider some criteria on (g, 7) to ensure
the finiteness of the ADM angular momentum integral.

3.1. Leading terms of the momentum tensor. Assume that the mo-
mentum tensor 7 has the following expansion

(3.1) T=7r"P+0(r %)

for some symmetric (0,2)-tensor 7 on S? and 0 < p < 3. This condition is
closely related to the Ashtekar-Hansen condition [2]. We can rewrite 7 in
(1) in the spherical coordinates,

(3.2) 7 =r"PBdr? + 2r' Paydrdu® + r> Phgydudu’ + O(r?),

for a function /3, a one-form ay, and a symmetric tensor hy, on S?. We will
show that if g = &;; + O(r~7) for some ¢ > 3 and 7 satisfies (B.I), then the
angular momentum is always finite.

We recall the following lemma.

Lemma 3.1 ([I6, Lemma 2.3)). Let h be a symmetric (0,2) tensor on R3
satisfying
h = hoodr? + 2hoqdrdu® + hepdu®du®.

Then
: - 21 0 ~~a —3~a
divsh = [7‘ 28—(7‘2h00) +r 2ﬁ%(\/;0 ®hoa) — 3G bhab} dr
0 1 0 1 0
-2 Y 2h " - ~~bchac Zh ~be a
+r [8r(r 0)+\/§8u0( G6 )—1-2 i du

Proposition 3.2. Let (M, g, ) be asymptotically flat. Suppose gi; = 6;; +
O(r=9) for some ¢ > 3 and w satisfies (32). Then

divyr =177 [(2 —p)B+ Vi, — h] dr
— — 7.0 19 a —1—p—
+7r P13 =plag+ Vohg + ==—h| du® +O(r " P79).
2 Ju®
In particular, the Einstein constraint equations imply
(2-p)B+V%a, —h=0
10

3.3 3 —plag + Vph? + =—h =0,
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where h = 6%h,;, and ﬁab = hgp — %h&ab.

Proof. The Einstein constraint equations imply div,m = O(r=37¢). By the
assumption g = 6§ + O(r~7), we have divym = divsm + O(r~1777P). The
proposition follows from applying Lemma B3] O

Proof of Theorem . By B3)) and observing V.d,h = V,0.h, we obtain
gacﬁc@bﬁz.

~AC
€ K;Caa = —
3

This is always perpendlcular to Z! by integration by parts twice and the

equation Vy V& = —7'Gy.. Hence, by myq = 1 Pay + O(r~2) and Proposi-
tion 2.3,
0 o, 1
— I H 3—p ~ac
J(z" D c%zi) =% Tli}n;o [r /526 (3l Vcaa] +0(1) = 0(1),
for all 7,5 € {1,2,3}. O

We remark that Theorem [l can be compared with the following example
of divergent angular momentum. Although the leading term of 7 in Exam-
ple s of the form 772 for a symmetric (0,2)-tensor & on S2, it does not
contradict Theorem [0 since the next term is of the order r—2~¢ where ¢ is
strictly less than 1. In fact, this next term cannot be of the order 73, in

view of Theorem [I1

Ezample 1 ([15, Section 3]). Given ¢ € (3,1) and functions o, 3 defined
on the unit sphere, there exists a vacuum initial data set (R3,g,7) of the
following expansions at infinity

S A A
gijda'da’ = <1 +—+ ;) dr? + <1 + — - %) 26 apdutdu’ + O(r~179)

6

mdrtde! = Z Bz drdu® + ZB 6 gdudu® + O(r=279),
for some constants A, B;,7 = 1,2,3. If one chooses

a=(z")?% and g=z's?

then the angular momentum J with respect to the rotation vector field
2103 — 230, diverges.

3.2. Fall-off rates of the initial data set. We recall a theorem about

finiteness and well-definedness of angular momentum for asymptotically flat
manifolds by Chrusciel [10].

Theorem 3.3 ([I0]). Let (M, g, ) be an asymptotically flat initial data set.
Suppose

g=0+05(r"9), m=0:(r"P), and |J|=0@"*°).
Ifp+q >3 and e > 0, then the ADM angular momentum is finite.
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Remark. The theorem is proved by applying the divergence theorem to (2.2)
and then observe

divg(mjpY?) = (Vimy) Y7 + 79 (Ly 9)i;.
The Einstein constraint equation implies that Vimj = J; and the fall-off
rate implies that 7 (Lyg)i; is integrable. Hence, divy(m;jxY7) is integrable.

Therefore, the angular momentum ([22) is finite and is independent of the
family of surfaces used to compute the limit.

4. HYPERSURFACES IN THE MINKOWSKI SPACETIME

A spacelike slice in the Minkowski spacetime can always be written as the
graph t = f(r,u®) for some function f defined on R3, where {r,u},a = 1,2,
are the spherical coordinates.

4.1. Non-zero angular momentum.

Theorem 4.1. Suppose f = T%A(u“) where A = #'(22)3. Then the hyper-
surface t = f in the Minkowski spacetime satisfies

E=0, |P|=0, and |C|=0.

The ADM angular momentum J(Y') is finite for any Y = % xZ,i1=1,2,3
and

0 0 1
1 9 29 __ 1
T ¥ e T T
Remark. This example is exactly on the borderline case of Theorem
with

J(

g=06+00"Y3) and 7=0@r"""3)
and p+q = 3.
To prove the above theorem, we need the following computational results.

Denote by § = dr? + r264,du®dub the standard metric on R3. The induced
metric on the hypersurface t = f is

g= 1~ f2)dr? — 2f, fodrdu® + (r*Gap — fufp)du®du®
and the second fundamental form of the hypersurface is
1 _ . .
k= ————=(V,;V,f)dz'da’,
R
where V is covariant derivative of g and {z'} is an arbitrary coordinate
chart on R3. In the spherical coordinate system of g, the only non-trivial

Christoffel symbols are be = —7rou, fgr = 7“_15;”, and be' The second
fundamental form in the spherical coordinates is thus

1 _ _ _
b= —— [ Frrdi® 4 2(fra — T8 fo)drdu® + (fap — Tl fr — T fo)du®du® | .

V1-|VFf]?
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Proposition 4.2. Assume t = f(r,u®) is a spacelike hypersurface in the
Minkowski spacetime. Suppose the momentum tensor in the spherical coor-
dinates is of the form m = mppdr? + 2mpqdrdu® + Tapdu®du®. Then

1 [ 1 —23 —1
Trqg = —rm/——mn fra_r fa+(frr+T Af—|-27’ fr)frfa
G ADIA] E

where Af denotes the Laplacian of f(u® r) with respect to the standard
metric Gqp on S% (only derivatives with respect to u® are involved).

Proof. We recall the relation between the Hessians of f with respect to g
and g:

4.2 ViVif=—— (ViVif).
(4.2) i = eV
We note that k = /1 — |V f|2(V;V, f)dz'dx’ where V is the covariant de-
rivative with respect to the induced metric g. Thus

trgh = /1 [Vf2AF,

where A is the Laplace operator of g. Therefore,

Tra = kra - (trgk)gra

= ﬁ(fm - r_lfa) +4/1— |vf|2(Af)frfa

From (4.2]), we compute

1

A= - ViP

1|V

where we use

(g"ViVif) = <Af + ¥(§kpgqupfq)(vkvlf)> ;

1—|Vf]?

RU_ okl 35" o
1—|Vf]2
Note that Af = f.+r~2(Af)+2r~' f.. Thus we obtain the desired identity.
U
Proposition 4.3. Let f = A(u®)r? for some real number p and a function
A(u®) defined on S*. If 0 < p < &, we have
(4.3)
T = Ag(p — 1)rP~L
1 ~ —1) -
+ A, §p2(3p +1)A% + pAAA + %\VA[Q P73 4 o(rPP3).
If p =0, we obtain
1 -
(4.4) Tpa = —1 T A4 — 57’_3\VA]2A@ + o(r™3).
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Proof. Note that
fr=pArTl fr = Ap(p - 1)rP 7,
fra - Aapr_la fa - Aarpa Af = (AA)TP
Thus,
|@f|2 _ (fr)2 + r—25_abfafb — (p2A2 + 5_abAaAb),r,2p—2.
We check that the denominator of (4.I]) has the following expansion
1 242 1 A2
(45) _ -1 (p + |v | )r2p—2
V1=|VfP 2
Continuing the calculation of terms in 7,, of (4Il), we arrive at
fT[l - T‘_lfa + (f’f"f‘ + T‘_2Af + 2r—1f7‘)f7‘f[l
= A,(p— 1P 4 ((p(p — DA+ AA)P2 4 2pArp_2) (pArP=1) (A rP)
= A,(p— )P+ (p(p+ 1)A + AA)pAA P73,

Combining the above computations, we obtain the desired statement. O

+ 0(7‘27’_2).

Proposition 4.4. Let t = rPA(u®) be a hypersurface in the Minkowski

spacetime. Suppose p = % Then the angular momentum integral is finite
and

) ) 1 . _ .

LY | - 1j sl _ 2
(16) Sy — ol =~ | i *d(dA [AAA VA Dd,usz.

Proof. By Proposition 23] the terms in (3]) which are closed one-forms on
52 do not contribute to the angular momentum integral. By setting p = %
and letting 7 go to infinity, we prove the identity. O

Our goal is to find a function A on S? so that (&G) is not zero for some
i,7 €{1,2,3}.

Lemma 4.5. Leti,j € {1,2,3}, i # j. Let p,q be positive even integers.
We have the following inductive formulae

~ipi,'q 5 — p(p—l) jip—2j'q )
/52<:c><ﬂ> dyis (p+q)(p+q+1)[52< 2@ ) dpug

atg — 1) TP (771472 )
i p+a)p+qg+1) /52(‘17) (@)% duge,
() dpge =4z
/52(96) ) s =g r ™
VP (IVE ey — (p—1)(p—3)---3 i ;
/52(:17) (@) duse = ey s D e Dt P2t

Proof. Denote by A and V the Laplace operator and gradient with respect
to the standard metric on S2. Then

(4.7) At = —23" and Vil Vil =6V — 73
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Therefore,
A(@)P(@E)7) =p(p — 1)(&)P2(@7) + q(q — 1)(@")P (@)1
—(p+q)(p+q+1)E)rE"".

Integrating by parts, we obtain the first formula. The other two equations
follow by induction. O

Proposition 4.6. Let A = '(22)3. Then

2

Y Py
3.7-11 "

/SZ 7+ d (dA [ARA -~ [9AP]) dpge =

]froof. In this proof, we denote &' simply by x?. Using (@), we compute
AA=—-20A+ 622, VA2 = ()% 4+ 9(z")?(2?)* — 16(21)?(2?)®, and thus
AAA — |VAP? = —4A? — 3(2)?(2?)* — (22)5. The term —4A? does not
contribute to the integral. We simplify
sd(dA(=3(zH)2(22)* — (22)%)) = (—6(2®)® + 6(x1)?(2?)%) * (dzy A da)
= 27(=6(«%)* + 6(z)*(2*)°).

It suffices to show that [o(2%)?(—6(2?)® 4 6(x")*(2*)%)dp # 0. Using
(x1)2 =1 — (2%)% — (2?)?, this is the same as

B 22 (22)8 232 (22)6 2BV (226
2 [ @R [ [ @)

which equals #,211471 by Lemma O

Proof of Theorem[{.1l Note that the fall-off rate f = O(r'/3) implies that
E =0, and thus |P| = 0 by the positive mass theorem.

By Proposition [4.4] the angular momentum is finite. We only need to
show that it is not zero with respect to one of the rotation vector fields. By
Proposition £.4] and Proposition [4.6]

190 20

(= o2 " 83:1)
1 - . 1
- [ A|AAA — VA2 =
247 32$3*d<d [ v |]> s = 791

Furthermore, we can see that the center of mass is zero with respect to
the coordinate chart {x}. In fact, it is easy to see that in the coordinate
chart {x}, the coordinate spheres are symmetric with respect to reflection
through the origin since the function f is even. O

Remark. Note that hypersurfaces of the form t = T‘%A(’LLQ) do mot satisfy
the Regge-Teitelboim condition unless A is an odd function. If A is odd, by
Proposition the angular momentum is zero.
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Remark. It is worthwhile to remark that the total angular momentum inte-
gral 22)) may be computed with respect to the induced metric on the spheres
{|z| = r}. Under the Regge-Teitelboim asymptotics, the limiting value is the
same. However, our example in Theorem [{.1] does not satisfy the Regge-
Teitelboim assumption, and the limiting value may differ by a finite vector
when the integral is computed with respect to the induced metric. Never-
theless, the angular momentum with respect to the induced metric is still
non-zero.

4.2. Non-zero center of mass. We construct a hypersurface in the Minkowski
space with zero energy, linear momentum, and angular momentum, but its
center of mass integral is not zero.

Theorem 4.7. Suppose that f = A(u®) where A = &' + &'&2. Then the
hypersurface t = f in the Minkowski spacetime satisfies
E=0, |P|=0, and |J|=0.

The center of mass integral C“ are
1
57

To prove the theorem, we need the following computational result for
center of mass integral.

clt=0, C?= Cc? =0.

Proposition 4.8. Lett = f(r,u®) = A(u®) be a hypersurface in the Minkowski
spacetime for some function A € C?(S?). Then the center of mass integral
18 finite and

o 1 = 2~
(4.8) "= o /S VAP duge
Proof. By (),
1 1 ) )
a _ 1 - « £ ENT ) ) 2 .«
= 167 TILII;O x| =r T(‘T Eij (fnf] fufz)x % fzfoex +‘Vf‘ €T )dUO-

Note that fiz' =70, f and (fiz'); = f;jz’ + f;. Since f is independent of 7,
we have

fixi =0 and fZ].Z'Z = —fj.
Hence,
1 % 1 .
O = — i Vf*~—d :—/ VA2 duge.
S \w\=r| fl doo = o 52| "2 dpge
O
Proof of Theorem [{.7} From the fall-off rates of g and =, it is easy to see that

E =0 and |P| = 0. By Proposition 23] and ([£4]), the angular momentum
is zero.
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By Proposition [£8] the center of mass integral is finite. We only need
to show that it is not zero for some a = 1,2,3. Let A = &' + #'#2. By
Proposition [£.8],

1
e |VA|2:1:2 dpge

T 8w
87‘( ‘V-’L’ +V( )‘2.’,2'2 d,usz
1 . _

= Vit V(5% duge
1 - S1\2/~

= 1 [ @ 2@ s

which equals 1 £ by Lemma [
By a similar computation, one shows that C' = C% =0 (]

Remark. The induced metric g and the second fundamental form k for the
hypersurface t = A(u®) is

gij =05+ O(r™?), kij=0(r?).

In general, the Regge-Teitelboim condition does not hold on these hypersur-
faces unless the function A is odd. Howewver, if A is odd, it is easy to see
that the center of mass integral is zero due to parity.

Remark. One can construct hypersurfaces with finite and non-zero center
of mass integral deﬁned byt = rFA(u®) + 1~ *B(u®) for some L > k>0.In
particular, if k = 2, A is odd and B is even, then the mduced metric and
second fundamental form satisfy

= (5z'j + O(T_l), kij = O(T_g)
g;;dd —0(r™?), kS = O(r732).

The fall-off rates of k and k™ are on the borderline cases for the Regge-
Teitelboim condition.

5. HYPERSURFACES IN THE SCHWARZSCHILD SPACETIME

In this section, our goal is to find spacelike hypersurfaces in the Schwarzschild
spacetime whose angular momentum is not zero. The Schwarzschild space-
time metric of mass m outside the event horizon is given by

o\ L
ds® = <1 — T) dt* + <1 — Tm> dr? + 126 gpdudul,

where r > 2m, {u®},a = 1,2, are spherical coordinates on the unit sphere,
and the G, is the metric on the unit sphere. Note that any spacelike hy-
persurfaces is a graph over the {t = 0}-slice. In particular, the exterior of a
spacelike hypersurface is the graph of ¢t = f(r,u®) for r > 2m. Let g be the
metric on the slice {t = 0} and V be the covariant derivative of g.
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Theorem 5.1. The exterior of a spacelike hypersurface in the Schwarzschild
spacetime of mass m can be expressed as the graph of t = f(r,u®),r > 2m.

Suppose [ = T%A(u“) where A = #1(22)3. Then the spacelike hypersurface
18 asymptotically flat and satisfies
E=m, P=0, and C=0,

The angular momentum J(Y') is finite for any Y = % x T,i=1,2,3 and

e, 2 0 9 1 .
0z2 " Oxl 7-9-11
Remark. Rescaling f by a constant A > 0, we have asymptotically flat
manifolds of mass m and of arbitrarily large angular momentum. In par-

ticular, this provides an explicit examples that the mass-angular momentum
inequality m > |J| does not hold for the ADM definition (cf. [16]).

J (@

In order to obtain the momentum tensor and then the angular momen-
tum, we first compute the first and second fundamental forms of a spacelike
hypersurface in the Schwarzschild spacetime.

Proposition 5.2. The induced metric of a hypersurface t = f(r,u®) in the
Schwarzschild spacetime of mass m is

r

—1
g= [(1 _ 2_m> (1 — 2—m> fT] dr2=2f, fadrdu®+ (126 g— fa fp)dutdub.

Denote by g'", g%, and g® the coefficients of the inverse metric. The inverse
metric is considered as a (2,0) tensor. Then

grr:<1_2_m>_|_( (1_2Tm)2 f2

) |V

gra = 7’_1 fbfr
(1—2m) |2
4 ~ac~bd
~ T o0
ab — ,r,—2 ab + — fcfd

The timelike unit normal vector is

—1
. ! <1—2—m> 8t+<1—2—m>f,,8 20|
ozt e [V

Proof. For any coordinate system {x} on the {t = 0}-slice, the induced
metric on the hypersurface t = f(x) is

= _ 2m
9ij = Gij + fifjgu = 9ij — fif; <1 - T)
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and the inverse metric is
g% g frfi
2m\~1 _ g s2”
(1=22) " —IVfP?

Using the spherical coordinates {r,u®} on the 0-slice and noting

__ 1 — 2m 0
g t= < 0 " T—25.ab> )
we obtain the first two equations.
Let e, = 0, + f+0; and e, = 0, + fu0:,a = 1,2 be a basis of the tangent

space of the graph. It is straightforward to check that the unit normal
timelike vector v is normal to e, and e,. O

g =gl 4

Proposition 5.3. Let k be the second fundamental form of t = f(r,u®) in
the Schwarzschild spacetime of mass m. Let

1
w = \/<1—2—m> e
T

Then k = kypdr? + 2kpqdrdu® + kgpdu®dub where

-1
kpr = ! (frr"i_?’frmg <1_2_m> _fs’% <1_2_m>>
r r T T
-1
(fra_%_fag <1_2Tm> _fffag <1_2Tm>)

2m

<fab + (ra-ab - fafbg)fT <1 - T) - ngfc> .

Proof. Let e, = 0, + f-0; and e, = 9, + fu0:, a = 1,2 be tangent vectors of
the graph. Recall k;; = —ds*(v, ngQ ej). The Christoffel symbols of ds? are

om\ 1
p;:_Q_ﬁg m
F?‘a = _5b

2

- <1 - 77”)
;oom 2m\
FT’t — ﬁ 1 - T

m 2m
I'N=—=(1——
tt 7‘2< 7’>’

I'¢, are the same as those on 5?2, and all other Christoffel symbols are zero.
The desired result follows from direct computations. O

g |

gl Elr

kab =
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Proof of Theorem[5.1] . It follows from the fall-off rate p = % that £ = m.
To obtain the angular momentum, we compute 7.q = krq — (trgk)gra. By
Proposition[5.2land Proposition[53land letting f(r, u®) = r3 A(u®), we check
that

o

Tra = kra - (trgk)gra

B l [fra B & N f“% + (fTr + 7‘_2Af + 27‘_1fr)frfa + O(Tgp_g).
w r r
where
1 1

= — -
A L)

m 1 4 = 112Y,.2p—2 2p—2
:1—7+§(pA—|—]VA\ )Tp +O(Tp )

Therefore, comparing with (£3]) of the hypersurface in the Minkowski
spacetime, the only extra term involving m that would contribute to the
angular momentum integral is

m f _
VST
r r
Since the above term is a closed form on S2, its contribution to the angular
momentum is zero by Proposition As computed in Proposition £.4] and
by Proposition .6l we conclude that

190290

@ a2 83:1)
. -3 A = 402 _ 1
=55 /.7 *d(dA[AAA |VA|]> dg2 = —s—.

For the linear momentum, we apply the invariance of mass for asymp-
totically flat spacetime by Chrusciel in [I1I]. Since the hypersurface and
2

the static slice are both asymptotically flat of order § and they differ by a

supertranslation of order O(r%). The ADM mass and linear momentum of
the hypersurface are the same as those of the static slice. Hence the linear
momentum of the hypersurface is zero.

For center of mass, since the hypersurface is symmetric with respect to
the origin of the coordinate system {x'}, its center of mass is zero. (]
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