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ABSTRACT. This article considers the quasi-local energy in reference to a general static
spacetime. We follow the approach developed by the authors in [19] 20} [7, ] and define
the quasi-local energy as a difference of surface Hamiltonians, which are derived from
the Einstein-Hilbert action. The new quasi-local energy provides an effective gauge in-
dependent measurement of how far a spacetime deviates away from the reference static
spacetime on a finitely extended region.

1. INTRODUCTION

Due to the lack of energy density by Einstein’s equivalence principle, the definition of
gravitational energy has been a challenging problem. One can at best hope to define
energy as a boundary integral instead of a bulk integral. The application of the Hamilton-
Jacobi theory [4 [I1] to the Einstein-Hilbert action gives an expression that depends on
a reference term. For an isolated system with suitable decay at infinity, it is possible to
choose an asymptotically flat coordinate system to anchor the reference term, and this leads
to the celebrated definitions of the ADM energy [I], and the positive energy theorems of
Schoen-Yau [I7], Witten [21], etc. However, for a finitely extended system, the choice of a
reference had remained subtle and ambiguous until [19] 20] in which isometric embeddings
into the Minkowski spacetime were applied to give a well-defined definition of quasi-local
energy. The idea is to utilize the surface Hamiltonian [4, [II] from the Einstein-Hilbert
action to pick up an optimal one among all such isometric embeddings. The resulting
definition of energy and conserved quantities have had several remarkable applications
[6, [7, §] since then. This approach was subsequently generalized to define quasi-local
energy with respect to de Sitter/Anti-de Sitter reference recently [9]. In this paper, we
further generalize to allow the reference spacetime to be a general static spacetime. Such
an energy is not expected to have a straightforward positivity property as the Minkowski
reference case. The principal application seems to be to a perturbative configuration. For
example, although the black hole uniqueness theorem [12], 5] establishes the Schwarzschild
solution as the unique asymptotically flat static vacuum spacetime, a black hole in reality
will be a perturbation. The quasi-local energy provides an effective gauge independent
measurement of how far such a perturbation deviates away from the exact Schwarzschild
solution.
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Throughout this article, a spacetime is a time-oriented Lorentz 4-manifold. We impose
the static condition on the reference spacetime.

Definition 1.1. A static spacetime is a time-oriented Lorentz 4-manifold (with possibility
nonempty smooth boundary) such that there exists a coordinate system (t,x', 22 23) (static
chart) under which the Lorentz metric takes the form

g =-V3(t 2% 23)dt* + gij(xl,xz,x?’)da;ida:j, (1.1)
where V- > 0 on the interior and V =0 on the boundary.

Each time slice, i.e. the hypersurface defined by ¢t = ¢ for a constant ¢, is a smooth
Riemannian 3-manifold with possibly nonempty smooth boundary M, such that V > 0
in the interior of M and V' =0 on M. Denote the covariant derivative of the metric § by
D and that of the metric g by V.

In the following, we recall the null convergence condition:

Definition 1.2. A spacetime with Lorentz metric § satisfies the null convergence condition
if

Ricg(L,L) >0 (1.2)
for any null vector L, where Ricy is the Ricci curvature of g.

Recall that L is a null vector if g(L, L) = 0. By [18], a static spacetime satisfies the null
convergence condition (L2) if and only if

AVg —V?V + VRic> 0, (1.3)

on each time slice, where Ric is the Ricci curvature of the metric g.

In particular, static vacuum spacetimes satisfy the null convergence condition. These
spacetimes have been studied extensively. We summarize some basic properties as follows.
The static metric § satisfies the vacuum Einstein equation with the cosmological constant
Aif _

—AVg— Vz‘_/ +VRic = 0, (1.4)
AV +AV = 0. ’
From (I4]), it follows that (see [10, Proposition 2.3|, [I5, Lemma 2.1] for example)

(1) The scalar curvature of g;; is constant,
(2) 0is a regular value of V' and {V = 0} is totally geodesic,
(3) |VV] is a positive constant on each component of {V = 0}.

From here on, we pick a static spacetime & as in Definition [[LI] and refer to it as
the reference spacetime. Let S denote the interior and & denote the boundary of &,
respectively. In addition, we refer to the hypersurface t = ¢ as a static slice and the
function V as the static potential.

The results in the paper are summarized as follows. The definition of quasi-local energy
is given in §2.2. For a surface in the reference spacetime, it is proved that the identity
isometric embedding not only has energy zero by definition, but also is a critical point
of the quasi-local energy (Theorem 2.6). The first variation of the quasi-local energy,
which characterizes an optimal isometric embedding, is derived in Theorem 2.8 At last,
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it is shown that the identity isometric embedding of a surface in the static slice is locally
energy-minimizing (Theorem [E.2]).

2. QUASI—LOCAL ENERGY WITH RESPECT TO A STATIC SPACETIME REFERENCE

In this section, we define a new quasi-local energy allowing the reference spacetime to
be a general static spacetime, following the construction in [9].

2.1. Geometry of surfgces in a static spacetime. Let & be a reference spacetime.
Consider a surface ¥ in & defined by an embedding X of an abstract surface ¥g. In the
static chart, we denote the components of X by (7, X', X2, X3). Let ¢ be the induced
metric on X, Hy be the mean curvature vector of X, and Jy be the reflection of Hy through
the incoming light cone in the normal bundle of . Denote the covariant derivative with
respect to the induced metric o by V.

Given an orthonormal frame {e3, e4} of the normal bundle of & in & where e3 is spacelike
and ey is future timelike, we define the connection one-form associated to the frame

0463(-) = <D(.)€3,€4>. (2.1)

We assume the mean curvature vector of X is spacelike and consider the following connec-
tion one-form of 3 with respect to the mean curvature vector:

Jo Hp

amy(-) = <D(-)m7 m% (2.2)

Let 3 be the surface in the static slice t = 0 given by X = (0, X1, X2, X3) which is
assumed to be an embedding. The surfaces ¥ and S are canomcally dlﬁeomorphlc through
the above identification. Let & be the 1nduced metric on E and H and has be the mean
curvature and second fundamental form of ¥ in the static slice, respectively. Denote the
covariant derivative with respect to the metric & by V.

Let C be the image of ¥ under the one-parameter family ¢;. The intersection of C' with
the static slice t = 0 is 2. Let €3 be the outward unit normal of X in the static slice ¢ = 0.
Consider the pushforward of é3 by the one-parameter family ¢;, which is denoted by é3
again. Let €4 be the future directed unit normal of ¥ normal to é; and extend it along C
in the same manner. It is easy to see that Lemma 2.1, Proposition 2.2, Proposition 2.3 and
Proposition 3.2 of [9] hold for a general static spacetimes. We state them here for later
reference.

Lemma 2.1. Along C, we have
9 .
¢y =\/1+ V2|VT]2 <% +Vv7> (2.3)
0 R
5 =V+/1+V2|VT|2¢4 — V*VT. (2.4)
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Proposition 2.2. Along C,

H = —(Hy, &) — S (V7). (2.5)

V14 V2|Vr|? “
Proposition 2.3. Along C, the connection one-form ag, on X satisfies
(agy)a = V1+ V2|VT2(VV Thy, — &3(V)7a) (2.6)

where hg. on the right hand side is the extension of the second fundamental form of S to
C' by the one-parameter family ¢;.

Proposition 2.4. In terms of the connection one-form in mean curvature gauge o p,, we
have

/Vﬁdi _ / [\/(1 + V2IVT[2)[Hp|2V?2 + div(V2VT)2 + div(V3VT)6 — ap, (V2VT)] dx,

where i )
§ = —sinh™ wVVT) (2.7)
|Ho|V /14 V2|VT|?
and
Hy
= cosh fés + sinh e,
~ [Hol
7 (2.8)
0 . 9 9
——— =sinh 6 hoéy.
]H0] sinh feg + cosh ey
In particular,
(Ho,€4) = |Ho|sinh @, —(Hy,é3) =|Hp|coshf, and ap, = ag — db. (2.9)

2.2. Definition of quasi-local energy. Let X be a surface in a general spacetime N
(not necessarily static). We assume the mean curvature vector H of ¥ is spacelike and the
normal bundle of ¥ is oriented. The data for defining the quasi-local energy consists of the
triple (o, |H|, apr) where o is the induced metric, |H| is the norm of the mean curvature
vector, and «g is the connection one-form of the normal bundle with respect to the mean
curvature vector 7o
N

Here J is the reflection of H through the incoming light cone in the normal bundle. For
an isometric embedding X into the interior S of a reference spacetime & with the static
potentlal V, we write X = (7, X1, X2, X3) with respect to a fixed static chart. We define
X E H as in the last subsection. The quasi-local energy associated to the pair (X, %) is
deﬁned to be

B, X,gt) Slw{/vﬁdi—/[\/(1+V2|Vr|2)|H|2V2+dz’v(V2V7)2

div(V2VT) (2.10)

VIH|/T + V2[Vr]2

— div(V?V7)sinh™? - V2OZH(V7')] dE}.
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Using Proposition [2.4] we rewrite the quasi-local energy as follows:

o, 1
= 2 2 21/2 ; 2 2
5 877{/ [+ VAT o2V + div(V2VT)

EX, X
div(V3VT)
V|Hp|\/1+ VZ2|VT1|?

- / (VAT VEVAPHEV T din(Vev )2
div(V3VrT)
VIH|\/1+4 V2|VT|?
The optimal isometric embeddings is defined as in [9].

— div(V?V7)sinh™? - V2OZHO(VT)] ax

(2.11)

— div(V*Vr)sinh™!

- VzaH(VT)]dE}.

Definition 2.5. Let G be a reference spacetime. An optz'mal isometric embedding for the
data (o, |H|,am) is an isometric embedding Xo of o into S that is a critical point of the
quasi-local energy E(X, X, at) among all nearby isometric embeddings X of o into S.

We show that for a surface in the interior & of the reference static spacetime, the identity
embedding is an optimal isometric embedding.

Theorem 2.6. The identity isometric embedding for a surface ¥ in the interior S of &
is a critical point of its own quasi-local energy. Namely, suppose ¥ in S is defined by an
embedding Xo. Consider a family of isometric embeddings X (s), —e < s < € such that
X (0) = Xo. Then we have

8
Proof. Denote %|s:0 by ¢ and set
= / VHAS

and

s :/ VAT VIV BHLPVE T din(VeVT 2

div(V2VT)
VI|Hp|\/1+ V2| VT|?
It suffices to prove that §£; = 699, where for the variation of o, it is understood that H
and oy, are fixed at their values at the initial surface Xy(X) and only 7 and V' are varied.

It is convenient to rewrite $); and $o in terms of the following two quantities: A =
1+ V2|V7|? and B = div(V2V7). In terms of A and B

9 :/Emdz

2 :/ [ |Ho|2A2 + B2 — Bsinh™* B am, (V?VT)| dX.

| HolA

— div(V3V7)sinh™! — V2, (VT)|dE.
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As a result, we have
|Ho|*A B?

09 z/ +
? VIHPAZ+ B2 A \H0]2A2+B2)

—/ [(5B)sinh_1 |Hf|A + CMHO(5(V2V7'))] d
=1-1I

SA(

By ([29) and sinh 8 = —ﬁ, integrating by parts gives
11 = / [6(V2VT) - VO + ap,(0(V2VT))] dE = / g, (6(VAVT))dS.

On the other hand, we simplify the integrand of I using (2.7,

Ho|?A B2 V/|Ho|?A? + B2 )
|Ho = | Hol :—<H0,63>.

+ g
V|Ho?A? + B> A\/|Ho|?A? + B2 A

Therefore, by (2Z.3)), I is equal to
[t expysaas

:/[ﬁ + W“éS—(VT)]gAdE
14+ V2|72

- (V)V3|Vr2 + VAVrVar
_ / HoAds + / [ e (5, (V7)) + (6V) Vg, (V7)| .

and

o (GV)V3 V2 + VIVrver - ,
59y = / HoAdS + / [ e (s, (V7)) — e, (VSVVT + V2Vor) | d5

~ w < VEVOrver 9
= /H(SAdE — /(Oéég)a(a' — 1—|—V72’VT‘2)(V5VTC +V (5Tc)d2

= / HSAdY + / —(ty )06 (V OV 1o + V207.)dS.
(2.12)
Applying Proposition 23] the second integral in the last line can be rewritten as

/ V1+V2[Vr2(E3(V)1a — VN They )69 (VOV 1. + V267,)dS
= / [63(V)6% — VRV SV 17 + V27,07m,)dS

L / [63(V)6% — VE®)(66)apdS.
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On the other hand, as VdS = AdY and §dY = 0,
591 = / HOAdY + / VSHAS. (2.13)

To prove §9)1 = 699, by ([Z.I2) and 213)), it suffices to show
1 ~

/V [5[? + %ﬁab@&)ab] ds = 5/ [ég(v)&ab(é&)ab] S (2.14)

We decompose 5X into tangential and normal parts to . Let

65X = P“a—X + B
ove

For the first and second variations of the induced metric, we have
(86)ab = 2Bhay + V(P G) + Vo (P Gca) (2.15)
and
§H = — A — Ric(es, e3)B — B6™°6% hachpg + POV H

N b - ox (2.16)
=—Af— Rz’c(eg, 63),8 — 5(5'(1 hgchpg + PN hap — PCRZ‘C(%, 63),
where the Codazzi equation is used.
We derive from (2.I5]) and (2.16])
-~ 1 2ab/sa A . =bpcy, s 855
0H + §h (66)ap = —AB — Ric(es,e3)B + V°(Phe) — P RZC(@’ es). (2.17)

(ZI4) is thus equivalent to

/ V[-AB — Ricles, e3)3 + VP (Phy) — Pch‘c(a—X;, e3)]dS = / &3(V)[BH + VP (P6.4)]dS.

v
The above equality follows from the following two identities:
/ é5(V)BHAS. = / VI-AB — Ric(es, e)8d5) (2.18)
/ Es(V )T (P46)dS) = / VIV (Phy) — Ric(es, o))dS, (2.19)
which can be derived by integrating by parts and the static equation. O

We define the quasi-local energy density p with respect to the isometric embedding X.

Definition 2.7. The quasi-local energy density with respect to the isometric embedding X
1s defined to be

(divV2V7)2 (divV2V7)?
\/‘HOP + VIrVANVE \/’HP + V24V VT2 (2.20)

a VIt V2N
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An immediate consequence of Theorem [2.G]is the following formula for the first variation
of the quasi-local energy:

Theorem 2.8. Let ¥ be a surface in a physical spacetime with the data (o, |H|, o). Let
Xo be an isometric embedding of o into the interior S of the reference spacetime and let
(|Hol, am,) be the corresponding data on Xo(X). Consider a family of isometric embeddings
X(s), —€ < s < € such that X(0) = Xo. Then we have

0
7&)

1
=a /5V [pV(l +2V?|V7[?) — 2VV7rV sinh™

d
0B, X
ds‘ oE(X, X(s)

1 pdiv(V2VT)

Ho|[H] +(O£H—OéHO)(2VVT):| dx
1 g
+ 3 (07)div [V V sinh

1 pdl’l)(VzVT) B 4 2 _
7\];[0!\}[\ pVNT + Vi (ay, —an)| dx,
(2.21)
where 67 = L _o7(s), 6X° = L|,_0X"(s) and 6V = 6X'V,;V.

Proof. The proof is identical to the proof of Theorem 5.4 of [9] where Theorem 5.3 of [9]
is replaced by Theorem above. O

3. A REILLY-TYPE FORMULA FOR STATIC MANIFOLDS

In this section, we generalize Lemma 6.1 of [9] for de Sitter and anti-de Sitter spacetimes
to general static spacetimes. The proof of [0, Lemma 6.1] relies on a Reilly-type formula
for functions on space forms in [I6]. We first prove a Reilly-type formula for a pair (V,Y)
of a positive function V' and a one-form Y on a Riemannian manifold (M, g) following the
recent work of [14]. Then we apply the Reilly-type formula for the pair to the case where
V' is the static potential of the reference spacetime.

Let (M, g) be a Riemannian n-manifold and V and A be the covariant derivatives and
the Laplace operator with respect to g. Let €2 be a bounded domain with smooth boundary
0Qin M . Let Il and H be the second fundamental form and mean curvature of 92 and
V be the covariant derivative on 0f2.

Proposition 3.1. Let V be a positive function on Q and Y be a one-form on Q. Let YT
be the tangential component of Y to 02. We have the following integral identity

1 1 v 1 >
——MYT YY)+ ——YTP? - —H(Y,v)? - =V, (Y)Y, A
[ |-y e iR - s - Svaw )| d
1o o | 1o o L
:/Q o5 (BVg = V3V 4 VRic) (V,Y) + (Vi + VYl = (VY2 (3.1)
V3 2

1 ds.

_ (Y _ (Y
ORI

where v is the outward unit normal of O52.
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Proof. We write V? for V'V in the proof and apply the Bochner formula to %]Y!zz

N

WW2
= Y|? +
2V2‘

31 1 .- . 1 -
2 R vaA v 2 i V22 v Vi Ve - 2
Y2+ < SRV VY 4 5V V,Y']Y>+2VA\Y\ .

I
The last term can be treated as in the classical Bochner formula for one-form:
1 .. A _ 1o .y
VV’VjYin + VV’(Vin - V,;Y)Y7 + VVZ-YjD’YJ

1 - _. 1 S _ 1 = .
=5 ViV + VRjkYkYJ + 5 VIVY) = VY)Y 4 2V VY

1 . 1 .
_v<anw>——WY)+WVYWW+V&ﬂﬁU

=i (1 = = i = = v
+v<4mn—wyw>+vvywy VAW%—WKWYW

B0 (1 uon)  3AV ., yvvRQ
1= 2vz< vm>+2v2m 31y

V.V,;V

+V; <—V"YiYﬂ'> - WWV’ Y)?— ==Y

_ 1 _ .
VV.Y)V;Y7 + WVZ(V,-Y]- — VY)Y,
Collecting terms, we obtain

Lo (1) _ 1o i
§A<wa> W(mm V2V + VRic) (V.Y) = :(ViY")
IVVIAIY]2  _(VV.Y)? 2

B I v v

_ _ A B
(ViY) = VYOV + 2 VY,V

Making the substitution

(3.2)

%n—%n_va Vm+vﬂ

<]\
—
<=
~_

|
—
e
—
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and
V.Y, =

we get

IVVEYE VY2 U le (Y e (Y] iy
M= 2 +2 (Vi ) Vi (3 ) | V'Y

1 _ R
+ VY + VY = VY = VY

VAo (Y - (Y

Vi <W>—Vj (W)

1 _ _

= Vi¥i + V,Yil? - T
Here (3.2) is used again in the last equality. In summary, we obtain
1

2

(ViY")?

1. /1., 1 ,« ) ,

Integrating by parts, we get

10 (1 1 = _ .y 3 oV
S (=IYP) - =(ViY, = VYY) 4+ ———|V|?
/5)9[281/ <V| |> p (Vi¥y = VY'Y + oo 5
1, 1o,
— (VU Y)Y = SV (Y.r)|dA
[ L (Ave_ 2 ~ Loy ieve_ Loy
_/QV2 (AVg — V*V + VRic) (Y,Y)—|—4V|V2YJ+V]YZ| V(VZY)

2

3
v ds.

Y _ (Y
e ()= ()

Let’s turn to the boundary integral. We compute

10 (1,5 110V _, 1, 1 _
200 <V|Y| > = 5735, VI + 7 (VvYor) + 4 (TYY) — (VyYow)).

and the boundary integral becomes

1 = 1 0V 1 = 1= .,
—(VyY, ———V? = S (VV,Y)(Y,v) — =V, Y. A.
[ G+ e - v - SR

Decomposing Y into tangential part and normal part to 0 and using the identity

VY = V(YT 4 (V,Y, ) + H(Y, )
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along 0f), we have

1 = 1o
V<VYY’ v) — VVZ-Y (Y,v)
1 = 1o i
:V<VYT+<Y7V>VYT + (Y, v)v,v) — VVZ-Y (Y,v)
T oy Lyr 1 e ey
= LI YT DY) b YY) - ST

1 1 1 1
= YT, YY) + (Y1), (Y, v) — =V (YD)¥Y,v) — —H(Y,v)%
V ( Y )—I—V( )V<7lj> V ( )<7V> V <’I/>
Integrating by parts the term %(YT)QVCL(Y, v), we get

(1 = 1- .
/8 V<VYY’ V) — VVZ-YZ(Y, 1/)] dA
QL

_ Lo vy, L T 2 Tha 1 2
_/m ST YT) 4 (VY)Y 0) = SVa(YT)Y ) — SH(Y, 02| dA

roo 1 1 = 1 0V 1
= ——ImyT, vyt + = YWY, ) — —— (Y, )2 — —H(Y,v)?
/aQ- pHY YD) + 7 (VY Xv) = g5 5, Vo) = GHT )
2 Tya
— VL)Y, V>]dA.
This finishes the proof of the Proposition. O

In particular, for any smooth function f on €2, we apply Proposition 3.Tlto the one-form
Y =VVf — fVV and derive the following:

Corollary 3.2. Let f be a function on Q and define the one-formY = V'V f — fVV. We
have

/ [% (AVg — V?V + VRic) (Y,Y) + %Wv%f — fV2V]2 - (VAf - fAV)ﬂ dQ
Q

1%
:/m —%]HI(YT,YT) — éva(YT)%Y, V) — %H(Y, V) + %g—‘:\ﬂ\?] dA.
(3.3)
Proof. We observe that for Y = VVf — fVV,
()0 (2) =
VY, 4 VY =2V S — VY.
The corollary follows immediately from Proposition 311 O

We apply Corollary to obtain the following positivity result.
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Theorem 3.3. Suppose (M, g) is a Riemannian manifold and V is a smooth function such
that the triple (M, g,V') satisfies the null convergence condition ([L3)). Let ¥ be a closed
connected mean convexr hypersurface in M. Suppose ¥ bounds a domain € in M such that
0Q =X UN where N is contained in OM. For any 7 € C*°(X), we have

[Va(V2Ver)? 3 2 OV 2
Lral” * N VBINVT, VT) + V2| Vr > 0. .
/ T I(Vr,Vr) V] |“d¥ >0 (3.4)

Proof. By Lemma 2.5 of [I4], the Dirichlet boundary value problem

VAf—fAV = 0 inQ,
f = Vr onx, (3.5)
f =0 onN,

admits a unique solution f. - -
Consider the one-form Y = VVf — fVV. By a direct computation, ([B.4]) is equivalent
to

['U«() )a]2 1 1 1 1 E T2
- -~ 7 4 I >

where YT = VVf — fVV.
On the other hand, Y = 0 on N and (3.3) is the same as

VoY) 1 oy, 1OV g
/E Pt - ST, v 7) + o O YT Pan
1 Va(YT)a\?
= | (VALY +“7> ds;
fo7 (VA2
L (A = 1 _
+/ 73 (AVg = VAV 4 VRic) (YY) + |V = fVPV[dQ.
Q

The assertion follows from (L3]). O

4. POSITIVITY OF THE SECOND VARIATION

In this section, we prove that a convex surface in the static slice of the reference spacetime
is a local minimum of its own quasi-local energy. For this result, we assume that the
isometric embedding into the static slice is infinitesimally rigid and the reference spacetime
satisfies the null convergence condition.

Definition 4.1. An isometric embedding into the static slice is infinitesimally rigid if
the kernel of the linearized isometric embedding equation consists of the restriction of the
Killing vector fields of the static slice to the surface.

Theorem 4.2. Suppose the reference spacetime & satisfies the null convergence condition
[C2). Let X(s) = (1(s),X"(s)),s € (—¢,¢€) be a family of isometric embeddings of the same
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metric o into the interior & such that the image of X(0) is a convex surface ¥¢ in the
static slice, then
d? 0
@L@:OE(EOa X(s), ot
if the isometric embedding of X into the static slice is infinitesimally rigid and Xy bounds
a domain in the static slice.

) 20

Proof. Let Ho(X(s)) and ap,(X(s)) be the mean curvature vector and the connection
one-form in mean curvature gauge of the image of X(s). For simplicity, set 6|Hp| =

4 |—o|Ho(X ()| and dap, = 2 |smoamy (X (s)). Let X(s) = (0,X%(s)) be the projection
of X (s)(X) onto the static slice. X (s) is an isometric embedding of the metric

6(8)ab = Tap + V2(8)7a(8) ()

into the static slice and 66 = 4 |,_y5(s) = 0, as 7(0) = 0.
From the infinitesimal rigidity of the isometric embeddings into the static slice, there is
a family of isometries A(s) of the static slice with A(0) = Id such that

SA =6X

along the surface ¥g. Here we set A = %\Szofl(s) and 6X = %\SZOX(S). Moreover, there
is a family A(s) of isometries of the reference spacetime whose restriction to the static slice
is the family A(s). Consider the following family of isometric embeddings of ¢ into the
reference spacetime:

X(s) = A7Y(s)X(s).
Suppose X (s) = (7(s), X'(s)) in the fixed static coordinate, we have

d o .

- |s= XZ = U. 41

o X'(5) = 0 (4.1)
We claim that

d? 0 d? v 0
@ISZOE(207X(S)7a) = @‘SZOE(EO,X(S),a). (42)

Let Ho(X(s)) and am,(X(s)) be the the mean curvature vector and the connection
one-form in mean curvature gauge of the images of X(s).
[ Ho(X (s))| =|Ho(X(s))] (43)
amy (X(s)) =y (X (s))

since both are invariant under isometries of the reference spacetime. By (4.1]), is easy to
see that 4
— |s=o| Ho(s)| = 0. 4.4
7 ls=0lHo(s)] (4.4)
Moreover, while 7(s) is different from 7(s), we have

d d
07 (s) = ——lmor(s) = f (45)
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since 7(0) = 0, A(0) = Id and the static slice is invariant under the action of A(s).

We apply Theorem 28 to each of X (s)(2) and X (s)(X) and use {3), @) and EF) to
differentiate (ZZII) one more time. Only the derivative of the term g= [1.(67)div(V 2, )dS
survives after the evaluation at s = 0. We thus conclude that both sides of ([@.2]) are the
same as

1
4 / (Savp, ) (VAV f)dS.
Differentiating (2.6]), (Z7) and ([Z9]) with respect to s, we conclude that

div(V2V f)

b
V|H0| > ‘|'Vhabv f - fae3(V)'

(6ctry)a = Va (

As a result,
- [Gau) vV s)as,

. 2
:_/V%th@%£¥»+vaW—nwww&

div(V2V f)]?

= / {M — V3R fufy + V2|Vf|263(V)} d%o.
|Ho|V

The theorem follows from Theorem O

In [I3], Theorem 4], it is proved that in a spherically symmetric 3-manifold with metric
1

R

the sphere of symmetry r» = ¢ is not infinitesimally rigid unless ¢ is a space form. From

the symmetry, it is easy to see that the sphere of symmetry is of constant mean curvature

(CMCQC). In the following theorem, we prove that the conclusion for Theorem [.2] still holds
for the sphere of symmetry if it is a stable CMC surface.

dr? +1?dS?,

Definition 4.3. A CMC surface ¥ is stable if

U957 = (12 + Rictv) ) a2 > 0 (46)

/de = 0.

Here h denote the second fundamental form of the surface.

for all functions f on X such that

Theorem 4.4. Suppose the reference spacetime & satisfies the null convergence condition
([T2]), and the static slice is spherically symmetric (with a spherically symmetric static
potential). Let X (s) = (7(s), X"(s)),s € (—€,€) be a family of isometric embeddings of the
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same metric o into the interior & such that Yo = X(0) is a sphere of symmetry in the
static slice. Then

d? 0
@E:OE(Eo,X(S), =) >0

if 3o is a stable CMC surface and v(V') > 0.

Proof. Let Hyo(X(s)) and ap,(X(s)) be the mean curvature vector and the connection
one-form in mean curvature gauge of the image of X(s). For simplicity, set 6|Hp| =

4 |—o|Ho(X ()| and dap, = & |smoam, (X (s)). Let X(s) = (0,X%(s)) be the projection
of X (s)(X) onto the static slice. X (s) is an isometric embedding of the metric

6(8)ap = Oap + V2(5)7a(8)7(s)

into the static slice and §o = d%|s:06(8) =0, as 7(0) = 0. Finally, let H(s) be the mean

curvature of X (s) in the static slice.
We apply Theorem 2.8 to each of X (s)(X) and conclude that

d? 0
@’s:OE(an X(s), a)

The first integral is non-negative as in the proof of the Theorem For the second
integral, we observe that

1 1
- _8—7T/(5aHO)(V2Vf)dZO+ 8—W/5V5\Ho\d20-

§|Ho| = 0H.
We decompose 5X into tangential and normal parts to Xy. Let
0X

X =P'= 4 pu.
1) BT + Bv

The components § and P? satisfy
2Bhab + Vaf)b + VbPa =0 (47)

since d6 = 0.
Taking the trace of (4.7)) and integrating, we conclude that

/ BHodSo = 0.

In particular, f BdY = 0 since Hy is a constant. Since V', Hy and v(V') are constants on
>, integrating over g gives

/5V5ﬁd20 = u(V)/ﬁ(—Aﬁ — (|h|* + Ric(v,v))B)d%.

Integrating by parts, we see that the right hand side is non-negative if ¥y is a stable CMC
surface and v(V') is non-negative. O
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Remark 4.5. For a static spacetime with metric

1

g=-V3r)ydt* + 0

dr® +r?dS?,

the null convergence condition and the stable CMC' condition can be expressed explicitly in
terms of V(r) and its derivatives. See [3 [18].

(1]

(19]
20]

21]
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