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Abstract In this paper, we first derive the CR analogue of matrix Li–Yau–Hamilton
inequality for the positive solution to the CR heat equation in a closed pseudohermitian
(2n + 1)-manifold with nonnegative bisectional curvature and bitorsional tensor. We
then obtain the CR Li–Yau gradient estimate in the Heisenberg group. We apply this
CR gradient estimate and extend the CR matrix Li–Yau–Hamilton inequality to the
case of the Heisenberg group. As a consequence, we derive the Hessian comparison
property for the Heisenberg group.

1 Introduction

In the seminal paper, Li and Yau [34] established the parabolic Li–Yau Harnack esti-
mate for the positive solution u(x, t) of the time-independent heat equation

∂

∂t
u (x, t) = Δu (x, t)
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in a complete Riemannian l-manifold with nonnegative Ricci curvature. Here Δ is
the Laplace–Beltrami operator. Then Hamilton [24] extended the Li–Yau estimate
to the full matrix version of the Hessian estimate of the positive solution u under the
stronger assumptions that M is Ricci parallel and with nonnegative sectional curvature.
Furthermore, Hamilton [23] proved the matrix Harnack inequality for solutions to the
Ricci flow when the curvature operator is nonnegative. This inequality is called the
“Li–Yau–Hamilton” type estimates. Since then, there were many additional works in
this direction which cover various different geometric evolution equations such as the
mean curvature flow [24], the Kähler–Ricci flow [6], the Yamabe flow [16], etc.

Along this line with method of Li–Yau gradient estimate, Cao and Yau [8] studied
the heat equation

∂

∂t
u (x, t) = Lu(x, t) (1.1)

in a closed l-manifold with a positive measure and the subelliptic operator with respect
to the sum of squares of vector fields L =∑h

i=1 X2
i −Y, h ≤ l, with Y =∑h

i=1 ci Xi

where X1, X2, . . . , Xh are smooth vector fields satisfying Hörmander’s bracket gen-
erating condition: the vector fields together with their commutators of finite order span
the tangent space at every point of M. Suppose that [Xi , [X j , Xk]] can be expressed as
linear combinations of X1, X2, . . . , Xh and their brackets [X1, X2], . . . , [Xl−1, Xh].
They showed that the gradient estimate for the positive solution u(x, t) of (1.1) on
M × [0,∞).

Recently, we [10] obtained the CR Cao–Yau type gradient estimate for the positive
solution u(x, t) of the CR heat equation

∂

∂t
u (x, t) = Δbu (x, t) (1.2)

in a closed pseudohermitian (2n + 1)-manifold (M, J, θ) with nonnegative Tanaka–
Webster curvature and vanishing torsion. Here Δb is the time-independent sub-
Laplacian operator.

In this paper, we first derive the following CR analogue of Kähler version of the
matrix Li–Yau–Hamilton inequality [7] for any positive solution u to (1.2).

Theorem 1 Let M be a closed pseudohermitian (2n + 1)-manifold with nonnegative
bisectional curvature and nonnegative bi-torsional tensor. Let u be the positive solution
of the CR heat equation (1.2). In addition if the positive solution u satisfies the purely
holomorphic Hessian operator Pαβ̄u = 0. Then

(uαβ̄ + uβ̄α)+ 1

2

[
(uαVβ̄ + uβ̄Vα)+ uVαVβ̄

]
− t

12

|u0|2
u

hαβ̄ + 4

t
uhαβ̄ ≥ 0

(1.3)

for t > 0 and any vector field V = V αZα of type (1, 0) on M. Here Pαβ̄ is the purely
holomorphic Hessian operator (Definition 1).
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Then we derived the Li–Yau–Hamilton inequality as a corollary of the above the-
orem.

Corollary 1 The CR matrix Li–Yau–Hamilton inequality (1.3) holds in a closed
pseudohermitian (2n + 1)-manifold with nonnegative bisectional curvature and van-
ishing torsion.

Remark 1 If we choose the optimal V = −∇bu/u and take the trace of (1.3), we
recapture the following CR Li-Yau gradient estimate derived by Chang et al. in [10]
and [11]:

∂

∂t
u − 1

4

‖∇bu‖2

u
− nt

12

|u0|2
u

+ 4n

t
u ≥ 0. (1.4)

When the manifold is complete and noncompact, we will need to use the CR Li–
Yau Harnack inequality (4.14) and the Li–Tam mean value inequality (4.17) in the
proof of the CR matrix Li–Yau–Hamilton inequality (1.3). However, the proofs of
both inequalities rely on the CR Li-Yau gradient estimate (1.5). We refer to [7] for
more details.

As shown in the Sect. 4, the proof of the CR Li–Yau gradient estimate (1.5) relies on
the CR sub-Laplacian comparison property (4.12) and the extra u0-growth property
(6.20) with |u0| ≤ C

t u that has no analogue in the Riemannian case. In particular,
both properties holds in the Heisenberg group Hn which is flat and with vanishing
torsion. However, both properties are wild open for a general complete and noncompact
pseudohermitian (2n + 1)-manifold.

Then we are able to derive the CR Li–Yau gradient estimate on Hn .

Theorem 2 Let (Hn, J, θ) be the (2n + 1)-dimensional Heisenberg group. If u(x, t)
is the positive solution of the CR heat equation (1.2) on Hn × [0,∞). Let ϕ = ln u,
and α < −1. Then there exists a positive constant C depending on α such that

|∇bϕ|2 + αϕt + tϕ2
0 ≤ C

t
. (1.5)

By applying Theorem 2, we have the following CR Liouville-type theorem for
any positive pseudoharmonic function u on (Hn, J, θ)which recaptured the Liouville
theorem due to Chang et al. [12] and Koranyi and Stanton [28] by the method of Kevin
transform.

Corollary 2 Let (Hn, J, θ) be the (2n +1)-dimensional Heisenberg group. If u(x, t)
is any positive smooth function with Δbu = 0, then u(x, t) is constant. That is, there
does not exist any positive nonconstant pseudoharmonic function in Hn.

From the previous discuss and Theorem 1, we have the CR matrix Li–Yau–Hamilton
inequality in (Hn, J, θ) (see Sect. 5. for details).

Theorem 3 Let (Hn, J, θ) be the (2n + 1)-dimensional Heisenberg group. If u(x, t)
is the positive solution of the CR heat equation (1.2) on Hn × [0,∞). Then the CR
matrix Li–Yau–Hamilton inequality (1.3) holds.
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Remark 2 From the proof of Theorem 3 we observe that the CR matrix Li–Yau–
Hamilton inequality (1.3) still holds in a complete noncompact pseudohermitian man-
ifold whenever both the CR sub-Laplacian comparison property (4.12) and the u0-
growth property (6.20) hold. We should point out that the extra u0-growth property
(6.20) is equivalent to (5.2) that has no analogue in Kähler manifolds.

By applying Theorem 3 to the heat kernel H(x, y, t) with V = −∇b H
H , we obtain

the well-known asymptotic of H(x, o, t) ([1,2,19,31,43,44], etc)

−t log H(x, o, t) → 1

4
r2(x), as t → 0.

Here r(x) be the Carnot–Carathéodory distance between x and the origin o ∈ Hn . We
have the following complex Hessian comparison theorem for r on Hn . This Hessian
comparison property seems to be new even for the (2n + 1)-dimensional Heisenberg
group Hn .

Corollary 3 Let (Hn, J, θ) be the standard (2n +1)-dimensional Heisenberg group.
Then in the sense of distribution, we have

[
(r2(x))αβ + (r2(x))βα

]
≤ (16 + C0)hαβ (x)

for some constant C0. In particular, we recapture the sub-Laplacian comparison prop-
erty

Δbr2(x) ≤ (16 + C0)n

in the Heisenberg group.

The rest of the paper is organized as follows. In Sect. 2, we introduce the pseudoher-
mitian manifolds and some basic notations. In Sect. 3, we prove the CR matrix Li–Yau–
Hamilton inequality for the CR heat equation via methods developed in [10,34] and
[7]. In Sect. 4, we prove the CR Li–Yau gradient estimate in the (2n + 1)-dimensional
Heisenberg group. Combining this with Theorem 1, we obtain the CR matrix Li–Yau–
Hamilton inequality and the Hessian comparison property in the (2n+1)-dimensional
Heisenberg group Hn in Sect. 5. Finally, we give the proof of u0-growth property (6.20)
in the Heisenberg group in Sect. 6.

2 Preliminary

First we introduce the basic concepts of the pseudohermitian (2n + 1)-manifold (see
[29,30] for more details). Let (M, ξ) be a (2n + 1)-dimensional, orientable, contact
manifold with contact structure ξ . A CR structure compatible with ξ is an endo-
morphism J : ξ → ξ such that J 2 = −1. We also assume that J satisfies the
integrability condition: If X and Y are in ξ , then so are [J X,Y ] + [X, JY ] and
J ([J X,Y ] + [X, JY ]) = [J X, JY ] − [X,Y ].
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Let {T, Zα, Zᾱ} be a frame of T M ⊗C, where Zα is any local frame of T1,0, Zᾱ =
Zα ∈ T0,1 and T is the characteristic vector field. Then

{
θ, θα, θ ᾱ

}
, the coframe dual

to {T, Zα, Zᾱ}, satisfies

dθ = ihαβθ
α ∧ θβ (2.1)

for some positive definite hermitian matrix of functions (hαβ̄), if we have this contact
structure, we also call such M a strictly pseudoconvex CR (2n + 1)-manifold.

The Levi form 〈 , 〉Lθ is the Hermitian form on T1,0 defined by

〈Z ,W 〉Lθ = −i
〈
dθ, Z ∧ W

〉
.

We can extend 〈 , 〉Lθ to T0,1 by defining
〈
Z ,W

〉
Lθ

= 〈Z ,W 〉Lθ for all Z ,W ∈ T1,0.
The Levi form induces naturally a Hermitian form on the dual bundle of T1,0, denoted
by 〈 , 〉L∗

θ
, and hence on all the induced tensor bundles. Integrating the Hermitian form

(when acting on sections) over M with respect to the volume form dμ = θ ∧ (dθ)n ,
we get an inner product on the space of sections of each tensor bundle.

The pseudohermitian connection of (J, θ) is the connection ∇ on T M ⊗ C (and
extended to tensors) given in terms of a local frame Zα ∈ T1,0 by

∇Zα = ωα
β ⊗ Zβ, ∇Zᾱ = ωᾱ

β̄ ⊗ Zβ̄ , ∇T = 0,

where ωαβ are the 1-forms uniquely determined by the following equations:

dθβ = θα ∧ ωαβ + θ ∧ τβ,
0 = τα ∧ θα,
0 = ωα

β + ωβ̄
ᾱ,

We can write (by Cartan lemma) τα = Aαγ θγ with Aαγ = Aγα . The curvature of
Webster–Stanton connection, expressed in terms of the coframe {θ = θ0, θα, θ ᾱ}, is

Πβ
α = Πβ̄

ᾱ = dωβ
α − ωβ

γ ∧ ωγ α,
Π0

α = Πα
0 = Π0

β̄ = Πβ̄
0 = Π0

0 = 0.

Webster showed that βα can be written

β
α = Rβ

α
ρσ̄ θ

ρ ∧ θ σ̄ + Wβ
α
ρθ
ρ ∧ θ − Wα

βρ̄θ
ρ̄ ∧ θ + iθβ ∧ τα − iτβ ∧ θα

where the coefficients satisfy

Rβᾱρσ̄ = Rαβ̄σ ρ̄ = Rᾱβσ̄ρ = Rρᾱβσ̄ , Wβᾱγ = Wγ ᾱβ .

Here Rγ δαβ̄ is the pseudohermitian curvature tensor, Rαβ̄ = Rγ γ αβ̄ is the pseudoher-
mitian Ricci curvature tensor and Aαβ is the pseudohermitian torsion. Furthermore,
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we define the bi-sectional curvature

Rαᾱββ(X,Y ) = RαᾱββXαXαYβYβ̄

and the bi-torsion tensor

Tαβ(X,Y ) := i(Aβ̄ρ̄XρYα − AαρXρYβ̄ )

and the torsion tensor

T or(X, Y ) := hαβ̄Tαβ(X,Y ) = i(Aαρ̄XρY α − AαρXρY α)

for any X = XαZα, Y = Y αZα in T1,0.
We will denote the components of the covariant derivatives with indices preceded

by comma; thus write Aαβ,γ . The indices {0, α, ᾱ} indicate derivatives with respect to
{T, Zα, Zᾱ}. For derivatives of a scalar function, we will often omit the comma, for
instance, uα = Zαu, uαβ̄ = Zβ̄ Zαu − ωα

γ (Zβ̄ )Zγ u.
For any smooth real-valued function u, the subgradient ∇b is defined by ∇bu ∈ ξ

and 〈Z ,∇bu〉Lθ = du(Z) for all vector fields Z tangent to the contact plane. Locally
∇bu =∑α uᾱZα + uαZᾱ . We also denote u0 = T u.

We can use the connection to define the subhessian as the complex linear map

(∇H )2u : T1,0 ⊕ T0,1 → T1,0 ⊕ T0,1

by

(∇H )2u(Z) = ∇Z∇bu.

In particular,

|∇bu|2 = 2
∑

α

uαuα, |∇2
b u|2 = 2

∑

α,β

(uαβuαβ + uαβuαβ).

Also

Δbu = T r
(
(∇H )2u

)
=
∑

α

(uαᾱ + uᾱα).

The Kohn–Rossi Laplacian �b on functions is defined by

�bϕ = 2∂
∗
b∂bϕ = (Δb + inT )ϕ = −2ϕα

α

and on (p, q)-forms is defined by

�b = 2(∂
∗
b∂b + ∂b∂

∗
b).
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Next we recall the following commutation relations [29]. Let ϕ be a scalar function
and σ = σαθ

α be a (1, 0) form, then we have

ϕαβ = ϕβα,

ϕαβ̄ − ϕβ̄α = ihαβϕ0,

ϕ0α − ϕα0 = Aαβϕ
β,

σα,0β − σα,β0 = σα,γ̄ Aγ β − σγ Aαβ,γ̄ ,

σα,0β̄ − σα,β̄0 = σα,γ Aγ β̄ + σγ Aγ̄ β̄,α,

and

σα,βγ − σα,γβ = i Aαγ σβ − i Aαβσγ ,

σα,β̄γ̄ − σα,γ̄ β̄ = ihαβ Aγ̄ ρ̄σ
ρ − ihαγ Aβ̄ρ̄σ

ρ,

σα,βγ̄ − σα,γ̄ β = ihβγ σα,0 + Rαρ̄βγ σ
ρ.

Moreover for multi-index I = (
α1, . . . , αp

)
, J̄ = (

β̄1, . . . , β̄q
)
, we denote

I (αk = μ) = (α1, . . . , αk−1, μ, αk+1, . . . , αp
)
. Then

ηI J̄ ,μλ − ηI J̄ ,λμ = i
p∑

k=1

(
ηI (αk=μ) J̄ Aαkλ − ηI (αk=λ) J̄ Aαkμ

)

− i
q∑

k=1

(
ηI J̄(β̄k=γ̄ )hβ̄kμ

Aγ̄λ − ηI J̄(β̄k=γ̄ )hβ̄kλ
Aγ̄μ
)
,

and

ηI J̄ ,λμ̄ − ηI J̄ ,μ̄λ = ihλμ̄ηI J̄ ,0 +
p∑

k=1

ηI (αk=γ ) J̄ R γ
αk λμ̄

+
q∑

k=1

ηI J̄(β̄k=γ̄ )R γ̄

β̄k λμ̄

ηI J̄ ,0μ − ηI J̄ ,μ0 = Aρ̄μηI J̄ ,ρ̄ −
p∑

k=1

Aαkμ,ρ̄ηI (αk=ρ) J̄ +
q∑

k=1

Aμρ,β̄k
ηI J̄(β̄k=ρ̄).

3 CR matrix Li–Yau–Hamilton inequality

Let u(x, t) be the positive solution of the CR heat equation (1.2). For the CR Li–Yau
gradient estimate as in the paper [10], we observe that one of difficulties is to deal
with CR Bochner formula (4.1) which involving a term 〈J∇bϕ,∇bϕ0〉 that has no
analogue in the Riemannian case. In order to overcome this difficulty, we introduce
a new scalar Harnack quantity G = t[|∇bϕ|2 + αϕt + tϕ2

0 ] with ϕ = ln u by adding
an extra term tϕ2

0 to |∇bϕ|2 + αϕt which was appeared in Li–Yau estimate ([34]). We
refer to Sect. 4 for more details.
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Now we want to find the right quantity for the CR matrix Li–Yau–Hamilton inequal-
ity. By comparing the Harnack quantity in [7] in case of Kä hler manifolds, we define
the matrix Harnack quantity

Nαβ̄ = 1

2
(uαβ̄ + uβ̄α)+ 2

u

t
hαβ̄ − b

uαuβ̄
u

− at
|u0|2

u
hαβ̄ (3.1)

by adding an extra term F := −at |u0|2
u hαβ̄ in which the positive constants a and b to

be determined later (say a = 1
24 and b = 1

4 ).

Definition 1 (i) [20] Define the purely holomorphic Hessian operator Pαβ̄ :

Pαβ̄ϕ := −2i(Aαγ ϕ
γ )β

and the purely holomorphic Poisson operator Q:

Qϕ := hαβ̄(Pαβ̄ϕ) = −2i(Aαγ ϕ
γ )α

for any smooth function ϕ. Note that Pαβ̄ϕ = 0 = Qϕ for any smooth function ϕ if
Aαβ = 0 on M .

Lemma 1 Let u(x, t) be the positive solution of the CR heat equation (1.2). Then
1
2 (uαβ̄ + uβ̄α) satisfies the following:

1

2

(
∂

∂t
−Δb

)(
uαβ̄ + uβ̄α

)
= 2Rαγ̄ δβ̄uγ δ̄ − Rαδ̄uδβ̄ − Rδβ̄uαδ̄ + Cαβ̄ ,

where

Cαβ̄ := i
(

Aγ δ,δ̄uγ̄ − Aγ̄ δ̄,δuγ
)

hαβ̄ + i
(

Aγ δuγ̄ δ̄ − Aγ̄ δ̄uδγ
)

hαβ̄

+ in
(

Aγ̄ β̄uαγ − Aαγ uγ̄ β̄

)
+ in

(
Aγ̄ β̄,αuγ − Aγα,β̄uγ̄

)

:= −(ReQu)hαβ̄ + n(RePαβ̄u).

Note that trCαβ̄ = hαβ̄Cαβ̄ = 0. In particular we have C11 = 0 for n = 1. In addition
if the positive solution u satisfies Pαβ̄u = 0 which is the case when the torsion is
vanishing, then uαβ̄ satisfies the following CR Lichnerowicz–Laplacian heat equation
[9]:

(
∂

∂t
−Δb

)

uαβ̄ = 2Rαγ̄ δβ̄uγ δ̄ − Rαδ̄uδβ̄ − Rδβ̄uαδ̄.
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Proof Note that

(
∂

∂t
−Δb

)(
u
μλ̄

+ uλ̄μ

)

= ∂

∂t

(
u
μλ̄

+ uλ̄μ

)
−Δb

(
u
μλ̄

+ uλ̄μ

)

= [(Δbu)
μλ̄

−Δbu
μλ̄

] + [(Δbu)λ̄μ −Δbuλ̄μ].

(i) We first compute [(Δbu)
μλ̄

−Δbu
μλ̄

]: By definition, we have

(Δbu)μλ̄ = (uαᾱ + uᾱα)μλ̄ = uαᾱμλ̄ + uᾱαμλ̄. (3.2)

Compute

uαᾱμλ̄ = (uαμᾱ − ihμᾱuα0 − Rαρ̄μᾱuρ
)
λ̄

= uαμᾱλ̄ − ihμᾱuα0λ̄ − Rαρ̄μᾱ,λ̄uρ − Rαρ̄μᾱuρλ̄
= uμαᾱλ̄ − ihμᾱuα0λ̄ − Rαρ̄μᾱ,λ̄uρ − Rαρ̄μᾱuρλ̄

= uμαλ̄ᾱ + i
(

uσαhμᾱ Aσ̄ λ̄ − uσαhμλ̄Aσ̄ ᾱ
)

+i
(
nuμσ Aσ̄ λ̄ − uμσ hαλ̄Aσ̄ ᾱ

)

−ihμᾱuα0λ̄ − Rαρ̄μᾱ,λ̄uρ − Rαρ̄μᾱuρλ̄

=
(

uμλ̄α + ihαλ̄uμ0 + Rμρ̄αλ̄uρ
)

ᾱ

+i
(

uσαhμᾱ Aσ̄ λ̄ − uσαhμλ̄Aσ̄ ᾱ
)

+i
(
nuμσ Aσ̄ λ̄ − uμσ hαλ̄Aσ̄ ᾱ

)

−ihμᾱuα0λ̄ − Rαρ̄μᾱ,λ̄uρ − Rαρ̄μᾱuρλ̄
= uμλ̄αᾱ + ihαλ̄uμ0ᾱ − ihμᾱuα0λ̄

−Rαρ̄μᾱ,λ̄uρ − Rαρ̄μᾱuρλ̄ + Rμρ̄αλ̄,ᾱuρ + Rμρ̄αλ̄uρᾱ

+i
(

uσαhμᾱ Aσ̄ λ̄ − uσαhμλ̄Aσ̄ ᾱ
)

+ i
(
nuμσ Aσ̄ λ̄ − uμσ hαλ̄Aσ̄ ᾱ

)
. (3.3)

Here we have use commutation relations

uμαᾱλ̄ = uμαλ̄ᾱ + i
(

uσαhμᾱ Aσ̄ λ̄ − uσαhμλ̄Aσ̄ ᾱ
)

+i
(
nuμσ Aσ̄ λ̄ − uμσ hαλ̄Aσ̄ ᾱ

)

and

uμαλ̄ᾱ =
(

uμλ̄α + ihαλ̄uμ0 + Rμρ̄αλ̄uρ
)

ᾱ

= uμλ̄αᾱ + ihαλ̄uμ0ᾱ + Rμρ̄αλ̄,ᾱuρ + Rμρ̄αλ̄uρᾱ.
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Similar, we have

uᾱαμλ̄ = uμλ̄ᾱα + ihμᾱAλ̄ρ̄,αuρ + ihμᾱAλ̄ρ̄,αuρα

− ihμλ̄Aᾱρ̄,αuρ − ihμλ̄Aᾱρ̄uρα − i
(
n Aμρuρ̄

)
λ̄

+ i
(
hᾱμAαρuρ̄

)
λ̄

+ Rμρ̄αλ̄uρᾱ + Rᾱραλ̄uμρ̄ − ihμᾱu0αλ̄ + ihαλ̄uμᾱ0 (3.4)

It follow from (3.2), (3.3) and (3.4) that

(Δbu)μλ̄ −Δbuμλ̄

= 2Rμρ̄αλ̄uρᾱ − Rρλ̄uμρ̄ − Rρ̄μuρλ̄ +
(

Rμρ̄αλ̄,ᾱ − Rαρ̄μᾱ,λ̄

)
uρ

+ ihαλ̄uμ0ᾱ − ihμᾱuα0λ̄ − ihμᾱu0αλ̄ + ihαλ̄uμᾱ0

+ i
(

uσαhμᾱ Aσ̄ λ̄ − uσαhμλ̄Aσ̄ ᾱ
)

+ i
(
nuμσ Aσ̄ λ̄ − uμσ hαλ̄Aσ̄ ᾱ

)

+ ihμᾱAλ̄ρ̄,αuρ + ihμᾱAλ̄ρ̄,αuρα − ihμλ̄Aᾱρ̄,αuρ

− ihμλ̄Aᾱρ̄uρα − i
(
n Aμρuρ̄

)
λ̄

+ i
(
hᾱμAαρuρ̄

)
λ̄

(3.5)

By the CR Bianchi identity [29] and the commutation relation, the third line of
RHS in (3.5) reduces to

Rμρ̄αλ̄,ᾱ − Rαρ̄μᾱ,λ̄
= Rαρ̄μλ̄,ᾱ − Rαρ̄μᾱ,λ̄
= Rρ̄αλ̄μ,ᾱ − Rρ̄αᾱμ,λ̄
= −i Aρ̄ᾱ,αhμλ̄ − i Aρ̄ᾱ,μhαλ̄ + i Aρ̄λ̄,αhμᾱ + i Aρ̄λ̄,μhαᾱ
= −i Aρ̄ᾱ,αhμλ̄ − i Aρ̄ᾱ,μhαλ̄ + i Aρ̄λ̄,αhμᾱ + in Aρ̄λ̄,μ

and the fourth line reduces to

ihαλ̄uμ0ᾱ − ihμᾱuα0λ̄ − ihμᾱu0αλ̄ + ihαλ̄uμᾱ0

= iuμ0λ̄ − iuμ0λ̄ − iu0μλ̄ + iuμλ̄0

= iuμλ̄0 − iu0μλ̄

= −i Aμρ,λ̄uρ̄ − i Aμρuρ̄λ̄ − i Aρ̄λ̄uμρ − i Aρ̄λ̄,μuρ

(ii) We compute [(Δbu)λ̄μ −Δbuλ̄μ] by take the conjugate of [(Δbu)
μλ̄

−Δbu
μλ̄

]
and then switch index λ and μ.

Now we finish the proof of the lemma by arranging all the torsion terms together
in (i) and (ii). ��

Note that it follows from commutation relation [10] that

Δbu0 = (Δbu)0 + 2
[(

Aαβuα
)β + (Aαβuα)β

]
.
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Hence

[Δb, T ] u = −2ImQu.

Proof of Theorem 1 As in [24], it suffices to prove that the Hermitian symmetric
(1, 1)-tensor

Nαβ̄ = 1

2

(
uαβ̄ + uβ̄α

)
+ 2

u

t
hαβ̄ − b

uαuβ̄
u

− Fhαβ̄ ≥ 0

for t > 0 and some constants a and b to be determined. Here

F := at
|u0|2

u
.

Now we first compute

(
∂

∂t
−Δb

)
uαuβ̄

u
= ∂

∂t

(
uαuβ̄

u

)

−Δb

(
uαuβ̄

u

)

= −1

u2 Δbu · uαuβ̄ + 1

u
(Δbu)α uβ̄

+ 1

u
uα (Δbu)β̄ −Δb

(
1

u
uαuβ̄

)

and

Δb

(
1

u
uαuβ̄

)

=
(−Δbu

u2 + 4

u3 uγ̄ uγ

)

uαuβ̄ + 1

u
Δb

(
uαuβ̄

)

− 2

u2 uγ
(

uαuβ̄

)

γ̄
− 2

u2 uγ̄
(

uαuβ̄

)

γ
.

Hence

(
∂

∂t
−Δb

)
uαuβ̄

u
= −2

u
uαγ uβ̄γ̄ − 2

u
uαγ̄ uβ̄γ − 2

u3
|∇bu|2 uαuβ̄

+ 2

u2 uγ
(

uαuβ̄

)

γ̄
+ 2

u2 uγ̄
(

uαuβ̄

)

γ

+ 1

u
((Δbu)α −Δb (uα)) uβ̄ + 1

u

(
(Δbu)β̄ −Δb

(
uβ̄

))
uα.
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Then we apply Lemma 1 and obtain

(
∂

∂t
−Δb

)

Nαβ̄

= 2Rαγ̄ δβ̄uγ δ̄ − Rασ̄uσ β̄ − Rσ β̄uασ̄ + Cαβ̄

+ b

(
2

u
uαγ uβ̄γ̄ + 2

u
uαγ̄ uβ̄γ + 2

u3
|∇bu|2 uαuβ̄ − 2

u2 uγ
(

uαγ̄ uβ̄ + uαuβ̄γ̄

))

− b
2

u2 uγ̄
(

uαγ uβ̄ + uαuβ̄γ

)
− 2

u

t2 hαβ̄ − b
1

u
((Δbu)α −Δb (uα)) uβ̄

− b
1

u

(
(Δbu)β̄ −Δb

(
uβ̄

))
uα −

(
∂

∂t
−Δb

)

Fhαβ̄ .

Next we observe that

1

u
((Δbu)α −Δb (uα)) uβ̄

= 1

u

(
uγ γ̄ α + uγ̄ γ α − uαγ γ̄ − uαγ̄ γ

)
uβ̄

= 1

u

(
uγαγ̄ − ihαγ̄ uγ 0 − Rγ̄ αuγ + uαγ̄ γ − ihαγ̄ u0γ − in Aαγ uγ̄

+ihγ̄ αAγ σuσ̄ − uαγ γ̄ − uαγ̄ γ
)

uβ̄

= 1

u

(
−iuα0uβ̄ − Rγ̄ αuγ uβ̄ − iu0αuβ̄ − in Aαγ uγ̄ uβ̄ + i Aασuσ̄uβ̄

)

= − 1

u
Rγ̄ αuγ uβ̄ − 2i

u0αuβ̄
u

− (n − 2) i
1

u
Aαρuρ̄uβ̄ . (3.6)

Thus

(
∂

∂t
−Δb

)

Nαβ̄

= 2Rαγ̄ δβ̄Nγ δ̄ − Rασ̄ Nσ β̄ − Rσ β̄Nασ̄ + Cαβ̄

+ 2bRαγ̄ δβ̄
uγ u δ̄

u
+ b (n − 2) i

1

u
Aαρuρ̄uβ̄ − b (n − 2) i

1

u
Aβ̄ρ̄uρuα

+ 2b

u

(
uαγ − uαuγ

u

)(

uβ̄γ̄ − uγ̄ uβ̄
u

)

+ 2b

(
1

u
uαγ̄ uγ β̄ − 1

u2 uγ uαγ̄ uβ̄ − 1

u2 uγ̄ uαuγ β̄

)

+ 2bi
u0

u2 uαuβ̄ − 2bi
u0

u
uαβ̄ −

(
∂

∂t
−Δb

)

Fhαβ̄

+ b |∇bu|2 uαuβ̄
u3 − 2u

t2 hαβ̄ + 2bi
u0αuβ̄

u
− 2bi

u0β̄uα

u
.
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We can rewrite Nαβ̄ as following:

Nαβ̄ = uαβ̄ − 1

2
iu0hαβ̄ + 2

u

t
hαβ̄ − b

uαuβ̄
u

− Fhαβ̄ .

Then we replace uαγ̄ = Nαγ̄ + iu0hαγ̄
2 − 2 u

t hαγ̄ + b
uαuγ̄

u + Fhαβ̄ into third and forth
line of RHS as above, and this yields

2b

(
1

u
uαγ̄ uγ β̄ − 1

u2 uγ uαγ̄ uβ̄ − 1

u2 uγ̄ uαuγ β̄

)

+ ib
2u0

u2 uαuβ̄ − ib
2u0

u
uαβ̄ −

(
∂

∂t
−Δb

)

Fhαβ̄

= 2b

u
Nαγ̄ Nβγ̄ − 8b

t
Nαβ̄ + 8b

u

t2 hαβ̄ +
(

b3 − 2b2
)

|∇bu|2 uαuβ
u3

+
(

8b − 8b2
) 1

t

uαuβ̄
u

+ b
u2

0

2u
hαβ̄ + b2 2uβuγ̄

u2 Nαγ̄ + b2 2uαuγ̄
u2 Nγ β̄

− b
2

u2 uγ uβ̄Nαγ̄ − b
2

u2 uγ̄ uαNγ β̄ + 4b

u
F Nαβ̄ + 2b

u
F2hαβ̄

+ 4
(

b2 − b
) Fuαuβ̄

u2 − 2b
4

t
Fhαβ̄ −

(
∂

∂t
−Δb

)

Fhαβ̄ .

Finally one obtains

(
∂

∂t
−Δb

)

Nαβ̄

= 2Rαγ̄ δβ̄Nγ δ̄ − Rασ̄ Nσ β̄ − Rσ β̄Nασ̄ + Cαβ̄

+ 2bRαγ̄ δβ̄
uγ u δ̄

u
+ b (n − 2) i

1

u
Aαρuρ̄uβ̄ − b (n − 2) i

1

u
Aβ̄ρ̄uρuα

+ 2b

u

(
uαγ − uαuγ

u

)(

uβ̄γ̄ − uγ̄ uβ̄
u

)

+ 2b

u
Nαγ̄ Nβγ̄ − 8b

t
Nαβ̄

+ b2
2uβ̄uγ

u2 Nαγ̄ + b2 2uαuγ̄
u2 Nγ β̄ − 2b

u2 uγ uβ̄Nαγ̄ − 2b

u2 uγ̄ uαNγ β̄

+ 4b

u
F Nαβ̄ −

(
∂

∂t
−Δb

)

Fhαβ̄ + 2b

u
F2hαβ̄ + 4

(
b2 − b

) Fuαuβ̄
u2

+ (8b − 2)
u

t2 hαβ̄ + b
u2

0

2u
hαβ̄ +

(
8b − 8b2

) 1

t

uαuβ̄
u

+
(

b3 − 2b2 + b
)

|∇bu|2 uαuβ
u3 − 8b

t
Fhαβ̄ + 2bi

u0αuβ̄
u

− 2bi
u0β̄uα

u
(3.7)

Note the first and second line of RHS are positive by curvature assumption. The third
and fourth line are nonnegative while we apply on null vector of Nαβ̄ .
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In the rest of the proof we will determine F so the rest terms are nonnegative. First
we observe that

(
∂

∂t
−Δb

)
u2

0

u
= 2u0

u
[T,Δb]u − 2 ‖∇bu0‖2

u
+ 4u0 〈∇bu0,∇bu〉

u2 − 2u2
0
‖∇bu‖2

u3

= −2
∥
∥
∥u− 1

2 ∇bu0 − u− 3
2 u0∇bu

∥
∥
∥

2
,

here we have used the fact that [T,Δb]u = 2ImQu = 0 if Pαβ̄u = 0. The last four
lines of (3.7) is reduced to

(
b

2
− a (1 + 8b)

)
u2

0

u
hαβ̄ + 2at

∥
∥
∥u− 1

2 ∇bu0 − u− 3
2 u0∇bu

∥
∥
∥

2
hαβ̄

+2

(

a2t2b
u4

0

u3 hαβ̄ + 2

(
b2 − b

)

√
b

at
√

b
u2

0uαuβ̄
u3 +

(
b2 − b

)2

b

|∇bu|2
2

uαuβ̄
u3

)

+ (8b − 2)
u

t2 hαβ̄ + 2bi
u0αuβ̄

u
− 2bi

u0β̄uα

u
+ 8b (1 − b)

uαuβ̄
tu

. (3.8)

Note that the second line above is a complete square. To handle the last term, we have
the following calculation

2bi
u0αuβ̄

u
− 2bi

u0β̄uα

u
+ 8b (1 − b)

uαuβ̄
tu

= 2bi
u0α − u0uα

u√
u

uβ̄√
u

− 2bi
u0β̄ − u0uβ̄

u√
u

uα√
u

+ 8b (1 − b)
uαuβ̄

tu

= b

(

ε
u0α − u0uα

u√
u

− 2

ε
i

uα√
u

)(

ε
u0β̄ − u0uβ̄

u√
u

+ 2

ε
i

uβ̄√
u

)

−bε2 u0α − u0uα
u√

u

u0β̄ − u0uβ̄
u√

u
− 4b

ε2

uαuβ̄
u

+ 8b (1 − b)
uαuβ̄

tu
. (3.9)

By choosing ε2 = 4at
b , we have

2at
∥
∥
∥u− 1

2 ∇bu0 − u− 3
2 u0∇bu

∥
∥
∥

2
hαβ̄ − bε2 u0α − u0uα

u√
u

u0β̄ − u0uβ̄
u√

u

= 2at
∥
∥
∥u− 1

2 ∇bu0 − u− 3
2 u0∇bu

∥
∥
∥

2
hαβ̄ − 4at

u0α − u0uα
u√

u

u0β̄ − u0uβ̄
u√

u
≥ 0.
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Next we combine (3.8) and (3.9), and this yields

(
b

2
− a (1 + 8b)

)
u2

0

u
hαβ̄ + 2at

∥
∥
∥u− 1

2 ∇bu0 − u− 3
2 u0∇bu

∥
∥
∥

2
hαβ̄

+ 2

(

a2t2b
u4

0

u3 hαβ̄ + 2

(
b2 − b

)

√
b

at
√

b
u2

0uαuβ̄
u3 +

(
b2 − b

)2

b

|∇bu|2
2

uαuβ̄
u3

)

+ (8b − 2)
u

t2 hαβ̄ + 2bi
u0αuβ̄

u
− 2bi

u0β̄uα

u
+ 8b (1 − b)

uαuβ̄
tu

≥
(

b

2
− a (1 + 8b)

)
u2

0

u
hαβ̄ + (8b − 2)

u

t2 hαβ̄ +
(

8b (1 − b)− b2

a

)
uαuβ̄

tu
= 0

when we choose a and b so that

b

2
− a (1 + 8b) = 0,

8b − 2 = 0,

8b (1 − b)− b2

a
= 0.

This implies

a = 1

24
and b = 1

4
.

Hence (3.7) yields

(
∂

∂t
−Δb

)

Nαβ̄

≥ 2Rαγ̄ δβ̄Nγ δ̄ − Rασ̄ Nσ β̄ − Rσ β̄Nασ̄ + 1

2u
Rαγ̄ δβ̄uγ u δ̄

+ 1

2u

(

uαγ − uαuγ
u

)(

uβ̄γ̄ − uγ̄ uβ̄
u

)

+ 1

2u
Nαγ̄ Nβγ̄ − 2

t
Nαβ̄

+ 1

8

uβ̄uγ

u2 Nαγ̄ + 1

8

uαuγ̄
u2 Nγ β̄ − 1

2u2 uγ uβ̄Nαγ̄ − 1

2u2 uγ̄ uαNγ β̄ + 1

u
F Nαβ̄

+ Cαβ̄ + 1

4u
(n − 2) i

[
Aαρuρ̄uβ̄ − Aβ̄ρ̄uρuα

]
. (3.10)

which is nonnegative after applying on the null vectors of Nαβ̄ if we assume that the
bisectional curvature, bi-torsion tensor and Cαβ̄ are nonnegative. ��
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4 The CR gradient estimate and Harnack inequality in Heisenberg groups

In this section, we will apply the method of the CR Li–Yau gradient estimate [10,34]
and the CR Bochner formula (4.1) to derive the CR gradient estimate and the CR
Harnack inequality for the positive solution of the CR heat equation (1.2) in the
(2n + 1)-dimensional Heisenberg group.

We first recall the following CR version of the Bochner formula in a complete
pseudohermitian (2n + 1)-manifold.

Lemma 2 ([21]) For any smooth real-valued function ϕ,

1

2
Δb |∇bϕ|2 = |(∇H )2ϕ|2 + 〈∇bϕ,∇bΔbϕ〉 + 2 〈J∇bϕ,∇bϕ0〉

+ [2Ric − (n − 2)T or ] ((∇bϕ)C , (∇bϕ)C) . (4.1)

Here (∇bϕ)C = ϕαZα is the corresponding complex (1, 0)-vector of ∇bϕ.

Since

|(∇H )2ϕ|2 = 2
∑

α,β

(|ϕαβ |2 + |ϕαβ |2) ≥ 2
∑

α

|ϕαα|2 ≥ 1

2n
(Δbϕ)

2 + n

2
ϕ2

0

and for any v > 0,

2 〈J∇bϕ,∇bϕ0〉 ≤ 2 |∇bϕ| |∇bϕ0| ≤ v−1 |∇bϕ|2 + v |∇bϕ0|2 .

Therefore, for any real-valued function ϕ and any v > 0, we have the Bochner inequal-
ity

1

2
Δb |∇bϕ|2 ≥ 1

2n
(Δbϕ)

2 + n

2
ϕ2

0 + 〈∇bϕ,∇bΔbϕ〉 − v |∇bϕ0|2

+[2Ric − (n − 2)T or − 2v−1] ((∇bϕ)C , (∇bϕ)C) . (4.2)

Now let u(x, t) be a positive solution of the CR heat equation (1.2) and

ϕ (x, t) = ln u (x, t) .

Then ϕ (x, t) satisfies

(

Δb − ∂

∂t

)

ϕ = − |∇bϕ|2 (4.3)

and from Lemma 3.5 in [10]

(

Δb − ∂

∂t

)

ϕ0 = −2 〈∇bϕ,∇bϕ0〉 + 2V (ϕ) , (4.4)
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where the operator V is defined by

V (ϕ) = (Aαβϕ
β),α + (Aαβϕβ),α + Aαβϕ

αϕβ + Aαβϕ
αϕβ.

Therefore, if Aαβ = 0 then one obtains V (ϕ) = 0.

Lemma 3 Let (Hn, J, θ) be the (2n + 1)-dimensional Heisenberg group. If u(x, t)
is a positive solution of (1.2 ) on Hn × [0,∞). Let ϕ (x, t) = ln u (x, t), then for any
given α ≤ −1, the function

G (x, t) := t
[
|∇bϕ|2 (x, t)+ αϕt (x, t)+ tϕ2

0 (x, t)
]

satisfies the inequality

(

Δb − ∂

∂t

)

G ≥ −2 〈∇bϕ,∇bG〉 − t−1G + α−2n−1t−1G2 + α−2n−1(α + 1)2t |∇bϕ|4

− 2n−1α−2[(α + 1) |∇bϕ|2 + tϕ2
0 ]G + 2[α−2n−1(α + 1)t2ϕ2

0 − 1] |∇bϕ|2 .
(4.5)

Proof We first rewrite G as

G = t
[
|∇bϕ|2 + αϕt + tϕ2

0

]
= t[(α + 1) |∇bϕ|2 + αΔbϕ + tϕ2

0 ].

By taking v = t into the inequality (4.2), we compute

ΔbG = t[Δb |∇bϕ|2 + αΔbϕt + tΔbϕ
2
0 ]

≥ t

[
1

n
(Δbϕ)

2 + nϕ2
0 + 2 〈∇bϕ,∇bΔbϕ〉

+αΔbϕt + 2tϕ0Δbϕ0 − 2t−1 |∇bϕ|2
]
,

and (4.4) yields that

∂

∂t
G = t−1G + t

[
2 (α + 1) 〈∇bϕ,∇bϕt 〉 + αΔbϕt + ϕ2

0 + 2tϕ0ϕ0t

]

= t−1G + t
[
2 (α + 1) 〈∇bϕ,∇bϕt 〉 + αΔbϕt + ϕ2

0

+ 2tϕ0Δbϕ0 + 2t
〈
∇bϕ,∇bϕ

2
0

〉]
,

Thus, we have

(

Δb − ∂

∂t

)

G ≥ −2 〈∇bϕ,∇bG〉 − t−1G + t
[
n−1 (Δbϕ)

2 − 2t−1 |∇bϕ|2
]
,

(4.6)
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where we have used

〈∇bϕ,∇bG〉 = t[(α + 1) 〈∇bϕ,∇bϕt 〉 + t〈∇bϕ,∇bϕ
2
0〉 − 〈∇bϕ,∇bΔbϕ〉].

However, since

Δbϕ = − |∇bϕ|2 + ϕt = α−1
[
t−1G − (α + 1) |∇bϕ|2 − tϕ2

0

]
,

This implies

(Δbϕ)
2 ≥ α−2t−2G2 − 2α−2t−1G[(α + 1) |∇bϕ|2 + tϕ2

0 ]
+α−2[(α + 1)2 |∇bϕ|4 + 2(α + 1)tϕ2

0 |∇bϕ|2].

The Lemma is proved by substituting this inequality into (4.6). ��
Next we apply the lemma to prove prove Theorem 2.

Proof Let B2R be a ball of radius 2R center at O ∈ Hn with R > 1. Let ψ ∈ C∞
0 (R)

be a cut-off function such that 0 ≤ ψ ≤ 1, ψ(t) ≡ 1 for t ∈ [0, 1], ψ(t) ≡ 0 for
t ≥ 2. We also require that

ψ ′ ≤ 0, ψ ′′ ≥ −C1, and
|ψ ′|2
ψ

≤ C2, (4.7)

where C1 and C2 are positive constants. Let dc(x)be the Carnot–Carathéodory distance

from O to x in Hn . Then we define η(x) = ψ
(

dc(x)
R

)
. It is clear that suppη ⊂ B2R

and η|BR ≡ 1. For

G = t
[
|∇bϕ|2 + αϕt + tϕ2

0

]

we consider the function ηG with support on B2R ×(0,T]. Let (x0, t0) ∈ B2R ×(0,T]
be the point where ηG attains its maximum. Note that at (x0, t0)we have the following
properties

∇b(ηG) = G∇bη + η∇bG = 0, (4.8)

Δb(ηG) ≤ 0, (4.9)

and

∂

∂t
(ηG) = ηGt ≥ 0. (4.10)

In the sequel, all computations will be at the point (x0, t0) and we may assume that

(ηG)(x0, t0) > 0,
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otherwise (ηG)(x0, t0) ≤ 0, and the theorem is obviously true. By (4.8), ∇bG =
−G∇bη/η, and from (4.9)

0 ≥ Δb(ηG) = GΔbη + ηΔbG + 2〈∇bη,∇bG〉
= GΔbη + ηΔbG − 2η−1G |∇bη|2 . (4.11)

(4.7) implies

|∇bη|2
η

= |ψ ′|2|∇bdc|2
ψR2 = |ψ ′|2

ψR2 ≤ C2

R2 ,

and

Δbη = ψ ′′|∇bdc|2
R2 + ψ ′Δbdc

R
= ψ ′′

R2 + ψ ′

R
Δbdc ≥ −C1

R2 −
√

C2

R
Δbdc.

The CR sub-Laplacian comparison property in [14] yields

Δbdc ≤ C

dc
, (4.12)

for some constant C , and hence

Δbη ≥ −C3

R
.

Substituting these into (4.11) and then applying the inequality (4.5), (6.20) yields the
following estimate

t2
0ϕ

2
0 ≤ C5,

for some constant C5 > 0. Combining these estimates, we obtain

0 ≥ Δb(ηG) ≥ −C3 R−1G − 2C2 R−1G + ηΔbG

≥ −C4 R−1G + η
[
Gt − 2〈∇bϕ,∇bG〉 − t−1

0 G + n−1α−2t−1
0 G2

]

− 2ηn−1α−2
[
(α + 1) |∇bϕ|2 + t0ϕ

2
0

]
G + n−1α−2(α + 1)2ηt0 |∇bϕ|4

+ 2η
[
n−1α−2(α + 1)C5 − 1

]
|∇bϕ|2 ,

where C4 = C3 + 2C2.
Since ηGt = (ηG)t ≥ 0, η〈∇bϕ,∇bG〉 = G〈∇bϕ,∇bη〉, then by the following

inequality

n−1α−2(α + 1)2t0 |∇bϕ|4 + 2
[
n−1α−2(α + 1)C5 − 1

]
|∇bϕ|2

≥ −2t−1
0

[
n−1α−2C2

5 + nα2(α + 1)−2
]
,
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the above inequality can be reduced to

0 ≥ n−1α−2t−1
0 ηG2 − (C4 R−1 + t−1

0 η)G − 2G〈∇bϕ,∇bη〉
− 2n−1α−2

[
(α + 1) |∇bϕ|2 + t0ϕ

2
0

]
ηG

− 2ηt−1
0

[
n−1α−2C2

5 + nα2(α + 1)−2
]
.

Next we multiply the above inequality by ηt0, since 0 ≤ η ≤ 1 and 〈∇bϕ,∇bη〉 ≤
|∇bϕ| |∇bη|, we get

0 ≥ n−1α−2(ηG)2 − (C4 R−1t0 + 1)ηG − 2t0 |∇bϕ| |∇bη| ηG

− 2n−1α−2ηt0
[
(α + 1) |∇bϕ|2 + t0ϕ

2
0

]
ηG

− 2
[
n−1α−2C2

5 + nα2(α + 1)−2
]
. (4.13)

Observe that there exists a constant C6 > 0 such that

−2n−1α−2(α + 1)η |∇bϕ|2 − 2
√

C2 R−1η1/2 |∇bϕ| ≥ C6α
2(α + 1)−1 R−2.

Hence combining this with (4.13) and using t2
0ϕ

2
0 ≤ C5 again, we can conclude that

0 ≥ n−1α−2(ηG)2 +
[
C7t0α

2(α + 1)−1 R−1 − 1 − 2n−1α−2C5

]
ηG

− 2
[
n−1α−2C2

5 + nα2(α + 1)−2
]

for some constant C7 > 0. This implies that at the maximum point (x0, t0)

ηG ≤ C8α
2
[
C5 − (α + 1)−1(1 + α2t0 R−1)

]

for some constant C8 > 0. In particular since t0 ≤ T, when restricted on B2R × {T}
we have

|∇bϕ|2 + αϕt + Tϕ2
0 ≤ C8α

2
[
(C5 − (α + 1)−1)T−1 − α2(α + 1)−1 R−1

]
.

Theorem 2 follows by letting t = T and taking R → ∞. ��
The first application of the theorem is the Harnack inequality on the Heisenberg

group.

Corollary 4 Let (Hn, J, θ) be the (2n +1)-dimensional Heisenberg group. If u(x, t)
is the positive solution of the CR heat equation (1.2) on Hn × [0,∞), we have the
Harnack inequality

u(x1, t1)

u(x2, t2)
≤
(

t2
t1

)C2

exp

(
dc(x1, x2)

2

2(t2 − t1)

)

(4.14)
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for any x1, x2 in Hn and 0 < t1 < t2 < ∞, where dc(x1, x2) is the Carnot–
Carathéodory distance between x1 and x2.

Proof Let γ be a horizontal curve with γ (t1) = x1 and γ (t2) = x2. We define
η : [t1, t2] → Hn × [t1, t2] by

η(t) = (γ (t), t).

Clearly, η(t1) = (x1, t1) and η(t2) = (x2, t2). Integrating along η, we get

ln u(x1, t1)− ln u(x2, t2) = −
t2∫

t1

d

dt
ln udt

=
t2∫

t1

[
−〈 ·
γ ,∇b(ln u)〉 − (ln u)t

]
dt. (4.15)

On the other hand, Theorem 2 implies that

−(ln u)t ≤ At−1 + α−1 |∇b(ln u)|2

where A = −C1α[C1 − (α+1)−1] for some constant C1 depending only on n. Hence
(4.15) is reduced to

ln
u(x1, t1)

u(x2, t2)
≤

t2∫

t1

[

| ·
γ | |∇b(ln u)| + α−1 |∇b(ln u)|2 + At−1

]

dt.

Applying the inequality

α−1 |∇b(ln u)|2 + | ·
γ | |∇b(ln u)| ≤ −α

4
| ·
γ |2

and choosing

| ·
γ | = dc(x1, x2)

t2 − t1
,

we conclude that

ln
u(x1, t1)

u(x2, t2)
≤ −α

4

dc(x1, x2)
2

t2 − t1
+ A ln

t2
t1
.

By taking exponential of both sides, we have
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u(x1, t1)

u(x2, t2)
≤
(

t2
t1

)−C1α[C1−(α+1)−1]
exp

(

−αdc(x1, x2)
2

4(t2 − t1)

)

.

The result follows by choosing α = −2. ��
As a consequence of Corollary 4 and [8], we have the following upper bound

estimate for the heat kernel of (1.2).

Corollary 5 Let (Hn, J, θ) be the (2n + 1)-dimensional Heisenberg group and
H(x, y, t) be the heat kernel of (1.2) on M × [0,∞). Then for some constant δ > 1
and 0 < ε < 1, H(x, y, t) satisfies the estimate

H(x, y, t) ≤ C(ε)δV − 1
2

(
Bx (

√
t)
)

V − 1
2

(
By(

√
t)
)

exp

(

−d2
c (x, y)

(4 + ε)t

)

(4.16)

with C(ε) → ∞ as ε → 0.

Once we have the upper bound estimate for the heat kernel and the sub-Laplacian
comparison property (4.12), we can then apply the arguments of Li–Tam as in [33] or
[32] and obtain the following mean value inequality.

Corollary 6 Let (Hn, J, θ) be the (2n + 1)-dimensional Heisenberg group and g be
subsolution of the CR heat equation such that

(
∂

∂t
−Δb

)

g (x, t) ≤ 0.

Then for some constant C depend on δ, τ, η, such that 0 < δ < 1, 0 < τ < T, 0 <
η < 1

2 , the following inequality holds for any ρ > 2
√

T ,

sup
Bp((1−δ)ρ)×[τ,T ]

g ≤ C

T∫

(1−η)τ

∫

Bp(ρ)

g (y, s) dyds. (4.17)

5 Complete noncompact case

In [7], Cao and Ni derived the matrix Harnack estimates for the positive solution of the
heat equation on a complete noncompact Kähler manifold with nonnegative bisectional
curvature by using the key estimate (5.1) which is derived from the result of the Li–
Yau heat kernel estimate [34]. For a general complete noncompact pseudohermitian
manifold, we do not have the Li–Yau type heat kernel estimates. However, we do have
the CR corresponding result of the Li–Yau heat kernel on the Heisenberg group as in
Corollary 5. Comparing the method of Cao–Ni, we should point out that we also need
the extra u0-growth property (5.2) that has no analogue in Kähler manifolds.
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Lemma 4 Let (Hn, J, θ) be the (2n + 1)-dimensional Heisenberg group. u(x, t) is
a positive solution of the CR heat equation (1.2) on Hn × [0,∞). Then for 0 < δ ≤
t ≤ 2 − δ, there exists a constant b > 0 (might depends on δ) such that

u(x, t) ≤ exp
(

b
(

r2 (x)+ 1
))

(5.1)

and

|u0| (x, t) ≤ exp
(

b
(

r2 (x)+ 1
))
. (5.2)

Proof Let o ∈ M be a fixed point. Since our focus here is to obtain an upper bound on
u for positive time, we may assume that u(x, t) is defined on M × [0, 2]. By Harnack
inequality in Corollary 4, we have, for 0 < t < 2

u(x, t) ≤ C

tC2
u(o, 2) exp(ar2 (x)).

Here a is a constant and r2 (x) is the Carnot–Carathé odory distance dc(o, x). In
particular, for 0 < δ ≤ t ≤ 2 − δ, there exists a constant b > 0 such that

u(x, t) ≤ exp
(

b(r2 (x)+ 1)
)
.

But applying (6.20) in next section, we obtain

|u0(x, t)| ≤ C

t
u(x, t).

Hence this implies

|u0| (x, t) ≤ exp
(

b
(

r2 (x)+ 1
))
.

��
Lemma 5 Let M be a complete pseudohermitian (2n + 1)-manifold with nonnegative
bisectional curvature and nonnegative bi-torsion tensor. Let u be any positive solution
of the CR heat equation (1.2). Then

(
∂

∂t
−Δb

)

‖∇bu‖2 ≤ −2
∥
∥uαβ

∥
∥2 − 1

2

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2 + 4 ‖∇b (u0)‖ ‖∇bu‖ .

Furthermore if we assume the positive solution u satisfies the purely holomorphic
Hessian operator Pαβ̄u = 0.

(
∂

∂t
−Δb

)∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2 ≤ 0.
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Proof We calculate

(
∂

∂t
−Δb

)

‖∇bu‖2

=
(
∂

∂t
−Δb

)

2uαuᾱ

= 2 (Δbu)α uᾱ + 2 (Δbu)ᾱ uα − (2uαuᾱ)ββ̄ − (2uαuᾱ)β̄β

= 2
(

2uββ̄α − inu0α

)
uᾱ + conj.− (2uαuᾱ)ββ̄ − conj

= 4uαββ̄uᾱ − 4ihαβ̄uβ0uᾱ − 4Rρ̄αuρuᾱ − 2inu0αuᾱ
+ 4uᾱβ̄βuα + 4ihᾱβuβ̄0uα − 4Rρᾱuρ̄uα + 2inu0ᾱuα

−
(

2uαββ̄uᾱ + 2uαβuᾱβ̄ + 2uαβ̄uᾱβ + 2uαuᾱββ̄

)

−
(

2uᾱβ̄βuα + 2uᾱβ̄uαβ + 2uᾱβuαβ̄ + 2uᾱuαβ̄β

)

= −4ihαβ̄uβ0uᾱ − 4Rρ̄αuρuᾱ − 2inu0αuᾱ
+ 4ihᾱβuβ̄0uα − 4Rρᾱuρ̄uα + 2inu0ᾱuα − 4uαβuᾱβ̄ − 4uαβ̄uᾱβ

+ 2uᾱ
(
inuα0 + Rαρ̄uρ

)− 2uα
(
inuᾱ0 − Rᾱρuρ̄

)

= −4uαβuᾱβ̄ − 4uαβ̄uᾱβ − 4Rρ̄αuρuᾱ
− 4iu0αuᾱ + 4iu0ᾱuα + 2i (n − 2) Aᾱβ̄uβuα − 2i (n − 2) Aαβuβ̄uᾱ .

Then the curvature assumptions yield

(
∂

∂t
−Δb

)

‖∇bu‖2 ≤ −2
∥
∥uαβ

∥
∥2 − 1

2

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2 + 4||∇b (u0) || ‖∇bu‖

and this implies

(
∂

∂t
−Δb

)∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2

= 2

((
∂

∂t
−Δb

)(
uαβ̄ + uβ̄α

)) (
uᾱβ + uβᾱ

)+ conj

− 2

((
uαβ̄ + uβ̄α

)

γ

(
uᾱβ + uβᾱ

)
γ̄

)

+ conj

≤ 2

((
∂

∂t
−Δb

)(
uαβ̄ + uβ̄α

)) (
uᾱβ + uβᾱ

)+ conj

= 2
(

2Rαγ̄ δβ̄uγ δ̄ − Rαδ̄uδβ̄ − Rδβ̄uαδ̄ + Cαβ̄

) (
uᾱβ + uβᾱ

)+ conj

=
[
2Rαγ̄ δβ̄

(
uγ δ̄ + u δ̄γ

)
− Rαδ̄

(
uδβ̄ + uβ̄δ

)
− Rδβ̄

(
uαδ̄ + u δ̄α

)+ Cαβ̄

]
·

× (
uᾱβ + uβᾱ

)+ conj ≤ 0.
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Here we have used [Δb, T ]u = 0, Cαβ̄ = 0 and the following inequality:

(
2Rαγ̄ δβ̄

(
uγ δ̄ + u δ̄γ

)
− Rαδ̄

(
uδβ̄ + uβ̄δ

)
− Rδβ̄

(
uαδ̄ + u δ̄α

)) (
uᾱβ + uβᾱ

)

= 2Rαβ̄βᾱλαλβ − 2Rγ γ̄
(
λγ
)2

= −Rαβ̄βᾱ(λα − λβ)
2

≤ 0.

Here we denote uγ γ̄ + uγ̄ γ = λγ (since uγ δ̄ + u δ̄γ is symmetric and then can be
diagonalized). ��

Combining Lemma 4 and Lemma 5, we are able to obtain the following integral
estimate.

Lemma 6 Let (Hn, J, θ) be the standard (2n + 1)-dimensional Heisenberg group. If
u(x, t) is the positive solution of the CR heat equation (1.2) on Hn × [0,∞) . There
exists a constant b̂ > 0, depending only on b such that

T∫

2δ

∫

M

e−b̂r2
(

‖∇bu0‖2 + ‖∇bu‖2 + ∥∥uαβ
∥
∥2 +

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2
)

dμdt < ∞.

Proof Let φ be a cut-off function such that φ = 0 for dc(x, p) > 2R, t < δ, and
φ = 1 as dc (x, p) < R, t > 2δ and |∇bφ| ≤ C

R . We multiply φ2 on both sides of the
following equation

(
∂

∂t
−Δb

)

u2 ≤ −2 ‖∇bu‖2 .

Then we integrate

T∫

0

∫

M

‖∇bu‖2 φ2dμdt ≤
T∫

0

∫

M

((

Δb − ∂

∂t

)

u2
)

φ2dμdt

=
T∫

0

∫

M

(
Δbu2

)
φ2dμdt +

∫

M

u2 (x, 0) φ2 (x, 0) dμ

−
∫

M

u2 (x, T ) φ2 (x, T ) dμ+
T∫

0

∫

M

u2 (x, t)
(
φ2
)

t
dμdt

≤
T∫

0

∫

M

u2 (x, t)
(
φ2
)

t
dμdt −

T∫

0

∫

M

2φ
〈
∇bu2,∇bφ

〉
dμdt. (5.3)
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Young’s inequality yields

T∫

0

∫

M

2φ
〈
∇bu2,∇bφ

〉
dμdt

≤ 1

2

T∫

0

∫

M

‖∇bu‖2 φ2dμdt + 8

T∫

0

∫

M

u2 ‖∇bφ‖2 dμdt.

Then (5.3) is reduced to

T∫

2δ

∫

M

‖∇bu‖2 φ2dμdt ≤ 2

T∫

δ

∫

M

u2
(

8 ‖∇bφ‖2 +
(
φ2
)

t

)
dμdt.

That is, there exists a positive constant C independent of R such that

T∫

2δ

∫

Bp(R)

‖∇bu‖2 dμdt ≤ C

T∫

δ

∫

Bp(2R)

u2dμdt.

By choosing R = 2n and b1 > 4b, we obtain

T∫

2δ

∫

M

e−b1r2 ‖∇bu‖2 dμdt ≤
∞∑

n=1

e−b1(2n)2
T∫

δ

∫

Bp(2n+1)\Bp(2n)

‖∇bu‖2 dμdt

≤ C
∞∑

n=1

e−b1(2n)2
T∫

δ

∫

Bp(2n+1)

u2dμdt

≤ C
∞∑

n=1

e−b1(2n)2 eb22n+2

T∫

δ

∫

Bp(2n+1)

e−br2
u2dμdt

≤ C

T∫

δ

∫

M

e−br2
u2dμdt ·

∞∑

n=1

(
e4b

eb1

)4n

< ∞, (5.4)

where in the last inequality we use the growth rate of u as in Lemma 4, i.e.,

T∫

2δ

∫

M

e−b1r2 ‖∇bu‖2 dμdt < ∞. (5.5)
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Again [Δb, T ]u = 0 implies

(
∂

∂t
−Δb

)

u2
0 ≤ −2 ‖∇bu0‖2 .

Applying Lemma 4, we have, for some positive constant b2 > 0, the following equality
holds

T∫

δ

∫

M

e−b2r2 ‖∇bu0‖2 dμdt < ∞. (5.6)

Lemma 5 and [Δb, T ]u = 0 imply

(
∂

∂t
−Δb

)(
‖∇bu‖2 + u2

0 + u2
)

≤ −2
∥
∥uαβ

∥
∥2 − 1

2

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2
. (5.7)

Next we multiply the test function φ2 and integrate as in (5.3), and obtain

T∫

0

∫

M

(

2
∥
∥uαβ

∥
∥2 + 1

2

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2
)

φ2dμdt

≤
T∫

0

∫

M

((

Δb − ∂

∂t

)(
‖∇bu‖2 + u2

0 + u2
))

φ2dμdt

≤
T∫

0

∫

M

(
‖∇bu‖2 + u2

0 + u2
)
(φ2)t dμ

−
T∫

0

∫

M

2φ
〈
∇b(‖∇bu‖2 + u2

0 + u2),∇bφ
〉

dμdt.

Young’s inequality again yields

T∫

0

∫

M

(
∥
∥uαβ

∥
∥2 +

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2
)

φ2dμdt

≤ C
∫

M

(
‖∇bu0‖2 + ‖∇bu‖2 + u2

0 + u2
) (

‖∇bφ‖2 +
(
φ2
)

t

)
dμ.
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Now apply the same argument as in (5.4), for some positive constant b3 > 0, we have

T∫

2δ

∫

M

exp
(
−b3r2

)(∥
∥uαβ

∥
∥2 +

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2
)

dμdt < ∞. (5.8)

Finally Choose b̂ = max {b1, b2, b3}, and combine (5.6), (5.5) and (5.8), we have
proved the estimate. ��

The result of Lemma 6 can be improved to the following pointwise estimate by the
mean valued inequality.

Lemma 7 Let (Hn, J, θ) be the (2n +1)-dimensional Heisenberg group. If u(x, t) is
the positive solution of the CR heat equation (1.2) on Hn × [0,∞). For t > δ, there
exists b̃ > 0 such that

‖∇bu‖2 (x, t) ≤ exp
(

b̃
(

r2 + 1
))

∥
∥
∥uαβ̄ + uβ̄α

∥
∥
∥

2
(x, t) ≤ exp

(
b̃
(

r2 + 1
))
.

(5.9)

Proof We denoteΦ = ‖∇bu‖2 +u2
0 +u2. It follows from (5.7) thatΦ is a subsolution

of the CR heat equation. We multiple factor e−b
(
ρ2+1

)

on both sides of the mean value
inequality (4.17), we have

e−b
(
ρ2+1

)

sup
Bp((1−δ)ρ)×[τ,T ]

Φ (x, t)

≤ Ce−b
(
ρ2+1

)
T∫

(1−η)τ

∫

Bp(ρ)

Φ (y, s) dyds

≤ C

T∫

(1−η)τ

∫

Bp(ρ)

e−b
(
r2(y)+1

)

Φ (y, s) dyds

< ∞,

where r (y) is the Carnot–Carathéodory distance between p and y. The last inequality
is followed from Lemma 4 and Lemma 6. Now we substitute ρ = 1

1−δ r (x), we have

for any x ∈ Bp

(
1

1−δ r (x)
)

, τ < t < T ,

Φ (x, t) ≤ C ′eb
(

1
1−δ
)2(

r2(x)+1
)

.

The other inequality in (5.9) can be proved similarly. ��
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Lemma 8 Let (Hn, J, θ) be the standard (2n + 1)-dimensional Heisenberg group
and ϕ be a smooth function on Hn such that

exp
(

k1

(
r2 + 1

))
≤ ϕ ≤ exp

(
k2

(
r2 + 1

))

for some constant k2 > k1 > 0, then there exists Tm > 0 depending only on k2 such
that the Cauchy problem

{(
∂
∂t −Δb

)
g = 0

g (x, 0) = ϕ

has a solution g on Hn ×[0, T ].Moreover, there exist constants C1,C2 > 0 such that

C1 exp

(
k1

4
r2
)

≤ g (x, t) ≤ C2 exp
(

3k2r2
)

on Hn × [0, Tm] .

Proof Similar argument as in Lemma 1.1 in [41], where the proof only using the heat
kernel estimate (4.16) and the sub-Laplacian comparison property (4.12). ��
Proof of Theorem 3 It follows from Lemma 8 with φ = e

κ
δ

t g for t > δ, we have

(
∂

∂t
−Δb

)

φ = κ

δ
φ

and

φ (x, t) ≥ C1 exp
(

2b̃
(

r2 + 1
))

for a positive constant C1 and a positive constant κ which needs to be determined later.
Let Nαβ̄ be the matrix Harnack quantity in (3.1) We consider the following (1, 1)-

tensor

N̂αβ̄ = t2 Nαβ̄ + εφhαβ̄ . (5.10)

We only need to prove that N̂αβ̄ > 0 for any ε > 0. We shall prove this by contradiction.
Suppose it is not true, then by the growth rate of φ and the fact that Nαβ̄ > 0 at t = 0,
there exists a first time t0 and by Lemma 7, a point x0 ∈ Hn and a unit vector v at x0

such that N̂αβ̄ (x0, t0) vαvβ̄ = 0. Now we choose a normal coordinate around x0 and
extend v to a local unit vector field near x0. Then at x0

Δb

(
N̂αβ̄v

αvβ̄
)

= Δb

(
N̂αβ̄

)
vαvβ̄ .
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Since N̂αβ̄v
αvβ̄ ≥ 0 for all (x, t) with t ≤ t0 and x close to x0, we see that at (x0, t0),

0 ≥
(
∂

∂t
−Δb

)

(N̂αβ̄v
αvβ̄). (5.11)

On the other hand, (3.10) implies, at (x0, t0)

(
∂

∂t
−Δb

)

N̂αβ̄v
αvβ̄

=
((

∂

∂t
−Δb

)

N̂αβ̄

)

vαvβ̄

≥ t2
(

2Rαγ̄ δβ̄Nγ δ̄ − Rασ̄ Nσ β̄ − Rσ β̄Nασ̄ + Cαβ̄

)
vαvβ̄

+ t2 (Rm − T or)

(∇bu√
u
, v

)

+ t2 1

2u
Nαγ̄ Nβγ̄ v

αvβ̄

+ t2
(

uβ̄uγ

8u2 N̂αγ̄ + uαuγ̄
8u2 N̂γ β̄ − 1

2u2 uγ uβ̄ N̂αγ̄ − 1

2u2 uγ̄ uα N̂γ β̄

)

vαvβ̄

+ 3

4

κ

δ
t2εφ

uβ̄uγ vγ vβ

u2 + t2 F

u
Nαβ̄v

αvβ̄ + ε
κ

δ
φ |v|2 . (5.12)

Since N̂αβ̄ (x0, t0) vαvβ̄ = 0, it follows from (5.10) that at (x0, t0)

t2 1

u
F Nαβ̄v

αvβ̄ = − F

u
εφ |v|2 .

Now F
u = t

24
(u0)

2

u2 and (6.20) yield

t2 1

u
F Nαβ̄v

αvβ̄ ≥ −C

t
εφ |v|2 ≥ −C

δ
εφ |v|2

for some constant C . Hence

t2 1

u
F Nαβ̄v

αvβ̄ + ε
κ

δ
φ |v|2 ≥

(

κ − C

δ

)

εφ |v|2 > 0

if we choose

κ >
C

δ
.

That is
(
∂
∂t −Δb

)
N̂αβ̄v

αvβ̄ > 0. This contradicts to (5.11).

This shows that N̂αβ̄ ≥ 0 for all 0 < δ ≤ t ≤ 2 − δ. Taking ε → 0 and δ → 0 and
repeating the argument to the later time, we prove the lemma. ��
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Proof of Corollary 3 Applying Theorem 3 to the heat kernel H(x, y, t) with V =
−∇b H

H , we have

− t
[
(log H(x, y, t))αβ + (log H(x, y, t))βα

]

− 3

2
t
[
(log H(x, y, t))α(log H(x, y, t))β

]
≤ 4h

αβ
.

But −t log H(x, o, t) → 1
4r2(x) as t → 0. Therefore

−t
[
(log H(x, o, t))αβ + (log H(x, o, t))βα

]
→ 1

4

[
(r2(x))αβ + (r2(x))βα

]

in the sense of distribution. On the other hand,

3

2
t |∇b(log H(x, o, t)|2 ≤ C0

for some constant C0 in a Heisenberg group Hn due to the dilation δr in Hn as in [27,
Theorem 1]. Therefore,

[
(r2(x))αβ + (r2(x))βα

]
≤ (16 + C0)hαβ (x).

��

6 The T -derivative of heat kernel of the sub-Laplacian in Heisenberg groups

6.1 The Heisenberg group

We start with the most general definition of the Heisenberg group. In the end, what
we need is the special case of n = 1. The non-isotropic Heisenberg group Hn is the
Lie group with underlying manifold

C
n × R = {[z, t] : z ∈ C

n, t ∈ R}

and multiplication law

[z, t] · [w, s] =
⎡

⎣z + w, t + s + 2Im
n∑

j=1

a j z j w̄ j

⎤

⎦ , (6.1)

where a = (a1, a2, . . . , an) ∈ R
n+.

It is easy to check that the multiplication (6.1) does indeed make C
n × R into

a group whose identity is the origin e = [0, 0], and where the inverse is given by
[z, t]−1 = [−z,−t].
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The Lie algebra of Hn is a vector space which, together with a Lie bracket operation
defined on it, represents the infinitesimal action of Hn . Let hn denote the vector space
of left-invariant vector fields on Hn . Note that this linear space is closed with respect
to the bracket operation

[V1,V2] = V1V2 − V2V1.

The space hn , equipped with this bracket, is referred to as the Lie algebra of Hn .
Lie algebra structure of hn is most readily understood by describing it in terms of the
following basis:

X j = ∂

∂x j
+ 2a j y j

∂

∂t
, Y j = ∂

∂y j
− 2a j x j

∂

∂t
and T = ∂

∂t
; (6.2)

where j = 1, 2, . . . , n, z = (z1, z2, . . . , zn) ∈ C
n with z j = x j + iy j ; t ∈ R.

Note that we have the commutation relations

[Y j ,Xk] = 4a jδ jkT for j, k = 1, 2, . . . , n. (6.3)

Next, we define the complex vector fields

Z̄ j = 1

2
(X j + iY j ) = ∂

∂ z̄ j
− ia j z j

∂

∂t
and

Z j = 1

2
(X j − iY j ) = ∂

∂z j
+ ia j z̄ j

∂

∂t
(6.4)

for j = 1, 2, . . . , n. Here, as usual,

∂

∂z j
= 1

2

(
∂

∂x j
− i

∂

∂y j

)

and
∂

∂ z̄ j
= 1

2

(
∂

∂x j
+ i

∂

∂y j

)

.

The commutation relations (6.3) then become

[Z̄ j ,Zk] = 2ia jδ jkT

with all other commutators among the Z j , Z̄k and T vanishing.
The Heisenberg sub-Laplacian is the differential operator

La,λ = −1

2

n∑

j=1

(Z j Z̄ j + Z̄ j Z j )+ iλT = −1

4

n∑

j=1

(X2
j + Y2

j )+ iλT (6.5)

with Z j and Z̄ j given by (6.4). In the case of a j = 1 for all j ′s, the operator Lλ was first
introduced by Folland‘ and Stein [18] in the study of ∂̄b complex on a non-degenerate
CR manifold. They found the fundamental solution of Lλ. Beals and Greiner [4] solved
the case that a′

j s may be different.
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Let functions f, g ∈ S(Hn), the Heisenberg convolution is given by

f ∗ g(x) =
∫

Hn

f (y)g(y−1x)dV (y); (6.6)

here dV (y) is the Haar measure on Hn and is exactly the Euclidean measure on R
2n+1.

Twisted Convolution. We focus our attention on the phase space R
n × R

n , which
we identify with C

n via ζ ∈ C
n, ζ = u + iv ↔ (u, v) ∈ R

n × R
n .

On it, we consider the symplectic form 〈·, ·〉 given by the Heisenberg group multi-
plication law (6.1) and defined by

〈z,w〉 = 2Im(Az · w̄) = 2Im

⎛

⎝
n∑

j=1

a j z j w̄ j

⎞

⎠ ,

where z, w ∈ C
n . With τ a fixed real constant, we can define the twisted convolution

of two functions F and G by

(F ∗τ G)(z) =
∫

Cn

e−iτ 〈z,w〉F(z − w)G(w)dw; (6.7)

here dw is the Euclidean measure on C
n . Notice that, in view of the antisymmetry of

〈·, ·〉, we have that 〈z − w,w〉 = − 〈w, z〉; thus

G ∗τ F = F ∗−τ G,

so the twisted convolution is not commutative.
The twisted convolution arises when we analyze the convolution of functions on

the Heisenberg group in terms of the Fourier transform in the t-variable. To see this,
let f (z, t) be a test function on Hn . Define

f̃τ (z) = f (z, ·)̂(τ ) =
∫

R

f (z, t)e−iτ t dt. (6.8)

Similarly define g̃τ when g is another test function on Hn . Suppose f ∗ g is the
convolution of f and g on Hn . Then

˜( f ∗ g)τ = f̃τ ∗τ g̃τ . (6.9)

Integration by parts also yields

(̃
∂ f

∂t

)

=
∫

R

e−i t ·τ ∂ f

∂t
dt = iτ f̃ (6.10)

123



S.-C. Chang et al.

We take the partial Fourier transform of the complex vector fields Z j and Z̄ j with
respect to t and obtain

Z̃ j = ∂

∂z j
− a j z̄ jτ and ˜̄Z j = ∂

∂ z̄ j
+ a j z jτ.

The fundamental solution and heat kernel of La,λ can be derived via the Laguerre
calculus. Here we give the basic definitions of Laguerre functions.

Laguerre Functions. The generalized Laguerre polynomials L(α)k (x) are defined by
their usual generating function formula:

∞∑

k=1

L(α)k (x)wk = 1

(1 − w)α+1 exp

{

− xw

1 − w

}

, (6.11)

for α = 0, 1, 2, . . . , x ≥ 0, and |w| < 1.

Definition 2 Let z = |z|eiθ and k, p = 0, 1, 2, . . .. Then we define

W̃(p)
k (z, τ )

= 2|τ |
π

[
�(k + 1)

�(k + p + 1)

]1/2

(2|τ ||z|2)p/2eipθe−|τ ||z|2 L(p)
k (2|τ ||z|2) (6.12)

W̃(−p)
k (z, τ )

= 2|τ |
π
(−1)p

[
�(k + 1)

�(k + p + 1)

]1/2

(2|τ ||z|2)p/2e−i pθe−|τ ||z|2 L(p)
k (2|τ ||z|2)

(6.13)

We define the n-dimensional version of the exponential Laguerre functions on Hn

by the n-fold product:

W̃(p)
k (z, τ ) =

n∏

j=1

a jW̃(p j )

k j
(
√

a j z j , τ )

where W̃(p j )

k j
(
√

a j z j , τ )’s are given by (6.12) and (6.13).

6.2 The fundamental solution of La,λ

Let Kλ(z, t) ∈ C∞(Hn\{0}) be the fundamental solution of La,λ, i.e.,

La,λ[ f (z, t) ∗ Kλ] = La,λ

⎡

⎣
∫

Hn

f (w, s)Kλ([w, s]−1[z, t])dwds

⎤

⎦ = f (z, t)
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for any f ∈ S(Hn). The result from Laguerre calculus (see [5,21]) yields that

K̃λ(z, τ ) = |τ |−1
∞∑

|k|=0

⎛

⎝
n∑

j=1

(2k j + 1)a j − λ sgn(τ )

⎞

⎠

−1
n∏

j=1

a jW̃(0)
k j
(
√

a j z j , τ ).

(6.14)

We can apply the generating formula of Laguerre function to compute the sum in the
right hand side. First we introduce the following integral representation of A−1:

1

A
=

∞∫

0

e−Asds for Re(A) > 0.

Then we can write (6.14) in the following form:

K̃λ(z, τ ) = 1

|τ |
∞∑

|k|=0

∞∫

0

e
−
(∑n

j=1(2k j +1)a j −λsgn(τ )
)

s
ds

n∏

j=1

a jW̃(0)
k j
(
√

a j z j , τ ).

Next we interchange the summation and integration, and use the definitions of W̃(0)
k j

,

K̃λ(z, τ ) =
∞∫

0

∞∑

|k|=0

e
−
(∑n

j=1(2k j +1)a j −λsgn(τ )
)

s
ds

n∏

j=1

a jW̃(0)
k j
(
√

a j z j , τ )

= 1

|τ |
∞∫

0

∞∑

|k|=0

e
−
(∑n

j=1(2k j +1)a j −λsgn(τ )
)

s
ds

n∏

j=1

2a j e
−a j |τ ||z j |2 L(0)k j

(2a j |τ ||z j |2)

= |τ |n−1

πn

∞∫

0

eλsgn(τ )s
n∏

j=1

2a j e
−a j s−a j |τ ||z j |2

∞∑

k j =0

(e−2a j s)k j L(0)k j
(2a j |τ ||z j |2)ds

Apply the generating formula for the Laguerre polynomials

∞∑

k=0

L(p)
k (x)zk = 1

(1 − z)p+1 exp

{

− xz

1 − z

}

to the last formula for K̃(z, τ ), we obtain
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K̃λ(z, τ ) = |τ |n−1

πn

∞∫

0

eλsgn(τ )s
n∏

j=1

2a j e−a j s

1−e−2a j s exp

{

−a j |τ ||z j |2
[

1+ 2e−2a j s

1−e−2a j s

]}

ds

= |τ |n−1

πn

∞∫

0

eλsgn(τ )s
n∏

j=1

a j

sinh(a j s)
exp

⎧
⎨

⎩
−|τ |

n∑

j=1

a j |z j |2 coth(a j s)

⎫
⎬

⎭
ds

Then one can take the inverse Fourier transform and find the fundamental solution
Kλ(z, t) at the origin and other points by translation via the group law.

6.3 The Heat Kernel

In the isotropic case, the heat kernel was independently studied by Gaveau [19] via
probability method and Hulanicki [26] using the Fourier transform on Hn and the
basis of Laguerre functions. Later, Beals and Greiner [4] solved the general case by a
different method. hs(z, t) can be derived easily via the Laguerre calculus.

Taking the Fourier transform with respect to the t-variable, we can write the Fourier
transform of the heat kernel h̃s(z, t) as

h̃s(z, τ )

= exp
{−sL̃a,λ

}
Ĩ =

∞∑

|k|=0

exp{−sL̃a,λ}
⎡

⎣
n∏

j=1

a jW̃(0)
k j
(
√

a j z j , τ )

⎤

⎦

=
∞∑

|k|=0

e−s
∑n

j=1 a j |τ |(2k j +1)+sλτ
n∏

j=1

a jW̃(0)
k j
(
√

a j z j , τ ).

Next, a similar computation as in the computation of the fundamental solution leads
to

h̃s(z, τ ) = eλτ s

πn

⎡

⎣
n∏

j=1

a j |τ |
sinh(a j |τ |s)

⎤

⎦ exp

⎧
⎨

⎩
−|τ |

n∑

j=1

a j |z j |2 coth(a j |τ |s)
⎫
⎬

⎭
.

(6.15)

Since

n∏

j=1

a j |τ |
sinh(a j |τ |s) =

n∏

j=1

a jτ

sinh(a jτ s)
and |τ | coth(a j |τ |s) = τ coth(a jτ s),

we can simplify (6.15) by removing the absolute sign for τ and have

h̃s(z, τ ) = eλτ s

πn

⎡

⎣
n∏

j=1

a jτ

sinh(a jτ s)

⎤

⎦ exp

⎧
⎨

⎩
−τ

n∑

j=1

a j |z j |2 coth(a jτ s)

⎫
⎬

⎭
. (6.16)
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Taking the inverse Fourier transform, we can get the heat kernel

hs(z, t) = 1

2πn+1

∞∫

−∞

⎡

⎣
n∏

j=1

a jτ

sinh(a jτ s)

⎤

⎦ e
itτ+λτ s−∑n

j=1
a j τ

tanh(a j τ s) |z j |2
dτ.

We substitute the variable τ by τ/s in the integral and obtain

hs(z, t) = 1

2(πs)n+1

∞∫

−∞

⎡

⎣
n∏

j=1

a jτ

sinh(a jτ)

⎤

⎦ e
itτ
s +λτ− 1

s

∑n
j=1

a j τ
tanh(a j τ )

|z j |2
dτ. (6.17)

We are interested in the case of n = 1 and λ = 0, and the estimates of the derivative
of the heat kernel along the Reed vector field ∂

∂t . In this case, we set a1 = a, n = 1
and λ = 1 in (6.17) and the heat kernel have the form:

hs(z, t) = 1

2(πs)2

∞∫

−∞

aτ

sinh(aτ)
exp

{

−τ
s

[
a

tanh(aτ)
|z|2 − i t

]}

dτ. (6.18)

Take the derivative of the heat kernel with respect to t , we have

(
∂

∂t

)m

hs(z, t) = im

2π2sm+2

∞∫

−∞

aτm+1

sinh(aτ)
exp

{

−τ
s

[
a

tanh(aτ)
|z|2 − i t

]}

dτ.

First the following simple estimates:

1 ≤ τ

tanh τ
≤ c(1 + |τ |) and 0 ≤ τ

sinh τ
≤ c(1 + |τ |)e−|τ |

imply

∣
∣
∣
∣

(
∂

∂t

)m

hs(z, t)

∣
∣
∣
∣ ≤

c

2π2sm+2

∞∫

−∞
(1 + a|τ |)|τ |me−a|τ | exp

{

−|z|2
s

}

dτ

≤ Km

2π2sm+2 e− |z|2
s

for Km = ∫∞
−∞(1 + a|τ |)|τ |me−a|τ |dτ when z �= 0. Here c is a constant. This implies

the integral is absolutely convergent when z �= 0. In the case of z = 0, we need to
change the contour of the integral.

In order to get some better estimates, we need to introduce the Carnot–Caratheodory
distance. We first introduce two following function to simplify the notations:

f (z, t, τ ) = aτ

tanh(aτ)
|z|2 − i tτ and v(τ) = aτ

sinh(aτ)
.
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Then the unique critical point of f (z, t, τ ) as a function of τ in the strip {|�mτ | < π/a}
is the point τc = iθc(z, t), where θc is the solution of

t = a|z|2μ(aθ), here μ(φ) = φ

sin2 φ
− cot φ.

The Carnot-Caratheodory distance d(z, t) between (0, 0) and (z, t) and the value of
f (z, t, τc) has the relation

f (z, t, τc) = 1

2
d2(z, t) = ν(aθc)

( |t |
a

+ |z|2
)

with ν(φ)

= φ2

φ + sin2 φ − sin φ cosφ
.

Then the heat kernel satisfies the upper estimate [3]:

hs(z, t) ≤ C

s2 e−d(z,t)2/2smin

{

1,

(
u

|z|2d(z, t)

) 1
2
}

, (z, t, s) ∈ H1 × R+

(6.19)

The heat kernel also satisfies:

hs(z, t) = C
e−d(z,t)2/2s

s2

{(
2πs

f ′′(iθc)

)1/2

v(iθc)+ O(
√

se−c/sqrts)+ O(s)

}

where f ′′(iθc) = ∂2 f
∂τ 2 |τ=iθc . Combine these two estimates, we have

C1

s2 e−d(z,t)2/2s ≤ hs(z, t) ≤ C2

s2 e−d(z,t)2/2s

Then we can apply the same method to derive the upper estimate of the derivative of
the heat kernel and get

∣
∣
∣
∣

(
∂

∂t

)m

hs(z, t)

∣
∣
∣
∣ ≤

C3

sm+2 e−d(z,t)2/2s

We want to bound the derivative of the heat kernel by the heat kernel when s is large,
i.e., we want to find M > 0 so that

∣
∣
∣
∣

(
∂

∂t

)m

hs(z, t)

∣
∣
∣
∣ ≤ Mhs(z, t).

It suffices that

C3

sm+2 e−d(z,t)2/2s ≤ M
C1

s2 e−d(z,t)2/2s this implies M ≥ C3

C2sm
.
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Hence, if we fix s > 0 and take M ≥ C3
C2sm , then we will have

∣
∣
∣
∣

(
∂

∂t

)m

hs(z, t)

∣
∣
∣
∣ ≤ Mhs(z, t) (6.20)

In the case of z = 0, the integral in the heat kernel can be computed explicitly and
has been done in [3]. In this case, we assume that s > 0 and

ht (0, s) = 1

4at2

e−πs/2at

(1 + e−πs/2at )2
= 1

4at2 e−πs/2at {1 + O(e−πs/2at )}.

In this case d(0, s)2 = π |s|/2. So the upper estimate (6.19) also holds in this case.
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