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Abstract. In this paper we consider a discontinuous Galerkin discretization of the
ideal magnetohydrodynamics (MHD) equations on unstructured meshes, and the di-
vergence free constraint (∇·B = 0) of its magnetic field B. We first present two ap-
proaches for maintaining the divergence free constraint, namely the approach of a lo-
cally divergence free projection inspired by locally divergence free elements [19], and
another approach of the divergence cleaning technique given by Dedner et al. [15]. By
combining these two approaches we obtain a efficient method at the almost same nu-
merical cost. Finally, numerical experiments are performed to show the capacity and
efficiency of the scheme.
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1 Introduction

Many physical problems arising in a modeling process can be described by the magne-
tohydrodynamic (MHD) equations which model the dynamics of electrically conduct-
ing fluids (e.g. plasma). At high temperature due to ionization, all gases will change
to plasma. Therefore the MHD equations are important in many physical applications.
Since the equations are highly nonlinear, analytic solutions are not available for the prob-
lem. We will focus on the numerical solutions of the ideal MHD equations, represented
by an hyperbolic conservation law. Also, an additional involution constraint ∇·B=0 for
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its magnetic field B is needed. Besides the numerical challenges when solving such a
nonlinear system, this constraint introduces additional difficulties. On the analytic level
the involution constraint is always fulfilled, but numerical experiments indicate that neg-
ligence in dealing with the divergence constraint may lead to numerical instability and
nonphysical solutions.

Many numerical approaches have been developed to solve conservation laws, e.g.
finite volume method (FVM) and finite element method (FEM). Each of them has its ad-
vantages and disadvantages. We will focus on the discontinuous Galerkin (DG) method,
which combines the flexibility of FEM with the numerical fluxes from FVM. The DG
method uses piecewise basis functions which are discontinuous on the boundary of the
elements. Normally they are chosen to be piecewise polynomials. Due to the disconti-
nuity of the basis function across cell boundaries, the scheme is very flexible compared
to standard continuous finite element method, such as its ability to deal with arbitrary
unstructured grids with hanging nodes. Additionally, each cell can have its own polyno-
mial degree independent of its neighbors. Furthermore, the DG scheme admits extremely
local data structure (elements only communicate with its immediate neighbors) which
leads to high parallel efficiency.

The first discontinuous Galerkin method was introduced by Reed and Hill [28] in
1973. They were interested in the neutron transport problem, i.e. a time independent
linear hyperbolic equation. In a series of papers [9–13] Cockburn and Shu developed a
framework to solve nonlinear time dependent problems, like Euler or MHD equations.
For time integration they are using explicit, nonlinearly stable high order Runge-Kutta
time discretizations [30] and for the spatial DG discretization they apply exact or approx-
imate Riemann solvers as interface numerical fluxes. To avoid numerical ascillations near
shocks they suggested to apply total variation bounded nonlinear limiters [29]. Due to
its good properties, such as high order accuracy and parallel efficiency, the discontin-
uous Galerkin method has found rapid applications in diverse areas as aeroacoustics,
electro-magnetism, gas dynamics and many more. Several numerical results establish
the good convergence behavior and reveal an excellent level of details in numerical runs,
see e.g. [1].

With regards to the numerical influence of the divergence constraint, several mod-
ifications and ideas have been developed to satisfy the constraint or at least reduce the
negative impact on the numerical solution. One of the first persons to notice the impact of
nonzero divergence to the stability of the numerical schemes were Brackbill and Barnes.
In [5], they proposed a global projection method to stabilize their scheme. The projection
needs to solve a global elliptic partial differential equation at each time step.

Another approach is given by Powell [25, 27]. The derivation of one-dimensional
fluxes (for a finite volume scheme) is based on the symmetrizable form of the MHD equa-
tions. In order to symmetrize MHD, we have to add source terms proportional to ∇·B,
see [26]. It was discovered later that the robustness of a MHD code can be improved
by adding these so called Powell-source term, see [34]. In 2002 Dedner et al. [15] in-
troduced their hyperbolic divergence cleaning technique which has several advantages
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over the Powell-source term. They introduced a generalized Lagrangian multiplier to
the MHD equations along with some control parameters. While the Powell-source terms
only propagates the divergence with the fluid velocity, Dedner’s method allows it to
control the speed of its movement and additionally smooths the divergence. Both Pow-
ell’s and Dedner’s methods are in general not able to reduce the divergence to zero, like
the projection method of Brackbill and Barnes does, but these methods are easily imple-
mented into the DG framework.

In [20, 21] Li et al. introduces a DG scheme which is based on a local reconstruction
and preserves the zero divergence of the magnetic field globally. This is done by first dis-
cretizing the normal components of the magnetic field along the edges of the elements,
followed by a locally divergence free reconstruction inside the elements. Li et al. also in-
troduced in [19] a DG scheme which uses a locally divergence free basis for the magnetic
field, which is natural with regard to the DG-formalism.

Another big class of numerical schemes preserving the divergence of the magnetic
fields are schemes using constrained transport. The main idea of the constrained trans-
port approach is to use a special discretization of the evolution equation for the magnetic
field. It uses a finite volume formalism to evolve the density, momentum, and energy,
and exploits Stokes’ theorem and uses a face-averaged representation of the magnetic
fields to enforce ∇·B=0 (see [33]).

In this article, we will discuss an implementation of the divergence free constraint on
unstructured meshes based on the DG method. Using locally divergence free elements
(see [19]) is simple, but it is not trivial to find a basis which results in a well-behaved
problem for high polynomial order. Furthermore, we still need to control the global di-
vergence. To achieve this, we first evolve the magnetic field with the standard piecewise
polynomial basis, which are not locally divergence free. Then, we project the magnetic
field into the subspace of locally divergence free vector fields as a pre-process (LDFP).
The result does not differ much from the use of locally divergence free elements. And it
also decouples the control of the divergence from the Runge-Kutta (RK) step. To control
the global part of the divergence, we adopt the approach of Dedner et al. (DEDNER).
Here we have two parameters to control both the advection speed and the smoothing
factor of the divergence. We implement this approach as a post-process procedure. To
control both the local and the global part of the divergence we combine both methods
(ProjDED), where we apply the local projection as a pre-process step, and for the global
part we apply the mixed approach of Dedner as a post-process step.

This paper is organized as follows. In Section 2, we introduce the MHD equations
along with its involution constraint and the DG-scheme for a two dimensional system of
conservation laws. Section 3 is dedicated to the divergence constraint and its numerical
treatment. We present the divergence cleaning technique and the locally divergence free
basis projection. We combine those two methods to obtain an efficient method ProjDED
illustrated in Section 4. Subsequently, the numerical verification and experimental val-
idation are discussed with several test problems: accuracy, Orszag-Tang, blast problem
and the magnetic rotor. Finally, conclusions are drawn in Section 5.
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2 Discontinuous Galerkin method for the MHD equation

2.1 The equations of ideal MHD

The dynamics of electrically conductive fluids is not fully described by the Euler equa-
tions. By coupling the Euler equations with Maxwell’s equations, we obtain the ideal
MHD equations

∂t̺+∇·(̺v)=0,

∂t(̺v)+∇·

(

̺vvT+
(

p+
1

2
BTB

)

I−BBT

)

=0,

∂tB+∇·(vBT−BvT)=0,

∂tE+∇·

((

E+p+
1

2
BTB

)

v−(BTv)B

)

=0,

(2.1)

together with the involution constraint

∇·B=0. (2.2)

Here ̺,v,B,E denotes the density, velocity, magnetic field and total energy, respectively.
The MHD equations are closed by connecting the pressure p with the conserved variables

p=(γ−1)
(

E−
1

2
̺vTv−

1

2
BTB

)

.

The ratio of specific heats is denoted with γ>1. For a derivation of system (2.1) we refer
to [32]. If the initial magnetic field satisfies (2.2), the exact solution of system (2.1) will
fulfill (2.2) for all time.

2.2 Discontinuous Galerkin finite element method

The discontinuous Galerkin (DG) method is a finite element method (FEM) with discon-
tinuous basis functions which uses the idea of a numerical flux taken from finite volume
theory to connect the elements. The DG method has become quite popular for hyperbolic
partial differential equations since it combines the flexibility of FEM with the underlying
physical dynamics of the equations. We want to refer to the work of Shu and Cock-
burn [9–14] for a detailed analysis and for the numerical implementation to the book of
Hesthaven [18].

Here, we give a brief introduce of the DG method for the following two dimensional
conservation laws

∂u

∂t
+

∂ f (u)

∂x
+

∂g(u)

∂y
=0, (2.3)

with the flux functions

f (u)=

(
f1(u)
f2(u)

)

, g(u)=

(
g1(u)
g2(u)

)

,
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where u=(u1,u2)T is in the domain Ω∈R
2.

Let T be a regular triangulation of our computational domain Ω with shape-regular
elements K, then our test function space is given as

Vh=

{

v=

(
v1

v2

)

: vi|K ∈PN(K); i=1,2; ∀K∈T

}

,

where PN(K) is the space of polynomial functions of degree at most N over K. Notice
that functions in Vh are allowed to be completely discontinuous across element interfaces.

We multiply (2.3) with a test function v∈Vh and integrate over K∈T to obtain

0=
∫

K

ut ·v dx−
∫

K

[(
f1(u)
g1(u)

)

·∇v1+

(
f2(u)
g2(u)

)

·∇v2

]

dx

+
∫

∂K

[(

f (u)nx+g(u)ny

)

·v

]

ds,

where n=(nx,ny)T is the outward pointing normal vector of K. We now replace u with
the approximate solution uh ∈Vh and the term f (u)nx+g(u)ny by a suitable numerical
flux function h(uh;n).

In our simulations, we mainly use the local Lax-Friedrichs flux (LLF). The local Lax-
Friedrichs flux along some cell interface with the outer normal n=(nx,ny)T is given by

hLF(uh;n) :=
1

2

(
(

f (u−
h )+ f (u+

h )
)
nx+

(
g(u−

h )+g(u+
h )
)
ny

)

+
α

2
(u−

h −u+
h ),

where a superscript ’−’ indicates the interior information of the cell and a superscript ’+’
refers to the exterior information. The constant α is defined as

α=max
uh

∣
∣
∣
∣
λ

(
∂( f nx+gny)

∂uh

)∣
∣
∣
∣
.

Here λ(·) indicates the eigenvalue of the Jacobi matrix, and the maximum is taken over
the relevant range of u±

h .

It is enough to test with basis functions ψ = (ψ1,ψ2)T ∈ Vh and we end up with the
semi-discrete DG formulation for system (2.3) in two space dimensions: Find u∈Vh, such
that

∫

K

(uh)t ·ψ dx=
∫

K

[(
f1(uh)
g1(uh)

)

·∇ψ1+

(
f2(uh)
g2(uh)

)

·∇ψ2

]

dx

−
∫

∂K

[

h(uh;n)·ψ

]

ds, (2.4)
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for all basis functions ψ∈Vh and for all K∈T . The extension to more space dimensions
and to systems with more than two components is straight forward and is omitted here.
In this paper we will focus on two space dimensions, yielding 6 components. The meth-
ods can easily extend to three space dimensions. For more details see [18].

By the method of line, we formulate (2.4) as an ODE (for details see e.g. [18])

∂ūh

∂t
=L(ūh,t),

where L denotes the right handed side of (2.4) and ūh is the coefficient vector of uh ∈Vh.
To perform a time integration we consider an explicit Runge-Kutta scheme with s stages







v(0)= ūn
h ,

i=1,··· ,s : v(i)=
i−1

∑
j=0

αijv
(j)+βij∆tL(v(j),tn+γj∆t),

ūn+1
h =v(s).

(2.5)

To be more precise, we use a strongly stability preserving RK-scheme of order 4 (see
[16, 18] for details). The time step is given as (compare to [14])

|c|
∆t

h
≤

κ

(N+1)2
,

where κ∈ (0,1] is a constant. Here h is the minimal diameter of the triangles. The wave
speed c is obtained by computing the fast wave arising in the one-dimensional Riemann-
Problem located at the interface of each triangle. In our simulations we use κ=0.2 inde-
pendent of the polynomial degree N.

3 Handling the divergence of the magnetic field

A suitable measurement for ∇·B is given by

‖B‖div := ∑
K∈T

∫

K

|∇·B|dx

︸ ︷︷ ︸

local

+∑
e∈E

∫

e

|JBK|ds

︸ ︷︷ ︸

global

, (3.1)

where E contains all edges of our triangulation T and J·K denotes the jump in the normal
component across the edge e. This can either be derived by taking properties of the space
H(div) into account [22] or by a functional approach [8]. We see that ‖B‖div consists
of two different parts which we want to refer as local and global part. Our first aim is
to analyze different techniques and identify whether they operate on the local or on the
global part. Second we want to present a scheme which works on both parts.



C. Klingenberg, F. Pörner and Y. Xia / Commun. Comput. Phys., 21 (2017), pp. 423-442 429

It is well known that the standard DG-scheme does not preserve a divergence free
magnetic field, which is initially divergence free. This is not very surprising since the ad-
ditional constraint is not used in the derivation of the scheme. Unfortunately the error of
the divergence is accumulating in time due to numerical errors and may lead to numeri-
cal instabilities. Next we describe some methods that deal with this negative influence.

3.1 Dedner’s approach

A well known method is the divergence cleaning given by Dedner et al. [15], where the
divergence is coupled with the evolution equation of the magnetic field with a nonphys-
ical variable ψ:

Bt+∇·(vBT−BvT)+∇ψ=0,

D(ψ)+∇·B=0,
(3.2)

and D is a linear differential operator. One possible choice is the hyperbolic approach
D(ψ)= 1

c2
h

∂tψ where ψ satisfies the wave equation

∂2
ttψ−c2

h∆ψ=0.

If we choose the parabolic approach D(ψ)= 1
c2

p
ψ, we obtain that ψ satisfies the heat equa-

tion
ψt−c2

p∆ψ=0.

Combing both yields the mixed approach D(ψ)= 1
c2

h

∂tψ+ 1
c2

p
ψ where ψ satisfies the tele-

graph equation

∂2
ttψ+

c2
h

c2
p

∂tψ−c2
h∆ψ=0. (3.3)

The variable ψ can be seen as an abstract measurement for ∇·B. For the parabolic
approach we obtain

ψ(x,t)=−c2
p∇·B(x,t),

and for the hyperbolic approach we obtain for ψ0(x) :=∇·B(x,0)

ψ(x,t)=−c2
h

t∫

0

∇·B(x,τ)dτ+ψ0(x).

For the mixed approach an analytic solution is not possible. Based on the parabolic and
hyperbolic approach and by our assumption ∇·B(x,0)=0, we initialize ψ(x,0)=0.

The parameter ch ∈ (0,∞) influences the advection speed, at which the error in the
divergence is transported to the boundary of the domain. And the parameter cp ∈ (0,∞)
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controls the smoothing effect of the parabolic approach. For more details see [15] and
for possible choices of ch,cp see Altmann [1]. We choose in our simulations ch = 7cv. To
compute cv, we first compute the speeds ci of the fast waves arising on the boundaries of
each cell. Then set cv =maxi ci. Our aim is to choose ch faster than the maximum wave
speed of system (2.1), to have the divergence transported fast enough to the boundary.

To determine cp we follow the suggestion in [15] and take the ratio between hyper-
bolic and parabolic effects to be constant

cr =
c2

p

ch
∈ (0,∞).

It is found by Dedner that this choice gives results which are quite independent of the
grid resolution and the scheme used. Furthermore they suggested the value cr = 0.18,
which is a good compromise between damping and hyperbolic transport. If more damp-
ing is forced, we lose the effect of the hyperbolic transport of the error in the divergence
(see [1]). For the one-dimensional MHD system and under some simplifying assump-
tions, Dedner proved that ∇·B gets transported out of the domain when the hyperbolic
approach is used. If the parabolic approach is used, we obtain a smoothing on ∇·B. For
the mixed approach both properties are obtained. This method is also very effective in
more than one space dimension.

We solve the system (3.2) in an operator split approach. First, we evolve the magnetic
equation Bt+∇·(vBT−BvT) = 0 in (2.1). It follows by solving the system of Dedner’s
hyperbolic approach

Bt+∇ψ=0,

∂tψ+c2
h∇·B=0,

(3.4)

with a DG scheme. We apply the DG formalism to (3.4) with the Riemann solver sug-
gested in [15]. In the computation of the Riemann solver for (3.4), we need the value of ψ
and B·n at both sides of the cell boundary. Therefore, the hyperbolic divergence cleaning
works on the global part of our measurement of the divergence.

If we want to use the mixed approach, we have to take the parabolic source term from
the equation (3.3) into account. Again, in the operator splitting approach we only need
to solve the additional ordinary differential equation

∂tψ=−
c2

h

c2
p

ψ.

This can be done exactly

ψn+1=exp

(

−∆tn
c2

h

c2
p

)

ψn∗
. (3.5)

where ψn∗
is the solution to system (3.4).
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For the hyperbolic approach, it can be shown (see [15]) that ∇·B gets transported
to the boundary. For the parabolic approach, the damping is forced on ∇·B, hence this
approach works on the local part of ∇·B. We see that the mixed approach operates on
the local and on the global part of the divergence. An overview of the implementation is
shown in Algorithm 1.

3.2 Locally divergence free basis

To deal with the local part, another possibility is to modify the test function space Vh to
guarantee that the numerical solution is locally divergence free. Hence use

V∗
h :=

{

v∈
(

L2(Ω)
)6

: v|K ∈
(

PN(K)
)6

∧∇·(v4,v5)|K =0, ∀K∈T
}

,

where v4 and v5 denote the x and y component of the two dimensional magnetic field
respectively. For MHD such an approach is made in [19].

To construct a basis of V∗
h we define the test-function space for the magnetic field

LDFN(K) :=
{

p∈
(

PN(K)
)2

: ∇·p=0
}

.

In the following we will show, that it is not easy to find a suitable basis of V∗
h . First we

will concentrate on finding a basis of the space LDFN(K).

Lemma 3.1. The dimension of the space LDFN(K) is given by 1
2 (N+2)(N+3)−1. Furthermore

a basis of LDFN(K) can be obtained by taking the curl of basis function of the space PN+1(K).

A proof can be found in [19] or [6]. This allows us to construct a basis, e.g. if we take
the curl of the monomial basis of PN+1(K). To avoid the poor condition of the resulting
mass-matrix (Fig. 1), we take the Gauss-Lobatto points into account, to hopefully adapt
the stability and approximation property of the Lagrange polynomials.

Denote {p1,··· ,ps} the Gauss-Lobatto points of order N+1 in the element K. Let
gli ∈PN+1(K) the unique functions satisfying

gli(pj)=δij, ∀i, j=1,··· ,s.

By Lemma 3.1, the set
GLN(K) :={∇×gl1,··· ,∇×gls−1}

is a basis of LDFN(K). In our simulations we observed that this basis yields good ap-
proximation results and at the same time an acceptable condition for the mass matrix,
see Fig. 1. Note that this method (we will refer to it as LDFB, see Fig. 2) only controls the
local part of the divergence. This is due to the fact, that the basis functions are chosen
independent from the neighbouring cells.

In addition, it could be easy to implement a projection step into an existing code,

than to change the underlying basis functions
(

PN(K)
)2

. Therefore, we use a local L2



432 C. Klingenberg, F. Pörner and Y. Xia / Commun. Comput. Phys., 21 (2017), pp. 423-442

1 3 6 9 12
10−23

10−17

10−11

10−5

polynomial approximation order

co
n
d
it
io
n
o
f
m
a
ss

m
a
tr
ix

curl of monomials

1 3 6 9 12

10−6

10−5

10−4

10−3

10−2

polynomial approximation order

GL
N basis

Figure 1: Reciprocal condition number for the mass matrix for two different bases of LDFN(K) on a reference
triangle.

projection from
(

PN(K)
)2

to LDFN(K) instead of changing the basis, which can be done
nearly without additional numerical expense. Note that the projection is decoupled from
the DG-discretization. Thus we can use the basis by applying Gram-Schmidt procedure
to the monomial basis of LDFN(K). First let PK be the L2 projection in the element K,

PK :
(

PN(K)
)2

→LDFN(K)

Now define the local operator Pldf
K :
(

PN(K)
)8
→
(

PN(K)
)8

through

q=Pldf
K (p) :⇐⇒ qi= pi, i 6=4,5 and (q4,q5)=PK ((p4,p5)).

The global operator Pldf :Vh→V∗
h is now defined

q=Pldf(p) :⇐⇒ q|K =Pldf
K (p|K), ∀K∈T .

In Fig. 3 we compare two different approaches. In the first approach (LDFB), we adopt
the test function space V∗

h in the DG-discretization. In the second approach (LDFP), we
use Vh as test function space and applying Pldf every time before computing the Runge-
Kutta step. The results do not differ much. We therefore suggest a hybridized method
ProjDED presented in Fig. 2. Also a comparison between the different methods is pro-
vided in Fig. 2. For the description of the other schemes see Section 4.

In the hybridized method ProjDED, the projection is applied before the RK-step in
order to work as a pre-smoother for the divergence. Dedner’s mixed approach is used
as a post-process to deal with the global part of the divergence and the additional local
error introduced by the RK-step. Since the operator PK is a projection between finite
dimensional spaces the numerical for applying Pldf cost are negligible (see also Table 2).
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In the following lemma we show that the projection is compatible with a positivity
preserving method, as long as we use positivity preserving limiter.

Lemma 3.2. Let q=(̺,v,B,E)∈ (L2(K))6 such that ̺> 0 and p> 0 holds. Then the operator
Pldf defined above preserves positivity of the density and pressure in the means, meaning for

q̃ :=( ˜̺,ṽ,B̃,Ẽ) :=Pld f (q)

we obtain
∫

K

p̃ dx>0 and
∫

K

˜̺ dx>0.

Proof. With ‖PK‖≤1 we obtain ‖B̃‖K≤‖B‖K . Hence, we get the positivity of the pressure
in the mean

∫

K

p̃ dx=
∫

K

(γ−1)(E−
1

2
̺v2−

1

2
B̃2)dx

≥
∫

K

(γ−1)(E−
1

2
̺v2−

1

2
B2)dx

=
∫

K

p dx>0.

Meanwhile, the density is not changed by Pldf, yielding ˜̺=̺.

Remark 3.1. Lemma 3.2 shows that the projection can be included into an existing pos-
itivity preserving scheme, as long as a positivity preserving limiter is applied after each
projection. Here we refer the reader to the results obtained for MHD-DG given by Li [7].
For some positivity preserving limiter we refer to [31, 35].

4 Details of the implementation

The aim of this chapter is to give some insight into our implementation. The step to com-
pute the solution at the next time level is divided into three levels: The pre-process level,
the DG-Runge-Kutta step and a post-process level. In the pre- and post-process level
we apply some methods to deal with the error in the divergence. We only describe the
ProjDED method, since the others can be described similar. Due to the operator splitting
approach for DEDNER the value ψ is treated after we performed a DG-discretization to
(2.1), so it behaves like a post-processing operation.
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Initialize

q0
h :=

(
̺0

h v0
h B0

h E0
h

)
∈Vh

ψ0
h :=0

k :=0

while Breaking condition is not satisfied do

pre-process

qk+1/3
h :=Pld f (q

k
h)

DG-Runge-Kutta

Determine ∆tk and apply SSP-RK of order 4 with initial data qk+1/3
h to the

DG discretization (LLF flux) of the MHD equations (2.1) and obtain qk+2/3
h

post-process

Apply SSP-RK of order 4 with initial data Bk+2/3
h and ψk

h to the DG
discretization (flux given in [15]) of the system

Bt+∇ψ=0

∂tψ+c2
h∇·B=0

to obtain Bk+1
h and ψk+1/2

h . Now apply operator splitting for the source
term coming from the parabolic approach

ψk+1
h :=exp

(

−
c2

h

c2
p

∆tk

)

ψk+1/2
h

Set qk+1
h :=

(

̺k+2/3
h vk+2/3

h Bk+1
h Ek+2/3

h

)

Set k 7→ k+1

end

Algorithm 1: ProjDED. For clarity we dropped the use of a limiter.
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5 Numerical experiments

The schemes we are using in the numerical tests are the following. The BASE scheme
is just the DG scheme with test function space Vh. The LDFB (locally divergence free
basis) scheme is the DG scheme with the test function space V∗

h . If we use instead a
locally divergence free projection as a pre-process step for the BASE scheme, we call the
scheme LDFP. In the DEDNER scheme, the mixed approach of Dedner is applied. The
implementation is given similar as in algorithm 1. Hence we interpret it as a post-process
method. And ProjDED is the combined method of LDFP and DEDNER described above
(see Fig. 2 and Algorithm 1). Unless otherwise stated the local Lax-Friedrichs (LLF) flux
is used.

DG-RK-step

Use V
∗

h
as test-

function space

DG-RK-step

Use Vh as test-

function space

DG-RK-step

Use Vh as test-

function space

DG-RK-step

Use Vh as test-

function space

LDFB LDFP DEDNER ProjDED

Pre-Process

Apply operator

Pldf

Pre-Process

Apply operator

Pldf

Post-Process

Apply Dedner

div. cleaning

Post-Process

Apply Dedner

div. cleaning

Figure 2: Overview over the different schemes used. We separate each DG-RK step into a pre-process step, the
actual DG-RK-step and a post-process step.

To show the impact of the divergence, we compute the numerical convergence rates
for the genuinely two dimensional vortex problem given in [19, Section 3.2.1]. We only
give the results for the density in Table 1, since for the other components the results look
the same. We see that the error in the divergence decreases significantly the numerical
order of convergence. It can be seen that our hybrid method is not destroying the numeri-
cal convergence order. Furthermore we encounter a strange behavior of our convergence
order. For even polynomial order we get order N+1/2 but for uneven polynomial order
we obtain the optimal rate of N+1. In the hydrodynamic case we do not discover such
a behavior. The different behavior of the L2-rate of convergence for even and uneven
polynomial approximations was also discovered in [17] and [23].

If we take a look at the computational time needed for the local projection method we
define one complete time-step in the 4th order SSP-RK without any modifications to be
100%. In Table 2 we compare the time needed for one projection step compared with one
step in the SSP-RK.
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Table 1: Numerical order of convergence for the density of the vortex problem.

̺ N=1

scheme BASE LDFB LDFP DEDNER ProjDED

h/h0 L2-error order L2-error order L2-error order L2-error order L2-error order

2−3 8.1e-03 8.5e-03 7.5e-03 7.8e-03 8.0e-03

2−4 4.7e-03 0.78 5.5e-03 0.64 4.9e-03 0.62 5.8e-03 0.42 6.3e-03 0.34

2−5 1.6e-03 1.55 1.9e-03 1.49 1.6e-03 1.59 2.1e-03 1.50 2.3e-03 1.47

2−6 4.1e-04 1.99 4.0e-04 2.27 4.0e-04 2.02 4.6e-04 2.16 4.9e-04 2.22

N=2

2−3 7.8e-03 7.9e-03 7.4e-03 7.3e-03 7.4e-03

2−4 2.7e-03 1.53 2.0e-03 2.00 2.0e-03 1.91 1.7e-03 2.07 1.7e-03 2.09

2−5 6.0e-04 2.16 4.0e-04 2.31 4.3e-04 2.18 3.6e-04 2.26 3.6e-04 2.26

2−6 1.0e-04 2.57 7.5e-05 2.41 7.6e-04 2.52 6.2e-05 2.55 6.2e-05 2.55

N=3

2−3 3.0e-03 2.2e-03 2.4e-03 2.4e-03 2.4e-03

2−4 3.4e-04 3.15 1.5e-04 3.86 1.5e-04 3.97 1.4e-04 4.12 1.4e-04 4.11

2−5 3.1e-05 3.43 1.0e-05 3.89 9.5e-06 4.02 7.0e-06 4.31 7.1e-06 4.30

2−6 2.7e-06 3.54 6.4e-07 3.96 6.0e-07 3.98 4.1e-07 4.11 4.2e-07 4.09

N=4

2−3 5.6e-04 3.8e-04 3.8e-04 3.7e-04 3.7e-04

2−4 4.2e-05 3.75 1.4e-05 4.79 1.4e-05 4.78 1.3e-05 4.86 1.3e-05 4.87

2−5 3.4e-06 3.58 5.9e-07 4.56 5.9e-07 4.56 5.6e-07 4.51 5.6e-07 4.51

2−6 3.0e-07 3.51 2.7e-08 4.52 2.6e-08 4.48 2.5e-08 4.49 2.5e-08 4.50

Table 2: Computational time needed for one projection step in relation to one time-step with 4th order SSP-RK
for different mesh sizes and polynomial orders.

grid size 8x8 16x16 32x32 64x64 128x128

N=1 3.7% 1.8% 1.1% 0.4% 0.2%

N=2 3.2% 1.6% 1.0% 0.3% 0.2%

N=3 2.0% 1.5% 0.7% 0.2% 0.2%

N=4 2.0% 1.5% 0.5% 0.2% 0.2%

N=5 2.0% 1.4% 0.5% 0.2% 0.3%

N=6 2.1% 1.4% 0.4% 0.3% 0.3%

N=7 2.0% 1.3% 0.3% 0.3% 0.3%

N=8 2.0% 1.1% 0.3% 0.3% 0.3%

We furthermore test our numerical scheme with 3 different test problems: Orszag-
Tang [24], blast problem [2] and the magnetic rotor [33]. We observed that ProjDED runs
stable and the results are in good agreement with results given in the literature. In Figs. 4-
6, we compare the divergence ‖B‖div for different numerical methods for this problems.
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Figure 3: Measurement of the divergence for Orszag-Tang vortex problem. The results of LFDB and LDFP do
not differ much.
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Figure 4: Divergence error for different schemes for the Orszag-Tang vortex problem

The combined method ProjDED gives good result in these tests. In the computation,
80.000 triangles are used.

To show the difference between the scheme DEDNER and ProjDED, we also plot the
relative error

div(DEDNER)−div(ProjDED)

div(DEDNER)
, (5.1)

where div(DEDNER) denotes ‖B‖div when the algorithm DEDNER is used. The results
are given in Fig. 7 and we see that ProjDED is about 25% more efficient than the Dedner
scheme in our test simulations. Note that both schemes have almost the same numerical
effort.

We also tested the 3-wave solver as a numerical flux specially designed for MHD by
Klingenberg [3, 4]. This flux takes the divergence constraint into account. We expect for
the combination of the 3-wave solver and our hybrid method ProjDED an improvement
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Figure 5: Divergence error for different schemes for the blast problem
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Figure 6: Divergence error for different schemes for the magnetic rotor problem

in our numerical scheme both in resolution of details for long time simulations and a
decrease in the divergence compared to LLF. Both results are confirmed – see Fig. 8.

6 Conclusion

We have presented four methods to deal with the error of the divergence of the magnetic
field and compared their efficiency on several test problems. The advantage of LDFB is
that the resulting magnetic field is locally divergence free for all time. This is guaranteed
by the scheme itself, we do not need any pre- or post-process operators.

In LDFP, we project the magnetic field into the subspace of locally divergence free
vector fields. The results do not differ from those obtained by LDFB and we have de-
coupled the control of the divergence from the RK-step. In fact, if we use the projection
before each stage in the RK-step, both schemes yield almost the same results.
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Figure 7: Relative error (5.1) for different test problems. Top: Orszag-Tang vortex problem, Middle: Blast
problem, Bottom: Magnetic rotor

Note that LDFB and LDFP only control the local part of the divergence. This is due
to the fact that the basis functions are chosen independently from the neighbouring cells.
A very effective way of controlling the global error in the divergence is the approach of
Dedner et al. (DEDNER), where we have two parameters to control both the advection
speed and the smoothing factor of the divergence, but choosing these parameters is not
trivial.

To control both the local and the global part of the divergence, we developed the
scheme ProjDED as a combination of the local projection as a pre-process step, and the
mixed approach of Dedner et al. as a post-process step. If the numerical method used
is positivity preserving, the combination of the projection is still positivity preserving.
Thus, the projection does not introduce additional instabilities regarding positivity.
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Figure 8: Demonstration of the impact of different numerical fluxes both on the level of resolution for long
time computations and on the divergence. Top: ‖B‖div for the LLF-flux and for the 3-wave solver. Bottom:
Grayscale image of the density of Orszag-Tang vortex problem at time t = 6 with different numerical flux
functions. Left: local Lax-Friedrichs, Right: 3-wave solver. Both computations are done on 45.000 triangles
with linear polynomials, TVB-limiter and LDFP.

We see that all of these methods stabilize the DG method in the sense that the error in
the divergence stays small or at least is significant smaller than the solution of BASE. As
a result, we avoid non-physical oscillations leading to a more stable scheme. If we look
at the relation of computational costs and efficiency, LDFP clearly wins. But since we
are interested in getting ∇·B close to zero, it is worth to implement DEDNER. As already
mentioned, the numerical costs of LDFP are negligible. ProjDED is as costly as the Dedner
approach. As a result we conclude that ProjDED is a suitable and robust method to deal
with the negative influence of a non-vanishing divergence of the magnetic field.
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