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ABSTRACT. We prove a sharp inequality for hypersurfaces in the n-
dimensional Anti-deSitter-Schwarzschild manifold for general n > 3.
This inequality generalizes the classical Minkowski inequality [19] for
surfaces in the three dimensional Euclidean space. The proof relies on
a new monotonicity formula for inverse mean curvature flow, and uses
a geometric inequality established in [4].

1. INTRODUCTION

The classical Minkowski inequality for a closed convex surface ¥ in R?

states that
/ Hdp > /167 ||,
»

where H is the mean curvature, the trace of the second fundamental form,
and |X| is the area of ¥.. For a convex hypersurface ¥ in R", we have

[ H = 1) s
M

This was generalized to a mean convex and star-shaped surface using the
method of inverse mean curvature flow (cf. [I3]). Very recently, Huisken
[14] showed that the assumption that ¥ is star-shaped can be replaced by
the assumption that ¥ is outward-minimizing. Gallego and Solanes [9] have
obtained a generalization of Minkowski’s inequality to the hyperbolic three
space; however, this result does not seem to be sharp.

In this paper, we extend Minkowski’s inequality to the case of surfaces in
the Anti-deSitter Schwarzschild manifold. Let us recall the definition of the
Anti-deSitter-Schwarzschild manifold. We fix a real number m > 0, and let
so denote the unique positive solution of the equation 1 + 3(2) —-m 3(2)_" =0.
We then consider the manifold M = S"~! x [sg,00) equipped with the
Riemannian metric

1

1+s2—ms2m

g= ds ® ds + s% ggn-1,
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where ggn—1 is the standard round metric on the unit sphere S"~!. The sec-
tional curvatures of (M, g) approach —1 near infinity, so g is asymptotically
hyperbolic. Moreover, the scalar curvature of (M, g) equals —n(n —1). The
boundary OM = S"~1 x {sq} is referred to as the horizon.

The Anti-deSitter Schwarzschild spaces are examples of static spaces. If
we define

(1) f=V14s2—ms>n,

then the function f satisfies
(2) (Af)g— D*f + fRic =0.

Taking the trace in () gives Af = nf.

In general, a Riemannian metric is called static if it satisfies (2)) for
some positive function f. The condition (2]) guarantees that the Lorentzian
warped product —f2dt ® dt + g is a solution of Einstein’s equations.

We now state the main result of this paper:

Theorem 1. Let ¥ be a compact mean convex, star-shaped hypersurface X
in the AdS-Schwarzschild space, and let £ denote the region bounded by X
and the horizon OM. Then

/fHd,u—n(n— 1)/ f dvol
by Q

1 n—2 n—2
> (n—1)|S" 7T (|S|» T — [oM]|»T).

Moreover, equality holds if and only if ¥ is a coordinate sphere, i.e. X =
S x {s} for some number s € [sq, o0).

If we send m — 0, then sy — 0 and the AdS-Schwarzschild metric reduces
to hyperbolic metric

1
g = md8®d8+82gsnfl.

Moreover, the static potential becomes f = /14 s? = coshr, where r
denotes the geodesic distance from the origin.

2

The rescaled metrics m »-2 g converge to the standard Schwarzschild

metric
B 1
1 —s2m
as m — 0. Furthermore, the static potential f converges to the static po-
tential of the standard Schwarzschild manifold. Hence, Theorem [l implies a
sharp Minkowski-type inequality for surfaces in the Schwarzschild manifold.

g ds @ ds + 52 ggn-1

Theorem 2. Let ¥ be a compact mean convexr hypersurface X in the hy-
perbolic space H'™ which is star-shaped with respect to the origin, and let )
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denote the region bounded by . Then

/Z(fH—(n—l) (Vf.0) dp

1,1 n=2
> (n—1) 8" =T 5]t

Moreover, equality holds if and only if X is a geodesic sphere centered at the
origin.

After this paper was submitted for publication, we learned of a preprint
by L. Lopes de Lima and F. Girao [16], where a related inequality for hy-
persurfaces in hyperbolic space is proved.

When the surface ¥ is very close to the origin, Theorem [2 reduces to the
classical Minkowski inequality in R™.

The classical Minkowski inequality in R™ has important applications in
general relativity, see [12]. In particular, the total mean curvature integral
appears in the definition of the Brown-York mass and Liu-Yau mass (cf. [17],
[18]). Our motivation came from the work [23] in which a generalization of
the positivity of Brown-York and Liu-Yau mass was considered when the
reference space is a hyperbolic space. It was observed in [23] that the mean
curvature integral should be replaced by a weighted one in order to recover
the right expression of mass (see [23], Theorem 1.4). The weighting factor is
related to the coordinate functions of the embedding of a hyperboloid into
the Minkowski space. The time component of the embedding can be chosen
to be cosh r which is the same as the static potential here. In fact, the same
weighting factor was considered in [22] where another quasilocal mass with
the hyperbolic space as reference was studied. We remark that the total
mass for asymptotically hyperbolic manifolds has been considered by many
authors, see e.g. [1], [6], [7], [20], [24], [25].

An important tool in our proof is the inverse mean curvature flow which
has some amazing connections to general relativity as well. It was first
employed by Huisken and Ilmanen [I5] to prove the Riemannian Penrose
inequality in general relativity. Bray and Neves [3] used it to obtain a
classification theorem of three-manifolds by the Yamabe invariant. Neves
[21] studied the inverse mean curvature flow on asymptotically hyperbolic
spaces in connection to the Penrose inequality on such spaces.

We now give an outline of the proof of Theorem [II We start from a given
mean convex, star shaped hypersurface g, and evolve it by the inverse mean
curvature flow. We show that the inverse mean curvature flow exists for all
time, and that the evolving surfaces ¥; remain star shaped for all £ > 0.
Moreover, we estimate the mean curvature and second fundamental form of
Y. More precisely, we prove that |k — §!| < O(tze_%t). We note that
the extra factor of t? can be removed, but we will not need this stronger
estimate.
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We next consider the quantity

Qt) = ||~ “(/ fHdM—nn—l/fdvolJr (n—1)sy |5"—1|>,

where f is the static potential defined above. It turns out that Q(t) is
monotone decreasing along the inverse mean curvature flow. The proof of
this monotonicity property uses the fact that (M, g) is static. We also use
the inequality

n—l/—d,u>n fdvol 4 s |S™
Et

(cf. [4]). This inequality was used in [4] to prove a generalization of Alexan-
drov’s theorem (see also [5]).

Finally, we study the limit of Q(¢) as ¢ — oo. The roundness estimate for
Y; is not strong enough to calculate the limit of Q(t), and we expect that
the limit of Q(t) depends on the choice of the initial surface ¥j. A similar
issue arose in the work of Neves [21], where the limit of the Hawking mass
was studied. However, we are able to give a lower bound for the limit of
Q(t). Using our estimate for the second fundamental form of ¥;, we show
that

Q) > (n—1) (/Snl At dvolsnl>

(3) . <1/ A4 |V/\|§ _, dvolgn— —I—/ A2 dVOlsn1> —o(1),
2 Sn—1 sm gn—1

where \ is a positive function on S”~! which depends on t. In order to
estimate the right hand side in (B]), we use a sharp version of the Sobolev
inequality on S”~! due to Beckner [2]. Using this inequality, we obtain

hmlan() (n—1)|S"" 1|n I,

_n—2
n—1

Since Q(t) is monotone decreasing, we conclude that Q(0) > (n—1) |S™~ l\n T
From this, Theorem [I] follows immediately.

2. STAR-SHAPED HYPERSURFACES IN THE ADS-SCHWARZSCHILD
MANIFOLD

Lemma 3. By a change of variable, the AdS-Schwarzschild metric can be
rewritten as

g=dr@dr+\r)?ggn
where \(r) satisfies the ODE
(4) N(r) = V1+ X2 —mA2n
and the asymptotic expansion

A(r) = sinh(r) + % sinh~"*1(r) + O(sinh ™" (r)).
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Proof. We define

5 1
r(s) = / dt — b,
so V1412 —mit2—n

where

& 1 1 50 1
b= ( - ) dt — / dt.
/so VIH2—mt? " 1+1¢2 0 V1+1¢2
With this understood, the metric ¢ can be written as ¢ = dr ® dr +
A(1)? ggn-1, where \(r(s)) = s.
The function r(s) can be rewritten as

| o0 1 1
= —dt — - dt
r(s) /0 V142 /8 <\/1 + 12 — mt2—n \/1—|—t2)
= arsinh(s) — / <% g O(t_n_3)> dt

= arsinh(s) — % s+ O0(sT2),

Hence, by Taylor expansion, we have

: e m —n—+1 —n—1
sinh(r(s)) = s o, 5 +O(s )

=5 % sinh ™" (r(s)) + O(sinh ™"~ (())).

From this, the assertion follows. O

We calculate the asymptotic expansion of Riemannian curvature tensors
in the next lemma.

Lemma 4. Let eq, o = 1,2,...,n be a orthonormal frame and Rop., is
the Riemannian curvature tensor of the AdS-Schwarzschild metric. Then
and
(6) DpRagyu = O(e™™).
Moreover, the Ricci tensor satisfies

(n—1)(n—2)

Ric(0y,0y) = —(n—1) —m sinh™"(r) + O(e—(n+2)r)

2
and

A2 Ric(9yi, 0ys) = (- (n—1)+m2

sinh_"(r)) oij + O(e= 2y,
where oi; = ggn—1(0yi, Op;).

Proof. Each level set of 7 is a round sphere with induced metric A(r)2 ggn-1
and second fundamental form A(r) M (r) ggn—1. Applying the Gauss equa-
tion, we compute

R(8€i78€j78€k78€l) = )\(r)2 (1 - )‘/(T)2) (O-iko-jl - O-ilo-jk)‘
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Since the level set of r is umbilic, from the Codazzi equation, we derive
R(0yi, Ogs, Ogr, 0r) = 0.
The remaining components of the curvature tensors are
R(0yi, Oy, 0ps, 0p) = ((ViVy — V,.V;)Oy, Ogs)
= —(V,Vid,, 9y;)
(5 ) an)
= =\(r)\'(r) 0y

From this, (@) and (@) follow easily.
Moreover, we have

, N'(r)
ryUr) = — -1
Ric(0,, 0,) (n—1) )
=—(n—-1)—-m w sinh ™" (r) 4+ O(e~("+2)m),
As the scalar curvature is —n(n — 1), the expression of Ric(0p:, 0y;) follows.

O

Let § = {67};_12.. n—1 be a coordinate system on S"! and 9,; be the
corresponding coordinate vector field in M. A star-shaped hypersurface
3} C M can be parametrized by

¥ ={(r(6),0): 65"}
for a smooth function 7 on S™"~!. We next define a new function ¢ : S"~1 —
R by

p(0) = 2(r(9)),
where ®(r) is a positive function satisfying ®'(r) = ﬁ

Let ¢; = Vip and ¢;; = V;V;p denote the covariant derivatives of ¢
with respect to the round metric ggn—1. Moreover, let

v=1/1+|Veo|i. ..

In the next lemma, we express the metric and second fundamental form of
Y. in terms of covariant derivatives of ¢ as in [8]:

Proposition 5. Let g;; be the induced metric on X and h;; be the second
fundamental form in term of the coordinates 687. Then

gi; = N (04 + pig;)
and

A
hij = " (X (03 + wipj) — ¢ij)-



MINKOWSKI-TYPE INEQUALITY 7

Proof. A basis of tangent vector fields of ¥ is of the form 7;0, 4+ Jy;. We
compute

gij = (1i0r + Opi, 1O + Opi)
= )\2(7‘)0'1']' + Ty
= N(r) (o4 + ©ij)-

The unit normal vector v is given by

Y % (0 AZa@J)

Thus, the second fundamental form is given by

hij = _<?7‘iar+89i (rjOr + Opi), v)
/! /

)\ A
Tij — )\ 5 Opi + 5 T agj,V>

-
<)\/\/ o + T‘Z rj— rij>
~

|>/©|>~

N ( (0ij + pis) — Pij )v

where V denotes the Levi-Civita connection in the ambient AdS-Schwarzschild
manifold. O

3. THE INVERSE MEAN CURVATURE FLOW
Let ¥ be a mean convex star-shaped hypersurface in M which is given
by an embedding
Fp: 8" ' 5 M
Let F, : S» ' — M, t € [0,T), be the solution of inverse mean curvature
flow with initial data Fj. In other words,
oF 1
7 = — —
@) ot H
where v is the unit outer normal vector and H is the mean curvature. We
shall call (@) the parametric form of the flow. The evolution of the mean
curvature is given by
(8) OH _AH ]VHP |A]?2  Ric(y,v)
ot H? H3 H H

We can write X as the graph of a function 7y defined on the unit sphere:

S = {(70(0),60) : 6 € S™1).

If each 3; is star-shaped, it can be parametrized them as the graph

> = {(7(6,t),0) : 6 € S*1}.
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In this case, the inverse mean curvature flow can be written as a parabolic
PDE for 7. As long as the solution of (7)) exists and remains star-shaped, it
is equivalent to

9) -

where v is defined as above.

The equation (@) will be referred as the non-parametric form of the inverse
mean curvature flow. Notice that the velocity vector of (7)) is always normal,
while the velocity vector of (@) is in the direction of d,. To go from one to
the other, we take the difference which is a (time-dependent) tangential
vector field and compose the flow of the reparametrization associated with
the tangent vector field.

Notice that associated with 7, we define

90(67 t) = @(f(@, t))?
where ®(r) is a positive function satisfying ®'(r) = )\(17“)' Then ¢ satisfies

dp v
ot \H’
In the sequel, we use the non-parametric form to derive C° and C' estimates

of 7. Some of theses estimates can be found in [8] or [I1] (see also [10]). For
completeness, we derive all the estimates here.

(10)

Lemma 6. Let 7 = supgn-17(-,t) and r(t) = infgn-1 7(-,t). Then
A(F(D) < €71 A(F(0))

and )
Ar(t)) > e " A(r(0)).

Proof. Recall that

or_ v
ot H’
Moreover, we have N
(n—1)X &%
H="""C gy,
o Av Av i
where 6 = o — %. At the point where the function 7(-,¢) attains its
maximum, we have H > ("_fl))‘l This implies
d A(T (1))
—_F(t) < — 2~
i = N D)
hence J (D)
7
—A(7(t)) < .
dt (r(t)) < n—1
From this, the first statement follows. The second statement follows simi-
larly. O

Lemma 7. We have H <n—1+ O(e_%t).
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Proof. Note that |Ric+(n—1) g| < O(e™™"). This implies |Ric+(n—1) g| <
O(e" 71" on %;. Using (ISI) and the inequality [A|> > 1 H?, we obtain

dd Hrzmzm = = Hrzmzm (Tl - 1) + O(e_%t)‘
This implies
2 2 -2t
Hpor () < (n—1)*+Ce »1".
From this, the assertion follows easily. O

We next consider the function

p M (n-DXN =60y
v v2

i . i i . .
where ¢ = 0"/ — £~ The non-parametric form of the equation is

dp 1
(11) = =

First, we derive the evolution of the first Space and time derivatives of .

Lemma 8. The evolution equation of w = 5 \V(p\gsn L 18

ow ol 1 OF 2(n — 2w
T T e T, AT A
ot v2F27Y F2 9p; " v2F?
o 2(n — 1)AN
(12) - ,UQF o" (sz Pl — 72}21:,2
Proof. If we differentiate (I)) with respect to ©* V},, we get
% (a VM%CP + o= Do; Pik @ty TR )
1 52' y  OF 2(n — 1)AN
=~ (= 7 Ve + G T w),

We next observe
Wij = Phkij o" + ori Spkj
= @ije " + (801 — e 0" + Or; sﬁkj
= pijr " + 0y !W!ﬁsn,l — i 5 + i 5,
where the covariant derivatives are taken with respect to ggn—1. Putting
these facts together, we conclude

ow Gt 1 OF Gt

E U2F2 F2 8 Wi — 2F2 (UZJ |V(70|gsn 1 ‘;Di‘pj)
7 2( — AN
T 22l Yk T T apr Y

Since
5" (O'ZJ |v‘p|gsn 1 @i@j) = 2(” - 2)“
the equation (I2) follows. O
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Proposition 9. We have [Vg|y,, , = O(e_ﬁt) or, equivalently, |Vr|g,, | =
O(1) and |Vr|, = O(e_ﬁt).
Proof. Using Lemma [7l, we obtain
2(n — 1)AN _ 2(n — 1)AN 2 Ot
v2F? NH?2 T n-1

Using (I2)) and the maximum principle, we conclude

2 __2
Ewmax < _<TL 1 —Ce nT1 t> Wmazx

where Wingy = & SUPgn1 ]ch]in%. Thus

Wmaz(t) = O(e™ 71 1Y),
This implies
\Vrygsm = A2 \W\ﬁsnfl =0(1)
and
2 _ 2 2 _(ij P Vel
‘VT’g =A ‘VSO‘Q = (O’J — 7) Yip; = W =0(e n1").

sn—1

Proposition 10. The function ¢ = Y5 is uniformly bounded from above.

1
. N .,
In particular, H > ce” »—1" for some positive constant c.

Proof. 1If we differentiate (I1]) with respect to ¢, we obtain

dp 67 1 9F . (n—1I |
ot 227U R2 dp; i 2Fz
Hence, the assertion follows from the maximum principle. O

4. ESTIMATES FOR THE MEAN CURVATURE AND SECOND FUNDAMENTAL
FORM

In this section, we prove estimates for the mean curvature and second
fundamental form. From now on, we will always work with the parametric
form of the flow. We begin by computing the evolution equations for the

function
1 v

= a) A
and the function A.
Lemma 11. We have
dlogx  Alogx B

1 A
= — V1 2_ K, - =
(13) 5 fig e |V log x| + O(e n-17)
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and
dlog A Alogh A . [ViegA]?
5% - IR |V log Al —1—27]{2
1 /(n—1)N\2 2 (n—1)N
(14) 1 ) +(n—1)v< )

Proof. We first calculate the equation for y. The vector field \ 0, satisfies
the property that

(15) Vx(\o,) =N X.
Then
Let 9;,7=1,2,...n — 1 be coordinate vector fields on X;, we derive
Dix = =x* I (D, A0)
and
D;jDix = =2xX; h (O, A0r) = x* Dilif (9, A 0y)
+ X7 g (v, 2 0:) = X B (O, X' 95).

Using the Codazzi equations and Lemma M|, we obtain
2
Ax =2 % —X*A(VH,0:) + x |AP = x> N H + A*0(e™™).

Since r = O(-15), the identity (I3) follows.
We next derive (I4]). The parametric form of the equation implies
or _Onv) 1
ot H  Hv
Using (&) and the identity Vr = 9,, we derive

N ! H

We thus have

or Ar 2 N N
D Y (¥ [ SR R A 2
g m e Vs g VT
hence
ox  A) AN — 2 5 (n—1)\2 N
2= (222 S SANEY, SA
ot H? ( NH? ) [Vr] A2 THo
The identity (I4) follows by taking log of the last equation. O

Proposition 12. H is uniformly bounded from below globally in time.
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Proof. We derive

OlogH  Alog H 1
16 —5—=— V!

Combining (I3) and (I6), we obtain

) AP n-1
og H — S+

n t
0.

+—0(

0 1 1 , 1 )
E(logx —logH) < 2 A(log x —log H) — 2 |V log x| + 2 |V log H|
n—1 n

— - (1—Le™™ 1t
for some positive constant L which does not depend on t. Let us fix a real
number 7 > 0 such that Le™ »-1 7 < 1. By Proposition [I0, the function H is

uniformly bounded from below on [0, 7]. Using Lemma [7, we conclude that

0 1 1 1
E(logx—logH) < ﬁA(logx—logH) I \Vlogx]z—km |V log H|?

1
for t > 7. By the maximum principle, & < O(e_ﬁt). Since x = %, we

conclude that % <O0(1). O

We next study the second fundamental form of ;. The second funda-
mental form satisfies the evolution equation

ony _ AR |A|2 W o hEhy 0 H;H7
ot H2 H H3
2 1 . 1 .
(17) + ﬁ gkl gs Rmzks hl H2 gkl 93] Rmksl h;n - ﬁ gkl Rmkil hmj
. i 2 ;
+ ﬁ Ric(v,v) h] — T 9™ Ryivm.

Combining (8) and (I7), we obtain the following evolution equation for the
tensor M} = H hi:
oM!  AM] , DH DM/ G DIHDIH MF M
ot — H? H3 H? H?
2n —1)M  /|M]| o
o+ (H2 +1) O™,

Proposition 13. The second fundamental form is uniformly bounded glob-
ally in time.

Proof. Let p be the maximal eigenvalue of the tensor Mf =H hg . As H
is uniformly bounded we have |M| < C(u + 1) for some constant C. From

([I8) we have
du 22 2(n—1)p

L e e W S “astty,
(19) Sttt DO

So p is uniformly bounded from above. Again from uniform boundedness of
H we know M; J and h] are both uniformly bounded. O

(18) +
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Corollary 14. The solution of the inverse mean curvature flow is defined
on [0,00).
We now establish an improved lower bound for the mean curvature.
2
Proposition 15. We have H =n — 14 O(te n-1").

Proof. Combining (I3)), (I4), and (16), we obtain
0
E(logx +log A —log H)
1

= A(log x + log A — log H)

1 1 AN |V 1log A|?

- () s (B o

At a critical point of the function log x + log A — log H, we have Vlog H =
Vlog x + Vlog A. Using Proposition [0 and Proposition [I3] we obtain

9 )\/2 ) s,
|Viog \|* = z IVr|2 = O(e"n1t)
and
[Vlog x|* + |Vlog A* — |V log H|?
=2 <V IOg X5 \Y log )\> =2x N h’U Tj Tj = 0(6_% t)_
Thus the gradient terms can be estimated by O(e_% t). Moreover, we have

n—-1 1 ((n—l))\’>2+( 2 ((n—l)X)

H? n-1 \H n—1) \H
2 2 1 n—1 2
= - — -1
n—1 H n—l( H )
1 (n—1)N 2 2 (n—=1)X 1
_ 1) — 1-— =
n—l( ANH > n—1 ANH ( v)
2 2
< _ =
“n-1 H
2 2xA __2
-l n—1
N — 7 +O(e )

where we have used the fact that yYA=v =1+ O(e_% t). Hence, if we put
p(t) = supgn-1 Xﬁ)‘, then

d 2 2

—1 t) < —— —2p(t) + O(e n-17).

g logp(t) < ——= —2p(t) + O(e )

This implies

—p(t)) +0(e"™T")
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whenever p(t) > —L-. From this, we deduce that p( ) < L+ O(te_%t).
2

Since yA = O(e”7-1"), we conclude that + <L+ O(te —aeT h. O

Finally, we estimate second fundamental form more precisely.
Proposition 16. We have |h] — 57| < O(t%e” n- 1t)

Proof. As above, we denote by p the maximal eigenvalue of Mf =H hg .
Using (19)), we obtain

du 2u2 2(n—1)p _n_y
—_ < —— + - /7 n—
dt = H2 2 (n+1)0(e )

2 __n_
— g (—n+ 1)+ (p+1) 0 1)
(—n+1)+O0(te 7 1Y,

n—1
where in the third line we have used that p is uniformly bounded and H =
2
n—1+0(te »-1"). Thus,
2 —-2-t
p—n+1<0(t%e »1°).

As Mlj = th and H=n—1+ O(te_%t), we conclude that the largest
eigenvalue of the second fundamental form is less than 1+O(t26_% "). Since
H=n-1+ O(te_% "), the smallest eigenvalue of the second fundamental
form is greater than 1 — O(th_% h. O

5. THE MONOTONICITY FORMULA

As above, we consider a family of star-shaped surfaces ¥; evolving by
inverse mean curvature flow. We define

Q) = =+ (/EtfHd,u—n(n—l)/fdvol+(n—1) 2 | gn- 1|>

where f is defined by ().
We first evaluate the limit of Q(¢) as ¢ — oco. To that end, we need the
following auxiliary result:

Proposition 17. For every positive function v on S"™, we have

1 e .
9 /Sn1 u” |Vu|gsn71 dvolgn-1 + /S”l u" ™% dvolgn—1

n—

2

IR 1 n—=1

> |S"T T u" " dvolgn—1 .
Sn—1

Moreover, equality holds if and only if u is constant.
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Proof. Tt follows from Theorem 4 in [2] that

2 ) )
- —1) % volgn—1 + Lo
(n 2)(n 1) /Snl | w|gsn71 dvolgn-1 /5n1 w” dvolgn-1

n—

2
1, 2(n—1) n—1
> |S"T T w =2 dvolgn-1
Sn—1

_2 .
for every positive smooth function w. Hence, if we put u = w»—2, we obtain

n—2 4 ) »
m /Snl u” |Vu|gsw1 dvolgn-1 + /yll u" "% dvolgn—1

11 1 =
> |S"T T / u" " dvolgn—1 .
Sn—1

From this, the assertion follows. O

Proposition 18. We have liminf; o Q(t) > (n — 1) ]S”_llﬁ.
Proof. Using the inequalities

f=A+0(e Y,

H-—n+1=0(te m1}),

Vdetg = (A" 4 O(egt)) v det ggn-1,

we obtain
20) [ FH—n+1)du= / N(H =+ 1) dvolgns + O(tei=1 ),
Et Snfl

By Proposition Bl the metric and second fundamental form on ¥; are given
by

9ij = A2 (01 + i)
and

N A

hij = o Jid T 4 P

Here, o;; is the round metric on 571 and @;; is the Hessian of ¢ with
2

respect to ggn—1. By Proposition [I6, we have |h — g|, < O(t%e”n-1"). This
implies

N _2
- Eg‘g <O@e 1),

hence
/

A
h— 2
‘ )\Ug

< O(t%).

gsnfl

t
From this, we deduce that |D2(p|95n71 < O(t? e n-1), where D% denotes
the Hessian of ¢ with respect to ggn—1. Using Proposition [9) we obtain

y 3
ot Pij = Asn—up + 0(1526_ﬁ )
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This implies

mn=1XN 1 _,.
H=>—_"7 _ _ 5Y i
v /\UU i
(n—DXN 1

Agn-10+ O(tze_% h.

AU AU

Since N = A+ 17! —I—O(e_%t) and 2 =1-1 |V<,0|ZS%1 +O(€_%t), we
conclude that
n—1

n—1 9
H:n—1+—2)\2 - ]ch]gswl —

1 __3 ¢
X Agn-1p+O(e""=17).

Substituting this identity into (20), we obtain

f(H—n+1)du
3¢

n—3 t

n—1_,_ n—1_, .
= /S”l < 2 A 2 _ —2 A |v(’0|§sn*1 —A 1 Asnfl(p) dVOlSn—l + O(en—l )

n—1_, .o n—1_, e
:/S1 (T)\ 2—TA IVely,, ., +(n—1)X 2<w,w>sn71> dvolgn—1

+ O(e%jt).

By Proposition [ we have [Vi|y, , < O(e_ﬁ t). Since VA = AN Vo, it
follows that |V — A2 Voolge 1 < O(e_ﬁ t). This implies

f(H—n+1)du
P

n—3

_ n—lyno n=l g gy =3 4
(21) _/Snl (a2 T AR ) dvolgns + O(5 ),

On the other hand, the static potential satisfies
f=(Vfwv)>f—I|Vf]

= V142 —mA2" — (A +

m(n —2)

)\—n-i-l
5 )

_ %A‘l + 0@,

This gives

22) (n— 1)/2 (f — (Vf,0))dp > "T_l - A2 dyolgn-1 — O(1).
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Adding (21)) and (22]), we obtain

/E (fH — (n—1) (Vf,0)) dp

n—1 —4 2
> 5 /Snl A" |V/\|gsw1 dvolgn-1

+ (n — 1)/ A2 dvolgn-1 — O(en—1 t)_
Sn—1
Moreover,
|| = / AL dvolgn 1 + O(en=11).
Sn—1

Using Proposition [I7, we conclude that

timinf 205 [ (£ H — (0= DT £0)) du = (0= 1|51,
o0 b))

t

hence

liminf!Zt\_% < fHd,u—n(n—l)/
t—o00

fdvol) > (n—1)|S" 1],
o

p3

This completes the proof.

Finally, we show that Q(t) is monotone along the flow:
Proposition 19. The quantity Q(t) is monotone decreasing in t.

Proof. The evolution of the mean curvature is given by

o . 1N 1, 0 o
o H = —A(E) — = (|AP + Ric(v,v)).

This implies

%(fH) = —fA(%) - % (JAP? + Ric(v,)) + (Vf,v).

17

O
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Using the identity Af = Af — (D?f)(v,v) — H (Vf,v), we obtain

([ rmae) == [ ralg)an= [ F0ap it

v [ @+
f .
/Zt 77 Afdp— /zt T (|A]? + Ric(v, v)) du

+/ (Ff,v) + f H) dp

t

(23 —- EtH(Af (D)) di

) L (|4 + Rie(v, v)) dp

+/(2(Vf,u>+fH)du

>t

[ Lap 5
/ZtH!A\ +/Et(2<Vf, )+ fH)dp

g/z (2<?f,u>+z:ifH) dp.

Using the divergence theorem, we obtain

B _ -2 28N
/ (Ffhdu= [ Afdvol + BZDME2E gy
Zt Qt 2
-2 25t
Favol 4 N 2ME25G o)
Q 2

Moreover, it was shown in [4] that

(n—1) —d,u>n/ fdvol + 5 |S™ 7.
Et t

Putting these facts together, we conclude that

d
_< EtfHd,u—n(n—l)/ fdvol)

dt 0

)i

T~

g/& (2<W,y>du+2—:ffﬂ—n(n—1)

§n_2 fHduy—n(n-—2) f dvol
n—1 pof O

+((n —2)ym +2s8) [S" 7 — n sl |S™

:n—2< fHdy—n(n-1) fdvol+(n—1)36‘_2]5"_1]>.
n—1 pof O
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Thus, we conclude that %Q(t) < 0, and equality holds when the surfaces >;
are coordinate spheres. O

Corollary 20. We have
/ fHd,u—n(n—l)/ f dvol
o

Q
n—1) 51 Oﬁ n—2
2 (n—1)|5 |n71 (|Eo|n71 _|8M|n—1)‘
Proof. Since Q(t) is monotone decreasing, we have
Q(0) > liminf Q(t) > (n — 1) [S"~L[w1.
t—o00
This implies

fHdy—n(n—1) f dvol

20 QO
> _ Sn—l %1 ) Lj _ _ n—2 Sn—l
> (n=1)[S" =T [Eo[»=t = (n—1) 5577 [S"].
Since [0M| = s3~1[S"71|, the assertion follows. O

It remains to discuss the case of equality. Suppose that

fHduy—n(n—-1) f dvol
Yo Qo

1 n—2 n—2

= (n 1) 5" (Sl — on]+).
In this case, the function Q(¢) is constant. In particular, we must have
equality in (23]). Consequently, the surface ¥ is umbilic. If the mass m is
positive, it follows that X is a coordinate sphere, as claimed. On the other
hand, if the mass m vanishes, then ¥y must be a geodesic sphere centered
at some point xq. If zy is not the origin, then the function A converges to a
non-constant function on S”~! after rescaling. Using the equality statement
in Proposition [I7, we conclude that liminf; ,o Q(t) > (n — 1) |S"_1|ﬁ,
contrary to our assumption. Thus, g must be a geodesic sphere centered
at the origin.
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