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Entanglement classification and invariant-based entanglement measures
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‘We propose a method of classifying n-qubit states into stochastic local operations and classical communication
inequivalent families in terms of the rank of the square matrix C(ia,)®*C”, where C is the rectangular coefficient
matrix of the state and o, is the Pauli operator. The rank of the square matrix C(io,)®*C” is capable of
distinguishing between n-qubit Greenberger-Horne-Zeilinger and W states. The determinant of the matrix gives
rise to a family of polynomial invariants for n qubits which include as special cases well-known polynomial
invariants in the literature. In addition, explicit expressions can be given for these polynomial invariants and this
allows us to investigate the properties of entanglement measures built upon the absolute values of polynomial

invariants for product states.

DOI: 10.1103/PhysRevA.00.002300

I. INTRODUCTION

Quantum entanglement is an essential resource in quantum
teleportation, quantum cryptography, and quantum compu-
tation [1]. A crucial task in entanglement theory is the
classification of entanglement. To classify entangled states,
some equivalence relation has to be introduced. Of particular
importance is the equivalence under stochastic local operations
and classical communication (SLOCC). If two states are
SLOCC equivalent then they can perform the same tasks
in quantum information theory [2]. As equivalence under
SLOCC induces a natural partition of quantum states, the key
point of SLOCC classification is to classify quantum states
according to a criterion that is invariant under SLOCC. While
entanglement classification of two and three qubits is well
understood, the task of classifying entanglement beyond three
qubits becomes increasingly difficult. For four or more qubits,
there exists an infinite number of inequivalent SLOCC classes.
It is highly desirable to partition the infinite SLOCC classes
into a finite number of families such that states belonging to
the same family possess similar properties, according to some
criteria for determining to which family a given state belongs.
Considerable efforts have been undertaken over the last decade
for SLOCC entanglement classification of four-qubit states,
resulting in a finite number of families or classes [3—10]. For
more than four qubits, a few attempts have been made for
SLOCC classification [11-16]. Despite these efforts, a SLOCC
classification for general n-qubit states which results in a finite
number of families with Greenberger-Horne-Zeilinger (GHZ)
and W states belonging to different families is still beyond
reach.

This paper is organized as follows. We first construct a
matrix for an n -qubit state and we show that the rank of
the matrix is preserved under SLOCC. The rank provides
a simple way of classifying n-qubit states into a number of
SLOCC-inequivalent families. We then exemplify the use of
the rank in distinguishing n-qubit GHZ and W states as well
as some four-, five-, and six-qubit states. The determinant
of the matrix gives rise to a polynomial invariant of degree
2% (k < n/2 4 1) for n qubits and this construction allows
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one to derive the expressions for these polynomial invariants
explicitly. Intriguingly, the even n-qubit concurrence, the
even n-tangle, the odd n-tangle, and polynomial invariants
of degree 2"/? for even n qubits all turn out to be special cases
of polynomial invariants of degree 2X. We also discuss the
properties of entanglement measures built upon the polynomial
invariants of degree 2* for product states.

II. THE INVARIANCE OF THE RANK

We follow the notation of [14]. Let [¢//) = 3" t_,' ax|k) be

.....

2! x 2" coefficient matrix of the state |'), whose entries
are the coefficients ag,ay, ... ,a_; of the state |1/’) arranged
in ascending lexicographical order. Here the bits 1 to i and
i +1 to n are referred to as the row bits and column bits,
respectively. In particular, when i = 0, Cé")(h/f’)) reduces to

the row vector (ao, . .

reduces to the column vector (ay, . . . ,ax_;)T . Note that qubits
q1,92, - - -,q; can also be chosen as row bits.

Recall that two n-qubit states |¢) and |¢') are SLOCC
equivalent if and only if there are local invertible operators
Ai, Ay, ..., and A, such that [2]

W) =40 4L - &Alp). (H

,q; are chosen as row bits, the coeffi-
(1Y) satisfies the following

When qubits g1,4>, ...

cient 2 x 2"~ matrix C{",

matrix equation [13,14]:

c )
= (Aq] R-® Aqi)c(n)

q1:425--s

SN A, ® @A),
o)

Taking the transpose of both sides of Eq. (2) and after some
algebra, we obtain

Corna (WNUEO[CR (D]
= (Ag, ® - @ ANCY,, (1Y)

©2015 American Physical Society
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X (Al vAg,, © -
LN (A ® -

(n)
[Clh q2y-ees

where v = +/—10, and o,is the Pauli operator.

We let

(n)
qu q2s-ees

® Aan UAq")

®A)",  ©)

(¥
=Ccm (|¢’))U®(Yl l)[c(n)

q1,92;---,9i 41,925

T
SN @
It is clear that SZEI’I) o...q: (1Y) is a square matrix of order 2/ for

n qubits. Invoking the fact that AY v.A; =
rewrite Eq. (3) as

QY ()

= (HZ—i-H det AQk)(A’ﬂ - Q® Aqi)
x QW (UNAL ® @ AN (9)

q1:92;-
In the following, we will omit the state |’) and simply
write Q" whenever the state is clear from the context.
It immediately follows from Eq. (5) that the rank of the square
matrix Q" of an n-qubit state is invariant under SLOCC.
This leads to the following theorem.

Theorem. If two n-qubit states are SLOCC equivalent then
their square matrices Qf;f) ... 2iven above have the same
rank.

Restated in the contrapositive the theorem reads: If two
square matrices QEI”) ....q associated with two n-qubit states
differ in their ranks, then the two states belong necessarily to

different SLOCC classes.

(det A;)v, we may

III. APPLICATIONS TO SLOCC CLASSIFICATION

A. Classification of four-qubit states

Verstraete et al. partitioned four-qubit states into nine
SLOCC-inequivalent families, two of which are L., and
Ly, [3]. Later, it was pointed out that L, is equivalent
to the subfamily Lgpc,(a = c¢) of L., obtained by setting
a=c [6]. In [13], we showed that L., (a =b=0) is
inequivalent to Lgp.,(a = ¢) using the rank of coefficient
matrices. Alternatively, Sharma et al. proved that L., (a = ¢)
and L, are not SLOCC equivalent using negativity fonts [17].
Here by elaborating further on the relationship between L,
and Lgp,(a = c¢), we show by using the rank of the square
matrix that, when a # 0, L, is contained in L p,,. In Table I
we list the rank of 9(14; for Lup, and Lype,(a = ¢).

It follows from Table I that, whena = 0, L, and Lpe,(a =
c¢) are inequivalent to each other. Furthermore, L;,(a = 0)
and L, (a # 0) are inequivalent to each other. Likewise,
Lape,(a =c=0) and Lgp,(a = ¢ # 0) are inequivalent to

TABLE L. The rank of Q") for L, and L., (a = c).

a=0 a=0 a#0 a#0

b=0 b#0 b=0 b#0
Lp, 1 2 3 4
Lape,(a =) 0 1 3 4

PHYSICAL REVIEW A 00, 002300 (2015)

TABLEII. SLOCC classification of some five-qubit and six-qubit
states.

Five-qubit Rank of Rankof Six-qubit Rankof Rank of
state Q(]S) 9(35) state Q(]ﬁ)z Q(,G)” 4
[W2) 2 2 |E») 2 2
(W) 0 0 |E4) 0 2
|Ws) 0 1 |Es) 0 3
[We) 1 1 |E6) 1 3
|E7) 2 3

each other. It turns out that, when a # 0, Ly, and Ly, (a = ¢)
are equivalent to each other. This can be seen as follows. A
tedious calculation shows that, when a # 0, L,.,(a = ¢) and
L 4, satisfy the following equation:

AT A Q@ A3 ® Ay L (6)

where A;, A,, Az, and Ay are invertible local operators given

by
L 0 0 1
A= [2" 1 , A= ( > ,
< 0 N —+/2a 0

Labcz (@a=c¢)= absy»

A3=<:;/j_§ 22;)’ A= (\}E «/0§a>.

Therefore, whena = 0, L, and L,p,(a = c¢) are inequivalent
to each other, whereas when a # 0, L,p, and Lgpe,(a = c) are
equivalent to each other. In particular, when a # 0, we have
SLOCC equivalence between L,p, and Lgp.,(a = ¢) for the
following cases: (i) a = b; (il) a = —b; (i) b = 3a; (iv) b =
—3a; (v) b =0; (vi)ab #0and a # +b and b # + — 3a.

B. Classification of some five-qubit and six-qubit states

We list in Table II the rank of Q) for the five-qubit
states and six-qubit states 1ntr0duced in [18]. Consulting
the table, the five-qubit states |W;), |Wy), |Ws), and |We)
are inequivalent to one another under SLOCC and they can
be distinguished via the rank of Q(ls) and 9(35). Similarly,
the six-qubit states |Ej), |E4), |Es), |E¢), and |Ey) are
inequivalent to one another under SLOCC and they can be

distinguished via the rank of 9(16)2 and 9(16)23 4

C. Classification of n-qubit states

We exemplify the classification with n-qubit GHZ and W
states. We find that Q(I”) has rank 2 for n-qubit GHZ states,
rank 1 for 3-qubit W states, and rank O for n-qubit W states
for n > 4. Hence n-qubit GHZ states can be distinguished
from n-qubit W states under SLOCC via the rank of Q(l ). In
addition, one may also distinguish cluster states from GHZ
(W) states using the ranks of QU . For example, the
cluster state of four qubits can be readlly dlstlngulshed from
a four-qubit GHZ (four-qubit W) state using the ranks of 9(14)
and 9(14)2

More generally, let o denote the sequence qi,q2,...,q;
and F? be the set of n-qubit states with the rank of Qfﬁ) »

being equal to r. Thus, n-qubit states are partitioned into 2 + 1
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TABLE III. The polynomial invariant | det QE)")| of degree 2.

Qubits Expressions Polynomial invariants
n=2 | det Qz,,z)l Concurrence [29]
even n | det Qf,,")l n-qubit concurrence [28,30]
odd n | det Q4] =0

*Note that for odd n, |det Qfﬂ")| = 0. This reveals that no such
nontrivial polynomial invariant of degree 2 exists for odd-n qubits.

SLOCC-inequivalent families by the theorem above, i.e., F,
F7, ... and Fz",

IV. POLYNOMIAL INVARIANTS OF DEGREE 2*

Several approaches have been proposed to construct poly-
nomial invariants [19-23]. However, the computational com-
plexity grows very rapidly as the number of qubits increases
(e.g., some methods are not readily generalized to more
complicated Hilbert spaces). Accordingly, the expressions of
polynomial invariants have thus far been given only up to five
qubits. Recently, a few attempts have been made to construct
polynomial invariants with explicit expressions [24-28].

Corollary 1. Let |) and |[¢') be two SLOCC-equivalent
states of n qubits, then the following equation holds for 0 <
i <n:

det 2, (1Y)
=det Q™ (y)(IT, det A)” %

Proof. Taking the determinant of both sides of Eq. (5) yields
the desired result. |

As an immediate consequence of Corollary 1, det Q%
is a polynomial invariant of degree 2/*!, where 0 < i < n/2.
Otherwise, 0V is not full rank.

Polynomial invariants constructed above include as special
cases several well-known polynomial invariants in the litera-
ture. Below are some examples.

Example 1. Set i = 0. Then |det | is a polynomial
invariant of degree 2. See Table III.

Example 2. We set i = 1. Then det Q(,") is a polynomial
invariant of degree 4. In particular, 4| det 9(13) | is equal to the 3-

tangle [25,31]. Furthermore, 4| det Q(I") | is a natural extension
of the 3-tangle to general n qubits. See Table I'V.

We remark that for n even, det Q(ln) (i.e., even n-tangle) is
invariant under permutations [33]. For n odd, we may choose
qubit j, j = 1, ...,n, as the row bit for the coefficient matrix

TABLE IV. The polynomial invariant det Q(l") of degree 4.

Qubits Expressions Polynomial invariants
n=3 4| det 2| 3-tangle [25,31]
even n 4‘ det Q(I") | even n-tangle [32]
odd n 4| det 2" o0dd n-tangle [25]

PHYSICAL REVIEW A 00, 002300 (2015)

C;."). This yields n polynomial invariants det Q;") of degree 4
for odd n (=5) qubits (for five qubits, see [23]) [25,33,34].

We emphasize that these n polynomial invariants det Q;")
of degree 4 for any odd n > 5 qubits are linearly independent
(this is particularly true for five qubits [23]). This can be proved
by resorting to the following properties of det Q;") for n-odd
qubits [34]:

(1) (i, j) det Q;") = det Ql(."), where (i, j) is the transposition
of qubits i and j.

(2) det Q(") is invariant under any permutation of qubits not
involving qublt J.

Example 3. Let n be even and i = n/2. Then C}"), oy isa
square matrix. In view of Eqgs. (4) and (7), we have

det C{", (1Y)

= det C{"), », (1¥)(IT}_, det Ay)

2(n1-2)/2

®)

As an immediate consequence, det C Y'.),(n 2 is a determinant

invariant of degree 2"/2 and we recover the result in [26] (in
particular we recover the polynomial invariants of degree 4 for
four qubits given in [19]).

In light of Eq. (7), we may determine whether two n-qubit
states are inequivalent to each other under SLOCC via the
vanishing or not of their associated polynomial invariants
det Q(") ,,,, . More precisely, we have the following result.

Corollary 2. For any two SLOCC-equivalent pure states
|¥) and |v/') of n qubits, either both det Q™ (ly)) and

41,9254
detQ( . (ly)) vanish or neither vanishes. In other words,

if one of det Qﬁi’f’ it (1)) and det Q0 () vanishes
while the other does not, then the two states |1//) and |y') are
SLOCC inequivalent.

For example, the n-qubit GHZ and W states can also be
distinguished under SLOCC as det Qg’) = 0 for the W state

and det Q. # 0 for the GHZ state.

V. INVARIANT-BASED ENTANGLEMENT MEASURES

The explicit expressions of these polynomial invariants
det QU make it possible for us to investigate the

q1:925---,qi
properties of det Q(”) . We next explore the properties

of |detQy | by use of the product state [y)y.., =
D) jje ® |‘p>1e+1 .j.» Where |@);..;, is a state of £ qubits,
Jis.--,Jje, and |<p)j/+] .j, 18 a state of the remaining (n — £)
qubits, joiq, ... ¢ V) 1n) be the coefficient
matrix associatedw1ththe state]'{/})l n,whereqy, ...andg; are
chosen as row bits. We let C(e)____y (|9) j,...j,) be the 2° x 20=s
coefficient matrix associated with the £- -qubit state |@) ...,
Here {q{,....q)} =1{q1,....qi} N {ji,...,j¢} are the row

bits. We let c<" 6 L (9)ji.1-5,) be the 27 x 2"~ coefficient

,,,,, Jex1Jn

matrix assocmted W1th the (n — £)-qubit state |p) Here

Jes1n

{g1,....9} =1{qi1, .. ..qi} N {jes1, ..., jn} are the row bits.
Note that s + t = i. From [14], we have
Cor' g (19D 1o ® 10D 1)
=Cy (8- ® Co 0 (19 i) )

002300-3
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Using the notation of Eq. (4), a simple calculation yields

,,,,,

28

(10)

Clearly, the absolute value of the SLOCC polyno-
mial invariant detQy’, = is not additive for product
states. Note that it vanishes for product states with s >
£/2 or t> (n—¢)/2. Consider, for example, a prod-
uct state of four qubits |V)i234 = |P)13 @ |@)24. Then a

straightforward calculation yields that det 9(142)(|W)1234) =

[det (1) 13)P[det 25 (|¢)24)]*.

Recently, it was shown that a positive homogeneous
SLOCC polynomial invariant defines an n-qubit entanglement
monotone if and only if the homogeneous degree is less
than or equal to 4 [35]. Accordingly, the absolute value of
the polynomial invariant det Q" = with degree <4 is
an entanglement monotone and it can be considered as an

entanglement measure for n qubits.

PHYSICAL REVIEW A 00, 002300 (2015)

VI. CONCLUSION

We have constructed a matrix whose rank is preserved under
SLOCC and given examples of classifying n-qubit states via
the rank for n up to 6. Polynomial invariants in the form
of determinants of the square matrix not only have explicit
expressions but also, as special cases, recover several existing
polynomial invariants in the literature. We have also studied
the properties of the entanglement measures built from the
absolute values of polynomial invariants on product states.
We expect that the proposed approach for classifying n-qubit
states and constructing polynomial invariants may find further
applications.

ACKNOWLEDGMENTS

This work was supported by the NSFC (Grant No.
10875061) and Tsinghua National Laboratory for Information
Science and Technology.

[1] M. A. Nielsen and 1. L. Chuang, Quantum Computation and
Quantum Information (Cambridge University Press, Cambridge,
2000).

[2] W. Diir, G. Vidal, and J. I. Cirac, Phys. Rev. A 62, 062314
(2000).

[3] F. Verstraete, J. Dehaene, B. De Moor, and H. Verschelde, Phys.
Rev. A 65, 052112 (2002).

[4] A. Miyake, Phys. Rev. A 67, 012108 (2003).

[5] D. Li, X. Li, H. Huang, and X. Li, Phys. Rev. A 76, 052311
(2007).

[6] O. Chterental and D. Z. Djokovié, in Linear Algebra Research
Advances, edited by (Nova Science, Hauppauge, NY, 2007),
Chap. 4, p. 133.

[7] L. Lamata, J. Ledn, D. Salgado, and E. Solano, Phys. Rev. A 75,
022318 (2007).

[8] D. Li, X. Li, H. Huang, and X. Li, Quantum Inf. Comput. 9,
0778 (2009).

[9] L. Borsten, D. Dahanayake, M. J. Duff, A. Marrani, and
W. Rubens, Phys. Rev. Lett. 105, 100507 (2010).

[10] O. Viehmann, C. Eltschka, and J. Siewert, Phys. Rev. A 83,
052330 (2011).

[11] T. Bastin, S. Krins, P. Mathonet, M. Godefroid, L. Lamata, and
E. Solano, Phys. Rev. Lett. 103, 070503 (2009).

[12] P. Ribeiro and R. Mosseri, Phys. Rev. Lett. 106, 180502 (2011).

[13] X. Li and D. Li, Phys. Rev. Lett. 108, 180502 (2012).

[14] X. Li and D. Li, Phys. Rev. A 86, 042332 (2012).

[15] S.S. Sharma and N. K. Sharma, Phys. Rev. A 85, 042315 (2012).

[16] G. Gour and N. R. Wallach, Phys. Rev. Lett. 111, 060502
(2013).

[17] S.S. Sharmaand N. K. Sharma, Phys. Rev. A 87, 022335 (2013).

[18] A. Osterloh and J. Siewert, Int. J. Quantum. Inf. 4, 531 (2006).

[19] J.-G. Luque and J.-Y. Thibon, Phys. Rev. A 67, 042303 (2003).

[20] M. S. Leifer, N. Linden, and A. Winter, Phys. Rev. A 69, 052304
(2004).

[21] P. Levay, J. Phys. A 38, 9075 (2005).

[22] A. Osterloh and J. Siewert, Phys. Rev. A 72, 012337 (2005).

[23] J.-G. Luque and J.-Y. Thibon, J. Phys. A 39, 371 (2006).

[24] D. Li, X. Li, H. Huang, and X. Li, Phys. Rev. A 76, 032304
(2007).

[25] D. Li, Quantum Inf. Process. 11, 481 (2012).

[26] X. Li and D. Li, J. Phys. A 45, 075308 (2012).

[27] X. Li and D. Li, J. Phys. A 46, 135301 (2013).

[28] X. Li and D. Li, Phys. Rev. A 88, 022306 (2013).

[29] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).

[30] X. Li and D. Li, Quantum Inf. Comput. 10, 1018 (2010).

[31] V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev. A 61,
052306 (2000).

[32] A. Wong and N. Christensen, Phys. Rev. A 63, 044301 (2001).

[33] D. Li, X. Li, H. Huang, and X. Li, J. Math. Phys. 50, 012104
(2009).

[34] D. Li, X. Li, H. Huang, and X. Li, Phys. Rev. A 77, 056302
(2008).

[35] C. Eltschka, T. Bastin, A. Osterloh, and J. Siewert, Phys. Rev.
A 85, 022301 (2012).

002300-4

245

246
247
248
249
250
251
252
253
254
255

256

257

258
259

260


http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.65.052112
http://dx.doi.org/10.1103/PhysRevA.65.052112
http://dx.doi.org/10.1103/PhysRevA.65.052112
http://dx.doi.org/10.1103/PhysRevA.65.052112
http://dx.doi.org/10.1103/PhysRevA.67.012108
http://dx.doi.org/10.1103/PhysRevA.67.012108
http://dx.doi.org/10.1103/PhysRevA.67.012108
http://dx.doi.org/10.1103/PhysRevA.67.012108
http://dx.doi.org/10.1103/PhysRevA.76.052311
http://dx.doi.org/10.1103/PhysRevA.76.052311
http://dx.doi.org/10.1103/PhysRevA.76.052311
http://dx.doi.org/10.1103/PhysRevA.76.052311
http://dx.doi.org/10.1103/PhysRevA.75.022318
http://dx.doi.org/10.1103/PhysRevA.75.022318
http://dx.doi.org/10.1103/PhysRevA.75.022318
http://dx.doi.org/10.1103/PhysRevA.75.022318
http://dx.doi.org/10.1103/PhysRevLett.105.100507
http://dx.doi.org/10.1103/PhysRevLett.105.100507
http://dx.doi.org/10.1103/PhysRevLett.105.100507
http://dx.doi.org/10.1103/PhysRevLett.105.100507
http://dx.doi.org/10.1103/PhysRevA.83.052330
http://dx.doi.org/10.1103/PhysRevA.83.052330
http://dx.doi.org/10.1103/PhysRevA.83.052330
http://dx.doi.org/10.1103/PhysRevA.83.052330
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1103/PhysRevLett.108.180502
http://dx.doi.org/10.1103/PhysRevLett.108.180502
http://dx.doi.org/10.1103/PhysRevLett.108.180502
http://dx.doi.org/10.1103/PhysRevLett.108.180502
http://dx.doi.org/10.1103/PhysRevA.86.042332
http://dx.doi.org/10.1103/PhysRevA.86.042332
http://dx.doi.org/10.1103/PhysRevA.86.042332
http://dx.doi.org/10.1103/PhysRevA.86.042332
http://dx.doi.org/10.1103/PhysRevA.85.042315
http://dx.doi.org/10.1103/PhysRevA.85.042315
http://dx.doi.org/10.1103/PhysRevA.85.042315
http://dx.doi.org/10.1103/PhysRevA.85.042315
http://dx.doi.org/10.1103/PhysRevLett.111.060502
http://dx.doi.org/10.1103/PhysRevLett.111.060502
http://dx.doi.org/10.1103/PhysRevLett.111.060502
http://dx.doi.org/10.1103/PhysRevLett.111.060502
http://dx.doi.org/10.1103/PhysRevA.87.022335
http://dx.doi.org/10.1103/PhysRevA.87.022335
http://dx.doi.org/10.1103/PhysRevA.87.022335
http://dx.doi.org/10.1103/PhysRevA.87.022335
http://dx.doi.org/10.1142/S0219749906001980
http://dx.doi.org/10.1142/S0219749906001980
http://dx.doi.org/10.1142/S0219749906001980
http://dx.doi.org/10.1142/S0219749906001980
http://dx.doi.org/10.1103/PhysRevA.67.042303
http://dx.doi.org/10.1103/PhysRevA.67.042303
http://dx.doi.org/10.1103/PhysRevA.67.042303
http://dx.doi.org/10.1103/PhysRevA.67.042303
http://dx.doi.org/10.1103/PhysRevA.69.052304
http://dx.doi.org/10.1103/PhysRevA.69.052304
http://dx.doi.org/10.1103/PhysRevA.69.052304
http://dx.doi.org/10.1103/PhysRevA.69.052304
http://dx.doi.org/10.1088/0305-4470/38/41/016
http://dx.doi.org/10.1088/0305-4470/38/41/016
http://dx.doi.org/10.1088/0305-4470/38/41/016
http://dx.doi.org/10.1088/0305-4470/38/41/016
http://dx.doi.org/10.1103/PhysRevA.72.012337
http://dx.doi.org/10.1103/PhysRevA.72.012337
http://dx.doi.org/10.1103/PhysRevA.72.012337
http://dx.doi.org/10.1103/PhysRevA.72.012337
http://dx.doi.org/10.1088/0305-4470/39/2/007
http://dx.doi.org/10.1088/0305-4470/39/2/007
http://dx.doi.org/10.1088/0305-4470/39/2/007
http://dx.doi.org/10.1088/0305-4470/39/2/007
http://dx.doi.org/10.1103/PhysRevA.76.032304
http://dx.doi.org/10.1103/PhysRevA.76.032304
http://dx.doi.org/10.1103/PhysRevA.76.032304
http://dx.doi.org/10.1103/PhysRevA.76.032304
http://dx.doi.org/10.1007/s11128-011-0256-8
http://dx.doi.org/10.1007/s11128-011-0256-8
http://dx.doi.org/10.1007/s11128-011-0256-8
http://dx.doi.org/10.1007/s11128-011-0256-8
http://dx.doi.org/10.1088/1751-8113/45/7/075308
http://dx.doi.org/10.1088/1751-8113/45/7/075308
http://dx.doi.org/10.1088/1751-8113/45/7/075308
http://dx.doi.org/10.1088/1751-8113/45/7/075308
http://dx.doi.org/10.1088/1751-8113/46/13/135301
http://dx.doi.org/10.1088/1751-8113/46/13/135301
http://dx.doi.org/10.1088/1751-8113/46/13/135301
http://dx.doi.org/10.1088/1751-8113/46/13/135301
http://dx.doi.org/10.1103/PhysRevA.88.022306
http://dx.doi.org/10.1103/PhysRevA.88.022306
http://dx.doi.org/10.1103/PhysRevA.88.022306
http://dx.doi.org/10.1103/PhysRevA.88.022306
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1103/PhysRevA.61.052306
http://dx.doi.org/10.1103/PhysRevA.61.052306
http://dx.doi.org/10.1103/PhysRevA.61.052306
http://dx.doi.org/10.1103/PhysRevA.61.052306
http://dx.doi.org/10.1103/PhysRevA.63.044301
http://dx.doi.org/10.1103/PhysRevA.63.044301
http://dx.doi.org/10.1103/PhysRevA.63.044301
http://dx.doi.org/10.1103/PhysRevA.63.044301
http://dx.doi.org/10.1063/1.3050298
http://dx.doi.org/10.1063/1.3050298
http://dx.doi.org/10.1063/1.3050298
http://dx.doi.org/10.1063/1.3050298
http://dx.doi.org/10.1103/PhysRevA.77.056302
http://dx.doi.org/10.1103/PhysRevA.77.056302
http://dx.doi.org/10.1103/PhysRevA.77.056302
http://dx.doi.org/10.1103/PhysRevA.77.056302
http://dx.doi.org/10.1103/PhysRevA.85.022301
http://dx.doi.org/10.1103/PhysRevA.85.022301
http://dx.doi.org/10.1103/PhysRevA.85.022301
http://dx.doi.org/10.1103/PhysRevA.85.022301



