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Abstract

In this paper, several versions of gluing theorems for quasiconformal mappings in
the plane are obtained. The best possibility of gluing quasiconformal mappings is
investigated. As an application, we provide a new short proof of the gluing theorem
obtained by Jiang and Qi.

1 . Introduction

It is a very well known fact that one can not extend any two arbitrary analytic
functions defined on two disjoint domains into an analytic function on the complex
plane. However, in the study of complex dynamics, one would like to extend two
conformal maps into one map defined on the complex plane. To overcome the difficulty
caused by the rigidity of an analytic mapping, such a map can be only quasiconformal.
This becomes a gluing problem in complex dynamics. Moreover, one would like to
control the best quasiconformal dilatation in the gluing problem. It used to be a
difficult problem. However, Jiang showed that it is possible for n different conformal
maps each of which fixes a point in its domain (they are called conformal germs). This
becomes Jiang’s gluing theorem [3].

Theorem A. Let {zk}mk=1 be a set of distinct points in C and Uk be a neighborhood
of zk for every k = 1, 2, · · · ,m. Suppose {Uk}mk=1 are pairwise disjoint and fk(z) is
a conformal mapping defined on Uk which fixes zk for every k = 1, 2, · · · ,m. Then
for every ϵ > 0, there exists a number r > 0 and a (1 + ϵ)−quasiconformal self-
homeomorphism f of C such that

f |U(zk,r) = fk|U(zk,r),

where U(zk, r) is the open disk of radius r centered at zk for k = 1, 2, · · · ,m.

The method he used to show this gluing theorem is by so-called holomorphic mo-
tions. Jiang further showed that as long as one understands the holomorphic motion
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theorem, the proof of the gluing problem is not very difficult. However, the mathemat-
ical mechanism of the gluing is hinted in the holomorphic motion theorem. Therefore,
Jiang asked for a new proof in the point of view of Teichmüller theory. Jiang and Qi
[4] studied this question and then proved a more general theorem for quasiconformal
germs by using Reich and Strebel’s results in Teichmüller theory.

Theorem B. Let {zk}mk=1 be a set of distinct points in C and Uk be a neighborhood
of zk for every k = 1, 2, · · · ,m. Suppose {Uk}mk=1 are pairwise disjoint and fk(z) is
a K−quasiconformal mapping defined on Uk which fixes zk for every k = 1, 2, · · · ,m.
Then for every ϵ > 0, there exists a number r > 0 and a (K + ϵ)−quasiconformal
self-homeomorphism f of C such that

f |U(zk,r) = fk|U(zk,r),

where U(zk, r) is the open disk of radius r centered at zk for k = 1, 2, · · · ,m.

In the theorem, the condition that fk(z) fixes zk should be a strong restriction so
that the possible application of the theorem is circumscribed to a narrow range. In this
paper, we will loosen the restriction and extend Jiang’s gluing theorem into n quasi-
conformal mappings (not germs), again by Reich and Strebel’s results in Teichmüller
theory. Besides these, a better estimate of the quasiconformal dilatation is given.

Actually, we give several versions of gluing theorems according to the domains that
the gluing mappings depend on. Only for the gluing theorem in the unit disk, we
give a detailed proof. The rest cases can be obtained in an extremely similar way.
Nevertheless, these versions play their own irreplaceable roles. Theorem B will be
a direct consequence of one of these versions. To illuminate the mechanism hidden in
these theorems, we also show that the best possible gluing mappings are those extremal
quasiconformal mappings with reduced boundary condition.

2 . Some preliminaries

Let S be a plane domain with at least two boundary points. The Teichmüller
space T (S) is the space of equivalence classes of quasiconformal maps f from S to a
variable domain f(S). Two quasiconformal maps f from S to f(S) and g from S to
g(S) are equivalent if there is a conformal map c from f(S) onto g(S) and a homotopy
through quasiconformal maps ht mapping S onto g(S) such that h0 = c◦f , h1 = g and
ht(p) = c ◦ f(p) = g(p) for every t ∈ [0, 1] and every p in the boundary of S. Denote by
[f ] the Teichmüller equivalence class of f ; also sometimes denote the equivalence class
by [µ] where µ is the Beltrami differential of f . The constants

K(f) =
1 + ∥µ∥∞
1− ∥µ∥∞

, K([f ]) = inf{K(g) : g ∈ [f ]}

are called the maximal dilatation of f and the extremal maximal dilatation of [f ]
respectively. If K([f ]) is attained by f , then f is called an extremal quasiconformal
mapping in [f ].
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Denote by Bel(S) the Banach space of Beltrami differentials µ = µ(z)dz̄/dz on S
with finite L∞-norm and by M(S) the open unit ball in Bel(S).

The boundary dilatation of f is defined as

H∗(f) = inf{K(f |S\E) : E is a compact subset of S},

where K(f |S\E) is the maximal dilatation of f |S\E . The boundary dilatation of [f ] is
defined as

H([f ]) = inf{H∗(g) : g ∈ [f ]}.

It is obvious that H([f ]) ≤ K([f ]). Following [1], [f ] is called a Strebel point if H([f ]) <
K([f ]). By the frame mapping theorem of Strebel [9], if [f ] is a Strebel point, then the
uniquely determined extremal mapping in [f ] is a Teichmüller mapping whose Beltrami
differential is in the form µ = kφ/|φ| (0 < k < 1), where φ is an integrable holomorphic
quadratic differential on S.

Let D and D be two quasidisks in the complex C. Suppose h : ∂D → ∂D be
a quasisymmetric homeomorphism. Let Q(h) be the collection of all quasiconformal
mappings from D to D with the boundary value h. Define

K(h) := inf{K(f)| f ∈ Q(h)}.

Let {zk}mk=1, {wk}mk=1 be two sets of distinct points in D and in D respectively. Let
QE(h; z1, · · · , zm;w1, · · · , wm) be the collection of all quasiconformal mappings from
D to D with the boundary value h and the condition f(zk) = wk, k = 1, · · · ,m. Define

K(h; z1, · · · , zm;w1, · · · , wm) := inf{K(f)| f ∈ QE(h; z1, · · · , zm;w1, · · · , wm)}.

Suppose {Xk}mk=1 is a set of pairwise disjoint quasidisks in D and {Yk}mk=1 is another
set of pairwise disjoint quasidisks in D. Let hk be the quasisymmetric homeomorphism
from ∂Xk to ∂Yk for k = 1, 2, · · · ,m.

The following lemma can be deduced from Kelingos’ result in [5] by induction (the
reader may refer to [4] for more details).
Lemma 2.1. Use the denotations above. Then, there exists a quasiconformal mapping
from D\{Xk}mk=1 to D\{Yk}mk=1 such that f |∂Xk

= hk for k = 1, 2, · · · ,m.

The following main inequality (see [2, 8]) is a key tool in our argument.

Theorem C. Suppose f, g : R → R′ are two quasiconformal homeomorphisms from a
Riemann surface R to another surface R′ which are homotopic modulo the boundary.
Then for every integrable holomorphic quadratic differential φ = φdz2 on R, we have

(2. 1) ∥φ∥ ≤
∫∫

R
|φ(z)|

|1− µf (z)
φ(z)
|φ(z)| |

2

1− |µf (z)|2
Dg−1(f(z))dxdy,

where Dg−1(w) =
1+|µg−1 (z)|
1−|µg−1 (z)| is the dilatation of g−1 at w = g(z) and µf , µg and µg−1

are the Beltrami differentials of the quasiconformal homeomorphisms f , g and g−1

respectively.
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Let d(z1, z2) denote the hyperbolic distance between two points z1, z2 in ∆, i.e.,

d(z1, z2) =
1

2
log

1 + | z1−z2
1−z̄1z2

|
1− | z1−z2

1−z̄1z2
|
.

Lemma 2.2. Let σ be a K−quasiconformal mapping from ∆ onto itself with σ|∂∆ = id.
Then for any given point z ∈ ∆, we have

d(z, σ(z)) ≤ π2

8

√
K.

Proof. In terms of the notion of the Teichmüller shift mapping, the lemma follows from
Theorem 1 in [12] immediately.

3 . Gluing of quasiconformal mappings in the unit disk

In this section, we glue more than one quasiconformal mapping in the unit disk
together to obtain a new quasiconformal mapping whose maximal dilatation can be
controlled properly.

Theorem 1. Denote by ∆ = {|z| < 1} the unit disk. Let {zk}mk=1 be a set of distinct
points in ∆ and Uk ⊂ ∆ be a neighborhood of zk for every k = 1, 2, · · · ,m. Suppose
{Uk}mk=1 are pairwise disjoint and fk(z) is a K−quasiconformal mapping defined on Uk

which sends zk to wk ∈ ∆ for every k = 1, 2, · · · ,m. Suppose h is a quasisymmetric
self-homeomorphism of ∂∆. Then for every ϵ > 0, there exists a number r > 0 and a
quasiconformal self-homeomorphism f of ∆ such that
(1) f |∂∆ = h;
(2)

f |U(zk,r) = fk|U(zk,r),

where U(zk, r) is the open disk of radius r centered at zk for k = 1, 2, · · · ,m;
(3) K(f) ≤ max{K(h; z1, · · · , zm;w1, · · · , wm),K}+ ϵ.

Proof. Choose a sequence {rn}∞n=1 such that (1) rn > rn+1 > 0, (2) U(zk, r1) ⊂ Uk for
k = 1, 2, · · · ,m, (3) rn → 0 as n → ∞. Set Jn =

∪m
k=1 U(zk, rn) and Vn = ∆\J̄n. Then

Vn is a (m+ 1)−connected domain in ∆.

By Lemma 2.1, there is a quasiconformal self-homeomorphism g of ∆ with the
property: (1) g = h on ∂∆, (2) g|U(zk,r1) = fk|U(zk,r1) for k = 1, 2, · · · ,m. Restrict
g on Vn and regard [g|Vn ] as a point in the Teichmüller space T (Vn). Then there
is an extremal quasiconformal mapping fn in [g|Vn ] such that fn = g on ∂Vn and
K(fn|Vn) = K([g|Vn ]). It is obvious that K(fn|Vn) ≤ K(g|Vn). For brevity, let Km(h) =
K(h; z1, · · · , zm;w1, · · · , wm). If for some n, K(fn|Vn) ≤ max{Km(h),K}+ ϵ, then

(3. 1) f̃n(z) :=

{
fn(z), z ∈ Vn,

g(z), z ∈ J̄n

is the required quasiconformal mapping.
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Now, we assume that K(fn|Vn) > max{Km(h),K} + ϵ holds for all n ∈ N. Then
K([g|Vn ]) > H([g|Vn ]) and [g|Vn ] is a Strebel point in the Teichmüller space T (Vn).
Consequently, the extremal quasiconformal mapping fn is a Teichmüller mapping with
the Beltrami differential µn = knφn/|φn| (0 < kn < 1), where φn is the associated
holomorphic quadratic differential on Vn with L1− norm

∥φn∥ =

∫∫
Vn

|φn(z)| dxdy = 1.

Claim. φn converges to 0 uniformly on any compact subset of ∆m as n → ∞ where
∆m = ∆\{zk}mk=1.

Note the condition limn→∞ Vn = ∆m. We can assume, by contradiction, that there
is φ0 holomorphic in ∆m, φ0 ̸≡ 0 and a subsequence {nj} of N with nj < nj+1 such
that φnj → φ0 as j → ∞. We may choose a subsequence of µnj , also denoted by itself,
such that knj → k0 as j → ∞. Thus, the Teichmüller differential µnj converges to
µ0 = k0φ0/|φ0| in ∆.

We now show that ∫∫
∆m

|φ0(z)| dxdy < ∞,

which indicates that φ0 has at most poles of first order at {zk}mk=1. In fact, by the
Fatou lemma, we have∫∫

∆m

|φ0(z)| dxdy =

∫∫
∆m

lim
j→∞

|φnj (z)| dxdy ≤ lim inf
j→∞

∫∫
∆m

|φnj (z)| dxdy = 1,

where we prescribe that φnj (z) = 0 when z ∈ ∆\Vnj .

Observe that K(f̃nj ) ≤ K(g) for all j > 0. Therefore, by the classical result on

convergence of quasiconformal mappings, we see that f̃nj converges uniformly to f0 on

∆, where f0 ∈ QE(h; z1, · · · , zm;w1, · · · , zm) with the Beltrami differential µ0. f0 is an
extremal Teichmüller mapping in QE(h; z1, · · · , zm;w1, · · · , zm) and K(f0) = Km(h).
On the other hand, the assumption that K(fn|Vn) > max{Km(h),K}+ ϵ holds for all
n ∈ N implies Km(h) ≥ Km(h)+ ϵ. This gives rise to a contradiction. The proof of the
Claim is completed.

Fix a positive integer N . By the definition of boundary dilatation, we have

H([g|VN
]) ≤ max{Km(h),K}.

Hence, there exists a quasiconformal mapping g̃ ∈ [g|VN
] such that (1) g̃ = g on ∂VN

(2) H∗(g̃) = H([g|VN
]). Therefore, there is a compact subset E ⊂ VN such that

(3. 2) K(g̃|VN\E) ≤ max{Km(h),K}+ ϵ

2
.

For any n > N , let

Fn(z) :=

{
g̃(z), z ∈ VN ,

g(z), z ∈ Vn\VN .
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Notice that f−1
n ◦ Fn is the identity map on ∂Vn. We apply the main inequality (2. 1)

on Vn and get

1 =∥φn∥ ≤
∫∫

Vn

|φn(z)|
|1− µn(z)

φn(z)
|φn(z)| |

2

1− |µn(z)|2
DF−1

n
(fn(z))dxdy

=

∫∫
Vn

|φn(z)|
K(fn)

DF−1
n

(fn(z))dxdy.

Thus,

K(fn) ≤
∫∫

Vn

|φn(z)|DF−1
n

(fn(z))dxdy

=

∫∫
f−1
n ◦Fn(E)

|φn(z)|DF−1
n

(fn(z))dxdy +

∫∫
f−1
n ◦Fn(Vn\E)

|φn(z)|DF−1
n

(fn(z))dxdy.

Define

σn =

{
f−1
n ◦ Fn, z ∈ Vn

id, z ∈ ∆\Vn.

Then σn = id on ∂∆. As restricted on Vn

K(fn) ≤ K(Fn) ≤ max{K(g), K(g̃|VN
)} := M,

K(σn) ≤ M2 for all n > N . By Lemma 2.2, for any z ∈ E and all n > N , it holds that

d(z, σn(z)) ≤
π2

8
M.

Therefore, all σn(E) are contained in a fixed compact subset of Vn.
By the degenerating property of {φn},∫∫

f−1
n ◦Fn(E)

|φn(z)|DF−1
n

(fn(z))dxdy ≤ ϵ

2

holds for all sufficiently large n. By the definition of Fn and the inequality (3. 2),∫∫
f−1
n ◦Fn(Vn\E)

|φn(z)|DF−1
n

(fn(z))dxdy ≤ max{Km(h),K}+ ϵ

2

and consequently,
K(fn) ≤ max{Km(h),K}+ ϵ.

The proof of Theorem 1 is completed.

Use the denotations in Theorem 1. Let QE(r;h; f1, · · · , fm) be the set of quasi-
conformal homeomorphisms f in Q(h) satisfying the condition f |U(zk,r) = fk|U(zk,r)

(k = 1, · · · ,m). Choose an extremal mapping denoted by f r from QE(r;h; f1, · · · , fm)
such that

K(f r) = K(r) := inf{K(f) : f ∈ QE(r;h; f1, · · · , fm)}.
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Then K(r) is an increasing function with respect to small r > 0. Notice that K(r) ≥
max{Km(h),K(r; f1, · · · , fm)} where

K(r; f1, · · · , fm) = max{K(f1|U(z1,r), · · · , fm|U(zm,r)}.

When Km(h) ≥ K, by Theorem 1 we have

K(r) → K(h; z1, · · · , zm;w1, · · · , wm), as r → 0.

Then the limit mapping limr→0 f
r is actually an extremal mapping inQE(h; z1, · · · , zm).

These extremal mappings are the best possible gluing quasiconformal mappings. In par-
ticular, when h = id, the extremal mapping is unique, known as a Teichmüller mapping;
moreover if m = 1, the extremal mapping is so-called Teichmüller shift mapping (see
[6, 11]).

4 . Gluing of quasiconformal mappings in the plane

Denote by QC(z1, · · · , zm;w1, · · · , wm) the collection of all quasiconformal map-
pings from C to itself with the condition f(zk) = wk, k = 1, · · · ,m. Define

K(z1, · · · , zm;w1, · · · , wm) := inf{K(f)| f ∈ QC(z1, · · · , zm;w1, · · · , wm)}.

Taking almost words by words from the proof of Theorem 1, we can get the version
for gluing of quasiconformal mappings in the plane.

Theorem 2. Let {zk}mk=1 be a set of distinct points in C and Uk be a neighborhood
of zk for every k = 1, 2, · · · ,m. Suppose {Uk}mk=1 are pairwise disjoint and fk(z)
is a K−quasiconformal mapping defined on Uk which sends zk to wk ∈ C for every
k = 1, 2, · · · ,m. Then for every ϵ > 0, there exists a number r > 0 and a quasi-
conformal self-homeomorphism f of C such that
(1)

f |U(zk,r) = fk|U(zk,r),

where U(zk, r) is the open disk of radius r centered at zk for k = 1, 2, · · · ,m;
(2) K(f) ≤ max{K(z1, · · · , zm;w1, · · · , wm),K}+ ϵ.

If m ≤ 2, then K(z1, · · · , zm;w1, · · · , wm) = 1 and K(f) can be less than K + ϵ in
the theorem. In particular, the theorem is trivial when m = 1.

Use the denotations in Theorem 2. Let QC(r; f1, · · · , fm) be the set of quasi-
conformal self-homeomorphisms f of C satisfying the condition f |U(zk,r) = fk|U(zk,r).
Choose an extremal mapping denoted by f r from QC(r; f1, · · · , fm) such that

K(f r) = K[r] := inf{K(f) : f ∈ QE(r; f1, · · · , fm)}.

Then K[r] is an increasing function.

When K(z1, · · · , zm;w1, · · · , wm) ≥ K, Theorem 2 implies

K[r] → K(z1, · · · , zm;w1, · · · , wm), as r → 0,
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and the limit mapping limr→0 f
r is an extremal mapping inQC(z1, · · · , zm;w1, · · · , wm)

which is a Teichmüller mapping when m ≥ 3. The associated holomorphic quadratic
differential φdz2 has simple poles at zk, k = 1, · · · ,m. The extremal Teichmüller
mapping is the best possible gluing quasiconformal mapping.

Theorem B is the main result, Theorem 1 of [4]. Here we give a new simple proof.
Proof of Theorem B. Since wk = zk, k = 1, 2, · · · ,m, we have

K(z1, · · · , zm;w1, · · · , wm) = 1.

The theorem follows from Theorem 2 immediately. We can also derive Theorem B
from Theorem 1 in another way. Choose a sufficiently large circle T such that all Uk

and fk(Uk) are encircled in T . Let h : T → T be the identity map id. Let the gluing
mapping f be the identity map outside T . Since K(id; z1, · · · , zm; z1, · · · , zm) = 1,
for small r > 0 the gluing quasiconformal mapping f inside T can be chosen so that
K(f) ≤ K + ϵ by Theorem 1.

Due to the condition that fk(z) fixes zk, Jiang and Qi [4] can glue quasiconformal
mapping locally on every Uk(zk, r) with an identity map outside and then obtain a
required gluing quasiconformal mapping by compositions of these mappings. Once the
condition is removed, it seems that their method no longer provides a best possible
gluing mapping globally.

5 . Gluing quasiconformal mappings along ∂∆

Using the same technique, we can obtain the following version for gluing quasi-
conformal mappings along ∂∆.
Theorem 3. Let {zk}mk=1 be a set of distinct points on ∂∆ and Uk ⊂ ∆ be a neigh-
borhood of zk in ∆ for every k = 1, 2, · · · ,m. Suppose {Uk}mk=1 are pairwise disjoint
and fk(z) is a K−quasiconformal mapping defined on Uk which sends zk to wk ∈ ∂∆
for every k = 1, 2, · · · ,m. Suppose h is a quasisymmetric self-homeomorphism of ∂∆
satisfying h = fk on ∂∆ ∩ ∂Uk, k = 1, 2, · · · ,m. Then for every ϵ > 0, there exists a
number r > 0 and a quasiconformal self-homeomorphism f of ∆ such that
(1) f |∂∆ = h;
(2)

f |U(zk,r) = fk|U(zk,r),

where U(zk, r) = ∆ ∩ {z : |z − zk| < r}, k = 1, 2, · · · ,m;
(3) K(f) ≤ max{K(h),K}+ ϵ.

As done in the previous sections, f r can be chosen in the same way. Comparing
the version with the previous two versions, one can find the conclusion (3) K(f) ≤
max{K(h),K} + ϵ is irrelevant to those points {zk}mk=1, {wk}mk=1. The reason is that
every U(zk, r) is reduced to the boundary point zk when r → 0. When K(h) ≥ K, the
extremal mappings in Q(h) are the best possible gluing quasiconformal mappings.

At last, it should be noted that the gluing theorem can even be obtained when the
unit disk or the plane replaced by a more general domain. As a demonstration, we give
a gluing theorem in a multiply-connected domain.
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Suppose {Xk}mk=1 is a set of pairwise disjoint quasidisks in ∆ and {Yk}mk=1 is an-
other set of pairwise disjoint quasidisks in ∆. Let {zk}mk=1 be a set of distinct points in
∆\{Xk}mk=1 and {wk}mk=1 a set of distinct points in ∆\{Y k}mk=1. Suppose h is a qua-
sisymmetric self-homeomorphism of ∂∆ and hk is a quasisymmetric homeomorphism
from ∂Xk to ∂Yk for k = 1, 2, · · · ,m. Let QE(h, h1, · · · , hm; z1, · · · , zm;w1, · · · , wm) be
the set of quasiconformal mappings from ∆\{Xk}mk=1 to ∆\{Yk}mk=1 with the conditions
(1) f |∂∆ = h, (2) f |∂Xk

= hk, f(zk) = wk, for every k = 1, 2, · · · ,m. Define

K(h, h1 · · · , hm; z1, · · · , zm;w1, · · · , wm) = Km(h)

:= inf{K(g)| g ∈ QE(h, h1 · · · , hm; z1, · · · , zm;w1, · · · , wm)}.

Theorem 4. Let {zk}mk=1 be a set of distinct points in ∆\{Xk}mk=1 and Uk ⊂ ∆\{Xk}mk=1

be a neighborhood of zk for every k = 1, 2, · · · ,m. Suppose {Uk}mk=1 are pairwise
disjoint and fk(z) is a K−quasiconformal mapping defined on Uk which sends zk to
wk ∈ ∆\{Y k}mk=1 for every k = 1, 2, · · · ,m. Suppose h is a quasisymmetric self-
homeomorphism of ∂∆ and hk is a quasisymmetric homeomorphism from ∂Xk to ∂Yk
for k = 1, 2, · · · ,m. Then for every ϵ > 0, there exists a number r > 0 and a quasi-
conformal self-homeomorphism f from ∆\{Xk}mk=1 to ∆\{Yk}mk=1 such that
(1) f ∈ QE(h, h1, · · · , hm; z1, · · · , zm;w1, · · · , wm);
(2)

f |U(zk,r) = fk|U(zk,r),

where U(zk, r) is the open disk of radius r centered at zk for k = 1, 2, · · · ,m;
(3) K(f) ≤ max{Km(h),K}+ ϵ.

When Km(h) ≥ K, the best possible gluing quasiconformal mappings are those
extremal mappings in QE(h, h1 · · · , hm; z1, · · · , zm;w1, · · · , wm).
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École Norm. Sup. 16 (1983), 193-217.

[8] E. Reich and K. Strebel, Extremal quasiconformal mappings with given boundary
values, Bull. Amer. Math. Soc. 79 (1973), 488-490.

[9] K. Strebel, On the existence of extremal Teichmüller mappings, J. Anal. Math.
30 (1976), 464-480.

[10] D. Sullivan and W. Thurston, Extending holomorphic motions, Acta. Math. 157
(1986), 243-257.

[11] O. Teichmüller, Ein Verschiebungssatz der quasikonformen Abbildung, (in Ger-
man) Deutsche Math. 7 (1944), 336-343.

[12] G. W. Yao, Comparing hyperbolic distance with Kra’s distance on the unit disk,
Osaka J. Math. 49 (2012), no. 2, 349-356.

Department of Mathematical Sciences
Tsinghua University
Beijing, 100084, People’s Republic of China
E-mail: gwyao@math.tsinghua.edu.cn


