THE DAVIES METHOD REVISITED FOR HEAT KERNEL UPPER BOUNDS OF
REGULAR DIRICHLET FORMS ON METRIC MEASURE SPACES

JIAXIN HU AND XULIANG LI

AssTrACT. We apply the Davies method to prove that for any regular Dirichlet form on a metric
measure space, an off-diagonal stable-type upper bound of the heat kernel is equivalent to the
conjunction of the on-diagonal upper bound, a cutoft inequality on any two concentric balls, and
the jump kernel upper bound, for any walk dimension. If in addition the jump kernel vanishes, that
is, if the Dirichlet form is strongly local, we obtain sub-Gaussian upper bound. This gives a unified
approach to obtaining heat kernel upper bounds for both the non-local and the local Dirichlet forms.
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1. INTRODUCTION

We are concerned with heat kernel upper bounds for both nonlocal and local Dirichlet forms on
metric measure spaces.

Let (M, d) be a locally compact separable metric space and u be a Radon measure on M with
full support, and the triple (M, d, ) is called a metric measure space. Let (E,F) be a regular
Dirichlet form in L* (M, 1), and £ be its generator (non-positive definite self-adjoint). Let

pi= 4

be the associated heat semigroup. Recall that the form (&, F) is conservative if P;1 = 1 holds for
all t > 0.

Let Q be a non-empty open set on M, let 7 (€2) be the closure of ¥ N Cy(Q2) in the norm of 7,
where Cy(€) is the space of all continuous functions with compact supports in Q. It is known that
if (&, F) is regular, then (&, 7 (Q)) is a regular Dirichlet form in L2(Q, u) (cf. [14, Lemma 1.4.2
(ii) p.29]). We denote by L2 the generator of (&, F(Q2)) and by {P,Q} the associated semigroup.

A family {p;},-o of non-negative y X u-measurable functions on M X M is called the heat kernel
of (&, F) if for any f € L>(M, ) and ¢ > 0,

>0

PLf(x) = fM i) fONE)

for u-almost all x € M.
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Typically, there are two distinct types of heat kernel estimates on metric space, depending on
whether the form (&, ) is local or not. Indeed, assume that the heat kernel exists and satisfies the
following estimate

¢ (d(x’y)) (1.1)

pe(x,y) = t“_/ﬁ /B

with some function ® and two positive parameters a, 8, where the sign < means that both < and >
]
are true but with different values of C, c¢. Then either @ (s) = exp (—sﬂ ) (thus (&, F) is local), or

D(s)=(1+ s)_(c”ﬁ) (thus (&, ) is non-local), see [24]. For the local case, the heat kernel p,(x, y)
admits the following Gaussian (8 = 2)- or Sub-Gaussian (8 > 2) estimate:

_ £ d(x,y) B/(B-1)
pz(X,y) - l'a/ﬁ CXP —C tl/ﬁ s

where « > 0 is the Hausdorff dimension and 8 > 2 is termed the walk dimension, see for example
[2, 3, 4,7, 26, 28]. Some equivalence conditions are stated in [6, 18, 23, 25]. On the other hand,
for the non-local case, the heat kernel p,(x, y) admits the stable-like estimates:

—(a+p)
1 d(x,y)
pt(xey)"‘ (1+ tl/ﬁ

(1.2)

e (1.3)
where @ > 0 and 8 > 0, see for example, [5, 8, 10, 11] for 0 < 8 < 2, and [12, 16, 17, 21] for any
B > 0. Note that estimate (1.3) can also be obtained by using the subordination technique, see for
example [15, 27, 29, 33]. It was shown in [24] that estimates (1.2) and (1.3) exhaust all possible
two-sided estimates of heat kernels upon assuming (1.1).

Recently, Murugan and Saloff-Coste extend the Davies method developed in [9, 13] to obtain
heat kernel upper bounds, for local Dirichlet forms on metric spaces in [32] and for non-local
Dirichlet forms on infinite graphs in [31], where a cutoff inequality introduced in [1] plays an
important role.

The purpose of this paper is twofold:

(1) to extend the result in [31] to the metric measure space;
(2) to unify the Davies method for both local and nonlocal Dirichlet forms.

More precisely, we give some equivalence characterizations of heat kernel upper bounds both
in (1.3) for any § > 0 and in (1.2) for any 8 > 1, see Theorem 1.4 below, by applying the Davies
method in a unified way. These characterization are stable under bounded perturbation of Dirichlet
forms. We mention that one of our starting point here is from condition (CIB) below that is the
weakest version among all the similar conditions in previous papers [1], [23], [32, 31], [12], [17].

Let us return to the general setup of a metric measure space (M, d, 1) equipped with a regular
Dirichlet form (&, 7). Assume that & admits the following decomposition

Ew,v) = EP(u,v) + EV(u,v), (1.4)
where &) denotes the local part and
&2 = [ [ @ -uomee - o)
MxM\diag
is a jump part with jump measure j defined on M x M\diag. We assume that j has a density with

respect to y X u, denoted by J(x,y), and so the jump part &) can be written as

&V, v) = f f (W) — u()VR) = VNI CE VAU, (1.5)

MxM
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For every w € F N L™, there exists a unique positive finite Radon measure I'(w) on M, termed
an energy measure, such that for any ¢ € ¥ N L®!,

1
f ¢dl'(w) = E(we, w) — 58(¢, w?), (1.6)

where and in the sequel the integration f means over M. The energy measure I'(w) can be uniquely
extended to any w € . For functions v, w € ¥, the signed measure I'(v, w) is defined by

I'(v,w) = % Tw+w)—-TW)-T(w)) (1.7)
(see [30, formula 3,11]), and I'(v, v) = I'(v) and
Ev,w) = f dlr’'(v,w).
M
For any u,v,w € ¥ N L™, we have by (1.6),

fudF(v, w) = % (E(uv, w) + E(v, uw) — E(vw, u)) , (1.8)
and, from this,
de(uv, w) = E(uv,w) = fudl"(v, w) + fvdl"(u, w). (1.9)
Denote by I';(-) the energy measure associated with local part &, Then
dI(u)(x) = dlr(u)(x) + fM i (u(x) = u(y))* dj(x, y). (1.10)

Denote by B (x, r) the open metric ball of radius r > O centered at x. We always assume every
ball B (x, r) is precompact. In particular the volume function

V(x,r):=u(B(x,r)

is finite and positive for any x € M and r > 0. Denote by AB a concentric ball of B with radius Ar
where r is the radius of B.
For a regular Dirichlet form (&, ) with a jump kernel J, we define for p > 0

&1, v) = ED(u,v) + fM fB )~ HODOL) = VNI ). (L11)
xp

It is known that (&, ) is a closable bilinear form and can be extended to a regular Dirichlet form
(&p, Fp) with F C F, (see [21, Section 4]). Denote by g:(x, y), {Q:}r=0, I'»(-) the heat kernel, heat

[IPRL)

semigroup and energy measure of (&,, ), respectively (we sometimes drop the superscript “p
from g{”(x, ), {0 };>0 for simplicity). Note that if J = 0 or if p = 0, then (&, %) = (6. F) =
(&, F), which is strongly local. Denote by

dlp(u)(x) = dl'r(u)(x) + { fB (u(x) = u()*J(x, y)du(y)} du(x). (1.12)

(x,0)
Throughout this paper we fix some numbers @ > 0,5 > 0 except otherwise is stated. In the se-

quel, the letters C, C’, ¢, ¢’ denote universal positive constants which may vary at each occurrence.
Introduce the following conditions.

Upper a-regularity. Forall x e M and all r > 0,
Vix,r) < Cre. (Vo)

1Any function in ¥ admits a quasi-continuous modification (cf. [14, Theorem 2.1.3,p.71]). Without loss of gener-
ality, every function in # will be replaced by its quasi-continuous modification in this paper.
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On-diagonal upper estimate. The heat kernel p, exists and satisfies the on-diagonal upper
estimate

C
pi(x,y) < ] (DUE)
forall t > 0 and u-almost all x, y € M.

Upper estimate of non-local type. The heat kernel p; exists and satisfies the off-diagonal upper

estimate (@sh)
C d(x,y)\ "
pi(x,y) < B (1 + B (UE)
forallt > 0 and p-almost all x,y € M.
Upper bound of jump density. The jump density J(x,y) exists and admits the estimate
J(x,y) < Cd(x, )™ J2)

for pu-almost all x,y € M.

If (&,F) is local, we have J = 0 so that (J<) is trivially satisfied. In general, condition (J<)
restricts the long jumps and can be viewed as a measure of non-locality.

Upper estimate of local type. The heat kernel p; exists and satisfies the off-diagonal upper

estimate 81G-1)
C dix, ))\""
pi(x,y) < t“_/ﬁ exp (_ ( ct1/B (UEjoc)

forall t > 0 and u-almost all x,y € M, where 8 > 1.

Let Q be an open subset of M and A € Q be a Borel set (where A € Q means that A is
precompact and its closure A c Q). Recall that ¢ is a cutoff function of (A, Q) if ¢ € F(Q),
0<¢<1inM, and ¢ = 1 in an open neighborhood of A. We denote the set of all cutoff functions
of (A, Q) by cutoff (A, Q). It is known that if (&, 7)) is regular, then for any open set Q C M and
any nonempty A € Q, cutoff(A, Q) is non-empty (cf. [14, Lemma 1.4.2 (ii) p.29]).

Cutoff inequality on balls. The cutoff inequality on balls holds on M if there exist constants
Cy =2 0,Cy > 0 such that for every u € ¥ N L™ and for every x € M, R,r > 0 there exists a
function ¢ € cutoff(B(x, R), B(x, R + r)) satisfying that

f u?dl(¢) < C) f dr(u) + & f wdyu, (CIB)
M M NV
where dlU'(u) is defined by (1.10).

Note that constants C, C; in (CIB) are universal (independent of u, ¢, x, R, r) whilst the cutoff
function ¢ may depend on the function u.

Remark 1.1. A similar condition to (CIB) is introduced in [17] for jump-type Dirichlet forms,
which is termed Condition (AB), named after Andres and Barlow, who first introduced this kind of
neat condition in [1] under the framework of local Dirichlet forms and who labelled it by (CS A)
— a cutoff Sobolev inequality in annulus although it is actually unrelated to the classical Sobolev
inequality. We emphasize that the condition (CIB) here is slightly weaker than Condition (AB) in
[17] in that the second integral in (CIB) is over M against measure dI'(u), instead of over the larger
ball B(x, R + r) against measure ¢2dF (u) in [17]. More variants than (CIB) were addressed in [12,
Definition 2.2].
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Remark 1.2. Condition (CIB) can be easily verified with C; = 0 for purely jump-type Dirichlet
forms with 0 < 8 < 2, provided that conditions (J<), (V<) are satisfied, using the standard bump
function on balls (see [12, Remark 1.7] or [17, the proof of Corollary 2.12]).

The following is the main contribution of this paper.

Theorem 1.3. Let (M, d, u) be a metric measure space with precompact balls, and let (5, F) be a
regular Dirichlet form in L*>(M, u) satisfying (1.4) with jump kernel J. If condition (V<) is satisfied,
then the following implication holds:

(DUE) + (CIB) + (J<) = (UE). (1.13)

If in addition B > 1, then
(DUE) + (CIB) + (J =0) = (UE},). (1.14)
We apply the Davies method to prove both (1.13) and (1.14). Particularly, in order to show the
implication (1.14), we first derive a weaker upper bound of the heat kernel, see (3.75) below, and
then obtain (UE|,.) by a self-improvement technique used in [19], see Lemma 3.5 and Remark 3.6

below.
As a consequence of Theorem 1.3, we have the following.

Theorem 1.4. Let (M, d,u) be a metric measure space with precompact balls and (E,F) be a
regular conservative Dirichlet form in L* with a jump kernel J. If (V<) holds, then

(UE) & (DUE) + (CIB) + (J2). (1.15)
If in addition B > 1, then
(UEj) © (DUE) +(CIB) + (J =0). (1.16)
The proof of Theorem 1.3 and Theorem 1.4 will be given in Section 3.

Remark 1.5. For the nonlocal case, a similar equivalence to (1.15) was obtained in [12] with
(CIB) being replaced by condition CSJ(¢) but for more general settings equipped with doubling
measures and more general jump kernels involving ¢, and also in [17] with condition (CIB) being
replaced by condition (Gcap) or condition (AB). For the local case, a similar equivalence to (1.16)
was obtained in [1], [23] and [32] under different variants than condition (CIB).

2. CUTOFF INEQUALITIES ON BALLS

In this section, we first derive (CIB) from condition (S )-the survival estimate, see (S) below.
We then state two inequalities, see (2.13), (2.14) below, which will be used in the Davies method.
Inequality (2.13) can be viewed as a self-improvement of condition (CIB).

We need the following formula.

Proposition 2.1. Let (8, F) be a regular Dirichlet form in L>(M, u1). Then, for any two functions
u, € 5 N L with supp(e) C Q for any open subset Q of M,

f PdTa(e) < 2826.¢) + 4 f FdTaw), @.1)
Q Q
where dl'o(u) is defined by
dlo(u)(x) = dl'r(u)(x) + fM\d_ Lo() (u(x) — u(y))* dj(x, y). (2.2)
iag

Proof. We first show that

f Wdl (o) < 28V, @) + 4 f ©*dl (). (2.3)
Q Q
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6
Indeed, using the Leibniz and chain rules of dI';(-) (cf. [14, Lemma 3.2.5, Theorem 3.2.2]) and

using Cauchy-Schwarz, we have

f u*dli(p) = f dU (g, ) -2 f updTr (1, )
M M M
1
< EDlpg) + + f W2dTL(¢) +2 f ST (),
2 M M
which gives that
f u?dly (@) < 280w, 0) + 4 f O*dUy(u).
M M

Since ¢ is supported in Q, we see that dI'z(¢) = 0 outside Q (cf. [14, formula (3.2.26) p.128]),

thus proving (2.3).

Next we show that
f wdT (9) < 289 (g, ) + 4 f Q*dr ) (), (2.4)
Q Q
where the measure dl"g) is defined by
atow= | o = O (6~ 80 ).
iag
Indeed, noting that
(X)) - p(0))* = {|(P9)(x) - WP R)3)| - [P () = ¥ ()] 03] ((x) = (¥,
we have
[(P0)(x) - (PO () = (1)) j(x, )

[l - e i -
QxO\diag QxO\diag
[ [0 - )] e - s,
QxQ\diag

which gives that
(2.5)

[ warge = [ afete - | e,
Q

To estimate the last term, note that
- f edl) (2, 9) = - f (u(x) + u()e)(w(x) — u())e(x) — e j(x,y)
Q QOxQ\diag

- f u(x)e(y)(u(x) — u(y))(e(x) — e(y)dj(x,y)
QxQ\diag

- 00 ~ w0 - SN
QxQ\diag
From this and using the Cauchy-Schwarz inequality, we derive

_f‘)pdrg)(uz"ﬁ)
Q
1
3 R -eordiEn s [ R0 - um i)
QxQ\diag QxQ\diag

1
1] e - P+ [P0 - ) i)
QxQ\diag QxQ\diag

1
=3 fQ Pl () +2 fQ @*dT' ().
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Plugging this into (2.5), we have

fg Pdr () <2 fg AT (e, ¢) + 4 fQ @*dr) (u). (2.6)

As ¢ vanishes outside Q, we see that

f (o)) - (O] () — (0N j(x. y)
MxM\diag

f +2 f + f e
QxQ\diag QxQe cxQe\diag

f dry) (e, ¢) +2 f WP ()dj(x, )
Q QxQc

f drs) (e, ¢).
Q

which together with (2.6) implies (2.4).
Finally, summing up (2.3), (2.4) we conclude from (2.2) that (2.1) is true. O

ED g, p)

(\2

We introduce condition (S).

Survival estimate. There exist constants €, 6 € (0, 1) such that, for all balls B of radius r > 0
and for all t'/8 < 6r,
1-PPlp(x)<e (S)

1
Jor p-almost all x € 3B.

Lemma 2.2. Let (&, F) be a regular Dirichlet form in L*(M, u). Then
(S) = (CIB).

Proof. Fix xg € M and set By = B(xg,R), B’ = B(xg,R+r)forR > 0, r > 0 and let B’ C Q for any
open subset Q of M. It suffices to show that there exists some ¢ ecutoff(By, B’) such that

f udlo(¢) < C f ¢>2arrg(u)+2 f puldu (2.7)
Q Q ’ Q

for any u € ¥ N L™, where the measure dl is defined by (2.2), since this inequality, on taking
Q) = M and using the fact that ¢ < 1 in M, will imply (CIB).

To do this, let
—+00
W= f e_A’PfllBrdt,
0

where A = 7. It is known that
E(w, )+ f wedu = f wdp, (2.8)
B B
for any ¢ € F(B’). By [23, (3.6) p.1503], we have that
te ™ PE1p <w <P inM.

Let z € By be any point and set B, = B(z, ) C B’. An application of (S) with ¢ = (67)° yields that
for almost all x € A%BZ,

w(x) > te " PE 15 (x) > te_/”PfZlBZ(x) > e (1-g) = c,'r,
for Cy = [5ﬂe‘5ﬁ(l - s)]_l > 1. Hence,

Pin M,
C,'7* in By.

w

vV A

w
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Setv:= CO%. Thenv < Cyin M, and v > 1 in By. Define
p=vAlinM.

We see that ¢ € cutoff (By, B). It suffices to show such a function ¢ satisfies (2.7).
Indeed, using (2.1) with ¢ = v,

f urdTo(v) < 28w, v) + 4 f V2dTo(u). (2.9)
Q o)
Observe that in M
Cop=Co(vA1)=(Cov) ACy=vACy=, (2.10)
which gives that
f Vvidlo(u) < C} f #*dla(u). (2.11)
Q Q
On the other hand, using (2.8) with ¢ = u*v and using (2.10)
8(u2v, y) = 98(142\/, w)
B
_ Co 2 2
= r_ﬂ{ﬁfu vdu—/lfl;l(u v)wd,u}
C (or
< 7? f WPvdu < 7? f Wt du. 2.12)

Thus, plugging (2.12), (2.11) into (2.9), we conclude that
2

2C
fu2dFQ(V)S —Ofu2¢dp+4c(z)f¢2dl"g(u).
Q " Ja Q

Finally, using the facts that [¢(x) — ¢(¥)| < [v(x) — v(y)| and that ¢(x) < v(x) for any x,y € M
and then using [14, formula (3.2.12), p.122] and (2.2),

f u2dlo(¢) < f W2dlo(v).
Q Q

Therefore, we obtain (2.7) with C; = 4C3, C; = 2C}. O

The same result in Lemma 2.2 was proved in [1, 23] for the local case.
We show the following two inequalities (2.13) and (2.14) by using condition (CIB).

Proposition 2.3. Let (8,F) be a regular Dirichlet form in L>(M,u). Let By = B(xo,R), B’ =
B(xg, R + 1) be two balls. If conditions (CIB), (V<), (J<) hold, then for every positive integer n and
for every u € ¥ N L™, there exists some function ¢ = ¢, € cutoff( By, B) satisfying that

B
f 2dT(¢) < % f dT(u) + Cj; f o (2.13)

¢ - Dl < 1/n (2.14)

and that

with

Dd@y) = A, (2.15)

+

R+ r—d(xg,y)
r

where C3 > 1,Cy4 = 1 are universal constants (independent of By, B’, n, u).
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Proof. Fix positive integer n and for integers 0 < k < n set ry = kr/n, By := B(xg, R + ry). Define
Uy = B\ Bi_1(1 <k <n).
For a function u € ¥ N L, we apply (CIB) to each pair (By-1, B) (k > 1) and obtain

f W2dT(¢y) < C, f T () + —22 f urdy (2.16)
(r/nf

for some ¢, ecutoff(By_1, By).
We define

¢=0¢,:= %Zn“(ﬁk-
)

Clearly, ¢ ecutoff(By, B’) and for each 1 < k < n,

n_ks¢:¢k+(¢k+l+ +¢n) n—k+1 in U,
n n n
On the other hand, for any y € Uy we have R + ry_1 < d(xp,y) < R + 1y, and by definition (2.15) of

o,

n_k—l——<CD(y)<1—rk—l=n_—k+1.
n r n
Hence, we see that (2.14) holds on each Uy. Both functions ¢ and ® take values 1 in By, and 0
outside B’, and (2.14) is also true in the set By U (M \ B’).
It remains to prove (2.13) with such choice of ¢.
To do this, note that, using the fact that 1odI';(u;, up) = 0 for uy,uy € ¥ if u; is constant on Q

(cf. [14, formula (3.2.26) p. 128]),

1 n
f W2dT () = EZ f W2dT (). 2.17)
k=1

On the other hand, for any x,y € M,

2
1 n
(B(x) — p())* = ) [Z (e (x) = ¢k(Y))]

{Z (60 = 35 +2ZZ<¢k(x) B ON(@;(x) - ¢<y))} (2.18)

k=1 j=k+1

The last double summation contains the following terms (j =k+ land 1 <k <n-1):

n—1

2" (@) = B0 (@pe 1 () — ¢k+1<y>><2<¢k<x) ) +Z<¢k+1<x> 1))

k=1

< 2Z(¢>k(x) - h0))’,

k=1

where we have used the Cauchy-Schwarz. From this, we obtain from (2.18) that

3 n 2 n-2 n
@) = 90N < = > (B0 = 0’ + 5 > D (Bx) = 5 S;) ~ 8,00
k=1 k=1 j=k+2

Multiplying by u?(x)J(x, y) then integrating over M x M on both sides, we obtain that

fM W00 = 60 O
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2 f D@D = HONGD) = $ 0N NAHOI0. (219)

Noting that forany ] <k <n—-2andanyk+2<j<n
¢ = ¢ In M,
we have that for any x,y € M

(D (xX) = oM@ ;(x) = §; (1) = Pp(x) = ()P ;(¥) — B (V) ;(X) + B (¥)
= (01 = ;) + )1 — §;(x)).
Plugging this into (2.19) and then summing up with (2.17), we obtain that

f 2T () = f W2dTL(9) + fM R = BP0

1 3
SZ {ﬁ f w*dl () + 2 fM y 1w (x) ($(x) — B ()* I (x, y)d/,t(y)d/l(x)}

n-2 n

3 f OB = 6,00 e )i ()
12 MxM

)
2 [ @80 - 600 )

l=1 j=k+2 ¥ MxM
=1 + 21, + 2[3. (220)

We will estimate 11, I, I3 separately.
For the term [}, we apply (2.16) to obtain

3”f2 3{f szz}
L <= dl(¢,) < = C, | drw) + d

3Cnf!

3C

<=L | aru) + e m 2.21)

n "

For the term I, observe that forany 1 <k <n—-2andk+2 < j<n,
dist (supp(¢; ), supp(l — ¢;)) > dist (B, BS_, ) > r/n. (2.22)
Recall that by (J<), (V<), we have that

[ seduo < ¢ (2.23)

B(x,p)¢

for pu-almost all x € M (cf. [21, Proof of Proposition 4.7]). From this and using (2.22), we have

j}\; " B0 = ¢ ())J (6, Y)dp(y)du(x)
) fB L O = 0T (5 3)du)d)

< f W20 G, V) () da()
BkXBj_]

’

< u? ()du(x).

(r/ny’ Js,
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Hence,

1 C'nP
—22, E, - /n)ﬁ L 2(Ddu(x) < 7? f wdp. (2.24)
2 k

k=1 j=k+
Similarly, we have that, using (2.22), (2.23),

fM RO = 8N D)) < f (0T, V) (x)

B;,IXBk

4

2
du(x),
= (r/n)f B, )

which gives that

1 n-2 C’ ﬂ
I < — d 2du. 2.25
3<n2;]§2(r/n)ﬁf¢ WP (0)du(x) < fu " (2.25)

Therefore, plugging (2.21), (2.24) and (2.25) into (2.20), we conclude that

a7
f 2dF(¢)< £fdr( ) + Wf,ﬂdﬂ,

thus proving (2.13). The proof is complete. O

Remark 2.4. A self-improvement of condition (AB) for the jump type (nonlocal) Dirichlet form
is addressed in [17, Lemma 2.9] by using a much more complicated cutoff function constructed in
[1, Lemma 5.1]. The reason is that in [17, Lemma 2.9] one needs to replace the second integral
in (2.13) by f #%dT'(u)- a smaller integral involving the function ¢>. See also [12, the proof of
Proposition 2.4] for a self-improvement of condition CSJ(¢).

Remark 2.5. If the Dirichlet form is strongly local or if M is a graph, a sharper version than (2.13)
was proved in [32, Lemma 2.1], [31, Lemma 2.7], but starting from a stronger assumption, called
the cutoff Sobolev inequality, wherein the last integral on the right-hand side of (CIB) is over the
annulus, instead of over the whole space M as in condition (CIB) here. To our knowledge, one
can not directly obtain the same sharp version as in [32, 31] for nonlocal Dirichlet forms on metric
measure spaces if one starts from condition (CIB) here.

3. OFF-DIAGONAL UPPER BOUND

In this section, we prove Theorem 1.3 and Theorem 1.4. To prove Theorem 1.3, we need to
obtain upper estimate of the heat kernel g, )(x y) associated with the truncated Dirichlet form
(&p, Fp) defined by (1.11) for any 0 < p < co. This can be done by carrying out Davies’ perturba-
tion method. Note that the form (&, ) or (&E,, ¥,,) may not be conservative at this stage.

For any regular Dirichlet form (&, 7), recall the following identity (cf. [14, formula (4.5.7),
p-181]): for any u,v € ¥,

Ewu,v) = hma“ku V) = hm{zlt f ((x) — u()(V(x) = vO))P:(x, dy)du(x)

+lfuv(1—Pt1)d,u}, 3.1
I Jm

where P;(x,dy) is the transition function. Using this, we have that for any three measurable func-
tions u, v, w such that all functions u, vw, uv, w belong to ¥,

E(u, vw) =E(uv, w)

1
+ lim — (W) — u(y)w(x))(v(x) = v(y)) P:(x, dy)du(x), (3.2)
t—0+ 2t MxM
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and that, using (1.6),
fudF(v) = lim fudr“)(v) (3.3)
t—0+

for any u,v € ¥ N L™, where

1
f udl(v) := — { f u()((x) = v()* Po(x, dy)dpu(x) + f (1 - Ptl)dﬂ} :
2t \Umxm M
For any function f and any number p > 0, set

osc(f,p) := sup [f(y) = f(x)|. 3.4

X,yeM
d(xy)<p

The following lemma is motivated by [9, Theorem 3.9], [31, Lemma 3.4].

Lemma 3.1. Let (&,, ) be a regular Dirichlet form defined in (1.11) for 0 < p < oo with energy
measure dl,(-). Then

1
Ee 77 2 36,7 =9 fM T, W) (3.5)

forany ¢ € F N L™, any non-negative f € ¥ N L* and any p > 1, where

1, J=0,
Ay = {e2osc(xp,p), Y (3.6)

Proof. We note that ¢ — 1 € ¥ N L™ by using (3.1) and the elementary inequality
(e — 1)? < 2g? (3.7)

for all a € R. It follows that both functions e¥g and e ¥g belong to ¥ N L™ if g € F N L™. By
symmetry Q,(x,dy)du(x) = Q,(y, dx)du(y) for the transition function Q,(x, dy) associated with the
form (&,, Fp),

1 1
my(dx, dy) := 5 Qi(x, dy)du(x) = = Oy, dx)du(y).
Applying (3.2) withu = e™ f,v = ¢/, w = f2’~! and & being replaced by E,, we have
Ee™ £, 17y = E(f, 7D

+1im{ fM ; [(e7£) @77 00 = (7)) ()]

110+
x (e — /) my(dx, dy)} =1 +D. (3.8)
For I;, we have
= 8,(f. fY) > 2’;; Le,(r7) (3.9)

(cf. [9, formulae (3.17)] that is valid for any regular Dirichlet form by using (3.1)).
To estimate I», note that

L = lim {f (f2p(y) _ f2p(x)) PR (elﬁ(X) _ ekl’(y)) my(dx, dy)
MxM

110+
+ f2p(x) (e—lﬁ(X) _ e—l//(y)) (elﬂ(X) _ el//(y)) my(dx, dy)

MxM

w2 [ PO (@) = fo) e (e — V) myd, dy)} : (3.10)
MxM
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From this and using the Cauchy-Schwarz and the following elementary inequalities

f PP < 8 ) < (7

(see [9, formulas (3.16), (3.17)]), we have

L >~ 1/(S‘p(fp)[\/j‘fzpezﬁbdl"p(e“/’ -+ \/ffzpe‘zwdl"p(é” - 1)]

1/2
—( f fre?dry(e —1)- f e 2 dr, (e’ - 1))

1/2
—Z(Sp(f”) f fZPezwdrp(e—w—l)) : (3.11)

We further estimate I, by using the following fact:

max { f freMdr (e -1, f e 2dr (e — 1)} <Ay f FPdT,W), (3.12)

and indeed, this fact can be proved by noting that
e drp(e” — 1) =dl (y) = e?dlr(e™? - 1)

from the chain rule for the energy measure dI'z(-) (cf. [14, Theorem 3.2.2]), and that
eZt//(X)(e—w(X) _ e—w(y))Z < g2oscWp) W (x) — lﬁ(Y)|2

for any x, y with d(x,y) < p.
Then, plugging (3.12) into (3.11) and then using the elementary inequality 4ab < % + 8pb? for
a,b > 0, we obtain

1
b2 =5 E)(f) = 9y f F2PdT, ). (3.13)
Finally, plugging (3.9), (3.13) into (3.8), we conclude that, using 21;;1 > 1—17,

1
Eole™ £, ) 2 8, (f7) ~9pAy f FRCIAO)
thus proving (3.5), as desired. O

We estimate the last term in (3.5) by using the cutoff inequality developed in Section 2. For
O<np<1,set

() = 0, J=0, (3.14)
2B+ D(n+2R), T#0. '

Lemma 3.2. Let B(xg,R), B(xy,R + r) be two concentric balls in M with r > 0, R > 0 and
let (&, Fp) be the truncated Dirichlet form defined in (1.11) with 0 < p < r. Assume all the
conditions (J<), (V<) and (CIB) are satisfied by the form (E,F). Then for any p > 1 and any
A > n Y with n := p/r, and for any non-negative f € F N L™, there exists some function ¢ =
Ppa ecutoff(B(xo, R), B(xg, R + r)) such that

1
E(ef, e 21y > 56(#) — TCop*P*1 1%+ f frdu, (3.15)

and that
1
—, (3.16)

g — Dl < — <
¢ 6Ap)*  Ap



14 HU AND LI

where Cy is some universal constant independent of xo, R, 1, p, p, A and functions ¢, f, and where
@ is given by (2.15), and

_ {1/7’3, J=0, 3.4

1D P T %0,
with ¢1(n) given by (3.14).

Remark 3.3. We will see from the proof below that the energy &,( efe~9L2P=1) has the same
lower bound as in (3.15).

Proof. Applying Lemma 3.1 with ¢ = A¢, we have
1
EAL P > (77 - 9p NS [ £ o), (3.18)
2p

for any ¢ € cutoff(B(xo, R), B(xo,R + 1)), any 0 < f € F N L* and any p > 1, A1 > 0, where Ay is
given by (3.6) with ¢ being replaced by ¢. Using (2.23) and [21, Proposition 4.1], we have

&) = &7 <4 [ fPrdsup { IR y)du(y)} <5 [ rran (3.19)
B(x,p)° pB

xeM

where Cs > 0 is some universal constant independent of f, p, p (noting that C5 = 0 if J = 0).
Plugging this into (3.18) we obtain

&S 2 o {S(f”) -5 | szdﬂ} ~opBAy [ Prar,e. G20

We further estimate the energy E,(e™* £, e'? f 2p=1 starting from (3.20) by using a self-improvement
(2.13) of condition (CIB).
To do this, we claim that

1 C
A ¢ Ap £2p—1 1 G5 2
Ep(e™f, e f ) > 4p8(f") o Bff Pdu

om Can®P
—9p/1262/l‘2('7)% f Pdy, (3.21)
where cy(n) is defined by
0 J=0
={" ’ 3.22
c2(n) {n+2n2, o (3.22)

We distinguish two cases.
Case J # 0. Applying (2.13) with u = fP and n being replaced by n?, we have that for each
integer n > 1, there exists ¢ := ¢, € cutoff(B(xg, R), B(xg, R + r)) satisfying that

2%
[ rravyw < [ prave < Zegn+ S | Pra (3.23)

and that |
16 - @l < . (3.24)

By definition (2.15) of @, we see that

d(x,

osc(®@,p) < sup (x_y) < L2 7. (3.25)
dxyzp T r

Thus, we see from (3.24), (3.25), (3.22) that

2
OSC(¢’p) S OSC((D,p) —+ —2 S ]7 + 2772 - CZ(’])
n
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provided that
1
n>-—. (3.26)
n
This implies by (3.6) that
/\i — 62/1050(¢,p) < eZ/lCZ(”).
Therefore, using this, we obtain from (3.20), (3.23) that under (3.26),
_ _ 1 Cs
Epe . 2 — {S(f”) -= szd,U}
P 2p PP
2
_9p/1262/162(n) ﬁg(fp) + C4_nﬁ f le’d/,t
l’l2 rﬁ M
= L — 9p/1262/162(n)2 E(fP)
2p n?
]G + 9p/12e2/102(n)c4_nz'8 ffzﬁd# (3.27)
2ppP r ' '
Choose the least integer n > 1 such that
1 _gppplewS L
2p n?2 — 4p’
that is,
n = [6pd exp(Aca(m) VCs . (3.28)

With such choice of n, condition (3.26) is satisfied by using the assumption that 2 > 77!, since
C3 > 1and

1
n= [6p/l exp(dca(n)) \/C_g] > 6pA > E

From this and using (3.27), we obtain that (3.21) holds for J # 0.

Case J = 0. It is not difficult to see from above that (3.21) also follows from (3.20) with C5 = 0
and c2(n) = 0if J =0, since Ay = 1.

Therefore, inequality (3.21) holds, and our claim is true.

Noting that by (3.28)

n < 6plexp(dca(n7))VCs + 1 < 12pAexp(Aca(n) VCa,
we have that, using the fact that ¢;(n7) = 2(8 + 1)c2(n) by (3.14), (3.22),

2B
Cun® Cs (12p/l exp(dca(n)) \/a)
9 /12 2¢2(17) < 9 /12 24¢2(1p)
pte I‘B - pie rﬂ
2(B + Dea(mA)
= OBl B2 exp(
6P rﬁ
= Copton pen A0 (3.29)

r‘ﬁ 2
where Cg = 9 X 122ﬁC4C'§ . Plugging (3.29) into (3.21), we see that

_ _ 1 Cs
Ap ¢ Ap f2p—1 Py _ 2p
Ep(e™™ [, ) = 4p8(f) o Bff du
—C6p2’3+1/12ﬂ+2 CXP(C}';(U)A) fprdﬂ’ (3.30)

which gives that

E (e 0,y » Lg(pry - i 82 [9 . Coexplcm e"p(cl(”“)] f Prdu
4p J r
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thus, proving (3.15) by setting Cp = Cs + Cg, with T given by (3.17).
Finally, inequality (3.16) follows directly from (3.24), (3.28) by noting that nLZ < m. The
proof is complete. o

To prove the off-diagonal upper bound (UE), we need the following two lemmas. We begin
with the first one, Lemma 3.4 below, which is a slight improvement of [31, Lemma 3.7], see also
[9, Lemma 3.21].

Lemma 34. Let w : (0,00) — (0,00) be a non-decreasing function and suppose that u €
C'([0, c0); (0, 0)) satisfies that for all t > 0,
"7
' (t) < —b——u'"(t) + Ku(t) (3.31)
wi(t)

for someb >0,p>1,60>0and K > 0. Then

4

u(t) < (2912

1/6 ~
) 1 P=DI6KP () (3.32)

foranyv > 1.

Proof. Set h(t) := e X'y(r). Then by (3.31)
-2 -2
Wt = e X (' (1) — Ku() < e {—btp u1+9(t)} = {-é”“ﬂ}h“"(z).

wi() wh (1)
From this, we have

d g _ W (t) btP=2

—(h7%@1)) = -6- P
dt ( ( )) h1+9(l‘) ¢ Wf)(t)

Integrating (3.33) over (0, ¢) and using the facts that 2(0) = u(0) > 0 and that the function w is
non-decreasing, we obtain

(3.33)

! bsP~2 6b "ok
0w > k%) - h%0) > f 020 g5 > K sP=2ds. (3.34)
0 wi(s) wi(®) Jo
For any p > 1 and any v > 1, the following inequality is elementary:
1-(1-pP ' 1
U=p” 1 (3.35)
p-1 2pY
Indeed, for any 2 < p < 3 and v > 0, we have
1-(1-p)! : 1+A-pyP21 1
( p ) — f sp—st > +( 14 ) >
p-1 1-p~ 2 p 2p”

by using the concavity of s7~2. Whilst for any p € (1,2) U (3, +c0) and v > 1 we have by Jensen’s
inequality
1-(1-p)yP! ! 1
# = f sP2ds > (1= p2)F 2 —.
p-1 1-p™ p
Onone hand, if p >3 andv > l,asv > (1 - p™/2) 2 s non-decreasing, we see that

A=-p2? = (1-p /2)”‘2 > lim (1-p™' /2)”‘2
p—?OO
1
= _1/2 —
e > 2,

-2
where we have used the fact that p +— (1 -p! /2)p is non-increasing. On the other hand, if
1 < p<2andv > 1,itis trivial to see that

- 1
(1=p/2) 7 > 5.
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Thus, inequality (3.35) is always true.

It follows from (3.35) that
t 0K 2 -1 0K
f K552 f yt yt " dy > (L)p f &'y 2dy
0 6K 6K oK(1-p)
—1 0K
(L)” (=P f 24y
oK OK(1-p)

(1 — ! p—1 0K(1-p™)t
(1-p7) L e (1-r7) .
p-1 2p¥
Therefore, plugging this inequality into (3.34), we obtain that
ob ! eBK(l—p’V)t

_ 1 OK(1-p7 ) !

HKlu—G(t) — h—e(t) >

wi(1) 2p” ’
that is,
ob tp—l —-0Kp~t
W) 2 <
wi(n)  2p”
thus proving (3.32), as desired. O

We give the following second lemma that is of independent interest.

Lemma 3.5. Assume that condition (V<) holds. If the heat kernel p;(x,y) satisfies

B
c d(x, )\
Pi(x.y) < = exp( ( if/ﬁy ))ﬁ ] (3.36)

for u-almost all x,y € M and for all t > 0, for some B’ > B > 1, then it also satisfies (UE|,.) (that
is, estimate (3.36) also holds with B’ being replaced by B).

Remark 3.6. Lemma 3.5 is a self-improvement of the heat kernel estimate, raising some power
,B,B to the power g= , the best one possible. The smaller B8’ is, the sharper (3.36).

The proof below is msplred by [19, proof of Theorem 5.7, pp. 542-544] wherein 8/ = 8 + 1.
We will see that 8/ = 28 + 2 in our application.

Proof. We claim that if 8’ > 8 + 1, then (3.36) also holds with 8’ being replaced by 8’ — 1. The
proof is quite long.

Let
0:=B/B -1). (3.37)
Clearly, 0 <0 < 1. Fixt >0, x € M. Set B := B(x,r), By = kB (k > 1), By = 0 and
r=2t'%/5 (3.38)

with ¢ > 0 to be chosen later.
Let us show that for any 0 < € < 1, there exists some 6 = d(g) > 0 such that

1
Plp < k%X in 7B (3.39)

for any integer k > 1.
Indeed, using (V<) and (3.38), we have from (3.36) that for u-almost all y € }TB and any k > 1,

g
C dy,2)\F-1
Plpe < — - d
i1 () L\B(X’kr) 7B exp[ c( 1B ) ] u(z)

B
C ’ d(x’ Z) A=l
M\B(xkr) 116 Pe 1118

A

IA

J du(z)
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< C'f 57! exp(—c'se)ds:k“C’f s Lexp(—c’ (ks))ds, (3.40)
k/6 1/6

see [20, formula (3.7)].
For any 0 < & < 1, choose ¢ > 0 to be so small that both of what follows are satisfied:

C'f s"_lexp(—c—sg)ds
1/6 2
C’

_—5f

exp( - )

kec’ f s Lexp(—c’ (ks)")ds
1/6

= k“C'f exp(—c—kese)-so‘_lexp(—c—kgsg)ds
1/6 2 2
k* exp _C s -C’f s exp —C—sg ds
2 1/6 2
c ¥
< Kk {exp (—369)} < k7

for u-almost all y € }LB and any k > 1, thus proving (3.39).
Define the function E; , by

IA

1,

IA
™

Therefore, by (3.40),

IA

leBZ(V)

IA

d(x, ")\’
E,(-) = exp (a( Y ) (3.41)
for some constant a > 0 to be determined later. Let us show that
P/E,, <Ajaa.in B(x,r/4), (3.42)

where A is some constant depending on &, ¢ only.
Indeed, by (3.41) and (3.39), (3.38), we have that in lB,

PlEtx Zpt(le\BkEtx) < Z ||EfX“Loo(Bk )PtlBM\Bk
k=0

k+ Dr k+1)
<ZeXp( (( 1//3) )] P,lBiSZexp[aZe(T)]-k‘*s"H.
k=0

Choose a < % (6/2)° log(1/¢) such that this series converges, proving (3.42).
Let us show that forall r > 0 and all x € M
PE;x < AYE;in M, (3.43)

for some constant A, = Aj(g, 0).
Indeed, using the elementary inequality that (a+b)? < a®+b? forany a,b > 0Oandany 0 < 9 < 1,

we have that for any x,y € M
N EESN
P /8

dx,2)\’ dz )\’
eXP(Cl( 1B )]eXp(a( nY: )):Et,x(z)Et,z(y)a

Eix(y)

IA
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thatis, E; ; < E; x(2)E;;, and thus
PtEt,x < Et,x(Z)PtEt,z- (344)

Note that by (3.42)
P.E;; < Aja.a. in B(z,r/4). (3.45)
For all y € B(z,r/4), by (3.38),

Eyy(z) <exp (Cl (4”%/’,3)9) =exp (a (25)_6) = Aj,

and hence,
Et,x(z) < Et,x(y)Et,y(Z) < A3Et,x(y)-
It follows from (3.44), (3.45) that

PZEI,X S A]A:;E[’x a.a. in B(Z, r/4)

Since the point z is arbitrary, we cover M by a countable sequence of balls like B(z, r), and obtain
that (3.43) is true with A, = A Aj3.
Let us show that for all # > 0, x € M, and for any integer k > 1,
PuE: . < AS aa. in B(x,r/4). (3.46)
Indeed, by (3.43)
PyErx = Py PiEry < AoPgiyEry < ... < A5 PEL,

which together with (3.42) gives (3.46), where we have used A, > Aj.
Fix Bg := B(xg, R) for R > 0. We show that for any #, 1 > 0,

0 1
Pl < Agexp (a'/lt ~-a (R/ll/ﬂ) ) in 5 B, (3.47)

for some constants Ay, @’ depending on &, § only.
Indeed, observe that for any x € %BR,

PIIB; < PI]B(x,R/Z)C-

It suffices to show that for any x € %BR,
0
Pl gy < Agexp (a'/lt — a(RA'F) ) (3.48)

in a (small) ball containing x. Then covering %BR by a countable family of such balls, we obtain
(3.47).
To see this, replacing ¢ by t/k in (3.46), we have that

PEyyx < A in B(x, rp),
where i, = (¢/k)'/P /(26). Since

R\
Eijkx > exp (a (W) ] in B(x, R)",

we have that

RV
1 (xR < €xp (—a (—(t/k)l/'g) ) Eijkx.
It follows that in B(x, r)

R\ R\
PtlB(x,R)" < exp (—Q(W) )PzEt/k,x < exp (CI k- a((t/k)l/ﬁ) ]’
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where a’ = log Ay. Given A > 0, choose an integer k > 1 such that
k-1 k

— <A< -
t t

With such choice of k, we conclude that in B(x, ry)

0
, R
PtlB(x,R)C < exp (Cl (/lt + 1) - G(W) ],

which finishes the proof of (3.48), and also of (3.47).
Choosing A in (3.47) such that @’ At = a (R/ll/ﬁ)e /2, that is,

aR? ’%
A= ,
(2a’t)

we conclude by (3.37) that in B(xg, R/2),
, R \Bio-T
Pilp < Agexp(—d'Ar) = Agexp (—c ( ) ] (3.49)

(VB

for some universal constant ¢ > 0. From this and (DUE) and using the semigroup property of
p:(x,y), we obtain that (3.36) holds with 8’ being replaced by 8’ — 1 = 8/6 (cf. [22, pp. 183-184]),
thus proving our claim.

Finally, repeat our claim k times until the integer k satisfies

B<B —k<B+1,
that is, 1 < 75— < #;. Then (3.36) holds with " being replaced by A - k, which also implies
that (3.36) holds with 8’ = 8 + 1 by reducing the value of ﬁ,_Lk_l to 1. From this, we repeat the
claim one more time (where § = 1), and obtain (UEj,.), as desired. m|

We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Fix xo € M. For r > 0, set

p = 7r, (3.50)
where 0 < 17 < 1 will be specified later. For any integer k > 0, set p; = 2% and
Yy = Adp, 4 (3.51)

where P ecutoff(B(xo, r), B(xg, 2r)) is given by Lemma 3.2 with p = py, and 1 > n‘l will be
chosen later. Clearly, for u-almost all x € B(xg, 1),y € M \ B(xp,2r)

V) =) =1-0-2-1=-A (3.52)

Let (&, ) be the truncated Dirichlet form given by (1.11). Denote by qﬁp)(x, ¥), {Q:}iso the
heat kernel and heat semigroup associated with (&E,, ¥,) respectively. We define the “perturbed
semigroup” by

Ot f =" (Qi(e7f)).
Then we pick any nonnegative f € ¥ N L™ with ||f||, = 1 and set

for = O f, (3.53)

for any integer k > 0. Clearly, the function f;; € ¥ N L™ C ¥,
By applying (3.15) with p = py, R = r and f, ¢ being replaced by fix, ¢, 4 respectively and by
setting
Ko := TCoA*P+? (3.54)
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with T given by (3.17), we obtain that for any k>0,
Eole ™ fire ell/kuPk 1 8( ) - K p2ﬁ+1 f 2,
From this, we derive that

d —_
dr 1ikllsnt = =2puEp(e™ figr e £

2pk
1
2Pk {—kS( - K zﬁ“ |14 k”;ﬁi}

- ——8( %)+ 2Kopr | ﬁ,kHiZ. (3.55)

In particular, for k = 0 (py = 1),

d
i IMiolly < 2Ko ol

which gives that, using || fool|, = IIfIl, = 1

Ifioll = ol < e st = . 356
Since condition (DUE) implies the Nash inequality (cf. [9, Theorem 2.1]):
21+%)

2
lally " < Cn& ) Il
forall u € ¥ N L', we apply this mequahty to function ftpkk e FNL" withk > 1

etz e il -l

Plugging this into (3.55), we have

d
e VY o VS T

1 -
—ﬁllﬁ,klliii“* sl 2k il

2pk 1 d
2pk

which implies that

bl < - | Sk i, G5
forall k > 1.
On the other hand, we claim that for any k > 0,
exp(=3/pi) fris1 < frk < exp(3/pi) frk+1- (3.58)
Indeed, observe from (3.51), (3.16) and pr+1 = 2px,

i =il = Alepern = pealls
< 4 ||¢Pk+1,/1 - q)“oo +4 ||¢Pka/l - (D”oo
1 1 3
/I(Tpk + Tm) = (3.59)

From this and using the Markovian property of {Q;},>(, we have

fie = € (0 (e ) = 0y (¢ f)) = P fpan,

Similarly,
frket <P iy

Thus, we obtain (3.58), proving our claim.
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Therefore, we conclude from (3.57) that, using the fact that f;; < 0P frk—1 by (3.58),

d 1 14208 - 2ip 2B+1
—all,, < “om il ™ fesrrll, ™ + Kor™ [ fil,,, (3.60)
for all k > 1, where C}; = 4Cy exp(126/a).
Define u(t) := ||‘ﬁ’k_1||[7k and
wi(t) = sup {sPDICEOY ()} (3.61)
s€(0,£]
Then by (3.56)
wi(t) = sup {u1(s)} = sup {”f,onz} < X1, (3.62)
5€(0,1] s5€(0,1]
On the other hand, we have from (3.60) that, using u}:2ﬁ pe/ () = ﬂ’k_zw]:zﬁ pel (1),
/ d 1 , _
@ = Gl < = 0w @ + Ko )
N
1 P Logpa

IA

28+1
- + Kop, uk+1(2)
CNpk Wiﬁpk/d(t) k+1 k +
for k > 1. Then the condition (3.31) is satisfied with u(t) = ug1(t), b = 1/ (Cype). p = pic 2 2,
0 =2Bpr/a,w =wrand K = Kopiﬁ“. Thus, applying Lemma 3.4 with v = 25 + 2, we obtain

12BP)  _o(p— -
g1 (0) < (Capl )" DI Rori ),

that is,
_ /(2Bpx) -
ta(PkH 2)/(2ﬁpk+l)uk+l(t) < (Cllva,piﬁ‘i'z/ﬂ)a Brk eKopklth(t), (363)
for all ¢ > 0. From this, we derive that
_ [2Bpr) -
Wian(f) = sup [P/ () < (Crap*g) " Kority o),
5€(0,1]
which gives that
a/(2Bpi) gKO’PZ'

IA

(Crepy®*1B)

(zk(2ﬁ+2) . Cha /ﬁ)

Wi 1 (D) /wi (1)

a/(ﬁzkﬂ) eKot2’k

k

{(chars)”™ e (2“(/3+1)/ﬁ)k}2_ = (D",

Al ki

where D := (C;Va/ﬁ) and a := 2°+D/B_This implies by iteration and using (3.62) that

forany k > 1,
wert (0 < (D) wi(n)
< (D) {(Dd )P ) <
< DRkt
< Dd®’w(t) < Da*eX" = C7exp (2Ko1), (3.64)
where C7 = (Cl'va//ﬁ)a/(zﬁ) 222(B+D/B Thus, we have from (3.61), (3.64) that for any k > 1,7 > 0
(¥Pr1=2)/Bpi) ||ka f |2pk < wis1 (1) < Cy exp (2Kob) (3.65)

forany 0 < f € ¥ N L™ with ||f|, = 1.
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Since ¥, is a Cauchy sequence in L* by (3.59), the sequence {¢;} converges uniformly to
as k — oo with

Yo = Ay eL”
by using (3.16), where y/(y) = (M)Jr A 1fory e M. Clearly,
Yo ) = Yoo (x) = =2 (3.66)

for any x € B(xp, r) and any y € M \ B(xp, 2r). Set
fiow 1= €' (Qi (7))

The sequence {f;x};~, converges uniformly to f; . as k — oo, and thus

o, = N,

Therefore, letting k — oo in (3.65), we obtain that

|Q;b°°f|| < a/(2,8) exp (2Kot) .
forany 0 < f € F N L™ with ||f]l, = 1, that is,
" ... = oot lot-1]., = w7z exw @Kan.

This inequality is also true for —i, by Remark 3.3 and repeating the above procedure. Since Qt_l/'oo
is the adjoint of operator Q‘f“’, we see that

woo . o _ _lpoo C
“Qt HH2 = ||z§|1|1151 ’ 0, f”2 | ||2_)oo 7 oXP (2Kot),
and thus,
o Cs K
| Ql ||l—>oo ||Ql‘/2 1—2 | t/2||2_)00 t“/ﬁ exp( Ot)

where Cg = 2%/F (C7)?. From this and using (3.66), (3.54),
Cs
4" (6.y) < 5 exp (Kot + Y(9) = Y ()
_ Cs 26+2
= 5 oXP (2Coa**2T1 - 2) (3.67)
for all #, 7 > 0, u-almost all x € B(xo,r),y € M\ B(xo,2r) and forall A > ! and 0 < 5 < 1, where
p=mr.

We distinguish two cases depending on J # O or J = 0.
Case J # 0. By (3.17), (3.67) and using p = nr, we have

) 8 242,
q; (x,y) < 75 EXP (ZCO/I Tt /1)
_ C8 26+2 c1(ma J
= ﬁ exp (2C0/1 e -5~ A
< & e (cg(n)e%l("“i - a) (3.68)
T rlp P :

where c1(7) = 2(8 + 1) (7 + 2n%) by (3.14), and Co(y) is given by

_ _ -2(B+1)
Co) = 2Con P [2(B + 1) fer I = 2Con ™ (n+ 20°)

where in the last inequality we have used the following:

P2 < 2B+ 1) [c1(p)yPr? ec1001

’
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2?/13(;]{) = (17 + 2172) A

A
A (@B .
We first choose A and then choose 1. Choose A such that e™ = (ﬂ—/) , that is,

by the elementary inequality a < e“ for any a > 0, with a =

+p
A= “ﬁ log (/7). (3.69)

but we need to ensure the condition A > 17! is satisfied, namely

B
log (/1) > . 3.70
og (/1) 2 — 57 (3.70)
With such choice of A, we then choose 7 € (0, 1) such that
2amrt _ 3.71
e 5= L (3.71)

that is,

4B +1)(n+27%) = 2c1(p) = oy

(Clearly this can be achieved. Actually we have 1 + 25> < %, implying 0 < 1 < %). Once 77 18

chosen by (3.71), then the condition (3.70) is satisfied if
Plt>e (3.72)

for some universal constant ¢, > 0.
Therefore, we conclude from (3.68), (3.71), (3.69) that

® Cs A _ !
q, (x,y) < “alp P (Co(m) - ™" = Clorll_+ﬁ (3.73)

for all ¢, r > 0 with ® > c,t and all p = nr, for u-almost all x € B(xo, ),y € B(xo, 2r)¢, where C1
is a universal constant independent of xo, ¢, 7, x, y.
Note that

py) <Py +2t sup J(x,y),
xeM, yeB(x,p)¢
see [5, Lemma 3.1 (c)], or [21, (4.13) p.6412]. It follows that, using p = nr,

t 2t
pilx,y) < Clorﬁﬂ + Cpf”ﬁ <Cu

t
ra+,8
for all ¢, 7 > 0 with ¥ > cat, for p-almost all x € B(xop,7),y € B(xg,2r)¢, where Cy; is a universal

constant independent of xo, £, 7, x, y.
With a certain amount of effort, we can say that

Pix.y) < Cra7 (3.74)

t
(x, y)+p
for all + > 0 and u-almost all x,y € M, if d(x,y) > e3P, for some universal constants Cj, > 0
and c3 > 0 (say, ¢3 = 4c;/ k ), thus showing that (UE) is true.
Finally, if d(x,y) < c3t'/# then (UE) follows directly from (DUE).
Case J = 0. By (3.17), (3.67) and setting p = 1r with p = 1, we have

_® Cg I
_Gs 2p+2 1
= W exp (2C0/1 E — /l)

for all #,7 > 0 and p-almost all x € B(xo,r),y € B(xo,2r)", for all A > 5=! = 2. Choosing A such

that 1
t

2C /12,3+2_ ==,

T2
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)1/(2/3+1)

thatis, 1 = (ﬁé . But we need ensure that 1 > 77‘1 = 2; this can be achieved if 7# > cat

for some universal constant ¢4 > 0. Therefore, we obtain

( )< Cg ~ f 1/(2B+1)
pilX,y) = l(l/ﬂ exXp ¢ ¢

for all t,r > 0 with ¥ > ¢4t and p-almost all x € B(xg,r),y € B(xo,2r)¢, for some universal
constant c.
Therefore, we conclude that

B
C d(x, y) |71
pl(-x’y) < t"/ﬁ €Xp {_C( tl/ﬁ ) ] (375)

for all > 0 and p-almost all x,y € M, where
B =2B+2.
Finally, we obtain (UEj..) by applying Lemma 3.5. The proof is complete. O
We finish this section by proving Theorem 1.4.

Proof of Theorem 1.4. Indeed, by Theorem 1.3, it suffices to show the following implications
(UE) = (DUE)+(CIB)+ (J<), (3.76)

(UEioc) = (DUE)+(CIB)+(J=0). (3.77)

However, we have that (cf. [21, Theorem 2.3])
(UE) © (DUE)+ (S) + (J2),
and that (cf. [19, Theorem 2.1])
(UEioc) = (DUE) +(S)

if (&, F) is conservative and condition (V<) holds. Using the fact that

1
J(x,y) = lin(} Zp,(x, y) for py-a.a. (x,y) € M x M \ diag,
-

we see that condition (UEj..) implies J = 0. (Alternatively J = 0 follows from [24, Theorem
3.4].) Thus, implications (3.76), (3.77) will follow if

(§) = (CIB),

which, however, has been proved in Lemma 2.2 in Section 2. O
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