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Abstract

In this paper we will find optimal lower bound for the first eigenvalue of the fourth order equation with
integrable potentials when the L! norm of potentials is known. We establish the minimization character-
ization for the first eigenvalue of the measure differential equation, which plays an important role in the
extremal problem of ordinary differential equation. The conclusion of this paper will illustrate a new and
very interesting phenomenon that the minimizing measures will no longer be located at the center of the
interval when the norm is large enough.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Given an integrable potential ¢ € £ := £'([0, 1], R), we consider eigenvalue problem of the
fourth order beam equation

YO0 +q@)y@) =1y, r€[0, 1], (1.1)
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with the Lidstone boundary condition
y(0)=y"(0)=0=y(1)=y"(1). (1.2)
It is well-known that problem (1.1), (1.2) has a sequence of (real) eigenvalues

r(g) <ra(g) < <Aim(g) <---,
satisfying limy,— 0 A (¢) = +00. See [3]. For constant potentials, one has
Am(@=mm)*+¢  VmeN, ceR. (1.3)

In this paper we are concerned with the first eigenvalues A1(g) and will give their optimal
lower bounds when the L! norms ||g||; = g1l L1 ([0,17) are known. To this end, we will solve the
following minimization problem

L(r) :=inf{A1(q) : q € B1[r]}. (1.4)

Here, for r € [0, +00),
Bilrl={q e £': gl <7}

is the ball of (£, || - ||1). Once minimization problem (1.4) is solved, one has the following lower
bound for A1 (g)

r(q)=Ldlglh)  VgeL, 1.5

which will be shown to be optimal in a certain sense.

Problems linking the coefficient of an operator to the sequence of its eigenvalues are among
the most fascinating of mathematical analysis. One of the reasons which make them so attractive
is that the solutions are involved of many different branches of mathematics. Moreover, they are
very simple to state and generally hard to solve. For both ordinary and partial differential opera-
tors, there have evolved a lot of results [1,5-7,9,14,19,23]. In recent years, the authors and their
collaborators have revealed some deep properties on the dependence of eigenvalues on potentials
and completely solved the extremal value problems for eigenvalues of the second order Sturm—
Liouville and p-Laplace operators with potentials varied in balls in £! space. See [11,18,22,24].
These extremal value problems cannot be solved directly by variational methods, because eigen-
values A, (q) are implicit functionals of potentials ¢, the space £' is infinite dimensional, and
the balls B;[r] with radius r in £! are non-compact non-smooth sets. Based on some topological
facts on Lebesgue spaces and strong continuity and Fréchet differentiability of eigenvalues in
potentials, the authors have used an analytical method to solve these extremal value problems in
two steps.

Step 1. Deal with the corresponding problems in L£P, p > 1, space by using the standard
variational methods, because those balls B,[r] in L? are smooth in usual topology and com-
pact in weak topology when p > 1. Obtained in this step are the critical equations, which are
autonomous Hamiltonian systems of 1-degree-of-freedom.
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Step 2. Employ limiting approaches p | 1 from the viewpoint of conservation laws to obtain
the limiting systems and extremal eigenvalues in £' balls.

Like the second order equation, it is desirable to develop analogous ideas to study the extremal
problem (1.4) for eigenvalues of the fourth order equation. However, how to use this analytical
method to solve the extremal problem of the fourth order equation is still open to the authors.
The difficulty is caused by the following two aspects. Firstly, the critical equations obtained in the
case are Hamiltonian systems of 2-degree-of-freedom. It is an open problem that whether these
critical equations are completely integrable. Secondly, as p | 1, it is unknown to the authors
that what the corresponding systems for these limiting solutions and eigenvalues are. For more
details, see [20]. Hence, in this paper we will adopt a different technique to study the extremal
problem for eigenvalues of the fourth order equation.

Since the L' balls B [r] lack compactness even in the weak topology of £!, we usually do not
know if minimization problem (1.4) can be attained by some potentials from Bj[r]. To overcome
this, different from the approach in [11,18], here we will extend the problem to the measure case.
More precisely, let w : [0, 1] — R be a measure. Firstly, we will explain what are solutions and
eigenvalues of the corresponding equation with a measure

dy® (1) 4+ y(1) du(r) = Ay(2) dr, r€[0,1]. (1.6)

Secondly, we will establish the minimization characterization for the first eigenvalue A1 (u) of the
fourth order measure differential equation (MDE) (1.6) with the corresponding Lidstone bound-
ary condition. See Theorem 3.2. Thirdly, as did in [12] for second order linear MDE, we will
show some strong continuous dependence results of solutions and the first eigenvalues of (1.6)
on measures u with the weak™ topology. See Theorem 2.9 and Theorem 3.4. Finally, we will find
the explicit optimal lower bound of the first eigenvalue of MDE (1.6) when the total variation of
measure 4 is known. See Lemma 4.2. Based on the relationship between minimization problem
of ODE and of MDE, we can obtain the main result of this paper as follows.

Theorem 1.1. Given r > 0, one has
L(r) =21(=réa,) = 21(—1d1-g,)- (L.7)
Here a, € (0, 1) satisfies

A1(=réq,) = min Aj(—ré,) = min Y,.(a) =Y, (as), (1.8)
ae(0,1) a<(0,1)

where §, and Y, are as in (2.7) and (4.14), respectively.

Let us pay special attention to the following phenomenon. In general, the results known for
the second order case do not necessarily hold for the corresponding fourth order problem. In
[11,18], the authors have solved the minimization problem of eigenvalues of the second order
equation. For the second order case, the critical measure of the Dirichlet eigenvalue is symmetric
with respect to 1/2, i.e.,

/ du(s) = / du(s) Vvt €0, 1]. (1.9)

[0,¢] [1—2,1]
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For the fourth order case, we will find in this paper that the critical measure is symmetric when
the fixed norm is small. However, when the norm is large enough, the critical measure is not
symmetric with respect to 1/2. See Remark 4.6.

This paper is organized as follows. In Section 2, we will recall basic facts on measures, the
Lebesgue—Stieltjes integral and the Riemann—Stieltjes integral. In Section 3, we will use the vari-
ational method to establish the basic theory for the first eigenvalue of the fourth order MDE. In
section 4, based on the minimization characterization of the first eigenvalues and the relationship
between minimization problem of ODE and of MDE, we will prove Theorem 1.1.

2. Measures and solutions of MDE

Let I =[O0, 1]. For a function w : I — R, the total variation of © (over 7) is defined as
n—1
Vi, I):= sup{ZLu(t,;H) —u@)]:0=tg<ti<---<th_1<t,=1, neNyg.
i=0
Let
MU R) :={p: 1 —R:uO+) 3, ut+)=pn)vte(0,1), V(u, I) < oo}

be the space of non-normalized R-valued measures of /. Here, for any ¢ € [0, 1), u(t+) :=
limg | ; 14 (s) is the right-limit. The space of (normalized) R-valued measures is

Mo(I,R) :={u e M(,R): u(0+) =0}. 2.1
For simplicity, we write V(u, I) as || |lv. By the Riesz representation theorem [8], (Mo(Z, R),
|- lv) is the same as the dual space of the Banach space (C(Z, R), || - ||co) of continuous R-valued

functions of I with the supremum norm || - ||oo. In fact, u € (Mo(I,R), || - |lv) defines u* €
(CUR), [+ loc)* by

W (f) = / FOdu),  VfeC(LR), 22)
1

which refers to the Riemann—Stieltjes integral, or the Lebesgue—Stieltjes integral [2]. Moreover,
one has

||M||V:V(M,1)=Sup{f1 fdu: feCU,R), |fllw= 1}-
Fort € (0, 1], let
n—1
V(u, (0,1]) :=sup Zlu(liﬂ)—ﬂ«(ti)l O<n<ti< - <th1<thy=t, n EN}.
i=0

It is known that for £ € Mo(I, R), V(u, I) = |n(0)| + V(u, (0, 1]). See, e.g., [13].
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Lemma 2.1. (/15]) Let v € My(1, R). Define

N Bl 11 (V] fort =0,
”(’)'_{V(v,(o,r]) fort € (0, 1]. 23)

Then v € My(I, R) satisfies |v|ly = V(1) — D(0) and

/ f)dv(s)| < / [ f(s)]db(s) YV feCl,R), [a,b]CI. 24)
la.b]

la,b]

For general theory of the Riemann—Stieltjes integral and Lebesgue—Stieltjes integral, see, e.g.,
[2].

Typical examples of measures are as follows.

eletl:1— R be £(t) =t. Then £ yields the Lebesgue measure of / and the Lebesgue
integral. More generally, any ¢ € £! (I, R) induces an absolutely continuous measure defined by

g (1) = / q(s)ds, tel. (2.5)
[0,7]

In this case, one has

lugliv="1Nqlli =llgliz1 Ry (2.6)
and
/f(t)duq(t)=/f(t)q(t)dt=/f(t)duq(t)
Iy Iy 17)

for any f € C(I,R) and subinterval Iy C I.
e For a = 0, the unit Dirac measure at t =0 is

—1 fort=0,
50(’)_{0 for 7 € (0, 1].

e For a € (0, 1], the unit Dirac measure at t = a is

0 fortel0,a),

8a(t) = { 1 fortela, 1]. @7

In the space My (1, R) of measures, one has the usual topology induced by the norm || - ||y.
Due to duality relation (2.2), one has also the following weak* topology w™*.

Definition 2.2. Let 1o, 1, € Mo(I,R), n € N. We say that u, is weakly* convergent to ug iff,
for each f € C(I,R), one has

lim /fdunz/fduo.
n—00
1 1
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We remark that in some literature, this topology is just called the weak topology for measures.
For example, as a |, 0, one has

/fda,Z:f(a)e f(0)=/fd80
1 1

for each f € C(I,R). Thus §, — 8¢ in (Mo(I,R), w*) asa | 0.
In general, a measure cannot be a limit of smooth measures in the norm | - ||v. However, in
the w* topology, the following conclusion holds.

Lemma 2.3. (/9]) Given po € Mo(I,R), there exists a sequence of measures {,} C
C®(I,R) N Moy, R) such that

Mn —> po in (Mo(I, R), w™).

Moreover, if g is increasing (decreasing) on I, then the sequence {ji,} above can be chosen
such that for each n € N, u, is increasing (deceasing) on I and ||y, |lv = || ollv-

Considering ¢ € £!(I,R) as a density, one has the measure or distribution given by (2.5).
Since [[ugllv = llqll1,

LYILR), |- 1) = (Mo(I,R), || - lv) is an isometric embedding. (2.8)
For r € [0, c0), denote
Bolr]l:={n e Mo(I,R) : lullv =r}.

Via (2.5), by the Holder inequality and the isometrical embedding (2.8), one has the following
result on these balls.

Lemma 2.4. Let v > 0. The following inclusion is proper
Bi[r] C Bo[r].
As for the compactness of these balls in weak™ topology, we have the following result.
Lemma 2.5. (/8]) Let r > 0. Then By[r] C (Mo(I, R), w*) is sequentially compact.

Given a measure u € Mg := Mo(I,R), we will write the fourth order linear MDE with the
measure [ as

dy® (@) + y(r) du(t) =0, r€l0,1]. (2.9)

Definition 2.6. A function y : I — R is called a solution to the equation (2.9) on the interval [ if
e yeC(I,R), and
e there exist (o, y1, 2, y3) € R* and functions y(, y® y® : [0, 1] = R such that the fol-
lowing are satisfied
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y(®) =yo+ / yPs)ds,  refo,1], (2.10)
[0.11

Y@ =y + / Y (s)ds,  relo, 1], @.11)
(0.1]

YA =y + / Yy (s)ds,  refo,1], 2.12)
[0.11

35y — Y3, t=0, e

e {y3—f[0,l]y(s)du(s), te(0,1]. (2.13)

The initial condition of MDE (2.9) can be written as
00, yP(0), y?(0), y¥0)) = (vo. y1, y2. 3)- (2.14)

Since we have assumed that y € C :=C([0, 1], R), the right-hand sides of (2.10), (2.11), (2.12)
are the Lebesgue integral and (2.13) Lebesgue—Stieltjes integral respectively.

Because solutions of (2.9)—(2.14) are defined via fixed point equations, there are many meth-
ods to prove the existence and uniqueness of solutions. For example, one can find a proof from

[4,16,17] based on the Kurzweil-Stieltjes integral, which applies also to the first order linear
MDE.

Lemma 2.7. For each (o, y1, y2, y3) € R, problem (2.9)~(2.14) has the unique solution y(t)
defined on [0, 1].

For p € [1, o], let LP := LP([0, 1], R) be the Lebesgue space of real-valued functions with
the L? norm || - || ,. For n e N, let W7 := W™ ([0, 1], R) and

Wy P =Wyl (10,11, R) = {y e W™ : y(0) = y(1) =0}
be the usual Sobolev spaces with the norm || - [yymr. For p =2, W2 and Wg 2 are denoted
simply by H" and Hj, respectively, with the norm || - ||3».
By the properties of Lebesgue integral and Lebesgue—Stieltjes integral, some regularity results

for solutions y(¢) are as follows.

Corollary 2.8. Let y(1) be the solution of (2.9). Then y € H> and y® € M := M([0, 1], R).
Hence,

YWy =y@ec :=c'(0,1,R),  yP@)=y"t) e AC:=AC(0,1],R),
and y® (1) = y"'(t) a.e. t € [0, 1]. Here ' denotes the derivative with respect to t.

We use y(¢, yo, ¥1, ¥2, ¥3) to denote the unique solution of (2.9)-(2.14). Let

p1(1) :=y(,1,0,0,0), $2(1) :=y(z,0,1,0,0),
(P3(t)=)’(t10,071,0)7 ¢4(t) ZY(ts(),O,O,]),



3156 G. Meng, P. Yan / J. Differential Equations 261 (2016) 3149-3168

called the fundamental solutions of (2.9). By the linearity of (2.9) and the uniqueness of solution,
one has that, for ¢t € [0, 1],

e1(t) @) e3(t)  @a(t)

y(, y0, Y1, Y2, ¥3) Yo
1 1 1 1
YO yo, i, y2,33) | _ OGRS RGN N I
)’g;(l‘,yo,)’hyz,%) 0?0 WP oP 0 WP || 2
(, Y0, Y1, ¥2, ¥3) 3 3 3 3 3
YOI Y oP0 o0 P P
0
Y1
=:N,(t
w®) 2
¥3

In [12,21], the authors have obtained the continuity of solutions in measures for the second
order linear MDE. For the fourth order linear MDE, we can argue in a similar way to prove the
following conclusion.

Theorem 2.9. Let y(t, 1) be the solution of (2.9)-(2.14). Then the following solution mappings
are continuous

Mo, w*) = C.ll - lloo). = y(ap), (2.15)
Mo, w*) = C.ll - lloo). =y P, (2.16)
Mo, w") = C.ll lloo). = YD), (2.17)

Mo, w*) > M, w*),  u—yV . (2.18)

By Corollary 2.8, we have the following corollary.

Corollary 2.10. The following solution mapping

(Mo, w) = (I llgp)s = y(o ), (2.19)
is continuous, where C? := CZ([O, 1], R).
3. The first eigenvalue of MDE

We consider eigenvalue problem of the fourth order equation (1.6) with the Lidstone boundary
condition (1.2).

Definition 3.1. Given u € My, we say that A € R is an eigenvalue of the Lidstone problem (1.6),
(1.2), if MDE (1.6) with such a parameter A has non-zero solutions y(¢) satisfying (1.2). The
corresponding solutions y(#) are called eigenfunctions associated with A.

Besides the Sobolev spaces ’H% and 7—[(3), let us introduce

Ho:={y e H? @ y satisfies (1.2)} = {y € H* : y(0) = y(1) = y"(0) = y" (1) = 0}.

One has the proper inclusions ’Hgo C ’H,g C ’H,%.
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It remains open to us what is the complete structure of eigenvalues of problem (1.6), (1.2).
Let us introduce the Rayleigh form for problem (1.6)

f[o’l](u”)2 dr + fo.1; uZdu(r)
f[o’” u?dt

R(u) = R, (u) := for u € H3\{0}. (3.1)

It is a standard result that any (possible) eigenvalue A € R of problem (1.6), (1.2) with eigenfunc-
tion u € 7—[(3)0 must satisfy

R@u)=A. (3.2)

In the following theorem, we show that problem (1.6), (1.2) does admit the smallest (first)
eigenvalue. In fact, we have the minimization characterizations of the first eigenvalue using R (u).

Theorem 3.2. Given u € My, problem (1.6), (1.2) admits a first (smallest) eigenvalue Ay(u),
which has the following minimization characterizations

AM(uw)= min R(m)= min Rm)= min R(u). (3.3)
ueH3\{0} ueH\{0} ueH3\{0}

Proof. Letu € "H,(z) be non-zero. We have

2
2 < | [ whar| < / Wl dt
[0,1] [0,1]
:uu’|(l)—/uu”dt§ / luu”| dt
[0,1] [0,1]
< lull2llu" |2,
ie.,
" |2 > llullZ/llull2. (3.4)
Since
2
2 ) leelivilulla ~/2lul%
urdp(t) > —llplvilulid, = — :
/ % V2 llull2
[0,1]
1 2 u 2 2 u 4
- el lully | 21 ”;" 7 35
2 2 lJull3

we have from (3.4) and (3.5)
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4 2 u 2 2 4
/(u//)de_ / () > e llulls Il eIl I ||2+ ||M||;o
lull3 2 2 llull

[0,1] [0,1]
IS 13
R
Thus
2
R(u) > —% YO0 # u € H3.
Due to (3.6),
A= inf R(u)> —oo.
ueH\ {0}

Take a sequence {u,} C 'H% such that

”un”oozl and llm R(Mn):)\,l
n—+00
Then

/ )*dr = R(uy) f ulde — / u? dp(r) < |R(un)| + lellv

[0, [0,1] [0,1]

(3.6)

3.7

(3.8)

is bounded. See (3.8). Combining with the assumption ||u,|lcc = 1, it is easy to see that {u,} C
"H% is bounded. As 7—[(2) is a Hilbert space and is compactly embedded into C!, there exists a

non-zero ug € 7{(2) such that
Up — ug in (H3, w) and u,, — ug in (C', || - |o1),
going to a subsequence if necessary. Thus

1/2

/ (ug)?dr = im f ugu”dt<hm+mf / (uf)? dt f (u'H?dr

[0,1] [0,1] [0,1]
This implies that
/ (ug)?dr < liminf / ()2 dt.
n——+00
[0,1] [0,1]

Hence
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liminf,_ oo f[o’l](u;{)zdt + f[o’l]u(z)d,u(t)

R(up) <

2
f[o,l]“odf
2 2
i ing 000”47+ Jio 1y 4 A ()
n—+o00 f[o’”u% dr

= liminf R(u,) = A.

n——+00

Combining with (3.7), one has

R(wg)=A1 = min R(u). (3.9
ueH2\(0}

Take any
¢ €C:={¢p € C(0, 1) : suppp C (0, D)}

Then ug + s¢ € ’H%\{O} for all s € R with |s| small enough.
As a function of s, it follows from (3.9) that R(ug + s¢) takes a minimum at s = 0. Thus

dR(ug + s¢)
ds

0=

s=0

2 2 1"
= [ @a| [ wgera+ [ wpdu
2
(oo uddr) \hy (0.1 (0.1

f(u Y2 dr + / ud dpu(r) /uo¢dt)
[0,1] [0,1]

2

= upy ”dt—i—/u du(t) — A /u dr |. 3.10
f[o’”u(z)dt / 0® 0 du(t) — A1 09 (3.10)

[0,1] [0,1] [0,1]

Here (3.9) is used and the derivative is found using definition (3.1) for R(u). By introducing the
measure [ : [0, 1] > R

a) == () — rt, tel0,1],

equation (3.10) is

/u{)’(r)¢>”(r)dt+ / uog(M () di) =0 Vo € C°. (3.11)

[0,1] [0,1]
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3 o
Since ¢ € CZ°, one has

¢(t)=/ /qb”(t)dt ds = /(t—s)d)”(s)ds.

[0, \[O,s] [0,1]

Then

fuo(t)d)(t)dﬁ(t):/ f(t—S)uo(t)¢"(S)dS da(r)
[0,1]

[0,1] [0,2]
_ / (t — )uo(®) dAG) | ¢ (s)ds
[0,1] (s,1]
- / (s — Nuo(s) di(s) | ¢ dr.
[0,1] (t,1]

Substituting into (3.11), we obtain

/ uf)’(t)+[(s—t)uo(5)dﬂ(8) ¢"(Hdr=0

[0,1] (t,1]
for all ¢ € C2°. Hence uo(t) satisfies
ug(t) + / (s — Dug(s)di(s) =ct +¢ ae.te€[0,1],
1]

where ¢, ¢ are some constants. Note that

/ /uo(s)dﬁ(s) dr = /(t—s)uo(s)dﬂ(s)
0,7]

(0,21 \[0,7] (0,

= /(S—t)uo(S)d/l(S)vL /(t—S)uo(S)d/l(S)

(t,1] [0,1]

= /(s—t)uo(S)d/l(S)+61t+51,
1]

(3.12)



G. Meng, P. Yan / J. Differential Equations 261 (2016) 3149-3168 3161

where ¢; and ¢| are constants. Hence equation (3.12) can be rewritten as

ug(t) + f / uo(s)di(s) | dt =cot + ¢ ae.t€]0,1], (3.13)
[0,11 \[0,7]

where ¢, = ¢ — ¢ and ¢; = ¢ — ¢;. By the properties of Lebesgue integral and Lebesgue—Stieltjes
integral, one knows from (3.13) that uj(¢) is absolutely continuous and satisfies

ug/(t) + / ug(s)du(s) — rq f up(s)yds =c; ae.t€[0,1]. 3.14)
[0,] [0,¢]

Equation (3.14) implies that ug € H> and therefore ug € ’HS. With the explanation to so-
lutions of MDE, (3.14) shows that uy(#) is a non-zero solution of the MDE (1.6) with the
choice A = A1. Moreover, it is standard to verify that uo(¢) also satisfies the boundary condi-
tion u(0) = ug(1) =0 (see [3, p. 208]). Thus ug € 7—[80 and A; is necessarily an eigenvalue
of problem (1.6), (1.2) with the eigenfunction u(. Because of (3.9) and the fact that ug € 7-[(3)0,
A1 = A1 () which is characterized as in (3.3). Finally, due to result (3.2) for general eigenvalues,
we know that A1 () must be the smallest eigenvalue of problem (1.6), (1.2). O

Let us introduce the following ordering for measures. We say that measures po > w1 if

/ f@)dua(r) > / f@dui(r)  forall feCyp:={feC:f()=0,1€[0,1]}.
[0,1] [0,1]
As a consequence of (3.3) in Theorem 3.2, we can obtain the following result.
Corollary 3.3. Let 11, up € My. Then
M2 = 1 = Ar(u2) = A(pn).

Now the continuity of the first eigenvalue in measures with the weak™ topology can be proved
by the same arguments as those in [10].

Theorem 3.4. As a nonlinear functional, A1 (i) is continuous in 1 € (Mo, w™).
4. The optimal lower bound of the first eigenvalue

Let us explicitly find the first eigenvalues for Dirac measures —ré,, where a € (0, 1) and
r > 0. To this end, we need to solve the following equation

dy® (1) — ry(t) A8, (t) = Ay (1) dr, tel0,1]. 4.1)

From the explanation to solutions of MDE, one knows that solutions y(¢) of (4.1) satisfies the
classical ODE

y (1) =y (1) (4.2)
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for ¢ on the intervals [0, a) and (a, 1]. At t = a, one has the following relations

{y/(/a+)=y(c/§—), Yia+) =y'(a-), 43)
yia+)=y'(a—), y"(a+)=y"(a—=)+ryla—),
or,
yla+) y(a—) 1 000
S IO ) R | B I
" (a+) y"(a—) r 0 0 1
From the first two conditions of (1.2), let us consider the initial value
(3(0), y'(0), y"(0), y"'(0)) = (0,¢,0,8) # 0
at t = 0. From ODE (4.2) on [0, a), we obtain
y(t) = c1 sinwt + ¢3 sinh wt, t€[0,a), 4.5)
for some (cq, ¢3) # 0. Here,
J >
| i ee maZe

By (4.3), we have

y(a+) =zg :=c1 sinwa + c; sinhwa,
y'(a+) =z1 := cjwcoswa + cowcoshwa,
y'(a+) = 22 := —c10? sinwa + c20” sinhwa,

y"(a+) =z3:=c) (—a)3 coswa + r sin a)a) + e (a)3 coshwa + r sinh a)a) .

By using this as the initial value at t = a, we obtain from ODE (4.2) that

20— 3 ia_ =
y(t) = 2‘” cosw(t —a) + Z—2sinw(t —a)
22 21 <3
T PR

coshw(t —a) + sinhw (t — a)

=cysinwacosw(t — a)

c1 sinwa + c¢» sinh wa
203

+ <c1 coswa —r >sina)(t—a)

~+ ¢ sinhwa coshw (t — a)

c1 sinwa + ¢ sinh wa
203

+ <cz coshwa +r > sinhw(t — a)
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= ¢y sinwt + ¢ sinh wt
c1 sinwa + ¢3 sinhwa
;
23

(sinhw(t —a) —sinw(t — a)) 4.7)

for t € (a, 1]. Now the last two conditions y(1) = y”(1) = 0 of (1.2) are the following linear
system for (c1, ¢2)

sinhw(l—a)—sinw(1—a)

503 (c1sinwa + ¢ sinhwa) =0,
« 4.8)

w?* (—c; sinw + ¢z sinhw) + r Smh"’(l*"%zsmw(lf") (c1 sinwa + ¢; sinhwa) = 0.

cisinw + ¢y sinhw + r

In order that system (4.8) has non-zero solutions (c1, ¢2), the corresponding determinant of (4.8)
is necessarily zero. This yields the following equation

G, a)=r, 4.9)

where G : (—oo0, 74] x (0, 1) — [0, +00) is defined as

23 sinh w sin @
Sn(@a) Sn(@(1=a)) sinb &—sinh(wa) Smh@(1—aysnew 1o A # 0.

3 —
m for A =0.

G(h,a):= (4.10)

Then, by the existence of the first eigenvalue, we conclude
AM(=rég) =min{A e R: G(A,a) —r =0}.
It is easy to check that G (%, a) is a well-defined real function of (A, a) € (—oo, 4] x (0, 1)
with G(r*, a) =0 and G(A,a) = G(x, 1 — a). Moreover, the following properties of G (X, a)
can be proved.

Lemma 4.1. Let G(A, a) be defined as in (4.10). One has

(i) When a € (0, 1) is fixed, G(A, a) is decreasing in A € (—o0, 7).
(ii) When A € (—oo, w*] is fixed, there exists ay, € (0, 1) such that

G(A,a;) = min G(A,a),
ae(0,1)

and E(\,a;) =0, where E : (—o0, 7% x (0, 1) > R is defined as
E(\, a) =sin(w(l —2a))sinhw — sinh (w (1 — 2a)) sinw. 4.11)
(iii)) When ) € [Aq, 714] is fixed, one has a) = 1/2, i.e.,

G(x,1/2)= min G(A,a). (4.12)
ae(0,1)

Here A1 (~ —950.8843) is the unique root of H(A) =0 with

H: [—(371/«/5)4, 0) — R, A — H(\) = w(sinw — sinhw). 4.13)
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Proof. Since these results are concerned with elementary functions, we only give the basic ideas
of the proof of this lemma.
(1) When a € (0, 1) is fixed, one can check that

d
—G(h,a) <0, VA € (—o0, 7.
oA
(ii) Since
lim G(A,a) = lim G(A,a) =400
a—0 a—1

there exists a;, € (0, 1) such that

GO a) = min G(,a),
ae(0,1)

which is equivalent to

1 1
—— = Imnax .
G(,ay) ac01) G(A,a)

Thus one has

] 1 sin(a)(l —2ay)) sinhw — sinh (w (1 — 2ay)) sinw

’

~ da G(h, a) a=a; 2w? sinh w sinw

which implies E(X, a;) = 0.
(iii) When A € [A 1, 7*] is fixed, one has

3—2i(x,a) _sinwcosh (w(1 —2a)) — sinhwcos (w(1 — 2a)) <0 Vae(@1/2.
9%a G wsinw sinh @
and
d 1
—_—— =0.
da G(A,a) |4=1)»
Hence
9 ! >0 Va € (0,1/2]
= a i ,
da G(h,a) —

which means that G(,\ D is increasing and then G (X, a) is decreasing in a € (0, 1/2]. Thus (4.12)
follows from G(A,a) =G(A,1 —a). O

By Lemma 4.1, one has that for fixed a € (0, 1), » > 0,

A (=rda) =Y (a).
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Here Y, : (0, 1) — (—o0, ] is defined as
Y (a) = Aq4, (4.14)
where A, € (—00, 4] is the unique root of
G(y,a) —r=0.

Now, we are ready to find the explicit optimal lower bounds of the first eigenvalues of MDE
and the relationship between minimization problem of ODE and of MDE.
Firstly, we study the following minimization problem

L(r) :=inf{A1 (1) : st € Bo[r]} =min{A; () : pu € Bolrl}, (4.15)
because By[r] is sequentially compact in (Mg, w*). See Theorem 3.4.
Lemma 4.2. Given r > 0, one has
L) = 11(=r8a) = Mi(=r81-a,),
where a, € (0, 1) satisfies (1.8).

Proof. Given u € By[r], we take an eigenfunction y(¢) associated with A;(u) which satisfies
the normalization condition | y|l2 = 1. There exists a € (0, 1) such that

[Vlloo = max |y(n)] = |y(a)l.
t€(0,1]
‘We have that

rM(p) = /(y”)zdt+ / y2du(r)
[0,1] [0,1]

- f O de— vy,
[0,1]

> / "2 dr — ryXa)

[0,1]

= / ("2 dr + / y2d(—r8,(1))

[0,1] [0,1]
> *i(=réa). (4.16)

Here the last inequality in (4.16) follows from characterization (3.3) for Aj(—rd,) since
lyll2 = 1. Hence

L(r)= inf A(=r8,).
ae(0,1)

By Lemma 4.1 and the definition of Y, in (4.14), there exists a, € (0, 1) satisfying (1.8). O
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Secondly, we can obtain the relationship between minimization problem of ODE and of MDE
as follows.

Lemma 4.3. Given r > 0, one has that
L(r) =L(r). 4.17)

Proof. Given g € By[r], the measure u, € My is defined as (2.5). By (2.8), we have that u, €
By[r] is absolutely continuous with respect to the Lebesgue measure.
So for any g € Bi[r],

L(r) < A(1tg) = 2(q),
which implies that
L(r) <L(r). (4.18)

On the other hand, there exists & € By[r] such that A{(ft) = I:(r). By the property of measures
in Lemma 2.1 and the monotonicity of A;(u) in Corollary 3.3, without loss of generality, we
can assume that g = —/i is decreasing. By Lemma 2.3, there exists a sequence of measures
{ix,} € C® N My such that

dit, (1)
dr
litnllv = llgnlli = llllv <,

= én(t),

An — @ in (Mg, w*).

Therefore, by Theorem 3.4, we have

L(r) = () = Jm A (i) = lim A1(gp) = lim L(r) =L({r). (4.19)
Now (4.18) and (4.19) imply that L(r) = I:(r). O
The proof of Theorem 1.1. By Lemma 4.2 and Lemma 4.3, the conclusion holds directly. O
Remark 4.4. To compute L(r), it suffices to solve the following optimization problem

min f(A,a) =X
subject to the constraints
G,a) —r=0, O0<a<1/2,

where G(\, a) as in (4.10).

In Fig. 1, we have plotted L(r) as functions of r.
By Lemma 4.1 (iii), we have the following conclusion.
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Fig. 1. Function L(r) of r.
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Fig. 2. Function a4 (r) of r.

Corollary 4.5. If 0 <r < G(A1, 1/2) (= 458.4163), then

ax = ax(r) = 1/2 and L(r) = A1 (—r812) € [A1, 7*].

Remark 4.6. In Fig. 2, we have plotted a, € (0, 1/2] as functions of r. One can see that a, < 1/2
when r > G(A1, 1/2). This means that if r is large enough, then the minimal measures are not
symmetric with respect to t = 1/2, which is different from the case of the second order equation
(see [11,18]).
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