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1. Introduction

PDE problems with small asymptotic parameter are ubiquitous in the science and engineering applica-
tions. The study of asymptotic behavior for these problems is crucial at least for two reasons, understanding
the possible new physics in the asymptotic regime and designing uniformly stable numerical schemes. Gen-
erally, if the limiting problem is well-posed, we call these PDE problems regularly perturbed. Otherwise,
we call them singularly perturbed. The regularly perturbed problems are easier, since the solution admits
a power series expansion which is valid at least when the asymptotic parameter is sufficiently small. It
is the singularly perturbed problems which make the analysis more complicated. Even in the linear case,
the asymptotic solutions behavior can be very different, strongly depending on the nature of these PDE
problems. A correct solution ansatz with respect to the asymptotic parameter is the key ingredient for this
kind of investigations. In this paper, we are interested in the time harmonic wave problems with small wave
number.

The first problem we consider is the boundary value problem of the Helmholtz equation

~Au—K*u=f, Vz € Q, (1)
Opu —iku = g, Vx € T, (2)
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where i = y/—1 denotes the imaginary unit, k is the wave number parameter, @ C R™ (n = 2 or 3) is
a bounded connected Lipschitz domain with connected boundary I', n denotes the unit outward normal,
f € L*Q) and g € HY2(I") are prescribed complex-valued functions. The weak formulation associated with
the boundary value problem (1)—(2) is to find u € H'(€2), such that for all v € H(Q) it holds that

(Vu, Vu) — ik < v,u > —k*(v,u) = (v, f)+ < v,9 > . (3)

Here and hereafter, we define the volume and boundary duals as
(v,u) = /dex, <v,u>= /Ouds.
Q r

By the Riesz representation theorem, we can define three bounded linear operators {Aj}?zo from H(Q) to
H(Q), and an element b € H(Q) as

(v, Agu)1 = (Vv, Vu), (4)
(v, Aju)1 =< v,u >, (5)
(v, Agu) = (v, u), (6)
(v,0)1 = (v, )+ <wv,g>. (7)

In the above, (-,-); stands for the standard H'-inner product, i.e.,
(v,w); = (Vu, Vw) + (v, w).

The variational problem (3) can then be written into an equivalent form of operator equation: find u € H*(Q)
such that

(Ag —ikA; — k?Ay)u = b. (8)
The second problem we consider is the boundary value problem of Navier equation

~V -o(u) —k*u=f, Vz € Q, (9)

n-o(u) —iku=g, Vz €T, (10)
where @ C R™ (n = 2 or 3) is a bounded connected Lipschitz domain with connected boundary I', o(u)
stands for the stress tensor of the displacement vector field u. For simplicity, we assume that the stress
tensor o(u) relates to the strain tensor e(u) through

e(u) = (Vu+ (Vu))/2,  o(u) = Mre(u)T + 2ue(u).

In the above, A and p denote the Lame’s constants. The weak formulation associated with the boundary
value problem (9)—(10) is to find u € (H*(2))™, such that for all v € (H'(2))" it holds that

A(tre(v), tre(u)) + 2u(e(v), e(u)) — ik < v,u > —k*(v,u) = (v, f)+ < v,g9 > . (11)

By the Riesz representation theorem, we can define three bounded linear operators {A4; }?ZO from (H'(Q))"
to (H'(Q))", and an element b € (H*(2))" as
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(v, Agu)1 = A(tre(v), tre(u)) + 2u(e(v), e(u)), (12)
(v, Aju); =< v,u >, (13)
(v, A2u)1 = (v, u), (14)
(v,0)1 = (v, f)+ <v,g >. (15)

The variational problem (11) can then be written into the equivalent form of operator equation: find u €
(H'(Q))™ such that

(Ao — Zk‘Al — k‘QAg)u =b. (16)
The last problem we consider is the boundary value problem of the Maxwell equation

curlcurlu — k*u = f, Vo € Q, (17)
n x curlu + ikuy = g, Vo € T, (18)

where Q C R? is a bounded connected Lipschitz domain with connected boundary I'; u; = (n x u) x n on T,
f is the source field, and g is a prescribed tangential vector field on I'. Let us introduce the function space

H(imp; Q) = {v € (L*(2))?| curlv € (L*(Q))3, v; € LE(T)},
where
L3(T) = {v € (L(T)*n - v = O},
The function space H (imp; Q?) is a Hilbert space equipped with the inner product ([10])
(v, u) 5 (imps) = (curlw, curlu) + (v, u)+ < vg,ue > .

Given f € (L?(Q))® and g € L#(T'), the weak formulation associated with the boundary value problem
(17)—(18) is to determine u € H (imp; ), such that for all v € H (imp; ?) it holds that

(curlw, curlu) — k?(v,u) — ik < vy, up >= (v, f)— < v, 9 > . (19)

By the Riesz representation theorem, we can define three bounded linear operators {Aj}?:o from H (imp; Q)
to H(imp; ), and an element b € H (imp; §2) as

( (20)
('U,AlU)H(imp;Q) =< v, Up >, (21)
(v, A2u) g (imp;2) = (v, 1), (22)
( (23)

U7b)H(imp;Q) = (U7f)_ <v,9>. 23

v, Ao) g (imp;2) = (curlw, curlu),

The variational problem (19) is then equivalent to the operator equation: find u € H (imp; Q) such that
(A() — Zk‘Al — k2A2>U =b. (24)

It is known that for all k& > 0, the Helmholtz boundary value problem (1)-(2) (see [4]), the Navier
boundary value problem (9)—(10) (see [5]), and the Maxwell boundary value problem (17)-(18) (see [10])
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admit a unique solution in the corresponding function spaces which continuously depends on the data f
and g. Equivalently speaking, the operator families Ag —ikA; — k? Ay in (8), (16) and (24) are invertible for
all k > 0. Since these operator families are analytic functions of k, the inverse operator families (Ag —ik A —
k2 A,)~1 are also analytic for all £ > 0. However, the analyticity property cannot be extended to k = 0, since
the operator Ay is not invertible. The implication of this observation is such that the operator equations (8),
(16) and (24), thus the boundary value problems (1)—(2), (9)—(10), and (17)—(18) are singularly perturbed
if we take the wave number k as a small asymptotic parameter.

The study of asymptotic behavior for the time harmonic wave problems with small wave number has a
long history, and appeared in the literature as early as in [9,11,3]. Later on, Feng and Sheen considered this
issue for the Helmholtz problem and the Navier problem in [6,5]. Hsiao and Wendland [7.8] performed the
asymptotic analysis for the Helmholtz problem. They derived the first two asymptotic terms for both interior
and exterior problems by the integral equation method. This paper aims mainly at an asymptotic analysis
for the Helmholtz problem (1)—(2), the Navier problem (9)—(10), and the Maxwell problem (17)—(18). It
turns out that we can make this analysis for all these problems in a uniform manner, since their equivalent
operator equations (8), (16) and (24) have a similar form. By introducing suitable Lagrangian multipliers, we
transform the governing equations into saddle point problems, which are uniformly invertible with respect to
the wave number k € [0, ko], with ko being an arbitrary but fixed positive number. The regular perturbation
technique can then be straightforwardly applied to derive the asymptotic solution behavior. Different from
the integral equation method used in [6,5,7,8], our method can be easily extended to problems with variable
coefficients.

The rest of this paper is organized as follows. We first study the asymptotic solution behavior for this
abstract operator equation in Section 2. Then taking the Helmholtz problem (1)—(2), the Navier problem
(9)-(10), and the Maxwell problem (17)—(18) as three specific instances, we figure out the leading order
terms of the corresponding asymptotic expansions in Section 3, Section 4 and Section 5, respectively.

2. An abstract operator equation

Let X be a complex Hilbert space with inner product (-,-)x. The induced norm is denoted by || - || x.
Given three bounded linear operators Ag, A; and A, from X to X, we consider the operator equation with
real parameter k > 0: find v € X such that

(AO — Zk‘Al - k2A2)U = b, (25)
where b is a prescribed element in X. We hypothesize that:

HO: the bounded linear operators Ag, A; and As are self-adjoint, namely,
(Av,u)x = (v, Aju)x, Yo,u € X;
H1: the bounded linear operator family Ag — ikA; — k2 A, is invertible for all k£ > 0.

Note that the inverse of an invertible bounded linear operator is also bounded by the closed graph theorem.
The operator equation (25) is a perturbation problem when k — 0. If Ay is invertible, this perturbation
is regular, and the solution of (25) admits a power series expansion with respect to k. However, when Ay
is not invertible, this perturbation becomes singular. This section aims at an asymptotic expansion for the
solution of (25) in the singularly perturbed case, namely, when the kernel space of A is not trivial.
Let us put

XO = ker 1407 X01 = ker AO N ker Al.
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Obviously, X is a closed subspace of X, and Xy is a closed subspace of X. Suppose that Xgo is the
orthogonal complement of Xy; in Xy, i.e., Xg = Xo1 & Xo2. Let P; and P, be the orthogonal projection
operator from X onto Xy; and X9, I; and I5 be the inclusion operators from Xg; and X2 to X, respectively.
Furthermore, let Iy be the inclusion operator from Xy to X. Note that P; is the conjugate operator of Iy,
and P, is the conjugate operator of I, i.e.,

(Liv,u)x = (v, Piu)x, Yv € Xo1, Yu € X,
(IQU,U)X = (U,PQU)X7 Vv € Xgg, Yu € X.

By the hypothesis HO, Ay and A; are self-adjoint. It is straightforward to verify that
P1A0 = 0, P1A1 = O, PQAO =0. (26)
With these notations introduced, we further hypothesize that
H2: the bounded linear operator Py Asl; from Xp; to Xo; is invertible;
H3: the bounded linear operator P, Ayl from Xpo to X9 is invertible;
H4: confined and projected onto ker P; As N ker P, A;, the operator Ay is invertible;
H5: the bounded linear operator (PyAsly, PoA11p) from X to Xo1 X Xoo is invertible.
2.1. Equivalent saddle point problem

Applying the projection operators P; and P, onto both sides of (25) and recalling (26), we obtain

P Asu = —k~2Pyb,
(P2A1 - ’LkPQAQ)U = (—ik)_lpgb.
These are two constraints on the solution w. By introducing two Lagrangian multipliers p € Xo; and t € X2

into the operator equation (25), we derive the following saddle point problem: find (u,p,t) € X X Xo1 X Xo2
such that

(AO — kA — k’QAg)u + Azllp + A1t = b, (27)
Py Asu = —k2Pyb, (28)
(P2A1 — Z]CPQAQ)U = (77:]{)71P2b. (29)

Proposition 2.1. For all k > 0, if u is a solution to the operator equation (25), then (u,0,0) is a solution to
the saddle point problem (27)-(29). On the other hand, if (u,p,t) is a solution to the saddle point problem
(27)-(29), then p =0, t =0, and u is a solution to the operator equation (25).

Proof. It suffices to prove the latter statement. Applying P; onto both sides of (27) and recalling (26), we
derive

—k*PyAsu + PyAsIip = Prb.
Using (28) yields

PiAL1p =0,
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which leads to p = 0, since Py A3l is invertible on Xg; by the hypothesis H2. Furthermore, applying P»
onto both sides of (27) and recalling (26), we derive

(—ikPQAl - k2P2A2)u + P2A1[2t = Pgb
Using (29) yields
P2A1]2t == O,

which leads to t = 0, since Py A1, is invertible on Xpo by the hypothesis H3. The equation (27) is then
reduced to (25), which implies that u is a solution to (25). O

2.2. Uniform solvability of saddle point problem

The saddle point problem (27)—(29) is a specific instance of the following problem with general data: find
(u,p,t) € X x Xo1 X Xp2 such that

(AO — ’LkAl — k2A2)u + A2I1p + Aljgt = b, (30)
P1A2u =N, (31)
(P2A1 - ’Lk}PQAQ)’U, =Ny, (32)

where b € X, ni; € Xp; and ny € Xgo.

Proposition 2.2. Vk > 0, there exists a constant ¢ > 0, such that Vb € X, Vni € Xo1 and Vny € Xgo, the
saddle point problem (30)-(32) admits a unique solution (u,p,t) € X x Xo1 X Xo2 which satisfies

Jullx +lpllx +[tlx < ex ([blx + lnillx + ln2llx) -

Proof. Applying P; and P, onto both sides of (30) and recalling (26), we derive

—k*PyAqu+ PyAsIip = Pib, (33)
(—ikPyAy — k* Py Ag)u + PoAslip + PyAi It = Pob. (34)
Using (31)—(32) yields
Py AyLip = Pib + kng, (35)
P2A2]1p + P2A1[2t = Pgb + ikng. (36)

The derivation of (35)—(36) implies that if (u, p, t) is a solution of problem (30)—(32), then it is also a solution
of operator equations (30), (35) and (36). On the other hand, if (u, p,t) is a solution of (30), (35) and (36),
applying (33)—(34) we derive (31)—(32). These imply that the problem (30)—(32) has the same solution as
the operator equations (30), (35) and (36). According to the hypotheses H2, H3 and H1, p, ¢t and u can
be successively solved from (35), (36) and (30). The proof thus finishes since all operators involved are
bounded. O

Next let us consider the saddle point problem (30)-(32) when k = 0. In this case, the problem (30)-(32)
expresses as
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Ao’u, + Agllp + Allgt = b, (37)
PlAQU =Ny, (38)
PQAl’LL = Nna. (39)

Proposition 2.3. There exists a constant cg > 0, such thatVb e X, Vny € Xo1, Vng € Xoo, the saddle point
problem (37)-(39) admits a unique solution (u,p,t) € X x Xo1 x Xo2 which satisfies

lullx + [[plx + Itllx < co(llbllx + lInallx + lIn2]lx)-
Proof. According to the hypothesis H5, let v € Xy be the unique solution of
PlAQI()’U =N, P2A1]()’U = Na.

Set 4 = u — Ipv, then @ solves

Aoﬂ + AQIlp + Allgt =b- AQI()U, (40)
PlAz’a = 0, (41)
Py Ay = 0. (42)

The above implies that @ € ker Py Ay N ker P, A;. According to the hypothesis H4, A is invertible when
confined and projected to ker P As N ker P,A;. On the other hand, by the hypothesis H5, there exists a
constant ¢ > 0 such that for all (0,0) # (p,t) € Xo1 X Xo2, there exists 0 # w € X satisfying

P AsTyw =p, PyA Iyw=t,
and
lwllx < e(llpllx + It x)-
Since A; and As are self-adjoint, we have
(Tow, A2 hp + ArIot) = (P Az Tow, p) + (P ArTow, ) = (p,p) + (1) = ol + [Itl)%
which leads to
| A2T1p + AsLot]| = (lpll% + 1t /llwllx = (lpllx + litllx)/(2¢)-

The above implies that the mapping Aslip + A1lot from X7 x X5 to X satisfies the inf-sup stability
condition. By the classical mixed variation theory, we know that there exists a constant cy > 0, such that
Vbe X,Vny € Xo1, Vng € X, the problem (40)—(42) admits a unique solution (@, p,t) € X X Xo1 x Xo2
which satisfies

lallx + lIpllx + [Itlx < ca(llbllx + llvllx)-
The proof thus finishes since v is bounded by ||ni||x + ||n2|x. O

Proposition 2.2 and Proposition 2.3 reveal that the left hand of problem (30)(32) defines an invertible
bounded operator family on the augmented space X x Xy X X2 for all £ > 0. Since this operator family
is analytic with respect to k, we then derive the main result of this paper.
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Theorem 2.1. Given an arbitrary but fized ko > 0, there exists a constant cs = c3(ko), such that V' k € [0, ko],
Vbe X, Vny € Xo1 and Vny € Xoa, the saddle point problem (30)-(32) admits a unique solution (u,p,t) €
X x X1 x Xgo which satisfies

lullx + lpllx + [[tlx < es(lbllx + lInallx + lIn2llx)-

Thanks to Proposition 2.1 and Theorem 2.1, we then derive the stability estimate with respect to k for
the operator equation (25).

Theorem 2.2. Let u be the solution of (25). Given an arbitrary but fized ko > 0, there exists a constant
¢y = c4(ko), such that for all k € (0, ko] it holds that

Pib Psb
fulle < co (1000 o Dy gy

2.8. Asymptotic expansion

Now we can make an asymptotic expansion for the solution u of the operator equation (25). By Proposi-
tion 2.1 and Proposition 2.2, (u,p,t) with p = 0 and ¢ = 0 is the unique solution to the saddle point problem
(27)-(29). Let us make the formal asymptotic expansions

o0 o0 o0
w= Y (=ik)"up, p= Y (—ik)"Pm, t= D (—ik) "ty (43)

m=—2 m=—2 m=—2

Substituting the above into (27)-(29) and equating the different powers of k, for all m > —2 we have

Aotm + Aoliprm + A1loty, = dm,0b — A1tpm—1 — Aot 2, (44)
PlAQ'LLm = 5m1,2P1b7 (45)
P2A1um = 6m)_1P2b - PQAQUm_l. (46)

In the above, 6. . indicates the Kronecker symbol, which values 1 if two indices are equal, and 0 in the other
cases. We have also made convention that u,, = 0 for all m < —2.

Proposition 2.4. For all m > —2, the saddle point problem (44)-(46) admits a unique solution (Um, Pm,tm)
with pym = 0 and t, = 0. Besides, there exists a constant ¢y, > 0 such that ||um| < cmlb]-

Proof. The existence and uniqueness follow by Proposition 2.3. Applying P; onto the both sides of (44) and
using (45) yields

PL A Py = 00 P1b — PrAsum—o = 0m,0P1b — 0pm—2,—2P1b = 0.

According to the hypothesis H2, we obtain p,, = 0. Furthermore, applying P> onto the both sides of (44)
and using (46) yields

P2A1]2tm = 6m’0P2b — PQAlum,1 — PQAQ’U,m,Q =0.

According to the hypothesis H3, we obtain t,, = 0. The stability estimate follows by Proposition 2.3 and a
sequential deduction. O
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Remark 2.1. When m = —2, the equations (44)(46) express as

Agu_o + Aslip_o + A1Irt_5 =0,
P1A2’LL,2 = Plb,
P2A1U,72 =0.

If P1b =0, then by Proposition 2.4, we have u_5 =0, p_o =0 and t_5 = 0.

Now for all J > —1, let us truncate the series terms in (43) and put

J J J
W= S il s P = S i), 6 = S (k)
m=—2 m=—2 m=—2
u = u) —u, p = p) ) =) g,

A direct computation yields that

(Ag —ikA; — K2 Ag)ul?) + A L1pl) + Ay Int(?)

= (—ik) T Ayug + (—ik)? T  Aquy_q + (—ik) T2 Aguy,
Py Ayul’) =0,
(PyAy — ik Py As)ul”) = (—ik) 1Py Aguy.

Applying Proposition 2.4 and Theorem 2.1, we then derive the following asymptotic error estimate.

Theorem 2.3. Let u be the solution of (25) and (um,0,0) the unique solution of (44)-(46). Given an arbitrary
but fized ko > 0 and J > —1, there exists a constant c5 = c5(J, ko), such that for all k € (0, ko), it holds that

J

Z (=)™ upm — u

m=—2

S C5]<1J+1 ||b||X

X

3. The Helmholtz problem

The operator equation (8) is an instance of (25) with X = H'(Q) and {Aj}?:o defined by (4)-(6). It is
easy to verify that

XO = C, X01 = {O}7 X02 = Xo = C.

Here and hereafter, the symbol C denotes the field of complex numbers. Besides, the hypotheses made on
the operator equation (25) in Section 2 are all fulfilled for this instance:

HO: The self-adjoint property for {4; }?:0 is obvious;

H1: For all k > 0, Ag — ikA; — k? Ay is invertible (see [4]);

H2: The hypothesis H2 is trivial since X7 = {0} and P; = 0;

H3: Given t € Xgo = C, let us consider the operator equation: find v € Xgo = C such that

P2A1[21} =1.
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This equation is equivalent to
(1,t)1 = (1, PR2A1Iv)1 = (1, A1 ) =< 1, [ >=< 1,0 >,
which leads to
v = 9Qt/|T],

where || and |T'| denote the volume and boundary measures, respectively. This certainly implies that
the operator PoA1ls from Xgo to Xgo is invertible;
H4: Actually, since P; = 0, according to the definition of A; (see (5)), we have

kerP1A2 ﬂkerPgAl = kerP2A1 = Hi(Q) = {’U € Hl(Q)I <l,uv>= 0}

It is known that confined to H} (), the semi-norm |-|1 ¢ is a norm equivalent to the standard H!-norm.
This implies that the operator Ay (see (4)) is invertible when confined and projected to H}(Q);
H5: For this instance, this hypothesis is the same as H3, since X1 = {0}, P; = 0 and Iy = Is.

Note that since Xo; = {0} and P; = 0, the saddle point problem (44)—(46) is reduced to

Aot + A1ty = 0m,0b — A1tm—1 — Aotpm—2, (47)
PgAlum = 5m’,1P2b - P2A2um,1. (48)

According to Remark 2.1, we know that u_s = 0. In the case that m = —1, the equations (47)—(48) express
as

A(_)U,l + A1I2t71 = 0, (49)
P2A1U_1 = Pgb (50)

The corresponding variational form is to find (u_1,¢_1) € H'(Q) x C such that for all v € H*(Q) it holds
that

(Vo,Vu_1)+ <v,t_1 >=0,
<lu_g >= (1,[))1 = (1,f)+ <l,g>.

Therefore, by Proposition 2.4 we have t_; = 0 and
u_y = [(1, f)+ < 1,9 >]/||.
Applying Theorem 2.3 we derive

Theorem 3.1. Let u be the solution of (3) and (um,0) the solution of (47)-(48). Given an arbitrary but fized
ko > 0 and J > —1, there exists a constant cg = cg(ko, J), such that for all k € (0, ko], it holds that

As a by-product, we derive the following stability estimate.

(LO+<1,9> <, . om
—ik|T| +§=:( )t —

m=0

< ek ([ flloe + gl
1,0

1)
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Theorem 3.2. Let u be the solution of (3). Given an arbitrary but fized ko > 0, there exists a constant
cr = c7(ko), such that for all k € (0, kol, it holds that

(L H+<1,9>|
o < er (BEEZL0 2o 4 gl 1 )

[ulso < er (1 fllog + llglly ) -

4. The Navier problem

The operator equation (16) is an instance of (25) with X = (H!(Q))" and {Aj}?zo defined by (12)-(14).
For this instance, it is easy to verify that (see [2])

Xo = { Mz +rYM e C>" Ml =—_M, VreC"}, Xo={0}, X =Xo.

Note that X is simply the rigid body displacement space. Besides, the hypotheses made on the operator
equation (25) in Section 2 are all fulfilled for this instance:

HO: The self-adjoint property for {4; }?:0 is obvious;
H1: For all k > 0, Ag — ikA; — k%A is invertible (see [5]);
H2: The hypothesis H2 is trivial since Xy; = {0} and P; = 0;
H3: Given t € X9, let us consider the operator equation: find v € Xy such that
P2A1 IQU =1t.
This equation is equivalent to find v € Xgo such that for all w € Xgo, it holds that
(w,t)1 = (w, P2A1I2v)1.
Note that according to the definition of A; (see (13)), we have

(’LU,PQAllgv)l = (’U),Allgv)l =<w,v >.

Since Xps is of finite dimension, we know that the duals (w,t); and < w,v > define two equivalent
inner products on Xgs. This implies that the operator P, A1s is invertible;
H4: Actually, since P; = 0 we have

ker Py As Nker PyA; = ker PyAy = HY(Q) = {v € (HY(Q)"| < w,v >= 0, Yw € Xo}.

It is known that confined to H.(2), the semi-norm |-|; ¢ is a norm equivalent to the standard H!-norm.
Since (-, Ag-) is an equivalent quadratic form as (V-,V-) (see [2]), we know that the operator Ag is
invertible when confined and projected to HL(Q);

H5: For this instance, this hypothesis is the same as H3, since Xo; = {0}, P, =0 and Iy = I5.

Note that since Xo; = {0} and P; = 0, the saddle point problem (44)-(46) is reduced to

AOU”H’L + A1[2tm - 5m,0b - AlunL—l - A2u7n—27 (51)
PQAlum = (Sm,_lpgb - PQAQUm_l. (52)

According to Remark 2.1, we have u_y = 0. In the case that m = —1, the equations (51)—(52) express as
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Agu_q1 + A1 Lt_1 =0, (53)
P2A1U_1 = Pgb (54)

The corresponding variational form is to find (u_q,t_1) € (H'(Q))™ x Xo2 such that for all (v,s) €
(HY(2))™ x Xo2 it holds that

A(tre(v), tre(u—_1)) + 2u(e(v), e(u_1))+ < v,t_1 >= 10,
< s,u_q1 >=(8,b)1 = (s, f)+ <s,9>.

Applying Theorem 2.3 we derive

Theorem 4.1. Let u be the solution of (11) and (um,0) the solution of (51)-(52). Given an arbitrary but
fixed ko > 0 and J > —1, there exists a constant cs = cg(ko, J), such that for all k € (0, ko], it holds that

< csk" (1]

0.2+ llgll1 r):

where u_1 € Xy solves
< s,u—1 >=(s8,b)1 = (s, f)+ < 5,9 >, Vs € Xp.
Considering u_; is a linear function of z, as a by-product of the above theorem, we have

Theorem 4.2. Let u be the solution of (11). Given an arbitrary but fized ko > 0, there exists a constant
co = cg(ko), such that for all k € (0, ko], it holds that

[uls < e (Iflo +llglly.r) -
5. The Maxwell problem

The operator equation (24) is an instance of (25) with X = H (imp; ©2) and {A;}3_ defined by (20)(22).
Let us put

Y(Q) = {we ' (Q)|w|r € H'(I)}.
For this instance, it is easy to verify that
Xo=VY(Q), Xo=VHi(Q), Xo=Ve(H'T)).

In the above, e indicates the harmonic extension from H? (T') to H*(£2). We show that the hypotheses made
on the operator equation (25) in Section 2 are all fulfilled:

HO: The self-adjointness of Ap, A; and A, is obvious;

H1: This hypothesis holds since Ag —ikA; — k? A is invertible ([10]);

H2: This hypothesis holds since P Asl; = Idx,;

H3: Given t' € HY(T)/C, i.e., Ve(t') € X2, let us determine t € H*(T")/C, i.e., Ve(t) € Xoz, such that for
all s € HY(T")/C, it holds that

(Ve(8)7 P2A1]2V€(t))H(imp;Q) = (VB(S), Ve(tl))H(imp;Qy
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The above equation is equivalent to
< Vrs,Vrt >= (Ve(s),Ve(t'))+ < Vs, Vpt’ >, (55)
since
(Ve(s), P, A1 Ve(t)) g imp;0) =< Vrs, Vrt >,
and
(Ve(s), Ve(t') mmp:a) = (Ve(s), Ve(t'))+ < Vrs, Vpt' > .

Since ||Vr - |lo,r is an equivalent norm on H'(I')/C, from (55) we know that ¢ is uniquely determined
in H'(I")/C. Besides, we have

”ve(t)HH(imp;Q) S |75|1,F < |tl

1,r S Hve(t/) HH(imp;Q) .

Here and hereafter, the symbol < implies that the left quantity is bounded by the right quantity
multiplied with a positive constant which depends only on the geometry of definition domain. The
above implies that the operator Py Aily from Xgo to Xgo is invertible. Therefore, the hypothesis H3
holds;

It is straightforward to check that

ker Py As Nker Py Ay = Ho(imp; Q) = {v € H(imp; Q)|divv = 0, divp vy = 0}.
The reader is referred to [1,10] for the definition of boundary divergence operator divr. By Theorem A.1
in the Appendix, the hypothesis H4 follows;
Given p € H}(Q) and t € HY(T')/C, i.e., Vp € Xo1 and Ve(t) € Xoz, the system of operator equations:
find v € Xg such that

PlAQI()U = Vp, P2A1]0’U = Ve(t),

is equivalent to seek v = Vz with 2z € Y(Q)/C such that for all ¢ € H}(Q) and all s € HY(T")/C, it
holds that

(Vq,Vz) = (Vq,Vp),
< Vrs,Vrz >= (Ve(s), Ve(t))+ < Vrs, Vrt > .

The solution z is thus unique and existent, and it continuously depends on p and t.

Now we can apply Theorem 2.3 to derive the asymptotic expansion for the solution to the variational

problem (19). We study the first two terms as follows:

e Term u_s: In the case that m = —2, we have

Aou_g + Aslip_o + A1lot_o =0,
PlAQU_Q = Plb,
PgAlu_Q =0.
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The corresponding variational problem is to find (u_s,p_2,t_2) € H(imp; Q) x H}(Q) x HY(T")/C such
that for all (v,q,s) € H(imp; Q) x H () x H(T')/C it holds that

(curlwv, curlu_z) + (v, Vp_2)+ < v, Vpt_g >= 0,
(an u—2) = (VQ7 f))

< Vrs,u_g; >=0.
By Proposition 2.4, we have p_s = 0 and t_5 = 0. Besides, u_» = V¢ with ¢ € HJ () solving
(Vq,V$) = (Vq, f), Vg € Hy(Q).

e Term u_q: In the case that m = —1, we have

Aou_1 + Aslip_1 + A1t _1 =0,
P1A2u,1 = 0,
P2A1’U,,1 = sz — PQAQ’U,,Q.
The corresponding variational problem is to find (u_1,p_1,t_1) € H(imp; Q) x H}(Q) x HY(T)/C such
that for all (v,q,s) € H(imp; Q) x Hi(2) x HY(T')/C it holds that
(curlv, curlu_1) + (v, Vp_1)+ < v, Vrt_1 >=0,
(qu ufl) = 07
< stau—l,t >= (6(8),‘]0)7 <s,9> 7(6(8),V¢).

By Proposition 2.4, we have p_; = 0 and ¢_; = 0. In addition, u_; = Ve(1)) with ¢» € H'(T")/C solving
< Vr&vrw >= (6(5),f)— <s,9> _(6(8)5V¢)'
Applying Theorem 2.3 we derive

Theorem 5.1. Let u be the solution of (19) and (um,0,0) the solution of (44)-(46). Given an arbitrary but
fized ko > 0 and J > —1, there exists a constant c19 = c10(ko, J), such that for all k € (0, ko), it holds that

< ek (| fllo.o + llglls r)s
H(imp; Q)

J
H(ik)2V¢ + (—ik) " Ve(y) + Z (—ik) ™ Uy — u

m=0

where ¢ € H(2) solves

(Vq, Vo) = (Va. f), Vg € Hy (),

and ¢ € HY(T')/C solves

< Vs, Vi >= (e(s), f)— < 5,9 > —(e(s), V@), Vs € H'(T')/C.
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6. Conclusion

We have performed asymptotic analysis for several time-harmonic wave problems with small wave number.
These problems can be categorized into an operator equation frame, whose coefficient operator forms a
quadratic analytic operator family. When the wave number parameter is set as zero, the coefficient operator
is not invertible, which renders the operator equation singularly perturbed when the wave number is small.
By introducing suitable Lagrangian multipliers, we transformed the operator equation into a saddle point
problem. We proved that the saddle point problem is uniformly solvable. Based on this fact, we derived the
asymptotic expansion for the solution of operator equation.

It turns out that £ = 0 is an order-one pole of the analytic inverse operator family for the Helmholz and
Navier problems, and a order-two pole of that for the Maxwell problem. The former is a recovered result
built in [6] and [5]. However, to the authors’ knowledge, the result for the Maxwell problem is new. Besides,
different from the integral equation method employed in [6] and [5], our method can be easily extended to
problems with variable coefficient problems.

Appendix A. On the equivalent norm in H(imp; Q)

Theorem A.1. Confined to Ho(imp; ), |curl - |[o,q is a norm equivalent to || - || i (imp;0) -
Proof. Tt suffices to show that for all u € Hy(imp; §2), it holds that

or S lleurlulfo o

[ullo.o + [lutl
Let us set 7' = curlu. Since divT = 0, there exists W € H'(£2) such that
T=curlW, divW =0, |[W|ia S |lcurlulo,o.

Set Z = u — W, then we have curl Z = 0 and divZ = 0. These imply that there exists a scalar potential
p € HY(Q)/C such that Z = Vp and Ap = 0. Since u = W + Vp and divr u; = 0, it holds that

Arp = —divp Wr.
This implies that
plir S lldive Wrl—1r S [IWllor S IWllie < lleurlullo.q.
By the standard regularity argument, we know that p € H2(Q)/C and
pls o S lleurlufjo,o.
We then derive
[ully.0 < Wllyo+ Vel e S IWlhie +Ipls 0 S lleurlufoq,

which leads to

[ullo,0 < lleurlufjo,o- (A1)
Besides, since

uy = Wr + Vrp,
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we have

[uello.r < IWrllo,r + [Vepllor S Wl + phr S [leurlullo,o. (A.2)

Combining (A.1)—(A.2) we finish the proof. O
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