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Abstract We investigate k-uniform loose paths. We show that the largest H-
eigenvalues of their adjacency tensors, Laplacian tensors, and signless Laplacian
tensors are computable. For a k-uniform loose path with length ¢ > 3, we show
that the largest H-eigenvalue of its adjacency tensor is ((1 + v/5)/2)%* when
¢ =3 and \(&) = 31/k when ¢ = 4, respectively. For the case of £ > 5, we
tighten the existing upper bound 2. We also show that the largest H-eigenvalue
of its signless Laplacian tensor lies in the interval (2,3) when ¢ > 5. Finally, we
investigate the largest H-eigenvalue of its Laplacian tensor when k is even and
we tighten the upper bound 4.
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1 Introduction

In recent years, the study of spectral hypergraph theory via tensors [4,7,8,10—
12,14,18,20,21] has attracted extensive attention and interest since the work of
[4,11,16,18]. As was in [16], a real tensor .7 = (¢;,..;, ) of order k and dimension
n refers to a multidimensional array (also called hypermatrix) with entries ¢;,...;,
such that t;,..;, € R for all i; € [n] := [1,...,n] and j € [k]. Given a vector
z € R, Z2F 1 is defined as an n-dimensional vector such that its ith element
being
> tiigei Ty wy, i€ [n].

12,01 €[]

Let .# be the identity tensor of appropriate dimension, e.g., %;,..;,, = 1 if and
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only if iy = -+ =i € [n], and zero otherwise, when the dimension is n. The
following definition was introduced by Qi [16].

Definition 1 Let 7 be a k-th order n-dimensional real tensor. For some
A € R, if polynomial system (A% — .7)2*"1 = 0 has a solution z € R™\{0},
then A is called an H-eigenvalue and x an H-eigenvector.

Obviously, H-eigenvalues are real number. By [6,16], we have the number
of H-eigenvalues of a real tensor is finite. By [18], we have all the tensors
considered in this paper have at least one H-eigenvalue. Hence, we can denote
by A(7) as the largest H-eigenvalue of a real tensor .7.

As was in [18], a hypergraph means an undirected simple k-uniform
hypergraph G with vertex set V, which is labeled as [n], and edge set E. By
k-uniformity, we mean that for every edge e € E, the cardinality |e| of e is
equal to k. Throughout this paper, k£ > 3 and n > k. Moreover, since the trivial
hypergraph (i.e., E = ()) is of less interest, we consider only hypergraphs having
at least one edge (i.e., nontrivial) in this paper. The following definition was
introduced by Qi [18].

Definition 2 Let G = (V,E) be a k-uniform hypergraph. The adjacency
tensor of G is defined as the k-th order n dimensional tensor .« whose (i1 - - - ix)-

entry is
1
—_—, {il,...,ik} SO
Ajy gy, = (k‘ — 1)'

0, otherwise.

Let 2 be a k-th order n-dimensional diagonal tensor with its diagonal element
d;..; being d;, the degree of vertex i, for all i € [n]. Then ¥ := P — &/ is
the Laplacian tensor of the hypergraph G, and 2 := 2 + & is the signless
Laplacian tensor of the k-uniform hypergraph G.

By [18], zero is always the smallest H-eigenvalue of .£ and 2, and we have
1< A2) < A\(2) <2,
where d is the maximum degree of G. By [4, Theorem 3.8|, we have
d < \A) <d,

where d be the average degree of G.

Recently, Hu et al. [10] introduced the class of cored hypergraphs and power
hypergraphs, and investigated the properties of their Laplacian H-eigenvalues.
Power hypergraphs are cored hypergraphs, but not vice versa. Loose paths are
power hypergraphs. They showed that when k is even, the largest Laplacian
H-eigenvalue and the largest signless Laplacian H-eigenvalue of a cored hyper-
graph are the same [10, Proposition 3.2]. Especially, they showed that when k
is odd, the largest Laplacian H-eigenvalue of a k-uniform loose path is equal to
the maximum degree, i.e., 2 [10, Proposition 4.2]. They also computed the
Laplacian H-spectra of the loose path of length 3. Actually, there are still
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changing open problems for the loose path which are worthy of being
investigated. First, it is known that [10,18] the largest Laplacian H-eigenvalue
is between 2 and 4 when k is even. Can we compute its largest Laplacian
H-eigenvalue when k is even or can we tighten its upper bound? Second, can
we describe the properties of its largest adjacency and signless Laplacian H-
eigenvalues? It is known that its largest adjacency H-eigenvalue is less than or
equal to 2 [4, Theorem 3.8]. Can we tighten the upper bound? Motivated by
these questions, we study the adjacency and signless Laplacian H-eigenvalues
of the class of loose paths in this paper.

We first investigate the properties of H-eigenvectors of adjacency tensor
and signless Laplacian tensors for power hypergraphs. We next establish some
facts on the class of loose paths. We investigate the largest H-eigenvalues of
its adjacency tensor and signless Laplacian tensor. For a k-uniform loose path
with length £ > 3, we show that A(#/) equals ((1 +v/5)/2)%/F when ¢ = 3 and
3k when ¢ = 4, respectively. We establish an upper bound for A7) that is
better than 2 when ¢ > 5. We also give a good upper bound for A(£2) which
is better than 4 and we show 2 < A(Z) < 3. By [10, Proposition 3.2], this
conclusion also holds for A(.Z) when k is even. Very recently, Qi et al. [19]
studied many properties of regular uniform hypergraphs, s-cycles, s-paths, and
their largest Laplacian H-eigenvalues. When s = 1, s-paths [19] are just the
loose paths in our paper. However, our results are not different. They mainly
established that a k-uniform s-path is odd-bipartite (k >4, 1 < s < k—1).

The rest of this paper is organized as follows. We recall some notations and
establish some facts on H-eigenvectors of cored hypergraphs and power hyper-
graphs in the next section. We investigate the largest adjacency H-eigenvalue
of loose paths in Section 3. We investigate the largest signless Laplacian
and Laplacian H-eigenvalues of loose paths in Section 4. We also give some
numerical experiments to compute the largest signless Laplacian and Laplacian
H-eigenvalues in Section 5. Some final remarks are given in Section 6.

2 Preliminaries

In this section, we list some essential notions of uniform hypergraphs which will
be used in the sequel. Please refer to [1-3,5,9,18] for comprehensive references.
In this paper, unless stated otherwise, a hypergraph means an undirected simple
k-uniform hypergraph G with vertex set V' and edge set E. For a subset S C [n],
we denote by Eg the set of edges {e € E | SNe # 0}. For a vertex i € V, we
simplify Ey;y as E;. It is the set of edges containing the vertex i, i.e.,

Ei:={ecE|ice}

The cardinality |E;| of the set E; is defined as the degree of the vertex i, which
is denoted by d;. Two different vertices ¢ and j are connected to each other (or
the pair i and j is connected), if there is a sequence of edges (eq, ..., e, ) such
that i € e1, j € e, and e, Ney11 # O for all » € [m — 1]. A hypergraph is
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called connected, if every pair of different vertices of G is connected. In the
sequel, unless stated otherwise, all the notations introduced above are reserved
for the specific meanings. For the sake of simplicity, we mainly consider
connected hypergraphs in the subsequent analysis. By the techniques in [9,18],
the conclusion on connected hypergraphs can be easily generalized to general
hypergraphs.

In the following, we recall the definitions of cored hypergraphs and power
hypergraphs introduced in [10]. We also list the definition of loose paths
introduced in [10,13,15].

Definition 3 Let G = (V, E) be a k-uniform hypergraph. If for every edge
e € F, there is a vertex i, € e such that the degree of the vertex i, is one, then
G is a cored hypergraph. A vertex with degree one is a cored vertex, and a
vertex with degree larger than one is an intersectional vertex.

Definition 4 Let G = (V, E) be a 2-uniform graph. For any k > 3, the kth
power of G, GF := (V¥ , E*) is defined as the k-uniform hypergraph with the
set of edges

EF .= {e U {ie71, - ,ie,k,Q} ‘ ec E},

and the set of vertices
VF =V U{ic1, . ier_2e € E}.

Definition 5 Let G = (V, E) be a k-uniform hypergraph. If we can number
the vertex set V as

V = {il,la e 7i1,k7i2,27 te 7i2,k7 e 72‘571,27 te 72‘571,](:’ Z15727 te 7i£,k}

for some positive integer ¢ such that

E= {{il,la s ail,k‘}a {il,ka 2.2,27 o 7i2,k}a ey {if—l,k‘a i€727 o 7ié,k}}a
then G is a loose path. £ is the length of the loose path.

It is easy to see that the class of power hypergraphs is a subclass of cored
hypergraphs and not all cored hypergraphs are power hypergraphs. Power
hypergraphs contain loose paths [10,13,15]. Recently, the Laplacian tensor of
a k-uniform loose path was investigated by Hu et al. [10]. It is shown that its
largest Laplacian H-eigenvalue is 2 when k is odd. They also investigated the
properties of Laplacian H-eigenvalues for a loose path of length ¢ = 3 when k is
odd. In this paper, one of our purposes is to compute the largest H-eigenvalues
of adjacency tensor and signless Laplacian tensor of a k-uniform loose path with
length ¢ > 3. The other is to tighten the upper bound of its largest Laplacian
H-eigenvalue when k£ is even.

In the following, we establish some facts on H-eigenvectors of cored hyper-
graphs and power hypergraphs, which will be used in the sequel.

By Definition 1 and the notation of core vertices, we immediately get the
following results via the similar proof of [10, Lemma 3.1].
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Lemma 1 Let G = (V,E) be a k-uniform cored hypergraph, and let x € R™ be
an H-eigenvector of its adjacency tensor </ corresponding to an H-eigenvalue
X # 0. If there are two core vertices i and j in an edge e € E, then |z;| = |x;|.
Moreover, x; = x; when k is an odd number.

Lemma 2 Let G = (V,E) be a k-uniform cored hypergraph, and let x € R"
be an H-eigenvector of its signless Laplacian tensor 2 corresponding to an H-
eigenvalue A # 1. If there are two cored vertices i and j in an edge e € E, then
|zi| = |z;|. Moreover, x; = x; when k is an odd number.

By Definition 1, Lemmas 1 and 2, we get the following lemmas on odd-
uniform power hypergraphs in the similar way of [10, Lemma 4.1].

Lemma 3 Let k be odd, and let G = (V, E) be a k-uniform power hypergraph.
Let x € R™ be an H-eigenvector of its adjacency tensor o7 corresponding to an
H-eigenvalue \. Let e € E be an arbitrary but fized edge.

(i) If e has only one intersectional vertex i, and x5 # 0 for some cored
verter s € e, then Axs = x;.

(ii) If e has two intersectional vertices i and j, and x5 # 0 for some cored
vertex s € e, then \r? = TiTj.

Lemma 4 Let k be odd, and let G = (V, E) be a k-uniform power hypergraph.
Let x € R™ be an H-eigenvector of its signless Laplacian tensor 2 corresponding
to an H-eigenvalue A. Let e € E be an arbitrary but fixed edge.

(i) If e has only one intersectional vertex i, and x5 # 0 for some cored
verter s € e, then (A — 1)xg = x;.

(ii) If e has two intersectional vertices i and j, and xs # 0 for some cored
vertez s € e, then (A — 1)a? = x;x;.

The following results are given for even-uniform power hypergraphs.

Lemma 5 Let k be even, let G = (V,E) be a k-uniform power hypergraph,
and let x € R™ be an H-eigenvector of its adjacency tensor of corresponding
to an H-eigenvalue A # 0. Let e € E be an arbitrary but fized edge, and let
e be the set of its intersectional vertices. Let o be the cardinality of the set
{i e e\e' | x; <0}

(i) If e has only one intersectional vertex i, and x5 # 0 for some cored
vertex s € e, then \x; > 0 when « is even and Ax; < 0 when « is odd. Here,
xTs =i/ A or —x; /.

(ii) If e has two intersectional vertices i and j, and xs # 0 for some cored
vertex s € e, then Ax;x; > 0 when « is even and Av;x; < 0 when o is odd.

Here, xs = &\/xjx; /N or £/ —x;25/X.

Proof Let x4 = |zs|. By Definition 1, we have

)\.’L‘l; = H.’L't. (1)

tce
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(i) If « is even, then we have

(1) <= A2t = xlfflxi = vy =

If «v is odd, then we have

(1) = M\t = —ab ey = Aoy = —a;.

(ii) If « is even, then

(1) <= )\xi = a;]f[%ixj = M\t =2z

If o is odd, then we have

(1) <= Ak = —xlj__zxixj = A} = —z;75. O

Lemma 6 Let k be even, let G = (V,E) be a k-uniform power hypergraph,
and let x € R™ be an H-eigenvector of its Laplacian tensor £ corresponding
to an H-eigenvalue A # 1. Let e € E be an arbitrary but fized edge, and let
e be the set of its intersectional vertices. Let o be the cardinality of the set
{i e e\e' | x; < 0}.

(i) If e has only one intersectional vertex i, and x5 # 0 for some cored
verter s € e, then (1 — N)x; > 0 when « is even and (1 — X)z; < 0 when « is
odd. Here, x5 = x;/(1 —X) or x;/(A —1).

(ii) If e has two intersectional vertices i and j, and x5 # 0 for some cored
vertex s € e, then (1 — X)xjz; > 0 when o is even and (1 — N)z;z; < 0 when o
is odd. Here, xs = *\/xjx;/(1 — A) or £/xixi/(A—1).

Proof Let x4 = |zs|. By Definition 1, we have

(A—1)zk = — th. (2)

tee
(i) If v is even, then we have
(2) = (1 - )\)xli = xfflwi = (1-Nzg =
If o is odd, then we have
(2) <= A2k = —a:l_fla:i — (1= Nzy = —ay.
(ii) If « is even, then
(2) <= (1- )\)xli = wiﬂxixj — (1- )\)xa_ = x;%.

If « is odd, then we have

(2) <= (1 - A)x’i = —x{f%ixj = (1 - N2 = —za;. O
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The proof for the following lemma is similar to that of Lemma 6.

Lemma 7 Let k be even, let G = (V, E) be a k-uniform power hypergraph, and
let x € R™ be an H-eigenvector of its signless Laplacian tensor 2 corresponding
to an H-eigenvalue A # 1. Let e € E be an arbitrary but fixed edge, and let
e be the set of its intersectional vertices. Let o be the cardinality of the set
{i € e\€é/| x; < 0}.

(i) If e has only one intersectional vertezx i, and xs # 0 for some cored
vertexr s € e, then (A — 1)z; > 0 when « is even and (A — 1)z; < 0 when « is
odd. Here, x5 = z;/(A—1) or x;/(1 — \).

(ii) If e has two intersectional vertices i and j, and xs # 0 for some cored
vertex s € e, then (A — 1)xz;z; > 0 when « is even and (A — 1)z;z; < 0 when o
is odd. Here, x5 = £\/xjz; /(A —1) or £y/x;z;/(1 — X

3 Largest adjacency H-eigenvalue of loose paths

For a k-uniform loose path G with length ¢ > 3, there are few results on the
spectral radius A(«7) of its adjacency tensors in the literature. It is known [10]
that its maximum degree is 2 and A(«7) < 2 [4, Theorem 3.8]. In this section,
based on the lemmas given in Section 2, we show that A(«) = ((1+/5)/2)%/*
when £ = 3 and \(«) = 3!/% when ¢ = 4. For the case of £ > 5, we tighten the
existing upper bound 2.

Theorem 1 Let G = (V,E) be a k-uniform loose path with length 3, and
let of be its adjacency tensor. Then the spectral radius of <7, i.e., the largest
H-eigenvalue

AMet) = (1 —1—2\/5)2/16.

Proof It is not restrictive to assume that
E={1,....k},{k,..., 2k — 1}, {2k —1,...,3k — 2} }.

By [22, Theorem 3.20], [17, Theorem 4], and [14, Lemma 3.1], if we can find
a positive H-eigenvector = € R™ of &7 corresponding to an H-eigenvalue A, then
A = A(«). By Lemmas 1, 3, and 5, for such an eigenpair (x, \), we have

Tk
A

Tl = " = Tp-1=

if 23 # 0 for some s € {1,...,k — 1},

N B [ TET2k—1
Tyl = " = T2k—2 = f

if 23 # 0 for some s € {k+1,...,2k — 2}, and

. . _ T2k—1
Tog = =+ = X3k—2 = b\
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if 5 # 0 for some s € {2k,...,3k—2}. Hence, the equations of the H-eigenvalue

A become
k1 TR Tp\ k-1
)\ = — — <_) 9
Xy, Lok 1< h > + \
k—2
k1 TpTok—1 Top—1\Fk1
Af‘?zlm:f’%(\/f) )
That is,

k/2 k/2 k/2 k/2
()\k — 1)aﬁk/ = )\k/za:yé_l, ()\k — 1)372,4_1 = )\k/2xk/ ) (3)

Define a := \¥—1 and b := A\¥/2. Then the first equality in (3) implies a > 0.
Note that the determinant

balT (a+0b)(a—0b).

a —b‘

Hence, if

p(A) = MN2(\F2 1) —1 =,

then system (3) has a nonzero solution. It is easy to see that p(\) is monotone
increasing when A > 1 and A(/) is a root of p(\). Since

the equation p(A) = 0 has a unique root in the interval (1,2). By direct
computation, it is ((1 ++/5)/2)**. So, we have

O

Met) = (1 —1—2\/5)2/16.

Theorem 2 Let G = (V, E) be a k-uniform loose path with length ¢ > 4. Let
o/ be its adjacency tensor. Then we have

(1) M) = 3YF when ¢ = 4.
(i) M) <\ when £ =5, where \* is the unique root of
(AF—1) (N2 1) = N\F/2 =0

in the interval (1,2).
(i) A(«Z) < X" when £ > 6, where \* is the unique root of

a[(b+ Vb2 — )22 _ (h — /52 — 1)/
—2b[(b + b2 — 4)(674)/2 + (b — /b2 = 4)(574)/2] —0

in the interval (4% 2). Here, a and b is defined as a = \* — 1 and b = \F/2,
respectively.
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Proof Without loss of generality, we assume

E={{1,....k},{k,....2k =1}, {2k = 1,...,3k — 2},...,
{—=Dk—0+2,... 0k—{,0k—{(+1}}.
By [22, Theorem 3.20], [17, Theorem 4], and [14, Lemma 3.1], if we can find

a positive H-eigenvector z € R™ of &7 corresponding to an H-eigenvalue A, then
A = A(«). By Lemmas 2, 3, and 5, for such an eigenpair (x, \), we have

Tk
xlz"':xkflzy
if 23 # 0 for some s € {1,...,k — 1}, and
LEL2k—1
xk+1:"':x2k72: A

if x5 # 0 for some s € {k+1,...,2k —2}. The rest may be deduced by analogy,

L(0—2)k—b+3L (£—1)k—L+2
T(—2)k—t44 = = T(U—1)k—l+1 = X
if x5 # 0 for some s € {({ —2)k —¢+4,...,({—1)k—{+ 1}, and
L(0—1)k—142
T(e-)h—043 = 0 = Tlh—t4l = —

if z5 # 0 for some s € {({—1)k—{+3,...,lk—{+1}. Hence, by straightforward
computation, the equations of the H-eigenvalue A become
(NF — 1):1:2/2 = )\k/2$’2f]é2_1’

w2 k2 k2 k)2
NP2 ™ = 2y gy,

o @
k/2 _ k/2 k/2
)\k/zx(“?)k*”‘”’ = T 3)h—tra T T 1)k—er2
k/2 _ k/2
(A" = 1)x(é—1)k—é+2 = )‘k/%(z-z)k_ug-

Define a := \¥—1 and b := A\¥/2. Then the first equality in (4) implies a > 0.
Let
%
k/2
x
a —b 2k—1
k/2
-1 b -1 x3£—2
AX = S :
k/2
—1b -1 L(0—3)k—t+4
_ . k/2
(=1 (E=1) L(p—2)k—t+3
/2
l—1)k—0+2 (t—1)x1
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In order to compute A\(«7), we divide into three cases to discuss under what
conditions AX = 0 has nonzero solutions.

Case 1l /(=4.
If
a —b
-1 b —1|=abla—2)=0,
-b a

ie., a —2 =0, then AX = 0 has nonzero solutions. This induces \¥ — 3 = 0.
Hence, we have \(«7) = 3'/%.

Case 2 /(=05.
If
a —b
-1 b -1
Pt = 0- 04000 -6-1a =0,
-b a
ie.,
pi(A):==b—(b+1)a=0

or

(V) = b—(b—1)a =0,

then AX = 0 has nonzero solutions. Since a > 0, we have p2(\) > p1(A). Hence,
A7) must be the largest real root of pa(\) = 0. It is easy to see that

pa(1) =1, po(2) = —23K/2 Lok p o5t 1 = (2 —2k)(2k/2 _ 1) —1 <.

By straightforward computation, we have

|

Py(N) = = A2 TL(=3\F 4 2\F/2 4 9y,
Since a > 0, p4H(A) < 0 for A € (1,2). Hence, pa(\) is monotone decreasing in
the interval (1,2). So, p2(A) = 0 has the unique root A* € (1,2). Thus, we have
M) < N
Case 3 (>6.

We consider the nonzero solutions of AX = 0 in (4!/%,2). It is sufficient to
discuss under what conditions |A|, the determinant of A, equals zero. Clearly,
we have b? > 4 in this interval. Define

b —1
-1b -1
-10b -1
-10

nxn
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Hence, we have

(b+ VB2 —4)"T — (b — B2 — 1)t
i — 4 '

By straightforward computation and (5), we have

D, =

|A| =0 <= a®’Dy_3 —2abDy_4 + b*Dy_5 =0
— a? (we_2 — uZ_Z) — 4ab(wé_3 — uz_?’) + 4b? (wz_4 — ué_ﬂ‘) =0
s [a(wD/2 4y D/2) _ g (E=4)/2 _  (e=4)/2y)
« a2 — y6=2/2) _op, (=72 (=072 —
where
w:b+\/l)2——4, u==>b—\b2—4.
Obviously, w > 0 and u > 0. Let
FLO) = (w22 £ 6212y _ op(p(=0/2 _ (=42

and
Fo(A) = a(wD/2 — =212y _ o724, (E=9)/2),
Since b > 2 and a > 3, we have

A1) = (aw — 2b)w D2 4 (qu + 2b)u /2
> (aw — 2b)w (€—4)/2
> (a — 2)bw!~/2
> 0.

Hence, it is sufficient to discuss the roots of fo(\) = 0 in the interval (41/% 2).
Obviously, fo(4'/*) < 0 and

£2(2) > 2(28/2 4 \/2k — 4)E=D/2(\/ok — g (2F — 1) — 2(K+2)/2)
S 9(2/2 4 \/ok — 2)E=0/2 (7, /ok — 4 — o(K+2)/2)
> 0,
where the second inequality holds due to k > 3. Hence, fa(A) = 0 has a root in
(41/k,2). Let

CL, — k)\k_l, b/ — )\(k‘—2)/2‘

| F

By straightforward computation, we obtain

750 = ——{[(« b2—4+£;2ab/) — 2/ — 4 bt — |72

b? —4

F[(S52a a2 Ju— B b - 4072}
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It follows from the facts b > 2 and a > 3 that
wa' — 26 > 2d’ — 20 > 0,

—2 —2
¢ aw—b(€—4)>£

2
ab—b(£—4):b( a—€+4)>b£%>0,

and
bl — ) — 26/ /b2 —4 =V (b(0 —4) —2/b? —4) >V (b({ — 4) — 2b) > 0.

Due to
W —1)2 = MOF —4) =1+ 20F >0,

we have

£ ; 2 — P —d= ETT2 RAF=22[(\F — 1) — AF/2y/ Xk — 4] > 0.
Consequently, we obtain f3(\) > 0 for all A € (4% 2). Hence, fo(\) = 0 has
the unique root A* € (4'/%,2) and we also have A(@/) < \*. O

4 Largest signless Laplacian H-eigenvalue of loose paths

For a k-uniform loose path G with length ¢ > 3, there are some known results
on the largest H-eigenvalues A(2) and \(.Z) of its signless Laplacian tensor 2
and Laplacian tensor .Z in the literature. It is known [10,18] that

2 <A2) = A\2) < 4

when k is even. By [10, Proposition 4.2], A\(.Z) = 2 when k is odd. In this
section, based on the lemmas given in Section 2, we mainly show that

2<N2) <3

when k£ > 5. By [10, Proposition 3.2], we tighten the existing upper bound 4
of A(2) and A(.Z) when k is even and we also investigate the largest signless
Laplacian H-eigenvalue A\(2) when k is odd.

The following theorem shows that 2 < A\(2) < 3 when the length ¢ = 3.

Theorem 3 Let G = (V, E) be a k-uniform loose path with length 3, and let
2 be its signless Laplacian tensor. Then its largest H-eigenvalue \(2) € (2, 3).

Proof 1t is not restrictive to assume that
E={1,....k},{k,..., 2k — 1}, {2k — 1,...,3k — 2} }.

By [22, Theorem 3.20], [17, Theorem 4], and [14, Lemma 3.1], if we can find
a positive H-eigenvector x € R" of 2 corresponding to an H-eigenvalue A, then
A= A(L2) > 2. By Lemmas 1, 4, and 7, for such an eigenpair (z,\), we have
Ty
A—1

X1 =+ =Tk-1—=
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if 23 # 0 for some s € {1,...,k — 1},

- 0y _ [ TkT2%k-1
k41 2%k—2 1
if x5 # 0 for some s € {k+1,...,2k — 2}, and
Ton = e — _ T2k-1
2% Bk—2 = 3T

if 5 # 0 for some s € {2k,...,3k—2}. Hence, the equations of the H-eigenvalue
A become

k-2
k=1 TpTok—1 rp \kL
(A 2)xk —$2k—1< N1 ) +()\_1> )

k2
oy k-1 TrTok—1 Top—1\ k-1
(A 2):0%_1_:%( A1 ) +(>\—1> ‘

By straightforward computation, we have

(A =2) A= DL = 1) = (3 = 19282,
(A= 2)(A = D1 —1)2b2 = (A= 1)R/2h/2

Define
a=A=2)A=1F1—1, b=-1)"2

Then the first equality in (6), together with b > 0, xx > 0, and x95_1 > 0,
implies a > 0. Note that the determinant

b = (a+b)(a—0).

o

Hence, if f(A) =0, then system (6) has a nonzero solution, where
FO =A== =1 - (A=1F2
It is easy to see that A\(2) is a root of f(A) = 0. Since f(2) = —2 < 0 and

F(3) =21 —9ok2_ 1= % (282 —1)2 - 1] > % [(V8—1)2—3] >0,

where the first inequality holds due to k > 3, the equation f(\) = 0 must has
a root in the interval (2,3). Let

t=A-1, pt)=t3"1(t—-1), qt)=1+
Then t > 1 due to A > 2 and
FO) =t2(p(t) — q(t)).
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Clearly, p(t) is monotone increasing and ¢(t) is monotone decreasing when ¢ > 1.
Hence, f(\) is monotone increasing when A > 2. Thus, f(\) = 0 has the unique
root in the interval (2,3). That is, A(2). Hence, 2 < A\(2) < 3. O

Subsequently, we investigate the largest signless Laplacian H-eigenvalue for
the case of ¢ > 4.

Theorem 4 Let G = (V, E) be a k-uniform loose path with length ¢ > 4, and
let 2 be its signless Laplacian tensor. Then we have

(1) if ¢ =4, then 3 < AN(L2) <4 for k=3 and 2 < \(2) < 3 for k > 4;

(i) if £ =05, then 3 < AN(2) <4 for k=3 and 2 < \(2) < 3 for k > 4;

(i) if € >6, then2 < AN2) <4 fork=3 ork=4 and 2 < \(2) <3 for
k > 5.

Z
2

Proof Without loss of generality, we assume that

E={{1,. .k} {k ..., 2k—1},{2k—1,... 3k —2},...,
(= Dk —C0+2,... 0k~ 0,0k —0+1}).

By [22, Theorem 3.20], [17, Theorem 4], and [14, Lemma 3.1], if we can find
a positive H-eigenvector € R" of 2 corresponding to an H-eigenvalue A, then

A=\2) > 2.

By Lemmas 2, 4, and 7, for such an eigenpair (z, \), we have

Tp
X = e = TI__ e
1 k1= 3T
if 23 # 0 for some s € {1,...,k — 1}, and
TET2k—1
Tyl = = T2k—2 = N1

if x5 # 0 for some s € {k+1,...,2k —2}. The rest may be deduced by analogy:

L(0—2)k—443L (4—1)k—L+2
L—2)k—t4+4 = " = T(-1)k—b+1 — N1

if 3 # 0 for some s € {({ —2)k — L +4,...,({ — 1)k — ¢+ 1}, and

L—1)k—1+2
L(-1)k—t4+3 = " = Tlk—L+1 = 1

if x5 # 0 for some s € {(¢ — 1)k —¢+3,...,lk — ¢+ 1}. Hence, the equations
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of the H-eigenvalue A become

k—2
TTok— x k=1
()\_2)90121:90%_1( kL2k 1) +< k ) ’

A—1 A—1

k=2 k—2
k—1 TET2k—1 L2k—1TL3k—2
(>\_2)x2k‘—1 = xk< )\_ 1 > +$3k—2< )\_ 1 > ’

A — 2kt — L(0—3)k— 4% (0—2)k—0+3 b2
(A - )x(é—2)k—é+3 = T(-3)k—L+4 1
k—2
T(0—2)k—b4+3T (0—1)k—L0+2
+a:(e—1)k—e+2<\/ =2 ;_(1 Yot ) ,

(A —2)zk! =z T(—a)h—traT—nh—tr2 \"
(t—1)k—t42 = T(e—2)k—0+3 1

n (f(zg\l)_k—lmz )’“1‘

By straightforward computation, we have

(A —2)(A = DF1 = D = (A = DR
A—2)(A— 1)(k72)/2x’2€£2_ k/2+xk/2

1= T 3k—2
e (7)
(A=2)(A - 1)(k_2)/2xl(€é/32)k—é+3 = xl;z/fs)k—z+4 + $?€/—21)k—€+2’
(A=2) A =1Ft — 1)*73](6@/721)167”2 =(A— 1)]6/2*73]&/722)#”3'

Define
a=A-2) A=D1 -1, b=(A-D"2 c=A-2)(A-1)FD/2
Then the first inequality in (7) implies @ > 0. Let
%

k/2
—b Tok—1

k)2
-1 ¢ —1 T4

e "

1 Cb al L (d—3)k—d+4
o _ _ k/2

(@=-1)x(d-1) T(d—2)k—d+3

xk/?
(d—1)k—d+2 (d—1)x1

In order to compute A(2), we divide into three cases to discuss under what
conditions AX = 0 has nonzero solutions.
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Case 1l (=4.
If
a —b
-1 ¢ —1|=alac—2b) =0,
b a

i.e., ac —2b = 0, then AX = 0 has nonzero solutions. This shows that \(2)
must be a solution of

A=22A—DF 13 x+4=0.

Let
fO)=A=22A=1)F 1t -3 +4

By straightforward computation, we have
'O =A=2)A =D 2k + X —2k) — 3.
Clearly, f/(\) is monotone increasing when A > 2. Moreover, we have

f'2)==3<0, lim f(})=+oo

Hence, f(A) is first monotone decreasing and then monotone increasing. On
the other hand,

f(2)=-2<0, Ali)glmf(k) = +00.

Hence, f(A) = 0 has only one real root when A > 2.
For k = 3, we have

fB)=-1, f(4)=28.
So the real root of f(A) =0 is just A(2) € (3,4). For k > 4, we have

f@)=21-5>0.

So the real root A\(2) is in the interval (2, 3).

Case 2 /(=05.
If
a —b
-1 ¢ -1
T == e+ Do - e~ 1a) =0,
-b a
ie.,
pi(A):=b—(c+1)a=0

or

pa(N) = b— (¢~ Da=0,
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then AX = 0 has nonzero solutions. Since a > 0, ¢ > 1, we have pa(A) > p1(A).
Hence, A(2) must be the largest real root of pa(A) = 0. Clearly,

p2(2) =0, pa(3) >0, p2(4) <0, k=3
When k > 4, we have
pa(3) = 282 — (2(=2/2 _ )21 _ 1)
AL AR
= 2k/2(1 _ 2(1@*2)/2) +1

< =22 41
< 0.

By direct computation, we obtain

ph(A) = (A — 1)/ g (A—1)— % (Me—2k+2)(A—2)(A = 1)F 1 —1)
— Ak — 2k + 1)(A — DFH((A—2) (A —1)371 — 1)}
<(A—U%4V{§u_1y_%Qk_ﬂﬂnxu_axx_mhﬂ_n]
g(A—n%ﬁwfgg_ly_g@k—ﬂﬁaﬂ

5
- Ee( Sh_

(A—1) ( A+ 5k 3)
<0

for A\, k > 3. This shows that p2()\) is monotone decreasing when A > 3. Hence,
it is easy to see that 3 < A\(2) < 4 when k =3 and 2 < A\(2) < 3 when k > 4.
Case 3 (>6.

We consider the nonzero solutions of AX = 0 in (2,4). It is sufficient to
discuss under what conditions |A|, the determinant of A, equals zero. Clearly,
we have ¢ > 0 in this interval. Define

c —1
-1 ¢ -1
-1 ¢ -1
-1 ¢

nxn

By straightforward computation, we obtain
|A| = a2Dg_3 —2abDy_y4 + b2Dg_5.

By [18], we known that 2 < A(2) < 4. So, we discuss the values of A such that
|A] = 0 when A > 3. If there is no A such that |A| = 0, then 2 < A\(2) < 3
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must hold. Clearly, we have ¢ > 2 and b > 1 when A > 3 and k£ > 5. In this
situation, we compute

(c 4+ VE A — (e — /& —d)nt!

b= /2 — 4

Let

w=c+vVc—-4, u=c—Vc*—4

Then, w > ¢ > 2 and v > 0. We have

|A| = 0 <= a®*(w" % —u"?) — dab(w' 3 —u"3) + 4? (Wt —u") =0
_— [a(w(Z—Q)/2 + u(é—2)/2) _ Qb(w(€—4)/2 _ u(é—4)/2)]
« [a(w(é—2)/2 - U(Z—Q)/2) - 2b(w(€—4)/2 + u(é—4)/2)] - 0.

Let
ALV = a(wD/2 4y E2)/2) _ gp (=2 _  (=)/2)

and

_ (=2)/2 _  (6=2)/2y _ (t—4)/2 (t—4)/2
fo(A) = a(w U ) — 2b(w + u ). (8)

Duetoa=0bc—1and c> 2, b > 1, we have

A = (wa — 20)w D" 4 (ua + 2b)ul" D/
> w2 (wa — 2b)
— w9/2 lb(cw — 2) — ]
> w2 (w - 2)
S wED/2\ /2 g
> 0.

Hence, it is sufficient to discuss the root of fo(A) = 0 in the interval (3,4). We
obtain via computation that

f2(3) > (2(1%2)/2 _\/9k—2 _ 4)(674)/2(2 ok—2 _ 4 (21@71 1) - 2(k+4)/2)

WV

Define )
d = (A=) 20k -2k +1), ¥ =5 (A-1ED2,
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Then, the derivative of fa(\) is

7 = —=—={[(

(-

ad)w — 2b/m — bl — 4)8} w972

"u— 26"\ 2 —4+b(l — 4)6,} u(é_ﬂ‘)/g}.(lO)

First, due to A > 3 and k > 5, we have
adw—20" = (c+c2—4)(bd +cb') — 26" > 2(b’ +cb') — 2 >0 (11)
and
-2
aw —b({ —4) = alc++Vc2—4)—b({—4)
> (ﬁ 2)a — b(¢ —4)
= —=2)(bc—1)—b(f—4)
=l =2)c—(-4)b-({-2)
>0 —-2)c—(L—4)—0+2
>20—-2)— (0 —4)—(+2
=2
> 0. (12)

Second, we have

— 20\ c2 — 4+ b0 —4)

= g—; L )P0 - )20k — 2k 1 2) — k(A — 1)*/2 /2 4
> (= D20 = D)2k — 2k 1 2) — k(A — 1)D/2/2 4
()\ 1)(k [( )(k—Q)/2()\k. — 2k + 2) — k2 — 4]
> (A - D)E2D2(0\k - 2k +2) — k2 — 4
Since
A= DF 2Nk — 2k 4+ 2)% — k2(? — 4)
=4\ = D)F 2+ dk(A = 2)(A = 1)F 7% 4 4k
>0,
we have
A= 1) E=D2(\k — 2% +2) > kv/2 — 4.

This yields

—2b'/ 2 —4+b(0 — 4) > 0.
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Similarly, from the fact ¢ > 6, we have

{—2
ac

= esz aA=1D)FD2(0\E -2k +2) — (A= DF 2Nk — 2k + 1)V 2 — 4

>aA=DFD2ZNE =2k +2) — (A= DF2(\k — 2k + 1)V 2 — 4
= (A= DFD2[g(\k — 2k +2) — (A — D)2k — 2k 4+ 1)/ 2 — 4].

Since
a?(N\k —2k+2)2 = (A= 1)*Ok =2k +1)%(2 - 4)
= Ne—2k+ 12+ 20N = DF Yk =2k + 12+ 14200k — 2k + 1)
+A=22A =122 —2)(A — 1)k
+2(\ — 2)%(\ — )% 2Nk —2k4+1) =4\ —2)(A = DAk — 2k + 1)
> (A=2PA-1)* 2 —200 = 2)(A - 1)*!
+20 =22A=DF 2Nk -2k +1) —4(A —2)(A = D* 1Ak — 2k + 1)
= (A=2)A =D A =2) A = )FR2 (- 1)} — 9]
()\ —2)A =Dk =2k + D2 —2)(A — DR — 4]
A =D e—=2)+ (A =20\ = D T(\k — 2k + 1)
2)(\ — )(k D20\ —1)k/2 4
—1)

—a/\/c? -4+ -2 ac > 0. (14)
Combining (10)—(14), we have f5(\) > 0 when A > 3 and k > 5. This indicates
that fa(\) is monotone increasing when A > 3, which together with (9) implies
2 < ANZQ) <3fork>5and > 6. Thus, we have the desired results. That is,
when the length ¢ > 6, we have 2 < \(2) < 4 for k = 3,4 and 2 < \(£2) < 3
for k > 5. Ol

By [10, Proposition 3.2] and Theorems 3 and 4, we immediately have the
following result.

Corollary 1 Let k be even, and let G = (V, E) be a k-uniform loose path with

length £ > 3. Let £ be its Laplacian tensor. Then, the following statements
hold:

(i) AMZ) € (2,3) when ¢ = 3,4,5;
(ii) when £ >6 and k =4, 2 < A\N(X) < 4;
(iii) when £>6 and k > 5,2 < A(Z) < 3.
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5 Numerical experiments

In this section, according the proof process of Theorems 3 and 4, we design a
procedure to compute the largest signless Laplacian H-eigenvalue of loose paths
for some numerical experiments. The discussion for A\(%7) is similar, we omit
them here.

Procedure Step 1 For fixed k and ¢, we find out all the real roots of the
polynomial equation in a certain interval.

(i) When ¢ =3 or ¢ =4, we can find out the unique real root of
A=2)A=1DF 1 —A=1)F2-1=0

or
A =22\ —=1)B=D2 (X — )X —1)E=2/2 _gx - 1)F2 =0
by dichotomy.
(i) When ¢ =5 and k > 4, we can find out all the real roots of

A=2)A=DF 1 (A=1)F2 - (A=2)2(A=1)BF=D2_(A—2)(A—1)kF=2/2_1 =

by judging all discrete points in (2, 3).
(iii) First, we find out the unique real root ¢ of the equations

A=2)A=1)* =22 =0 x>2

When k£ > 5, we compute the unique real root of fa(\) = 0, where fo(\)

is defined as in (8), in (¢,3) by dichotomy and find out another real roots by

judging all discrete points in (2,¢). When k& = 3 or k = 4, we compute the unique

real root in (¢,4) by dichotomy and find out another real roots by judging all

discrete points in (2,1).

Step 2 Check whether all the real roots are the H-eigenvalues of 2 or not.
Substituting the real roots into equations

AX = A(wl,...,xn)T =0,

determine whether there is X > 0 or not. Let A be an n x n matrix. If
|A| = 0, then we have rank(4) = n — 1. So z1,...,x,—1 can be expressed as
ciry, 1 €{1l,...,n—1}. If ¢;, i € {1,...,n — 1}, are greater than zero, we have
X > 0. The computational complexity is O(n).
Step 3 Choose the largest real roots which satisfy Steps 1 and 2.

From the above procedure, the computational complexity of this algorithm

R(O—2) 1 |
MY D oo, =
O( 2 +€+ 082 5)’

where ¢ is a given tolerance. We also can find out the largest adjacency H-
eigenvalue of loose paths by the similar procedure as above. The results of the

is
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largest signless Laplacian H-eigenvalues and the largest adjacency H-eigenvalues
are presented in Figs. 1 and 2. Here, we take 3 < k,£¢ < 50. The curve in Fig. 1
(a) is the function with respect to the variable k when ¢ is fixed, while the one in
Fig. 1 (b) is the function with respect to the variable ¢ when k is fixed. As can
be seen in Fig. 1 that A\(2) with respect to k is a strictly decreasing sequence
when ¢ is fixed, the numerical experiments show that [10, Conjecture 4.1] is
true for loose paths. It also can be discerned from Fig. 1 that the function
A(L2) with respect to k is convergent when ¢ trends to +oo.

Q

=2 35 3.5

z (@) k=3 (b)

Q

E /‘

¥

E 3 3 -4

: y/——

&

—

2 25 2.5

=

2 %

%

2 2 2

= 0 10 20 30 40 50 0 10 20 30 40 50
k 14

Fig. 1 Largest signless Laplacian H-eigenvalue A(2) of loose paths. Function A\(2) with
respect to (a) variable k when ¢ is fixed and (b) variable £ when k is fixed.
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Fig. 2 Largest adjacency H-eigenvalue \(&7) of loose paths. Function A(«7) with respect to
(a) variable k when ¢ is fixed and (b) variable £ when k is fixed.

6 Concluding remarks

We investigate the spectral theory of loose paths. We compute the largest H-
eigenvalue \(«7) of its adjacency tensor and the largest H-eigenvalue \(2) of
its signless Laplacian tensor. We tighten their bounds. The numerical results
shows that A(£2) with respect to k is a strictly decreasing sequence for a k-
uniform loose path with fixed length ¢. This is a conjecture to be presented
here for future research.
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