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Abstract This paper is concerned with an optimal strategy for simultaneously trading
of a pair of stocks. The idea of pairs trading is to monitor their price movements and
compare their relative strength over time. A pairs trade is triggered by their prices
divergence and consists of a pair of positions to short the strong stock and to long
the weak one. Such a strategy bets on the reversal of their price strengths. From
the viewpoint of technical tractability, typical pairs-trading models usually assume a
difference of the stock prices satisfies a mean-reversion equation. In this paper, we
consider the optimal pairs-trading problem by allowing the stock prices to follow
general geometric Brownian motions. The objective is to trade the pairs over time to
maximize an overall return with a fixed commission cost for each transaction. The
optimal policy is characterized by threshold curves obtained by solving the associated
HJB equations. Numerical examples are included to demonstrate the dependence of
our trading rules on various parameters and to illustrate how to implement the results
in practice.
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1 Introduction

This paper is about an optimal policy for simultaneously trading of a pair of stocks.
The idea of pairs trading is to track the price movements of these two securities over
time and compare their relative price strengths. A pairs trade is triggered when their
prices diverge, e.g., one stock moves up substantially relative to the other. A pairs trade
is entered and consists of a short position in the stronger stock and a long position in
the weaker one. Such a strategy bets on the reversal of their price strength. A major
advantage of pairs trading is its ‘market neutral’ nature in the sense that it can be
profitable under any market conditions.

Pairs trading was initially introduced by Bamberger and followed by Tartaglia’s
quantitative group at Morgan Stanley in the 1980s; see Gatev et al. [ 1] for related history
and background details. There are many in-depth discussions in connection with the
cause of the divergence and subsequent convergence; see the book by Vidyamurthy
[2] and references therein. In addition to these studies, an advanced mathematical
method was developed in Song and Zhang [3] to address issues in connection with
pairs trading when the underlying pairs follow a mean-reversion model. It is shown in
[3] that the optimal trading rule can be determined by threshold levels. These levels
can be obtained by solving algebraic equations. A set of sufficient conditions are also
provided to establish the desired optimality. One of the key assumptions in [3] is that the
pairs value has to be a mean-reversion process. This clearly adds a severe limitation on
its potential applications. In order to meet the mean-reversion requirement, tradable
pairs are typically selected among stocks from the same industrial sector. From a
practical viewpoint, it is highly desirable to have a broad range of stock selections for
pairs trading. Mathematically speaking, this amounts to the possibility of extending
the pairs-trading results in [3] under traditional stock price models such as geometric
Brownian motions. To address the practical needs, in this paper, we develop a new
method to treat the pairs-trading problem under general geometric Brownian motions.

By and large, the optimal timing of investments in irreversible projects can also
be considered as a pairs-trading problem. Back in 1986, McDonald and Siegel [4]
considered optimal timing of investment in an irreversible project. Two factors are
included in their model: the growth of the investment capital and the change in project
cost. Greater capital growth potential and lesser future project cost will postpone the
transaction. Further studies along this line were carried out by Hu and @ksendal [5]
to specify precise optimality conditions and to provide a new proof of the following
variational inequalities among others. Their results can be easily interpreted in terms
of pairs trading. It is simply a pairs-trading selling rule! This is, assuming an existing
pairs position with a long position in one stock and a short position in another, the
problem is to determine when to exit and close the position, i.e., to sell the long posi-
tion and cover the short position. In this paper, we extend these results by allowing
sequentially and simultaneously trading of these pairs. We focus on simple and eas-
ily implementable pairs-trading strategy and its optimality and closed-form solution.
As expected, the value function incurred by the sequential decisions becomes more
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complicated comparing with that incurred by one-time decision (Hu and @ksendal
[5D.

Mathematical portfolio selection and trading rules have been studied for many
years. For example, Davis and Norman [6] studied Merton’s investment/consumption
problem with transaction costs and established wedge-shaped regions for the pair of
bank and stock holdings. In-depth studies and a complete solution to this problem
can be found in Shreve and Soner [7]. A basic assumption underlying these works
is that a fraction of shares can be traded and the performance is evaluated via a
hyperbolic absolute risk aversion utility function. A more realistic setting under a
regime switching model was considered in Zhang [8] in connection with stock selling
rule determined by two threshold levels, a target price and a stop-loss limit. In [8], such
optimal threshold levels are obtained by solving a set of two-point boundary value
problems. Guo and Zhang [9] studied the optimal selling rule under a model with
switching Geometric Brownian motion. Using a smooth-fit technique, they obtained
the optimal threshold levels by solving a set of algebraic equations. These papers are
concerned with the selling side of trading in which the underlying price models are
of GBM type. Recently, Dai et al. [10] developed a trend following rule based on a
conditional probability indicator. They showed that the optimal trading rule can be
determined by two threshold curves which can be obtained by solving the associated
Hamilton—Jacobi—Bellman (HJB) equations. Similar idea was developed following a
confidence interval approach by Iwarere and Barmish [11]. In addition, Merhi and
Zervos [12] studied an investment capacity expansion/reduction problem following a
dynamic programming approach under a geometric Brownian motion market model.
Similar problem under a more general market model was treated by Lgkka and Zervos
[13]. In connection with mean-reversion trading, Zhang and Zhang [14] obtained a
buy-low and sell-high policy by characterizing the ‘low’ and ‘high’ levels in terms of
the mean-reversion parameters.

In this paper, we consider an optimal pairs-trading rule in which a pairs (long—short)
position consists of a long position of one stock and a short position of the other. The
objective is to initiate (buy) and close (sell) the pairs positions sequentially to maxi-
mize a discounted payoff function. Fixed proportional transaction (commission and/or
slippage) costs will be imposed to each transaction. We study the problem following
a dynamic programming approach and establish the associated HIB equations for the
value functions. We show that the corresponding optimal stopping times can be deter-
mined by two threshold curves (lines with slopes k; and k»). These key levels are
given by the ratio of one-share long position to the one-share short position and can be
obtained in closed form. We also examine the dependence of these threshold levels on
various parameters in numerical examples. Finally, we demonstrate how to implement
the results using a pair of stocks and their historical prices. To conclude, we highlight
the main new features and contributions: (a) The typical mean-reversion requirement
for pairs trading is dropped, and traditional geometric Brownian motion models are
used to capture stock price movements. The one-time selling decision treated in [5] is
generalized to a sequence of trading decisions. (b) A set of new smooth-fit conditions
are provided by solving multi-variable partial differential equations, and new thresh-
old curves are obtained rather than typical constant threshold levels. (c) A closed-form
solution for the optimal pairs-trading problem is obtained.
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This paper is organized as follows. In Sect. 2, we formulate the pairs-trading prob-
lem under consideration. In Sect. 3, we study basic properties of the value functions.
In Sect. 4, we consider the associate HJB equations and their solutions. In Sect. 5,
we present a verification theorem. Finally, a numerical example is given in Sect. 6 to
illustrate the results.

2 Problem Formulation

We consider two stocks S! and S2. Let {th,t > 0} denote the prices of stock S!
and {X tz’ t > 0} that of stock S?. They satisfy the following stochastic differential

equation | | |
X X 1 o11 012 W,
d{5)="" dr + d{ 511, 1
()= (e () Ge)] o

where u;, i = 1, 2, are the return rates, o;;, i, j = 1, 2, the volatility constants, and
(W}, W?) a 2-dimensional standard Brownian motion.

In this paper, we consider a pairs-trading strategy. For simplicity, we assume the
corresponding pairs position consists of one-share long position in stock S' and one-
share short position in stock s2. Also, the notation S’, i = 1, 2, are reserved for the
underlying stocks and Z the corresponding pairs position. One share in Z means the
combination of one-share long position in S and one-share short position in S2.

We consider the case that the net position at any time can be either long (with one
share of Z) or flat (no stock position of either S!or$?). Leti = 0, 1 denote the initial
net position, and let 79 < 77 < 170 < --- denote a sequence of stopping times. If
initially the net position is long (i = 1), then one should sell Z before acquiring any
future shares. That is, to first sell the pair at 7g, then buy at 1, sell at 1, buy at 3, etc.
The corresponding trading sequence is denoted by A; = (79, 71, 72, . ..). Likewise,
if initially the net position is flat (i = 0), then one should start to buy a share of Z.
That is, to first buy at 7y, sell at tp, then buy at 13, etc. The corresponding sequence
of stopping times is denoted by Ag = (71, 12, .. .).

Let K denote the fixed percentage of transaction costs associated with buying or
selling of stocks 7, i = 1, 2. For example, the cost to establish the pairs position Z at
t=1t1s (1+ K)X,ll - - K)X,22 and the proceeds to close it at a later time ¢ = 1>
is (1 — K)X,l2 -1+ K)X,ZZ. For ease of notation, let Sy = 1 + K and fs = 1 — K.

Given the initial state (x1, x2), the initial net position i = 0, 1, and the decision
sequences Ag and Aj, the corresponding reward functions

Jo(x1, 2, Ao) =E{[e*'”2 (BXE, = BoX2, ) Iy — €77 (BoX1, = BX2,) Ty o0
+ [67pu (,BSXL - ﬂin) Iy <o0) — e fm (ﬁbxg - :BSX%) 1{T3<00}] + '}7

Ji(x1, x2, A1)=E{€7“° <l3sX$o - ﬂbX%o) Izy<cc)
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[ (B~ M) By (X, — 842 o]

+ I:efpu (‘Bsxi4 _ ,BbX%4> 1{z4<oo}—67/"3 (,Bbxll'3 - ﬂsX%) 1{t3<oo}] + - -}, 2)

where p > 0 is a given discount factor and 14 is the indicator function of an event A.
Fori = 0, 1, let V;(x;, x») denote the value functions with (X}, X%) = (x1,x2)
and initial net positions i = 0, 1. Thatis, V;(x1, x2) = supy, Ji (x1,x2,4A;),i =0, 1.

Remark 2.1 Note that the ‘one-share’ assumption can be easily relaxed. For example,
one can consider any pairs Z consisting of n; shares of long position in S' and n,
shares of short position in S?. This case can be treated by changing the state variables
(x1, X,Z) — (antl, ngth). Due to the nature of GBMs, the corresponding system
equation in (1) will stay the same. The new allocations will only affect the reward
function in (2) implicitly. In addition, we only focus on the ‘long’ side of pairs trading
and note that the ‘short’ side of trading can also be treated by simply switching the
roles of the two stocks S and S2.

Example 2.1 In this example, we consider stock prices of Target Corp. (TGT) and
Wal-Mart Stores Inc. (WMT). In Fig. 1, daily closing prices of both stocks from 1985
to 2014 are plotted. The data are divided into two parts. The first part (1985-1999)
will be used to calibrate the model and the second part (2000-2014) to backtest the
performance of our results. Using the prices (1985-1999) and following the traditional

90 T T T T T T T

TGT =

WMT ——
80 |

60

50 | b

30 F i 4

20 F g
1985/1/2 —- 1999/12/31 2000/1/3 -- 2014/12/31

10 F 4

1 1 1 HE 1 1 1
0

0 1000 2000 3000 4000 5000 6000 7000

Fig. 1 Daily closing prices of TGT and WMT from 1985 to 2014
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least squares method, we obtain w1 = 0.2059, u, = 0.2459, o011 = 0.3112, 012 =
0.0729, o021 = 0.0729, 09 = 0.2943.

In this paper, we will assume that the discount factor p is greater than the return
rates of each stock prices., i.e., p > pj and p > wa.

Remark 2.2 Note that p serves as a combined discounting and risk aversion rate. The
above inequalities are often imposed when treating related decision-making problems
(see, e.g., Hu and @ksendal [5] and McDonald and Siegel [4]). They are also used to
ensure that the corresponding value functions are finite. If some of these conditions are
violated, e.g., taking 1 = 0.20, uy = 0.10, and p = 0.15, it can be seen that, for all
(x1,x2) > 0, Vi(x1, x2) = Ee (B X! — BpX2) = Box1 005" — Byxpe 00 —
00, as n —> 00.

3 Properties of the Value Functions

In this section, we establish basic properties of the value functions. First, for any
given sequence of stopping times 790 < 171 < 172,..., let A1 = (v, 71, 72, ...) and
Ag = (11, 12, ...). Note that J1 (x1, x2, A1) = E [¢7°™ (B X)) — BoX2)) Iiy<oo} | +

Jo(x1, x2, Ag). In particular, if 79 = 0, a.s., then Jy(x1, x2, A1) = Bsx1 — Bpxa +
Jo(x1, x2, Ag). It follows that

Vi(x1, x2) > Bsx1 — Boxz + Vo(x1, x2). 3)

Similarly, let A9 = (71, 12,...) and the subsequent Ay = (t2,...). Then, we
have Jo(x1,x2, Ag) = —E [ ™ (Bo X}, — BsX2) Iizi <0} | + J1(x1, X2, A1). Set-
ting 71 = 0, a.s., leads to

Vo(x1, x2) = —Bux1 + Bsx2 + Vi(xy, x2). @
Lemma 3.1 Forall xi, xp > 0, we have
0 < W(x1,x2) <x2, and Psx1 — Poxz2 < Vi(x1, x2) < Bpx1 + Kxz.

Proof Recall inequalities (3) and (4). It suffices to show the bounds for Vp(x1, x2). Itis
clear that Vjy(x1, x2) > 0 by definition and taking 71 = oo. To show Vj(x1, x2) < x2,
note that Sy > 1 and s < 1. It follows that

Jo(x1, x2, Ag) < E{[e—prz <X%2 - X%z) Iy <c0} — e (X%l - X%l) Iz <oo}]

+ I:eipu (Xl4 - X%z;) I{T4<OO} —e FB (Xl'z - X%}) I{f3<00}:| +-- }
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Regroup the above terms to obtain

Jo(x1, x2, Ag)

= E{(e_"”Xizf{moo}—e_”” X, 1{r1<oo})+(€_"”X$41{r4<oo}
— e PT X% I{r3<oo}) +...

- E{(eprzxil{rz@o}_ e m X%I 1{r1<oo})+ (eipuxil{uwo}

_ e—pr3X$31{T3<oo})+. 4

We first consider the term E [((2‘"”2X%2 Iiry<o0) — e P X%l I{n<oo}]- For each m =
1,2,...andn = 1,2,..., let )} = 1,, A n. Recall that p > ;. Then Dynkin’s
formula implies

n n )
E [e—f’fz Xizn —e U Xiil] = E/ e P X} (—p + p1)dr < 0.
T

n
1

In addition, the uniform integrability of (e PTi X in} can be proved by show-
1

n Yo .
ing the existence of a y9 > 1 such that sup, E (e*"”l Xi,,) < oo. Sending
1
n — oo, we have Ee‘p"’rllXi,, — Ee_pf'"X%mI{rm@o}, m = 1, 2. It follows that

E[e P2 X! Iry<o0) — €T X} I1z, <o0)] < 0. Repeat this on each term below to
obtain

E {(e_prlez I{zy<o0)—€ ™! X; Iz, <oo}) + (e_pmxa Iy <o0)

— e PT X; [{r3<oo}) +-- } <0.

Similarly, we can show, foreachm =1, 2, ...,

Tm

Tm+1
-k [e_mm“xfmﬂ Iz 1<00) = ¢ "™ X7 I{rm<oo}] = Ef e XF(p — pa)dr,
Tm
by noticing the monotone convergence of E [ e~ *' X2(p — j12)dt to E Jom e PIX?
(p — mp)dr and, therefore, the convergence of E fT,Z”“ e_"’th (p — mp)dr to
E frf;”“ e "' X2(p — pa)dt as n — oo. It follows that

T
m
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—E{(e"’”X%zI{W—e"”' X3 iz <00)) (€77 X2, gy co0) —€ "B X7 Ity <o) + - }

£ T4
=-E { (—p + po)e P X2t +/ (—p + m2)e P X7dt + - - }
73

T

b T4
=E { (p — wa)e P X2dt +/ (p— u2)e ' X7dt + - - }
T 3

! o0 o0
<(p— Mz)E/ e P X7dt = (p — Mz)/ e P (x2e")dt = xy.
0 0

4 HJB Equations

In this section, we study the associated HJB equations. Let

A=l 2 & +2 > + anx3 ” + L i
= —134d11X71 —= apxyx axynxs —x X1 — X2,
) 1147 8)(?12 12A1X2 3x10x> 22X) ax% H1xy ax1 H2X2 9%

where a1; = 0’121 + 0122, ajp = 011021 + 012022, and axy = 0221 + 0222. Formally, the
associated HJB equations have the form: For x1, xo > 0,

min y pvo(x1, x2) — Avo(x1, x2), vo(x1, x2) — v1(x1, x2) + Pox1 — Bsx2p =0,

min | pvy(x1, x2) — Avi(x1, x2), vi(x1, x2) — vo(x1, x2) — Bsx1 + Boxa | = 0.
)
To solve the above HJB equations, we first convert them into single-variable equations.
Let y = x2/x1 and v; (x1, x2) = xjw;(x2/x1), for some function w;(y) andi = 0, 1.
Then we have by direct calculation that

81),‘ , 81),' ,

— =wi(y) —yw;(y), — = w;(y),

dx1 0Xx2

v Yyl %y w! () d 3%v; ywy(y)
= N = , an = — .

3x12 X1 axg X1 0x10x7 X1

Write Av; in terms of w; to obtain
1 2.1 1
Av; = x1 3 [ai1 — 2a12 + axn] y w; (v) + (n2 — ) yw; (y) + piw; (y) ¢ -
Then, the HIB equations can be given in terms of y and w; as follows:

min § pwo(y) — Lwo(y), wo(y) —wi(y) + B — Bsy| =0, ©
min { pw(y) — Lwi(y), wi(y) —wo(y) — Bs+ Bvyi =0,

where L[w; (y)] = Ay*w] (y) + (12 — 1) yw)(y) + piwi(y) and & = (ar; — 2a12 +
a»)/2. In this paper, we only consider the case when A # 0. If . = 0, the problem
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Tro = k‘QIl
(p = A1 =0 (p—A)vo =0
vo = v1 — Box1 + Bsw2 (p— Ay =0

Buy S' and Sell Short S?
xo = k1x1

Hold

I (p— A)vo =0
I v1 = vo + Psw1 — P2

I
! Sell S! and Buy Back S2

O

Fig. 2 Regions I'(, I>, and I3

reduces to a first-order case and can be treated in a similar way. To solve the above HIB
equations, we first consider the equations (p — L)w;(y) = 0,i = 0, 1. Clearly, these
are the Euler equations and their solutions are of the form y‘S , for some §. Substitute this
into the equation (p—L)w; = 0toobtain 82— (1 4+ (1 — 2)/A) 8—(p — 1) /A = 0.
There are two real roots §; and §, (by direct calculation §; > 1 and 6, < 0) given by

1 - —w\? 4p—4
5 = L 1+u+\/<l+m M2)+,0 LN

2 A A A
5 (7N
1 W1 — U2 M1 — U2 4p —4uy
SH=-|1+—=—- (1 0.
2= 5 + . \/< + X + : <

Therefore, the general solution of (0 — L)w;(y) = 0 should be of the form: w; (y) =
c,-ly‘gl + cizyaz, for some constants ¢;1 and ¢j, i =1, 2.

Intuitively, if X tl is small and X z2 is large, then one should buy S! and sell (short)
S?. That is to open a pairs position Z. If, on the other hand, X/ is large and X,2 is
small, then one should close the position Z by selling S' and buying back S%. In view
of this, we divide the first quadrant P = {(x1, x2) : x; > 0 and xp > 0} into three
regions I, I», and I'3 where I = {(x1,x2) € P : x3 < kix1}, I» = {(x1,x2) €
P : kix) < xy <kyxi},and I3 = {(x1,x2) € P : x» > kpx1}. This is illustrated in
Fig. 2.
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Recall y = xp/x1. With a little bit abuse of notation, we write the corresponding
Ii,i=1,2,3intermsof y: [T ={y: O<y <k}, [ ={y: k1 <y <kpy},and
I3 ={y: y>ky}. Here 0 < k; < kj are thresholds to be determined so that on

I'i: (p— Lywy =0, wi = wo + Bs — Pvy;
D:(p—Lywy =0, (0 — Lywy =0; (8
I3 wo=wi — Bo+ Bsy, (p— L) w; = 0.

In view of Lemma 3.1, the value functions have to be bounded near the origin.
Recall that 6, < 0. In order to have bounded value function wq on I, the coefficient
of the term y® in its general form has to be zero. Therefore, wy = Coy’! for some
constant Cp on I']. Likewise, on I3, the coefficient of y‘Sl must be zero because §; > 1.
The solution w; = C y‘82 for some C; on I;. Finally, these functions are extended to
I and are given by wg = Co y‘sl and w; = Cy y‘h. Therefore, the solutions on each
region should have the form:

Iy = wo = Coy®, wi = Coy*' + Bs — Bvy;
Fz:w():C()yal, w1 =C1y82§
I3 wo = C1y® — By + Bsy, wi = C1y”.
Remark 4.1 Note that the assumptions p > w1 and p > up play a key role in the
above analysis. In order to eliminate some constants in the general solutions wy and

wi, one needs §1 > 1 and §> < 0. It can be shown by direct computation that these
inequalities hold iff both p > w1 and p > u, are satisfied.

Smooth-fit conditions. Next we develop smooth-fit conditions and determine the
values for parameters: k1, k2, Cp, and C;. In particular, we are to find C 1 solutions on
the entire region {y > 0}. Necessarily, the continuity of w and its first-order derivative
at'y = ky imply C1k}> = Cok' + Bs — Boki and C182k2 7" = Co81k2 ™! — By. We
write them in matrix form:

Kk (CO> _ (ﬁbkl - ﬁs) o)
siky' !~k N C B )’

Similarly, the smooth-fit conditions for wg at y = k3 yield the equations:

Kok <Co> (:BskZ - ﬂb)
- . 10
(51k§1“ 5k~ G Bs (10

We can solve for Cy and C; and express the corresponding inverse matrices in terms
of k; and k» to obtain

(Co) _ L (B =8k 4 Bk
C1) ™ 81— 8 \Bo(1 = 81)k; 2 + Bedik; >
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_ (,Bs(l—t?z)k;_sl+ﬂb32k2_81>. an

T 81— 8 \Bs(1 =80k 2 4 Brdiky

The second equality yields two equations of k1 and k,. Simplify them and write

(1= 82) (Boki ™ = B3 ™) = 82 (k™ = Bk ™)
(1= o0) (Boki ™ = By ™) = 81 (Boky ™ = Bk ).

Letr = ka/ k1. Replace ks by rk to obtain (1—83)(Bp—Bsr ! =1 k1 = 82(Bor —%' — Bs)
and (1 — 81)(Bp — Bsr' ™92k = 81(Bpr %2 — Bs). It follows that

ki = 82(Bor " — BO/I(1 = 82)(Bo — Bsr' )]
= 81(Bor ™ = B)/L(1 = 1) (By — Bsr' 1.

The second equality yields an equation in terms of r: 8(Bpr =" — B)/[(1 — 82)

(Bo — Bor' =21 = 81(Bor =" — B3)/[(1 = 81)(By — Bsr'~*)]. To show the existence
of solution ry, we let 8 = B /Bs(>1) and

Fr) =811 —8)(Bor ™2 — ) (B — Bsr' ™)
—82(1 = 81)(Bor ™" — B)(By — Bsr'7%2).

Then we can show f(82) = (81 — 82)p2B(B' 722 — 1)(1 — p=%1) > 0 and f(r) ~
-1 - 81)82,33r1_32 — —oo as r — oo by taking the leading terms in f(r).
Therefore, there exists ro > ﬁ2 so that f(rg) = 0. Using this rp, we can write k| and
ko:

BB =B BBy = B
(1=82)(Bp — Borg ") (1 =81)(By — Birg ) (12)
82(Borg " = Bro)  81(Borg " — Buro)

2T =8By — Bt ™) (=8B — erd ™)

Finally, we can use these k1 and k3 to express Cp and Cp given in (11).

Theorem 4.1 Let §; be given by (7) and k; be given by (12). Then, the following
functions wo and w satisfy the HIB Eq. (6):

1-5 )
,Bb(l _52)k1 1+,3562k1 ! 8 .
s 0 k s
. 5 5 y if0 <y <k
woly) = 1-8 -5
Bo(l — 81k, + BsSik; 2 .
! Ly 4+ By — B, ify = ko,
81— &
1-8 -5
Bo(1 — 820k " + Bsdok '\ )
- ) 0 < k )
. 5 3, Y+ Bs =By, f0<y <=k
wily) = _ _
Bo(l — 80)k| " + sk ™\ ) .
y°2, ify > kj.
)
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In view of this theorem, vo(x1, x2) = xjwo(x2/x1) and v (x1, x2) = x;w1(x2/x1)
satisfy the original HIB Eq. (5). Next, we first show a lemma needed in the proof.

Lemma 4.1 Let ki and ky be given as in (12) with r = ro. Then

Bs(p — 1) and ky > Bv(p — 1)

. (13)
Bv(p — 12) Bs(p — n2)

Proof First, we note that §1 + 6 = 1 + (u1 — pu2)/r and 6162 = —(p — w1) /1. It

follows that
P =1 51(=52)

p—ua =D =8)
Use this equality and recall that ry > B2 to obtain

(14)

-
AR 52 (#org ™ — 51) L hh) A
Bo(p — p2) (1—68) (ﬂb _ ﬂsré_‘;l) (61— DA =38) P
31
e bl S B s <0
ﬁb—ﬁsré) o= 1 By

L=bro & L pps )
Bor ot T a—1p T

<=><61—1)/3(1—ﬂr0‘“)<81(ﬁ—r0 D (o B—ry M > 0)
¢> /3 o= 1+( >,32 1'>1 (simple algebra).

Apply the arithmetic—geometric mean inequality (0 A + (1 —8)B > A? B'=? for any
nonnegative A and B and 0 < 6 < 1) to obtain

ot (1= ) = () () =R

because 8 > 1 and 2 — 1/§; > 1. So the first inequality in (13) holds.
Similarly, we have

1-6
_ho—m) 0 G L8k B
Bs(p — 12) (1 =8By —Bsrg ™) Gr—DUA=8) B
Borg > —Biro _ (=82) P
>
ﬂs”z By  1—6 B

T, — 710 —87
<=>51°82 >1 ; B
ro - B — 02

= (1-8)(pry " > By 2= B) Corg 2> B)
) +1_—52ﬂ ro_ > 1(simple algebra).
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Again, the AG mean inequality yields:

1

S BT (BT = p T s

- ,3 o
because 8 > land (2—1/(1 — &2)) > 1. Hence, the second inequality in (13) follows.
O

Proof of Theorem 4.1 Note that the functions wo and w; have to satisfy all inequalities
in (6). That is, for all y > 0, we need

(o= L)wo(y) =0, (p—L)wi(y) =0, =fp+ Bsy < wo(y) —wi(y) < —Ps+ Poy.
(15)
Recall the equalities in (8). We have

(0 —L)ywo=0onTI7UI>, (0 —Lw;=00onI»UTI}j,
wo —wi + Pp— Bsy=0o0n13 w;—wo+ Ppy—Bs=0o0nlT7.

It is sufficient to show the following inequalities

Onrly:(p—Lw =0, wo — w1 + Pp — Bsy =0,
Onlp:wyg—wi+Pp—Bsy =0, wy—wo+ oy —Ps >0,
On I3 : (p— L)wy >0, w; — wo + Bpy — Bs > 0.

Variational inequalities on /| and 3. We first consider these inequalities on 7.
Using (p — L)wo = 0 and wg — w; = —fs + Bpy, we have

wo—wp+Po— Bsy =—Bs+Boy+ B — Bsy =B —Bs)(y+ 1) >0.

Note also that

(0 = Lywy = (p — L)(wo — Poy + Bs) = (p — Lywo + (0 — L)(Bs — Poy)
= (0 = mD)fs + Po(u2 — p)y.

So, (p = LHywy = Oon INiff y < Bs(p — n1)/(Bo(p — 12)), Yy < ki, iff ki <
Bs(p — 1)/ (Bu(p — m2)). The last inequality follows from the first inequality in
Lemma 4.1,

Similarly, on I3, we have w; — wog + Bpy — Bs = 0. Also, (p — L)wg > 0O is
equivalentto y > Bp(p — 1)/ (Bs(p — 12)), Yy > ko, which follows from the second
inequality in Lemma 4.1.

Variational inequalities on /. Finally, we show these inequalities on I>. Let

Ga(y) = w1 —wo + Boy — Bs,  dp(y) = wo — w1 + Po — Bsy.

Recall that wy = Coy‘Sl and w; = Cly‘32 on I,. We have

ba(y) = C1y2 — Coy®' + Boy — Bs, ¢ (y) = Coy®' — C1%2 + Bsy — Bo.
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In view of our smooth-fit selections of Cq and Cjy, it follows that
¢a(k1) = ¢, (k1) =0 and ¢y,(k2) = ¢y, (k) = 0. (16)

In addition, the variational inequalities on /7 and I3 and the continuity of wg and w
imply
¢alka) >0 and  ¢p(ky) > 0. (17)

Using the expressions of Cp and Cy in terms of k; in (11), we have

PL(y) = C162(8 — Dy 72 — Cp81 (81 — 1y"1 72
 Bo(1—80)k; "+ Bedik; >

82(8,—1)y% 2

51 — 62
1—82)k 014 sk, !
_,Bb( 2) 1 + B2 1 81(51—1))18'72
81— &

CaEB L (NPT ()
= —(8] Ry |:(1 82) (E) + @1 —1D (E)
61— (1 — &)y y\27? v\ ?
T G- &k [(_62) (H) oo (k_l)

Take y = k1 and use (14) to obtain

g (k1) =

(61 — DA = 82)pp [/0 —n B

—kl] > 0.
ki p—wn2 Po

Next we write ¢g (y) using the expression of Cy and C in terms of k3:
31(—=82)Bo < y )622 < y )6]2
"y =—T—|0=8)— +@G =D =
&, () 61— )i ( 2) = 61 —D T

(81— D(1 = 82)Bs v\ (y)‘”‘z
. (2 5 (2 :
(1 — 52)k2 [( 2)<k2> e

Set y = kp to obtain

¢, (ko) =

(61 — D(1 — 82) s [,0 -1 Po r :|
2 -— —ky| <O.
k3 p =2 Ps
Note also that ¢/ has a unique zero in [k, k2]. This together with (16) and (17) implies
¢a = 0 on I. In addition, note that ¢; (y) = —¢/,(y). It follows that ¢, (k1) < 0 and
d’l/;/ (k) > 0. Combining with the boundary conditions for ¢}, in (16) and (17), we can
show ¢, > 0 on I5. This completes the proof. O
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5 A Verification Theorem

Theorem 5.1 We have v;(x1, x2) = xjw;(x2/x1) = Vi(x1, x2), i = 0, 1. Moreover; if
initiallyi = 0, let Afy = (z, T, 13, ...) such that t{ = inf{t > 0 : (Xl, X,z) e I3},
tf =inf{r > 1 : (X, X} e N}, o} =inf{t > v} : (X}, X?) € I3}, and so
on. Similarly, if initially i =1, let AT = (t, T, 5, ...) such that 7§ = inf{t > 0 :
X, XH e} of=inf{t > 1}« (X}, X}) e I3}, 1 =inf{t > 1/ (X!, X}) €
I'1}, and so on. Then AE; and A7 are optimal.

Proof The proof is divided into five steps.
Step 1. Cp > 0, C; > 0, and vo(x1, x2) > 0.

In view of the definition of Cy and C; in (11), we have Cy > 0 <= Bs(1 —82)kr +
Bvdr > 0 < ko > Bp(—52)/(Bs(1 — &2)). On the other hand, in view of (13) and
(14), we have k > Bu(p — 1)/ (Bs(p — 2)) > Bpd1(—82)/(Bs(61 — (1 — 82)) >
Br(—862)/(Bs(1 — 62)). So Cop > 0. Similarly, we can show C; > 0. To see vg > 0,
it suffices to show wy > 0 on I3. It can be seen that wg(ky) > O, w{)(kz) > 0, and
wq(k2) = C182(82 — 1) y%272 > 0.1t follows that wy, is increasing on I3 and therefore
w6 > (. This implies in turn that wy is increasing on I3. Hence, wg > 0 on I3.
Step 2. —Ax| — Bxy < v;(x1,x3) < Ax1 + Bxp,i =0, 1, for some A and B.

We only show the case when i = 0. The proof for the other case is similar. First, on
U, wehave 0 < vg(xq, x2) = Coxll_’slxéSl = Cox1(x2/x1)% < Cox1(ky)®". Next,
on I3, —fpx1 + Bsx2 < vo(x1, x2) = Cix1(x2/x1)” — Bpx1 + fsxa < Crxi (ko) —
Bovx1 + Bsx>. Hence, we can choose suitable A and B so that the inequalities hold.
Step 3. Let dY; = podt + oodW;, Yo = y, with constants (¢, op and a standard
Brownian motion W,. For any given /| < [,, define a sequence of stopping times

W =inf{t >0: ¥, =04}, @) =inft >V ¥, =), ) =infr > v, =1}, ...

. 0
Then, for any given pp > 0, Ee~”™ — 0,as n — oo.
Note that

EeM™ = Ee ™o _ )+ Ee ™3 0_
= E[e=™% |10 < 00] P(t0 < 00) + 0
= E[e’p"(fgﬂ?) ~efp0710|rlo < oo]P(r? < 00)
= E[e=m@ |70 < 00]E[e™7 |10 < 0] P(z0 < o0)
= E[e@ |20 < co]E[e~77],

. _ 0__0
where we used independence of(rg—rf)) and 1:? on {‘L’P < oo}and E[e— (2 —T1) |‘L'P <

(12711)<M0ﬂ/2po+u%> (12*11)(M0ﬁ/2po+u(2))
e .

0] Let no = max 4 e ,
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(12—11)(—uo—,/2po+u5)
e

. Then, 0 < ny < 1 and Eefpotg < noEe’pOT?. Repeat

this procedure to obtain Ee™ Pt < ng Ee—"7 1t follows that Ee—™% — 0, as
n— oo.
Step 4. v; (x1, x2) > Ji(x1, x2, A}).

Note that the functions vy and v; are continuously differentiable on the entire region
{x1 > 0, xo» > 0} and twice continuously differentiable in the interiorof I3,i = 1, 2, 3.
In addition, they satisfy the quasi-variational inequalities in (15). In particular, pv; (x) —
Av;(x) > 0,i = 0, 1, whenever they are twice continuously differentiable. Using
these inequalities, Dynkin’s formula, and Fatou’s lemma as in @ksendal [15, p. 226],

we have, E (eip(el/\N)vi (XélAN’ X«%MN)) > E (eip(OZAN)vi (Xéz/\N’ X%zAN))
for any stopping times 0 < 6] < 65, a.s., and any N. Note that, for each j = 1, 2,

£ (e 0w (X5 e X3 ) ) = E (7000 (X5 . X5, AN)) fi03<e0)
+E (e POinN)y (Xe AN Xe /\N)) Iip;=c0)
—E (e pO;AN),, (Xe v Xp, AN)) I{g; <c0)
+E (e_pNvi (XN, XN)) 119, =00}

In view of Step 2, the second term on the right-hand side converges to zero because
both Ee‘pNXll\, and Ee‘pNXIZ\, go to zero as N — oo. Note also that

e POy (Xh s X3 ) Ty <o) = € Py (X4, X3 ) Iy <c0), a5, (18)

as N — oo. Moreover, we can show as in the proof of Lemma 3.1 that both
{e=P@irN) ¥ ;_,' Ay and {e=POIAN) x gj A ) areuniformly integrable. This together with
Step 2 implies the uniform integrability of le’p(e-f/\N)v,- (Xé AN X5 AN)} Sending
N — o0 in (18), we have

E <e—P"1 vi (X;1 , xg,) 1{9,<oo}) > E (e—P%i (X;Z, ng) 1{92<oo}) , fori =0, 1.
(19)
Given Ag = (11, 12, . . .), using the third inequalities in (15) and (19), we have

(e (),
e PT (v1 (X]
(e T

(Xz
e ﬂfzvl (
(x

: )I{r1<00})]
r ) .Bbxrl + BsX Tl) ](r|<oo])
s —e P X
ot il
(6_2? (vo (Xl 23)+ﬁs ) Ao XE <o pr'(ﬂinl—ﬁsxf.)I{moo))
e "y 1:27sz I{r7<oo]
+E (e e IB§X1 _ﬂbxtz))1{12<00} —e P (ﬂbX .BSX-LZ-])I[T1<OO])~

vo(x1, x2) >

> E
> E
—E
> E
> E
—E
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Repeat this process and recall that vy(x1, x2) > 0 to obtain

Vo1, x2) = E (€772 (BXY, = BoX 2 ool — €77 (BoX ]y = BXE) Iir<o0))
ot E(eP (B, = BoXE D (o,

T2n

Pt (,Blez,,fl — ﬂSX%2n71)1{12n71<00}).

Sending n — oo to obtain vg(x1, x2) > Jo(x1, x2, Ag) for all Ag. So, vo(x1, x2) >
Vo(x1, x2). Similarly, we can show that v (x1, x2) > Vi(x1, x2).

Step 5. vi(x1,x2) = Ji(x1,x2, A]). Define 7 = inf{t > 0 : (Xl,th) €
I3}, Using again Dynkin’s formula and noticing that, for each n, vo(x, x2) =
Ele™?TMug(X ] X7 )1 Note also  that  limy o0 E[e™""vg
(X X201 = Ele™ T 00(X 1, X2) iz <o) Tt follows that vo(x1, x2) =
Ele™v0(X gy, X i)z <o0) | = Ele™T (1 (Xze, Xg) = BoX g +BXT) 1z} <o) -

Let 75 = inf{r > 7} : (X, X?) € I'/}. We have also

E (e‘/”l v1(Xil*, Xgl*)l{rfkoo}) =E (e—pr2 v‘(Xié" X%)I{,;@o})

Combine these to obtain

vo(x1, X2) = E[e_prgvo (Xiz*, sz*) lizs <o0)

¥ 1 2 —pT¥ 1 2
e (X = BoX3 ) g — ¢ (BoX s — X2, I{rr<oo}}'
Continue this way to obtain

vo(x1, X2) =E(e_/"2*n v (Xiz sz*n) I{rz*,l<°<>})
+E<€_pf§ ('B‘Xiz* _ﬁbxgz*))l{ré‘<oo} —e P (ﬂinf‘ _'BSX%*)I{TI*«’O})
I E(e—ﬁfz*,, (ﬁsX%n —/BbX%n))I{r;n<oo}
— ok 1 2
¢ Prn (ﬁbXTZ*Il*l _ﬂSXrZ*n71> I{T§,171<OO}>'

It remains to show that Ee ™" %nvg (Xi* ) Xz* ) Iizz <00} = 0. In view of the linear
2n 2n n

upper and lower bound functions in Step 2, it suffices to show Ee Pt Xi* L
2n n

0, i = 1,2. Note that Ee’pfan‘T;nI{,;n@o} = limy_ o Ee*p(rznAN)erz*nAN _

Ee(P=H)%, Tt suffices to show the right-hand term above Ee~(P=1)w, 5 (),

i =1,2.Let ¥, = log(X}/X}). Then, dY; = (u2 — p1 — 2 + %) dt + (021 —

o11)d th + (022 —o12)d W,2. Note that {t,:‘ } can be defined in terms of Y; hitting times
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Value Function V,

Vo (%1, X5)

z=

Value Function Vy

Vi (Rq, X))

7=

Fig. 3 Value functions
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of Iy = logk; and I = logk>. In view of this and Step 3, the desired convergence
Ee~(P=H)%, 5 ( follows. This completes the proof. O

6 A Numerical Example

In this section, we use the parameters of the TGT-WMT example, i.e., u; = 0.2059,
pa = 0.2459, o011 = 0.3112, o2 = 0.0729, o021 = 0.0729, o2 = 0.2943. In
addition, we take K = 0.001 and p = 0.5. Using (12), we can solve for k; and k; and
obtain k; = 1.03905 and k, = 1.28219. The corresponding value functions are given
in Fig. 3.

Dependence of (k;, k») on parameters. Next, we vary one of the parameters at a time
and examine the dependence of (ki, k) on these parameters. First we consider how
the pair (k1, k») changes with 1. A larger | implies greater potential of growth in
S'. It can be seen in Table 1 that both k; and k> decrease in 1 leading to more buying
opportunities. Also, if we vary w,, the pair (k1, k) increases in w>. This is because
larger 11, means bigger growth potential in S* which discourages establishing pairs
position Z and encourages its early exit. In Table 2, we vary the volatility o1 and
o92. Larger volatility leads higher risk, which translates to smaller buying zone I7%.
On the other hand, larger volatility gives more room for the price to move. This leads
to smaller selling zone I (Table 3).

Table 1 (kq, kp) with varying
11 and po 751 0.1059 0.1559 0.2059 0.2559 0.3059

kq 1.38860 1.21356 1.03905 0.86272 0.68532
ko 1.70104 1.49268 1.28219 1.07150 0.86008
1753 0.1459 0.1959 0.2459 0.2959 0.3459

k1 0.75424 0.87372 1.03905 1.28131 1.67831
ko 0.92168 1.07205 1.28219 1.59780 2.11803

Table 2 (kq, kp) with varying

11 and 0o o011 0.2112 0.2612 0.3112 0.3612 0.4112
ky 1.05320 1.04598 1.03905 1.02997 1.02008
ko 1.26384 1.27295 1.28219 1.29364 1.30417

022 0.1943 0.2443 0.2943 0.3443 0.3943
k1 1.05147 1.04511 1.03905 1.03224 1.02469
ko 1.26597 1.27399 1.28219 1.29133 1.30136

Table 3 (ky, kp) with varying 012 (= 021)

o12(= 031) —0.0271 0.0229 0.0729 0.1229 0.1729
Ky 1.00965 1.02318 1.03905 1.05546 1.07276
ko 1.32062 1.30251 1.28219 1.26127 1.23904
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Table 4 (k;, k») with varyin
(k1. k2) ying 0.40 0.45 0.50 0.55 0.60

ky 1.10935 1.06547 1.03905 1.02291 1.00997
ko 1.41886 1.33396 1.28219 1.24591 1.22105

Table 5 (k1 kp) with varying
K K 0.0001 0.0005 0.001 0.002 0.003

k1 1.07951 1.06318 1.03905 1.00787 0.98627
ko 1.23819 1.25562 1.28219 1.31728 1.34231

3F Equity Curve (Long TGT and Short WMT): 2000/1/3 -- 2014/12/31 -

/X

0 1 1 1 1 1 1 1
500 1000 1500 2000 2500 3000 3500
t

o

Fig. 4 S!=TGT, S2=WMT: the threshold levels k 1, k2 and the corresponding equity curve

Next, we vary o1, which equals 071 . Note that this parameter dictates the correlation
between X ,1 and X ,2 Larger o717 leads to greater correlation, which encourages more
buying opportunities (larger I3) and more selling as well (larger I7).

In Table 4, we vary the discount rate p. Larger p encourages quicker profits, which
leads to more buying and shorter holding. This is confirmed in Table 4. It shows that
larger p leads to a smaller k> and smaller (k; — ky).

Finally, we examine the dependence on K. Clearly, a larger K discourages trading
transactions. This results smaller buying zone '3 and smaller selling zone 17 (Table 5).
Backtesting (TGT-WMT). We backtest our pairs-trading rule using the stock prices
of TGT and WMT from 2000 to 2014. Using the parameters obtained in Exam-
ple 2.1 based on the historical prices from 1985 to 1999, we found the pair (k;, k2) =
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3F Equity Curve (Long WMT and Short TGT): 2000/1/3 -- 2014/12/31 -

0 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500
t

Fig. 5 S!=WMT, S2=TGT: the threshold levels k1, kp and the corresponding equity curve

(1.03905, 1.28219). A pairs trading (long S! and short §?) is triggered when (X!, X[Z)
enters I3. The position is closed when (X ,] , X ,2) enters I7. Initially, we allocate trad-
ing the capital $100 K. When the first long signal is triggered, buy $50K TGT stocks
and short the same amount of WMT. Such half-and-half capital allocation between
long and short applies to all trades. In addition, each pairs transaction is charged $5
commission. In Fig. 5, the corresponding ratio X ,2 /X tl , the threshold levels k; and k5,
and the corresponding equity curve are plotted. There are total 3 trades, and the end
balance is $155.914K (Fig. 4).

We can also switch the roles of S! and S?, i.e., to long WMT and short TGT
by taking S'=WMT and S2=TGT. In this case, the new (ki, k2) = (1/kp, 1/k)) =
(1/1.28219, 1/1.03905). These levels and the corresponding equity curve are given
in Fig. 5. Such trade leads to the end balance $132.340K. Note that both types of
trades have no overlap, i.e., they do not compete for the same capital. The grand total
profit is $88254 which is a 88.25% gain. Note also that there are only 5 trades in
the fifteen-year period leaving the capital in cash most of the time. This is desirable
because the cash sitting in the account can be used for other types of shorter-term
trading in between, at least drawing interest over time.

7 Conclusions

In this paper, we have studied the pairs-trading problem following geometric Brownian
motions and obtained a closed-form solution. The major advantage of pairs trading is
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its risk neutral nature, i.e., it can be profitable regardless of general market directions.
It would be interesting to examine how the method works for a larger selection of
stocks. In addition, it would also be interesting to study the problem under more
realistic models, e.g., GBM’s with regime switching.
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