FINITE W-SUPERALGEBRAS VIA SUPER YANGIANS
YUNG-NING PENG

ABSTRACT. Let e be an arbitrary even nilpotent element in the general linear Lie super-
algebra gly; v and let W, be the associated finite W-superalgebra. Let Y, be the super
A subalgebra of Yy, ,, called the shifted
super Yangian and denoted by Y|, (), is defined and studied. Moreover, an explicit iso-

Yangian associated to the Lie superalgebra gl

morphism between W, and a quotient of Y, ,,(o) is established.
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A finite W-algebra is an associative algebra determined by a pair (g,e), where g is a

finite dimensional semisimple or reductive Lie algebra and e is a nilpotent element in g. In

the extreme case when e = 0, the corresponding finite I/ -algebra is the universal enveloping

algebra U(g). In the other extreme case when e is the principal (also called regular) nilpotent

element, Kostant [25] proved that the associated finite W-algebra is isomorphic to the center

of the universal enveloping algebra.

The study of finite W-algebra for a general e was firstly developed systematically by

Premet [36], in which the modern terminologies were given and a proof of the long-standing

Key words and phrases. finite W-superalgebra, shifted super Yangian.
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Kac-Weisfeiler conjecture [44] was established. Moreover, finite WW-algebras can be under-
stood as quantizations of Slodowy slices [20, 37]. Since then, finite WW-algebras have appeared
in many branches of mathematics so that their behavior and properties can be explained from
different viewpoints. In recent years, the finite W-algebras have been intensively studied by
various approaches; see the survey articles [1, 26, 41] for details.

On the other hand, Yangians are certain non-commutative Hopf algebras that are impor-
tant examples of quantum groups. They first appeared in physics in the work of Faddeev
and his school around 80’s concerning the quantum inverse scattering method. The term
Yangian was given by Drinfeld [14] in honor of C.N. Yang and had been commonly used
since then. They were used to provide rational solutions of the Yang-Baxter equation; see
the book [27] for related topics and further applications of Yangians.

The connection between Yangians and finite IW-algebras was firstly noticed by Ragoucy
and Sorba [38] for type A Lie algebras. Suppose that the nilpotent element e is rectangular,
which means that all the Jordan blocks of e are of the same size, say ¢. They showed that
the associated finite W-algebra is isomorphic to the Yangian of level ¢, which is a certain
quotient of the Yangian, considered by Cherednik [12, 13].

This observation is further generalized by Brundan and Kleshchev [8] to an arbitrary
nilpotent e € gl . Their main result [8, Theorem 10.1] can be shortly described as follows:
the finite W-algebra associated to a nilpotent e € gl is isomorphic to a quotient of some
subalgebra of the Yangian (called the shifted Yangian) associated to gl,,, where n is the
number of Jordan blocks of e. Moreover, an explicit realization, by generators and relations,
of type A finite W-algebra is obtained. This provides a powerful tool for the study of
finite W-algebras, including their representations and further applications [6, 9, 10]. It is
also observed recently that the shifted Yangian can also be defined by different approaches
together with new generalizations and applications; see [2, 17, 18, 24].

The finite W-superalgebras are defined in a very similar way as the Lie algebra case except
that the nilpotent element e € g is assumed to be even (with respect to the Zy-grading of
the Lie superalgebra) with other modifications. In recent years, finite W-superalgebras and
their representations have been extensively studied [4, 6, 42, 43, 45, 46, 47] with different
emphases.

The super Yangian associated to gl,,,, denoted by Y,,,, was defined by Nazarov [28]
in terms of the RTT presentation. It is natural to seek for connections between finite W-
superalgebras and super Yangians. The very first result is obtained by Briot and Ragoucy [3],
saying that if the nilpotent element e € gl,y is rectangular, then the associated finite W-
superalgebra is isomorphic to a certain quotient of Y, called the truncated super Yangian,
where m and n are the numbers of Jordan blocks of e restricted to the even and odd spaces,
respectively. In recent years, there have been some results [4, 31, 32] generalizing the above
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observation when the nilpotent element e satisfies some assumptions, but for a general e the
problem remains to be open.

The goal of this article is to give a solution to this open problem, generally establishing
the connection between the finite WW-superalgebras and super Yangians for type A. That is,
we explicitly give a superalgebra isomorphism between the finite W -superalgebra associated
to an arbitrary even nilpotent element e € gl and a quotient of a certain subalgebra of
Y n, obtaining a super analogue of the main result of [8] for type A Lie superalgebras in
full generality.

We shortly explain our approach, which is basically generalizing the arguments in [8] to
the general linear Lie superalgebras with suitable modifications and trying to overcome all
of the difficulties along the way. Although there are similarities between gly and g,y and
similarities between the associated (super) Yangians, some of the earlier approaches are no
longer available in the case of Lie superalgebras. Moreover, there are other technical or
conceptual obstacles that did not appear in the Lie algebra case, and the messy parities
make the computations rather complicated. Therefore, although the methods in [8] are
well-established, such a generalization is still by no means trivial.

Our first step is to define a subalgebra of Y,,,, which we call the shifted super Yangian
and denote by Y,,,(c). To obtain this subalgebra, we need to use certain presentations of
Y called the parabolic presentations. Similar to the Lie algebra case [7, 15], the RTT
presentation and the Drinfeld’s presentation can be treated as special cases of the parabolic
presentations. There have been some results [22, 30] giving suitable presentations of Y,
where the results [4, 32] are in fact heavily based on them. However, as noticed in [4, 32],
they are no longer suitable presentations for the general case. What we need is a further
generalized parabolic presentation which works for any 0l-sequence [11, 19], which is a
parametrizing set controlling the parities of elements in Y,,,. Such a presentation was not
available until the recent paper [33]. As a consequence of [33], the shifted super Yangian
Y, n(0) can be defined as a subalgebra of Y;,,, generated by a certain subset of the generating
set for the whole Y.

However, to establish the desired connection, we need not only the subalgebra but also its
presentation. By suitably modifying the defining relations for Y,,, found in [33], we obtain
a set of defining relations and hence a presentation of the shifted super Yangian Y,,,(c). It
should be emphasized that there are two extra series of defining relations, (5.17) and (5.18),
for Y,,n(0) that did not appear in [4, 8, 32]. Although we are able to guess the suitable
modifications, it is highly non-trivial to check that our proposed relations actually hold in
Ym‘n.

Inspired from an induction argument in [9], together with a recent observation [40, Re-
mark 2.13] which fulfills the initial step, one can eventually overcome this difficulty and a
presentation of Y, (o) is obtained. This further allows one to define some homomorphisms
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called baby comultiplications that will play important roles when establishing the desired
connection.
We further define the shifted super Yangian of level ¢, denoted by Y*

m|n(0)7 as a quotient of

Y n(0) over some 2-sided ideal. Let’s explain the meaning of the parameters in our notation.
Roughly speaking, o is a matrix recording the generating set for Y,,,,(¢), while £ is a positive
integer recording the size of the ideal we quotient out. It turns out that the data ¢ and /¢
can be recorded by a diagram called pyramid [16, 23|, which we denote by 7, and it makes

sense to set the notation Y; := Y’ (o). On the other hand, the diagram 7 also determines

a finite W-superalgebra which we ‘denote by W,.

In §9, we introduce the notion of super column height so that one may explicitly write down
some distinguished elements in W, according to the diagram 7 by modifying the description
in [8, §9]. Our main result, Theorem 10.1, shows that the map sending the generators of Y,
to some of these distinguished elements in W, is an isomorphism of (filtered) superalgebras,
obtaining a presentation of the finite W-superalgebra W.

It is an interesting question to generalize the results in this article to other types of
Lie superalgebras. In particular, there have been some results in the case of queer Lie
superalgebras and their associated Yangians [29] when the even nilpotent element is regular
[34] or rectangular [35], but it is still open in general. We expect that the approaches in this
article can be suitably modified to deal with the queer Lie superalgebra case for a general
nilpotent element.

This article is organized as follows. In §2, we set up our notations and recall some necessary
background knowledge about finite WW-superalgebras. In particular, the notion of pyramid
with respect to a 0l-sequence is recalled. In §3, we recall some well-known facts about Y,,,.

The shifted super Yangian Y,,,(o) is defined in §4 by generators and relations, with the
use of Drinfeld’s presentation for Y;,,, where some computations are relatively easier in this
setting. Then we show that Y,,(0) can be identified as a subalgebra of Y,,,. Some basic
properties of Y, ,(0) are also derived.

In §5 we provide a more general approach, using the parabolic presentations for Y,,, to
define Y,,,,(0) and establish the corresponding properties obtained in §4 to parabolic case.
In particular, the results in §4 serve as initial steps of some induction arguments in the
parabolic case.

§6 is devoted to define the baby comultiplications that will help us establish the main result
later. We explicitly write down their formulas and show that they are injective whenever
they are defined.

In §7, we introduce the canonical filtration of Y,,,,(¢), which eventually corresponds to
the Kazhdan filtration of finite W-superalgebras. The shifted super Yangian of level ¢ is
defined in §8 as a quotient of Y,,,,(o).
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In §9, we explicitly define some distinguished elements in the universal enveloping algebra
U(glyn) that will eventually be identified as generators of our finite IW-superalgebra. Our
main result is stated and proved in §10.

In this article, our field is the field of complex numbers C, which can be replaced by any
algebraically closed field of characteristic zero. The terms subalgebra and subspace always
mean a sub-superalgebra and a sub-superspace, respectively. For homogeneous elements x

and y in an associative superalgebra A, the supercommutator of x and y is defined by

[2,y] = 2y — (1) Wlyz,

where |z| is the Zs-grading of x in A, called the parity of x. By convention, a homogeneous
element x is called even (resp. odd) if |z| = 0 (resp. 1). We let Ag and A1 denote the set
of even and odd elements in A, respectively. For associative superalgebras A and B, their
tensor product A ® B is again considered as a superalgebra by the product

(z@y)(a®b) = (~1)""za @ yb

for homogeneous z,a € A and y,b € B.
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2. FINITE W-SUPERALGEBRAS AND PYRAMIDS

In this section, we recall the definition of a finite W-superalgebra, which is determined
by an even nilpotent element e and a semisimple element % of gl . Also, a combinatorial
object called pyramid is recalled so that we may simultaneously encode e and h simply by a
diagram 7.

Throughout this section, g = gl);y is identified with the set of (M + N) x (M + N)
matrices with the standard Zs-grading g = gg ® g1 and (-, -) means the non-degenerate

even supersymmetric g-invariant bilinear form on g defined by

(z,y) = str(zy)
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for all x,y € g, where xy stands for the usual matrix product and str means the supertrace.
All elements of g appearing in any equations are considered homogeneous with respect to
the Zs-grading unless specifically mentioned.

2.1. Finite W-superalgebras of gl . Let e be an even nilpotent element in g. It is well-
known [23, 41] that there exists (not uniquely in general) a semisimple element h € g such
that adh : g — g gives a good Z-grading of g for e, which means the following conditions
are satisfied:

(1) ad h(e) = 2e,

(2) § = D,es 80)), where g(j) = {v € glad h(x) = ja}.

(3) the center of g is contained in g(0),

(4) ade: g(j) = g(j +2) is injective for all j < —1,

(5) ade: g(j) — g(j + 2) is surjective for all j > —1.

In order to simplify the definition of finite W -superalgebras, throughout this article, we

assume in addition that the Z-grading is even; that is, g(j) = 0 for all j ¢ 2Z. We say (e, h)
is a good pair if ad h gives an even good Z-grading of g for e.

Remark 2.1. In general, a good pair may fail to exist in other types of classical Lie superal-
gebras [23]. But for any even nilpotent e € gly;y we can always find some h such that (e, h)

1 a good pair; see Theorem 2.4.

Fix a good pair (e, h) in g. Define the following subalgebras of g by
p=Pol). m:=EPol) (2.1)
7>0 §<0
Define x € g* by
X(y) = (y,e) Vyeg
The restriction of x on m extends to a one dimensional U(m)-module. Let I, be the left
ideal of U(g) generated by

{a—x(a)[a € m}.
As a consequence of the PBW theorem for U(g), we have U(g) = I, & U(p) together with
the following identification

Ulg)/I, = U(p),

which is given by the natural projection pr, : U(g) — U(p). One defines the following
x-twisted action of m on U(p) by

a-y = pr([a,y]),

for all a € m,y € U(p).
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The associated finite W-superalgebra, which we will usually omit the prefix “finite” from
now on, is defined to be the space of m-invariants in U(p) under the y-twisted action; to be
explicit,

Wen =Up)" ={y € U(p) | pry([a,y]) =0,Ya € m}
={y e U(p) | (a —x(a))y € I,Va € m}.

For example, if e = 0, then x = 0, g = g(0) = p and m = 0, so the associated W-superalgebra
is exactly U(g).

It seems that W, ; depends on both of e and A from the definition. In fact, the definition
is independent of the choices of h up to isomorphisms; see Remark 10.12.

2.2. Pyramids and W-superalgebras. We recall the notion of pyramid [16, 23] as a con-
venient tool to present a good pair (e, h). We will identify a partition A = (A1, Aa,...)
with its corresponding Young diagram in French style, which means that the diagrams are
left-justified and the longest row is located in the bottom.

Definition 2.2. Let \ be a Young diagram. A pyramid is a diagram obtained by horizontally
shifting the rows of \ such that each column of the shifted diagram is a connected vertical
strip which starts from the bottom row.

For example, only the left-most diagram is considered as a pyramid in this article, obtained
from shifting the Young diagram of A\ = (3,2, 1):

Let V' = V5@ V7 be a superspace with dim V5 = M and dim V; = N. We identify g = gl n
with End V' and one has the following identification for g;

g5 = End V5 @ End V4.

As a result, an even nilpotent element e € gl);y can be thought as a sum of two nilpotent
element e = e+ e, where e; € EndV; for i € {0,1}. Thus we may describe e by two Young
diagrams p and v corresponding to the Jordan types of e and e, respectively.

For example, the diagram

+|+ —|-
) ®

represents an even nilpotent element in gl; g, which is a sum of a nilpotent element in End C?

with Jordan type 1 = (3,2) and a nilpotent element in End C® with Jordan type v = (4, 2).
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We put + and — in the boxes because we now stack the two diagrams together to obtain a
new Young diagram, and we need to track from which diagram the boxes originally are.

For example, there are two possibilities if we stack the above two Young diagrams together
to obtain one Young diagram:

(2.2)

+

+

L+ |+
L]+
||+ |+ |
||+ |+ |

Remark 2.3. The pyramaids in this article correspond to certain even nilpotent elements in

8lyn, hence the following condition always holds:

all boxes in a row have the same + or — labeling.

As one may expect, we shift the rows of the stacked Young diagram to obtain a pyramid.
For example, we take the right diagram in (2.2) and list all possibilities below:

+[+
+|+
+
+
+|+
+|+
+[+
+|+
+
+
+|+
+|+

L EEEH EEEE EEEE

Soon we will see (Theorem 2.4) that each of these pyramids represents a good pair (e, h)
in gl;6. Moreover, these are in fact all good pairs we could have for that given e € gly.

Now we do the other way around: obtaining a good pair (e, h) from a given pyramid 7
satisfying the condition described in Remark 2.3. Assume that we have M (resp. N) boxes
labeled with + (resp. —) in m, where they came from the Young diagram of e5 € gl (resp.
et € glyy). We enumerate those “+7 boxes by 1,2,..., M down columns from left to right,

“_7 boxes by 1,2,..., N by the same rule. In addition, we imagine

and enumerate those
that each box of 7 is of size 2 x 2 and our pyramid is built on the z-axis, where the center

of 7 is exactly located above the origin. For instance:

Wl DN | — | N
(@2 (N "N NGUR NN |

(2.3)

™= 1

(@]

x-coordinates: -3-1 1 3
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Let I={1<...<M <1< ...< N} be an ordered index set and let {v;|i € I'} be the
standard basis of CMIN with respect to the following order

UZ<’U]1fZ<]11’l[

Let {e;;|i,j € I} denote the elementary matrices in g = gl y. Set pa(i) =0if 1 <i < M
and pa(i) = 1if T < i < N for i € I with respect to the order given above. Then we
have e; ; € gy (resp. gy) if and only if pa (i) + pa(j) is even (resp. odd). Moreover, their
supercommutator can be explicitly given by

ey en] = 6y neis — (—1)POTPRGE G PN 5, o

One should note that the parity notation pa (i) used here (also used in §9) is for gl , while
another widely used parity notation |i| will be used later for super Yangian.

Define the element

€r = Z €ij € 9g, (24)
ETr

where the sum is taken over all adjacent pairs appeared in 7.

Let col,(i) denote the z-coordinate of the center of the box numbered with ¢ € I, which
must be an integer by our construction. Define the following diagonal matrix

h = —diag(col,(1),. .., col,(M),col,(1),...,col,(N)) (2.5)
For example, the elements e, and h, associated to the pyramid 7 in (2.3) are

€r = €13 + €24 + €45 + €51 + €13 + 3% + €5,

hr = diag(1,1,—1,—-1,-3,3,1,1,-1, -1, -3).

It is easy to check that (e,, h,) forms a good pair.

Note that if we horizontally shift the rows of 7 to obtain another pyramid 7, then e, = ez
but h, # hz. The following theorem implies that all even good Z-gradings for e, can be
obtained by shifting the rows of .

Theorem 2.4. [23, Theorem 7.2] Let m be a pyramid. Let e = e, and h = h, be the
elements in gl defined by (2.4) and (2.5), respectively. Then (e, h) forms a good pair for
e. Moreover, any good pair for e is of the form (e, hz) where @ is some pyramid obtained by
shifting rows of ™ horizontally.

In other words, Theorem 2.4 classifies all of the even good Z-gradings of gl y for any
even nilpotent e. (In fact, [23, Theorem 7.2] classifies all good Z-gradings, not just those
even good Z-gradings considered in this article.) As a consequence, for a given pyramid m,

it makes sense to denote the W-superalgebra associated to the good pair (e, h,) simply by
Wﬂ- = Weﬁ,hﬁ-
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Remark 2.5. If we permute the rows with the same length of ™ to obtain a new pyramid
7', then we have e, = e, hy = hy and hence W, = W,.. For example, the two Young

diagrams in (2.2) give us exactly the same list of good pairs by shifting their rows.

We label the columns of 7 from left to right by 1,...,¢. For any i € I, let col(i) denote
the column in which i appear. The Kazhdan filtration of U(g)

- C FaU(g) € FaaU(g) € -+

is defined by setting
deg(e; ;) = col(j) — col(i) + 1 (2.6)

for each i,j € I, where F,;U(g) denotes the span of all supermonomials e;, ;, - --e;, j, for
s >0 with > 7, deg (e;, ;) < d. Let grU(g) denote the graded superalgebra associated to
the Kazhdan filtration. A natural grading on W, is induced from the projection g — p and
we denote by gr W, the associated graded superalgebra.

Let g¢ denote the centralizer of e in g and let S(g¢) denote the associated supersymmetric
superalgebra. The same setting (2.6) defines the Kazhdan filtration on S(g¢). The following
result still holds in our case since our pyramid 7 satisfies the condition in Remark 2.3.

Proposition 2.6. [47, Remark 3.11] S(g°) and gr W, are isomorphic as graded superalge-

bras.

2.3. Shift matrix. We give an alternative way to describe a pyramid. An (m+n) x (m+n)

matrix o = (8;;)1<ij<mtn 15 called a shift matriz if its entries are non-negative integers
satisfying the following condition
Sij t Sjk = Sik; (2.7)
whenever |i — j|4|j — k|=|i — k|. For example, the following matrix is a shift matrix:
01223 3
001122
> 110011 (2.8)
110011
332200
4 4 3 310

Lemma 2.7. The following facts hold for a shift matriz o = (S; ;)1<i j<m-+n-

(1) If the entries in the last column {S;min |1 < i < m+n} are known, then the whole
upper-triangular part of o is determined.

(2) If the entries in the upper-diagonal {s;;+1|1 <i < m+n} are known, then the whole
upper-triangular part of o is determined.

(3) If the entries in the last row {Smini|1 < i < m + n} are known, then the whole
lower-triangular part of o is determined.



FINITE W-SUPERALGEBRAS VIA SUPER YANGIANS 11

(4) If the entries in the lower-diagonal {s;11,|1 <1 < m+n} are known, then the whole

lower-triangular part of o is determined.
Proof. By (2.7). O

In our superalgebra setting, we need to record the +-labeling of each row in our pyramid,
so we introduce the following terminology. Let m,n € Z>q. A 0™1"-sequence, or 01-sequence
for short, is an ordered sequence T consisting of m 0’s and n 1’s. For 1 < i < m + n, the
i-th digit of T is denoted by |i].

Suppose that ¢ € M,,1n(Z>o) is a shift matrix. Let ¢ be an integer such that ¢ >
$1,m+n + Sm+n,1 and let T be a fixed 0" 1"-sequence. Then one can obtain a pyramid 7, with
m (resp. n) rows labeled by “4” (resp. “—") and the bottom row consisting of ¢ boxes, from
the triple (o, ¢, T) by the following fashion.

Start with a rectangular Young diagram consisting of m + n rows and ¢ columns, which

we denote by =. We number the rows of = from top to bottom by 1,2,...,m + n. For each
1 <i < m+ n, we label all boxes in the i-th row of = by “+ 7 if |i| = 0, and by “ —" if
li| = 1.

Next we obtain our pyramid from this rectangle. Consider the entries in the last row and
the last column of o: {spini|ll < i < m+n} and {simin|l < i < m+n}. For each
1 < j < m+n, we erase the leftmost s,,4, ; boxes and the rightmost s;,,., boxes in the
j-th row of =. By (2.7), the resulted diagram is a pyramid which has ¢ boxes in the bottom
row and ¢ — Sy, 4n1 — S1,m+n bOxes in the top row. For example, take ¢/ = 8 and let o be the
one given in (2.8) with T = 101010, the resulted pyramid 7 is

I R R

Conversely, given a pyramid 7 which represents a good pair. Let ¢ be the number of
boxes in the bottom of 7 and let m and n be the numbers of rows of 7 labeled by + and
—, respectively. We number the rows of 7 from top to bottom by 1,2,...,m + n as before.
Since 7 satisfies the condition in Remark 2.3, we may obtain a 0™1"-sequence Y by assigning
the i-th digit of T to be 0 (resp. 1) if the boxes in the i-th row are labeled by “+ " (resp.
“w_m )

For each 1 < i < m + n, define the number $,,1,; (resp. S;m+in) to be the number
of missing boxes on the left-hand side (resp. right-hand side) of the i-th row of 7 in a
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rectangular diagram = of size (m + n) x £. This gives us the entries of the last row and the
last column of ¢ and hence we are able to recover the whole o by Lemma 2.7. The discussion

above is summarized in the following proposition.

Proposition 2.8. Let S be the set of triples (o, ¢, T) where o is a shift matriz of size m+n,
0> Spini1 + S1man 15 an integer and Y is a 0™1"-sequence. Let P be the set of all pyramids
7 such that m has m (resp. n) rows labeled by + (resp. —) and £ columns. Then there exists
a bijection between S and P.

Roughly speaking, ¢ determines the shape and height, ¢ determines the width and YT
determines the 4-labeling of m and vice versa.

The following proposition is a super analogue of a well-known result about g®. Since our
pyramid 7 satisfies the condition described in Remark 2.3, its proof is similar to the Lie
algebra case as remarked in [4].

Proposition 2.9. [4, Lemma 4.2] Let m be a pyramid with row lengths {p; |1 <i < m+n},
where the rows are labeled from top to bottom. Let 0 = (S;;)1<ij<m-+n be the associated shift
matriz of w in the triple (o,0,Y). Let e = e, be the nilpotent element defined by (2.4). Let
M (resp. N) be the number of boxes of w labeled in + (resp. —). For all1 <i,j <m+n
and r > 0, define
cgf} = Z enk € 9= 8lyn-
hkel
row(h)=i, row(k)=j
col(k)—col(h)=r—1

Then {CZ(TJ) 11 <4, <m+n,si; <r < Sij+ Pmingij)} forms a linear basis for g°.
3. THE SUPER YANGIAN Y,

In this section, we recall some well-known facts about the super Yangian associated to the

general linear Lie superalgebra.
3.1. RTT presentations of Y,,,.

Definition 3.1. [28] For a given 01-sequence Y, the Yangian associated to the general lin-

ear Lie superalgebra gl denoted by Y., is the associative Zo-graded algebra with unity

min’

generated over C by the RTT generators
{tgj;?ugz',jgmm;ry}, (3.1)

subject to following RTT relations:

min(r,s)—1
r s il |4]+]i j rts—1- rts—1-
[tﬁ,j),t%,i]=(—1)"‘”+'”h‘+“”h‘ Z (tﬁff;tﬁ,;f 9>_t§1j 9>t§f’,3>, (3.2)
9=0

' (r) - : ' ) ._
where the parity of t;; is defined by |i| + |j| (mod 2). By convention, we set t;; := 0.

ij
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The original definition in [28] corresponds to the case when T is the standard 01-sequence,

which is defined as

N
T :=0...01...1.

As observed in [31, 40], up to isomorphism, the definition of Y, is independent of the
choices of T so we often omit it in our notation when appropriate.
For each 1 <1i,j5 < m + n, define the formal series

= DU € YVopul[u™])-
r>0

It is well-known [28] that Y,,, is a Hopf-superalgebra. In particular, the comultiplication
A Yon = Yon ® Yo, can be nicely described as

r m-+n

=N Y e (3.3)

s=0 k=1

Moreover, there exists a surjective homomorphism

ev: Yo, — Ugl

m|n)

called the evaluation homomorphism, defined by
ov (ti;(u)) := &5y + (= D)leu, (3.4)

where e;; € gl,,,, means the elementary matrix.

mln

The following proposition gives a PBW basis for Y;,, in terms of the RTT generators.
Proposition 3.2. [22, Theorem 1] The set of supermonomials in the following elements
&QHSLj§m+mr2@
taken in some fived order forms a linear basis for Y, ,.

Define the loop filtration on Y,

by setting deg tz(;) = r—1for each r > 1 and letting L;Y,,|,, be the span of all supermonomials

of the form
t(Tl)t(T2) t(TS)

11J1 71272 1s]s
with total degree not greater than k. We denote by gr Ym|n the associated graded superal-
gebra.
Let g[m|n[x] denote the loop superalgebra gl,,,,, ® C|x], where a basis is given by

{egr" |1 <4, <m+mn,r > 0}.



14 YUNG-NING PENG

Let U(gl,,,[7]) denote its universal enveloping algebra with the natural filtration and grading
given by
dege;jz" :==.

The following corollary is a consequence of Proposition 3.2.

Corollary 3.3. [22, Corollary 1| The assignment

tg-) = (—1) e 2t

gives rise to an isomorphism gr’ Yo & U(g[m‘n[x]) of graded superalgebras.

3.2. Parabolic generators of Y,,,. In this subsection, we give another generating set for
Y,n- Eventually it will allow us to define a certain subalgebra of Y;,,, which can not be
observed by the earlier RTT-presentation.

Firstly we introduce a convenient shorthand notation which will be frequently used in this
article. Let p = (u1,...,u.) be a given composition of m + n with length z and let T be a

fixed 0™1"-sequence. We break T into z subsequences according to p; that is,
T=",1Ty...7,,

where Y is the subsequence consisting of the first pu; digits of T, Y5 is the subsequence
consisting of the next uy digits of T, and so on. For example, if we have T = 011100011 and

w=(2,4,3), then
Ty Ty T

AN S A
T = 01 1100 011 .

For each 1 < a < z, let p, and ¢, denote the number of 0’s and 1’s in Y, respectively. For
a fixed 1 < a < z and each value of i = 1,2,..., u,, we define the restricted parity |i|, by

li]q:= the i-th digits of T,

or equivalently 1
filo = 1) py+il. (3.5)
=1
Define the (m + n) x (m + n) matrix Wiﬂjl entries in Yy, [[u!]] by
T(u) = (tm’(u)>

Remark 3.4. Following [22], the matriz T'(u) is identified with the following operator

1<i,j<m+n

m—+n
Z ti,j (’LL) ® <_1)|]|(M+1)Ez,] c Ym|n[[uil]] ® End Cm|n
ij=1
where E;; denotes the elementary matriz in End C™". The term (—1)V1+Y ensures that

the matriz product can be calculated in the usual way.
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Note that the leading minors of the matrix 7'(u) are always invertible and hence the matrix

T'(u) possesses a Gauss decomposition [21] with respect to u. To be explicit, we have

(u) E(u) (3.6)

T(u) = F(u)D
for unique block matrices D(u), E(u) and F(u) of the form
0

D (u) 0
0 Dsy(u) --- 0
pa=| O P 0]
0 0 . D.(u)
I, FEia(u) -+ Ei.(u)
0 1, <o By (u)
E(u) - : : ’
0 0 L.
I, 0 0
Flu) = Fy 1(u) IL:L2 0 ,
Foa(u) F.o(u) L.
where
Do(u) = (Dusij () ;e (3.7)
Ea,b(u) ( abhk<u))1§hﬁua7lﬁkﬁub’ (38)
Fya(u) = (Foamn(W)) 1 cpe s 1<nep (3.9)

are fig X fla, fa X pp and pp X p, matrices, respectively, for all 1 < a < z in (3.7) and all
1 <a<b< zin (3.8) and (3.9). In fact, these matrices can be explicitly obtained by
quasideterminants (cf. [21], [33, Proposition 3.1]).

Since all of the submatrices D,(u)’s are invertible, it allows one to define the pu, X i,
matrix D), (u) = (D, ;(u ))19’].9&‘1 by

Di(u) := (Da(u)) ™"

The entries of these matrices give us some formal series with coefficients in Y,

Da;i7j (U) = Z’I"ZO Dt(;;ni),ju_r’ a % j Z Da 30 j 7 (310)
r>0
Eogo(t) = 3,0y By ™, Fyaon(u) =y F0 ™ (3.11)

r>1
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Actually we only need the diagonal, upper-diagonal and lower-diagonal blocks. Hence we set

Eypi(u) 1= Eyppins(u) = > By ™, Fuen(u) = Fopapen(u) = > Fyyu™,
r>1 r>1

(3.12)
for 1 <b < z—1. As proved in [33], these coefficients

) ) o
{Da;z’7j’Da;i,j | 1 S a S Z71 S 4] S Has T Z 0}
(BN 1<b<z1<h<pup 1 <k < pippr,r > 1}
(FO1<b <21 <k < ppyn, 1 < h < pyr>1)
form a generating set for Y,,,,, called the parabolic generators of Y,,,,, which will be denoted
by P,. By [33, Lemma 4.2], their parities can be explicitly determined by the following rule:

parity of D). = |ila +|jla (mod 2), (3.13)
parity of Elgr}zk = |h|p + |k|p+1 (mod 2), (3.14)
parity of Fy7, = |klps1 + |Aly (mod 2). (3.15)
m4n
In the special case when p = (1™1") := (m), the generating set, which will be

denoted by Pp, appeared in an analogue of the Drinfeld presentation for Yy, [7, 15, 22, 33,
39, 40]. We list Pp explicitly here since it will be used right away:

{DV. DI |1 <a<m+n,r>0}, (3.16)
(B [1<b<m+n,r>1} (3.17)
{(F1<b<m+n,r>1}, (3.18)

and their parities are given by

IDW)| = D" =0, |El£")| — |FI)(T)\ = |b| + |b+ 1] (mod 2). (3.19)

4. SHIFTED SUPER YANGIAN: DRINFELD’S PRESENTATION

Recall from §2 that a pyramid 7 can be uniquely recorded by a triple (o, ¢, T) where o is
a shift matrix of size m +n, £ is a positive integer and T is a 01-sequence. Following [8, §2],
we use o and T to define the following structure, which is one of the main objects studied
in this article.

Definition 4.1. Let m,n € Zs, 0 = (s;;) be a shift matriz of size m + n with a fived

0™1"-sequence Y. The shifted super Yangian of gl,,, associated to o, denoted by Yo (o), is

n
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the superalgebra over C generated by following symbols
{DT) D’ [ 1<a<m+n, r>0}
{Ebr) [1<b<m+n, r> sb,b+1},
{Fb(r) l1<b<m+n, r> sb+1,b},

where their parities are defined by (3.19), subject to the following relations:

DO~ p© _ 1, (4.1)
ST DODID = b, (4.2)
t=0

(DD, D] = o, (4.3)
r—1
DY B = (1) (8up = dagia) 3 DOETH, (1.4
t=0
r—1
[Dgn)’Fb(s)] _ (_1)|a‘ (5a7b+1 . §a7b) ZFb(TH*S*l*t)Dgt)’ (45)
t=0
r+s—1
(B E) = a1 ST Dol (46)
t=0
s—1 r—1
[Etgr)aEc(LS)] _ |a—|—1\ Z EC(LT-&-s—l—t)EC(Lt) _ Z E§r+s_1_t)Ec(Lt))’ (47)
t= Sa, a+1+1 tZSa,a+1+1
r—1 s—1
FR = o S meeem S peeome), s
t:3a+1,a+1 t:sa+l,a+1
[BCD, B = (BB = (C)EDED, (49)

a

[FI, FS) = [FD, FSY) = (—1)tHlelestivlotilierzivielatal o0, o) (4.10)

B B =0 if |b—a|>1, (4.11)
[FM, F®] =0 if |b—al>1, (4.12)
(B0, [0, B + (B0, LE0. B =0 if la—b =1, (1.13)

[Fy)v [FG(S)’Fb(t)H + [Fggs)7 [Fér)7Fb(t)H =0 if |a — b| =1, (414)
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[[Ea@l, EWY], [EW, E((lil]} =0 when m+n>4and |a| + |a+ 1] =1, (4.15)
[[Féi)l,Fa(t)] , [FW, Féi)ﬂ] =0 when m+n>4and |a| +]a+1]=1, (4.16)

for all admissible indices a,b,r,s,t. For example, (4.4) is meant to hold for all v > 0,
5> Sppr1, L<a<m+nandl <b<m+n.

Note that when o is the zero matrix, the presentation above coincides! with the pre-
sentation of Yy, given in [33] by taking p = (1™*") therein (in this special case, such a
presentation for Y, is also obtained in [40]). As a result, we may identify Y,,,(0) = Y-

In the remaining part of this section, we will show that Y;,,(c) can be identified as a
subalgebra of Y, in general (Corollary 4.5). Let Pp, be the generating set of Y, (o) in
Definition 4.1. Let I : Pp , — Pp be the map sending elements in Pp , to the elements with
the same name (3.16)—(3.18) in Pp obtained by Gauss decomposition.

Proposition 4.2. The map I' induces a canonical homomorphism I' : Yy, (0) = Y-

Proof. By setting p = (1™*") in [33, Proposition 7.1], or simply by [40, (2.2)—(2.10)], we see
that the relations (4.1)-(4.14) are preserved by I'. Setting k = [ in the generalized quartic
Serre relations in [40, (2.14), (2.15)], we see that (4.15) and (4.16) are preserved by I' as
well. U

It remains to show that I' is injective. We introduce the loop filtration on Y, (o)

by setting the degrees of the generators DS, Eb(r), and Fb(r) to be (r—1) and setting LY., (o)
to be the span of all supermonomials in the generators of total degree not greater than k.
Let gr’ Y,n(0) denote the associated graded superalgebra.

Forl1<a<b<m+n,r > s, and t > sp,, define the following higher root elements
E") Fb(? € Yyun(0) recursively by

a,b?’
B =B, B = (- Bl B, (4.17)
F,=F, B = (- ESy ) gy (4.18)

By definition, we have E(Yg € Ly—1Ypn(o) and Fb(g € Li1Y (o).

I Note that some relations given in Definition 4.1 are redundant, which is fine for our purpose. In [33],
which studied the case o = 0 under our current setting, the relations (4.15)—(4.16) were given only for ¢ = 1.
As noticed in [40, Remark 2.13], by relations (4.1)—(4.14), the case t = 1 implies that they actually hold for
all t > 1. In addition, (4.15)—(4.16) hold for |a| + |a + 1] = 0 as well but they can also be deduced from
(4.1)-(4.14).
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Define the elements {eff,)) |11 <a,b<m+n,r> s} Cgrl V(o) by
grt DIV it a = b,
egg =4 gl Eg;l) if a < b, (4.19)
grk Fa(fbﬂ) if a > b.

Using the same argument as in [33, Lemma 7.5], except that one uses the defining relations
of Yyn(0) listed in Definition 4.1, we deduce the following result.

Proposition 4.3. [8, (2.21)][22, (51)] For all 1 < a,b,c,d < m+mn, 1 > Sap, t > Sca, the
following identity holds in gr* Yo, (0):

[627:1),7 6?21] — (_1)|b|5b,c€g;t) _ (_1)|a\|b|+\allcl+|b|Icl(gavdeg;-t) (4‘20)

Let gl,,,[z](0) be the subalgebra of the loop superalgebra gl,,,[z] generated by the fol-
lowing elements
{e 2" |1 <id,5 <m+mn,r>s;}
By (2.7), gl,y,[7](0) is indeed a subalgebra of gl,,,[z]. Let the universal enveloping algebra
U (g[m|n[:v] (J)) be equipped with the natural grading induced by the grading on gl,,,,, [].

Theorem 4.4. [8, Theorem 2.1] The map

defined by
YWeapa”) = (—1)lef),

foralll <a,b<m+mn, r> s.p, is an isomorphism of graded superalgebras.

Proof. 7 is a homomorphism by (4.20). Since the image of 7 contains the image of Pp, in
grh Y, (0), v is surjective.

It remains to show the injectivity. Consider firstly the special case when ¢ = 0, where we
can identify Y,,,(0) = Yi,n. By [33, Proposition 7.9], the ordered supermonomials in the
elements {eflrl)) |1 <a,b<m+mn,r >0} are linearly independent in gr” Y- It follows that
v is injective.

For the general case, observe that the canonical map I' : Y, ,(0) — Y, is a homo-
morphism of filtered superalgebras. It induces a map gr’¥,,,(c) — gr® Y., sending
eﬁj}, € grt Y, ,(0) to e((l?:l), € gr*Y,,,. By the previous paragraph, the ordered supermonomi-
als in the elements {eérl)) |1 <a,b<m+n,r>s.} are linearly independent in gr’ Yy, (o)
as well, which implies that ~ is injective by the PBW theorem for U (gl,,,[2](c)). O

Corollary 4.5. [8, Corollary 2.2] The canonical homomorphism I' : Ypn(0) — Yy, is
injective. As a consequence, the structure Y,,,(0) defined in Definition 4.1 can be identified

as a subalgebra of Y.
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5. SHIFTED SUPER YANGIAN: PARABOLIC PRESENTATIONS

In this section, we provide a more sophisticated definition for Y, (¢) together with cor-
responding results obtained in § 4. For the sake of the purpose, we first introduce some
terminologies and notations.

Let 0 = (s;;) be a shift matrix of size m + n. We say a composition p = (g, ..., p,) of

m + n of length z is admissible to o if

Spitpzttpa—1tiptpototpa—1+j = 0

forall1 <a <2z, 1<14,5 < p, Inaddition, p is called minimal admissible if it is admissible
to o and its length is minimal among all compositions admissible to o. Clearly, for a shift
matrix o, its minimal admissible shape uniquely exists. Moreover, (1™") is admissible for
any o of size m + n.

Remark 5.1. The notion of admissibility can be intuitively explained in terms of pyramid.
Note that one can decompose a pyramid horizontally into a number of rectangles. An admis-
sible shape | records the heights of these rectangles from top to bottom, while the minimal
admissible shape records such a decomposition with the least number of rectangles.

When p = (p1, pi2, - - -, j1,) is admissible to o, we will use a shorthand notation
sib = Spnttpa oty V1< a0 <z (5.1)

Note that one can recover the original matrix ¢ if an admissible shape g and the num-
bers {s,,|1 < a,b < 2} are known. Moreover, under the assumption (2.7), the admissible

condition implies that for any 1 < a,b < z, we have
Sprtetptamtipn bt i = Saps VIS0 S g, 1< J < (5.2)
Let T be a fixed 0™1™-sequence. We decompose T into z subsequences according to u
T="Ty---T,,
and define the restricted parity [i|, as in (3.5). Now we give the following presentation for

Y n(0), which is a super analogue of the shifted Yangian given in [8, §3].

Definition 5.2. Let 0 = (s;;) be a shift matriz of size m + n with a fived 0™1"-sequence
Y. Let u = (u1,..., 1) be an admissible shape to o. The shifted super Yangian of 9l
associated to o and p, denoted by Y, (o), is the superalgebra over C generated by the following
symbols
(r) ) ;o
{Da;i,j?Da;i,j | 1 <a< <, 1 < W] < Ha, T > 0};

(B I 1<b<2, 1< h< iy 1< k< puyn, 7> sy )

(R 11<b<z, 1<h <, 1 <k <ppar, 7> 800, ),
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where their parities are defined by (3.13)—(3.15), subject to the following relations:

/(0
Dt(m)u - Da(,z,)J = 0y,
/(r t)
ZZDMP apg = 000,
p=1 t=0
DY D] = b 1)|| aldlaHilalbla+llalhla 5
min(r,s)—

2 (szz,jDs;::*-” = DU ),

t=

ta T—1
(") ) 1)lAlalsle (rs—1-1)
[‘Da1j7Ebhk] - 6 b5h D(llap bip,k
p=1 t=0
_ _1)\|lolkla+|Rls|jlat]5]a \k\a (r+s—1-1)
5a,b+1( 1) Da,z,k b;h,j )
t=0
e rT—1
(r) () 1 = lilalilat|hla+1lilat|hlat1l] E E (rts—1— t ()
[Dalj7Fb;h,k] - _5a7b5ik(_ ) ‘ ‘ Fb shup a;p,j
p=1 t=0
r—1
_ 1) Plalklo+[Rlalila+]ilalkly 7"+5 1=t) »(®)
By (1)l K ALl tila 1§ Rl DY) .
t=0
r+s—1
(r) 8) |hlat1lkla+tlilatilklatlhlar1]dlar1+1 § ' I(r+s—1-t) 1y(t)
[Ea,z,]J Fb~ ] - 50 b( ) Da;i,k Da+1;h,j’
t=0
() (s) — [Plalila+1+ilat1lklat1+|Rlalklat1
[EazﬁEa,h,k] - (_1) X
s—1 r—1
(r4+s—1—t) 1~(¢) (r4+s—1—t) ~(¢)
Z Eavlvk Ea;hnj - Z Ea,l,k? Ea h,])
t:357a+1+1 tst,aJrl'H
(r) pls) 1 _ |Bla+1lila+ilalkla+Alat1 K
[Fa;i,ﬁFa;h,k] - (_1) ¢ e “X
r—1 s—1

21

(Y RLTTURG, - X RGOS 60

— M — oM
t_sa-!—l,a+1 t_Sa+1,a+1

Ha+1

r4+1 s r s+1 a+1|P|a T S
(B ES) L= [ED L EBERD ] = (—1)Wlenltlen g, ZEQ,B,quLM,

(PO Rty

r+1 s
[F( ) F() a;1,70 © a+1;hk

a;i,j a+1hk]

(5.11)
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Ha+1

(— 1)||a+1(\J\a+|h|a+2)+|J| |h|a+2+15 Z a+1tha(rq)j7 (5.12)
g=1
(EY) L BS =0 if lb—al>1 or ifb=a+1andh+j, (5.13)
[Fé’?], Fb(sh)k] =0 if [b—al>1 or ifb=a+1 andi#k, (5.14)
(B 1B Euipgl] + [Butl s B i Buigl] =0 if la—b] > 1, (5.15)
Fu i Faao Fuip ]+ [Faiy [FS e B )] =0 if la =0l > 1, (5.16)
[[EV ., EY 1 EBG  JES 1] =0 if 2> 4and [Bly+ |jlap =1 (5.17)
a—1;i,f17 a3 fa,5 ash,g1? “a+1ig2.k oz san a T |Jlat1 ’ :

[E i Faiadl s Fih g Fadigndl | =0 4 2 2 4and [jla+ Bl =1, (5.18)

for all indices a,b, f, f1, f2, 9,91, g2, h, 3, j, k,7, s, t that make sense. For example, (5.11) is
supposed to hold for all 1 < a < 2 =2, 1< i < pig, 1 < h,j < flags, 1 < k < fiaya,

© 1%
r Z Sa,aJrl + 17 S Z 8a+1,a+2 + L.

In the special case where o is the zero matrix, the above relations are precisely? the defining
relations of Y,,),, with respect to the parabolic generators P, introduced in §3. As a result, we
may simply write Y, = Y},(0) instead of Y,,, to emphasize that we are using the parabolic
presentation to define Y,,,,. The generators of Y, (o), denoted by P, ,, will be called the

parabolic generators of Y, (o). Later we will identify P, , as subset of P,,.

Remark 5.3. As noticed in [31, 40], up to isomorphism, the definition of Y,, is independent
of the choice of the 01-sequence Y since the RTT presentation of Yy, is. ForY, (o), we have
a similar but slightly weaker phenomenon. Write Y, (o, T) for the shifted super Yangian to
emphasize the choice of Y. Let S,,+, be the symmetric group on m + n objects, which acts

on T by permutation, and let S, denote its Young subgroup associated to pr. We have
Y, (0,7)=Y,(0,p-7T) VpelS,,
which is an immediate consequence of Remark 8.5 and Theorem 10.1.

Fix an admissible shape p. Similar to §3, we will show that Y, (o) can be identified as a
subalgebra of Y,,. Let I' : P, , — P, be the map sending elements in P, , to the elements
(3.10) and (3.12) with the same name in P, that are obtained by Gauss decomposition with
respect to pu.

2Similar to Definition 4.1, when o = 0 the relations (5.17)(5.18) are assumed to hold only for t = 1 in [33],

which suffices to imply that they in fact hold for all ¢ > 1; see Proposition 5.15. In addition, (5.17)-(5.18)
also hold when [j|q + |h]e+1 = 1.
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Proposition 5.4. The map I' induces a canonical homomorphism I : Y, (o) = Y.

Proof. By [33], the relations (5.3)-(5.16) hold in Y, whenever the indices make sense. It
remains to show that (5.17) and (5.18) also hold in Y,,. These relations are crucial differences
from the Lie algebra case in [8] and earlier partial results in [4, 32]. Checking these relations
turns out to be very technical and involved. As a result, we postpone the proof to the end
of this section; see Proposition 5.15. 0

For1§a<b§z,1<z'<,ua,1<jS,ub,r>sg7bandaﬁxed1Sk‘gub_l,wedeﬁne

the higher root elements E). . € Y, (o) recursively by

a,b;i,j
I r r (r—sy_1) (8h_1 1)
Eé,iﬂ;z’,j = Ez(z;i),j7 E((lezg = (_1)|k|b71[E b—fil/éb aEb—bl-ilc’I;‘ ] (5.19)
Similarly, using the same indices except for r > slﬁ . We define Fba i €Y, (o) by
r r (shp_1+1) (r—shp_1)
Fa(—i-)l,a;jz = F(,_]),M Fb(,a);j,i = (_1)|k|b71[Fb—b1fj,li ?Fb—l,ab;’li:),il ]. (5.20)

It turns out that the above definitions are independent of the choice of k; see Remark 5.8.
We introduce the loop filtration on Y, (o)

LoYyu(0) € LiYyu(0) € LoYy(o) C -+

by setting the degrees of the generators D((“)j, Egl)J, and Fé” to be r — 1 and setting
LY, (o) to be the span of all supermonomials in the generators of total degree not greater
than k. We let gr” Y, (o) denote the associated graded superalgebra and define the elements

(e} 1 <ab<21<i< g1 << r > st} C ok V(o) by

grl Dg:]l) if a =0,

(r) . L plr+1)
abij =\ 8 Eapi; ifa<b,

grk Fé’;;l]) if a > b.

The following is a parabolic version of Proposition 4.3, which can be proved by a similar
argument.

Proposition 5.5. [7, Lemma 6.7][33, Lemma 7.5] For all 1 < a,b,c,d < z, 1 < i < pg,
1< j <, 7> 8, t > s, the following identity holds in grt Y, (o):

e €l = (21)100 el 0 — (1)l e o0 (5.21)

»Jaz

Theorem 5.6. The map

o U(g[m‘n[x](a)) — gV, (o)

defined by

’Y(eul+~~~+Ha—1+i7u1+~-~+ub—1+jxr) = ( 1>| e fzrl)),z,]’
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forall 1 < a,b < 2,1 <0 < pig, 1 <5 <y, r> s

superalgebras.

ap 1S an isomorphism of graded

Proof. ~is a surjective homomorphism by (5.21). For injectivity, we start with the case o = 0,
where we already know that Y,(0) =Y),, and the statement follows from Corollary 3.3. For
the general case, observe that the canonical map I' : Y,(0) — Y, is a homomorphism of
filtered superalgebras (under loop filtration), and its induced map gr’ Y, (o) — gr* Y, sends

grl)” jEer Ly, (o) to e((l 22 jEgr Y By the previous paragraph, the ordered supermonomi-
als in the elements {ea iy | 1< a,b<m+mn, > s} are linearly independent in gr V), (o),

hence 7 is injective by the PBW theorem for U(g[mm[ z](0)). O

Theorem 5.7. Let Y, (o) be the subalgebra of Y, generated by the union of the following
subsets of P,,:
{D |1<a<z 1<zy<ua,r>0}

(Z’Lj’ (Z’Lj
{Eb;h,k|1§b<z, L<h <, 1< k< g, 7> shyy
(RO 1<b <2 1<k < pyppn, 1 S h < iy v > sy, )

Then the relations (5.3)-(5.18) form a set of defining relations for Y, (o). In other words,
Y, (o) defined in Definition 5.2 can be realized as a subalgebra of the super Yangian'Y),.

Proof. We slightly change the notation in this proof to avoid possible confusion. Let )7”(0)
denote the abstract superalgebra generated by elements in P, , with defining relations given
in Definition 5.2 and let Y},(¢0) denote the concrete subalgebra of Y, as stated in the theorem.

Let T : Y,(0) — Y, (o) be the canonical homomorphism in Proposition 5.4. T is clearly
surjective, and it is injective as well by Theorem 5.6. U

Remark 5.8. By Theorem 5.7, E(T) hy and Fb(;)’h are now concrete elements in'Y,. Using the
same argument as in [7, (6.9)] together with the admissible condition (5.2), one can show
that the higher root elements defined recursively by (5.19) and (5.20) are independent of the
choices of k.

Let Y;)(0) denote the subalgebra of Y, (o) generated by all of the DC(L Z) ;s Y, (o) denote

the subalgebra generated by all of the Eér,zk’s and Y, (o) denote the subalgebra generated
by all of the Fb(;?,h’s- The following corollary give PBW bases for these subalgebras.

Corollary 5.9. [8, Theorem 3.2]
(1) The set of supermonomials in the elements
{D 11<a<z1<i,j< pg,r >0}

a;t,jJ

taken in some fized order forms a basis for Yl?(a).
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(2) The set of supermonomials in the elements

{E((zflz;h,k

taken in some fized order forms a basis for Y, ().

1§a<b§z,1§h§ua,1§k§ub,r>s’;,b}

(3) The set of supermonomials in the elements
{Fb(;);k’hﬂ <a<b<z 1<k <1 <h<pig,r>s,}

taken in some fized order forms a basis for Y, (o).

(4) The set of supermonomials in the union of the elements listed in (1)—(3) taken in
some fized order forms a basis for Y, (o).

Proof. (4) follows from Theorem 5.6 and the PBW theorem for U (gl,,,[z](¢)). The others
can be deduced by the same argument together with (5.21). OJ

Corollary 5.10. [8, Corollary 3.4] The multiplicative map Y, (0)®Y,)(0)®Y, (o) — Y, (o)

s an isomorphism of superspaces.

Now we show that the definition of Y),(¢) is independent of the choice of the admissible
shape p. It suffices to show that Y,(0) = Yym+ny(0). Assume that p = (u1,...,p:) is
admissible to o. If ; =1 for all j, then we have done. Otherwise, suppose that p, > 1 for
some 1 < p < z and we decompose j1, =  + y for some positive integers x, y.

Define a finer composition v of length z+1 by setting v, = p; forall 1 <7 <p—-1, v, =z,
Upt1 = Y, Vjp1 = iy for all p+1 < j < z; that is,

v = (,Ul, ey Hp—1, T, Y, Upt1y - - - ,,[Lz),

which is also admissible to o by definition. We claim that
V(o) =Y, (o).

Now we prove our claim. Consider the Gauss decomposition of the matrix 7'(u) with respect

to p and v, respectively:
T(u) ="E(u)"Dw)"F(u) =" E(u)"D(u)" F(u),

where the matrices are block matrices as described in §3.

Denote by #D, and YD, the a-th diagonal matrices in #D(u) and ¥ D(u) with respect to
the compositions p and v, respectively. Similarly, let #E, and #F, denote the matrices in
the a-th upper and the a-th lower diagonal of #FE(u) and *F'(u), respectively; ¥ E, and " F,
are defined to be the matrices in the a-th upper and the a-th lower diagonal of ¥ FE(u) and
YF(u), respectively.
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Lemma 5.11. [8, Lemma 3.1] Using the above notation, define an (x X x)-matriz A, an
(x x y)-matriz B, a (y x x)-matriz C' and a (y X y)-matriz D from the equation

"D, = I, 0 A0 I, B ‘
c I, 0 D 0 I
Then

(i) "D, =*#D, fora<p,"D,=A,"Dy1 =D, and"D. ="D._y forc>p+1;

(ii) "E, = *E, for a < p—1, VE,_; is the submatriz consisting of the first x columns
of "E,_1, YE, = B, VE,11 1s the submatriz consisting of the last p rows of "E,, and
VE.="FE. 1 forc>p-+1;

(ili) VF, = *F, for a < p— 1, YF,_1 is the submatriz consisting of the first x rows of
FE, 1, VF, = C, *F,11 1s the submatriz consisting of the last y columns of *F,, and
VE.=HF. 1 forc>p+ 1.

Proof. Matrix multiplication. O

As a consequence of Lemma 5.11, we see that Y, (0) C Y,(0). Now the equality follows
from the fact that the isomorphism U (gl,,,[z](0)) = gr* Y,(0) is independent of the choice
of p. Applying induction on the length of the admissible shape p, we have deduced the
desired result.

Corollary 5.12. Y, (o) is independent of the choice of the admissible shape .

Let o be a shift matrix with an admissible shape p. Note that the transpose matrix o
is again a shift matrix while p is still admissible for o. On the other hand, suppose that
7 = (5;,j)1<ij<m+n 1s another shift matrix satisfying (2.7) and the condition

Siit1 + Sig1i = Siit1 + Sit1
holds for all 1 < ¢ < m+mn — 1. As a result, if g is an admissible shape for ¢ then it is
(r)
a;i,jo

avoid confusion. The following results can be easily deduced from the presentation of Y, (o).

also admissible for &@. Denote by D Eér,zk and ﬁb(;{h the parabolic generators of Y,,(&) to

Proposition 5.13. The map 7 :Y,(0) = Y,(c") defined by
(D)) = D 7By i) = Byl T(FR) = By, (5.22)
s a superalgebra anti-isomorphism of order 2.
Proposition 5.14. The map ¢ :Y,(0) — Y,(d) defined by
— — 7’—8“ g}i r — 7"—5H §ﬂ
[’(Dz(zq;?,j) = Dt(wjz'),ja L(Eb(,rfz,k:) = b(;h,k:b,b+1+ b’b+1)7 L(Fb(;k),h> = Fb(;k,h bret b+17b)7 (523>
15 a superalgebra isomorphism.

Now we prove the missing piece in the proof of Proposition 5.4.
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Proposition 5.15. The relations (5.17) and (5.18) hold in Y, where Eér}zk and Fb(;;),h are
the elements in'Y,, defined by (3.12).

Proof. We only provide the detail for proving (5.17), while (5.18) is similar. Inspired by |9,
§2.4], the proof is given by downward induction on the length of the admissible shape pu.
Our initial step is the case p = (1™*"), where (5.17) reduces to (4.15), which holds due to
[40, (2.14)].

Assume now p = (pg, ..., p,) with z < m + n. Following the same notations given in the
proof of Corollary 5.12, we may choose some 1 < p < z and decompose p, = x + y to obtain
a new composition v = (f1, ..., flp—1, T, Y, fpt1, - - - » fhz). Now (5.17) and (5.18) hold in Y, by
induction, which further implies that Theorem 5.7 holds for v and hence we may identify
Y, (o) as a subalgebra of Y,. The key idea is to describe the relations between the elements
“Eﬁk and ”Ezfrﬁk

Recall the set P, , consisting of the following elements in Y,

("0,

{"Bgai | 1<b<2 1<h <y, 1 <k < i, 7> sy )

11<a<2 1<4,j< pg, r>0}

{HFb(:;c),h‘l <b<z, 1 <h <y, 1 <Ek<pupq, r> 55—1—1,1)}

obtained by applying the Gauss decomposition to T'(u) with respect to . Similarly, replacing
1 by v, we have the following elements in Y, as well

{VD((J‘Z)’jllgagz_'_l’ 1§i7jgya> TZO}
{VEZE;le,kHSsz: 1<h<wu,1<k<vp, r>s5,,,}

{VFb(;TI'C),h‘l S b S Z, 1 S h’ S Vb’l S k g Vb+17 "= SZ+17b}

Forevery 1 <a<b<z+4+1,1<i<vy, 1 <75 <1y, weinductively define higher root
elements ”Ec(ﬁmj for r > sy, by equation (5.19) and similarly define ”Fb(:l)m for r > sy, by

equation (5.20). We further define the following formal series in Y, (o)[[u™!]]:

Y B i j(u) == Z VESTg;i,ju_Tv "Fpagi(u) = Z VFI)(,Z);]‘,Z'U_T7 (5.24)

v v
T>Sa,b T>Sb,a

and let ¥ D,.; ;(u) be given as in (3.7) with respect to v. Note that the value of £ in (5.19) and
(5.20) can be arbitrarily chosen between 1 and 14,1 due to Remark 5.8. Moreover, one should
be careful that the series (5.24) are in general different from those series in Y, [[u™!]] given
by (3.11) so that we have to slightly modify the argument in the proof of Corollary 5.12.
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Using these series, one defines the following matrices

(VDa;ivj (u)) 1<i,j<vq

(" Bapnk(w)) 1<h<va,1<k<v

"Da(u)
VEaJ,(U)

S SPpy, Lt It >

One further defines the block matrices ¥ D(u), YE(u) and YF(u) exactly the same way as
(3.6)—(3.9), except that we use their product to define the following matrix

"G(u) == "F(u)"D(u)"E(u)

By exactly the same way, one defines the higher root elements “Egg;i’j, “Fb(;); ;i» formal
series #Eqpi i (u), *Fpa5i(w), * Dy j(uw), block matrices #D(u), #E(u) and #F(u) and hence
their product #G(u) := *F(u)"D(u)"E(u). A key observation from [9, §2.4] is that these

two matrices are in fact the same and hence we have
YF(u)"D(u)"E(u) ="G(u) ="G(u) = "F(u)"D(u)"E(u)

As a consequence of Lemma 5.11, foreach 1 <a < b <z, 1 <1< p, and 1 <5 < pp, we

have the following relation

(Y Eqpi(u) if b < p;
VEa,b;i,j(u) if b= p7] S x5
VEa,bJrl;i,jf:):(u) if b= pa] > X
Y B b1, (1) if a <p<b;

Y Eq b+t ()
— Y1 "Baairig(W) Eapi by (u) ifa=p,i<a;
Y Eat1 pt1:i—a,5 (1) if a=p,i>x;
L Y Bt b5 (1) if a > p.

Now let us back to the proof of (5.17). We may assume that f; = fo = fand g1 =¢g2 =g
by (5.11). Moreover, by (5.25), np o — vp") except for a € {p—1,p,p+1} so the general

a;i,j ;1]
case is further reduced to the special case u = (1, o, 3, pra) since (5.17) holds for v by

induction. Therefore, it suffices to check the following relation holds in Y), for any ¢ > s} ;:

[ [#E(T)

B MBS, P ES 1] =0 (5.26)

This can be checked by a case-by-case discussion. We list all possibilities below:
p=1 1<i<z (5.27)
p=1, 1<i—z<y (5.28)
p=2 1<f<z,  1<h<z (5.29)
p =2, 1< f—z<y, 1<h<z (5.30)
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p=2, 1< f <, 1<h—z<y (5.31)
p=2, 1< f—x<y, 1<h—xz<y (5.32)
p =3, 1<g<u, 1<j<=x (5.33)
p =3, 1<g—z<y, 1<j<zx (5.34)
p=3, 1<g<u, 1<j—z<y (5.35)
p=3, 1<g-z<y, 1<j—z<y (5.36)
p=4, 1<k<=z (5.37)
p =4, 1<k—z<y (5.38)

We will check some of them in detail here and the remaining ones can be deduced similarly.
Suppose that (5.27) holds. By (5.25), we have

W (7") _1/ v T CIV
El,z,f_ 1,3 E : § : Elz@ E2£f
53 3<q<r £=1

Note that the admissible condition implies s}, = s} 5 so the indices ¢ and r — ¢ make sense.

Then relation (5.26) becomes

v(r—q) v v ot v (T v (s
[ 13,z,f Z Z El,'L,@q Eéqé N E?E;},j]v [ Ei(’);l)z,gv i,;,k]] =

85 3<q<r =1

v o(r) v (t) v (t) v (s) v (T v v () v (t) v (s)
[[El,S;i,f’ E3; ]} [E?)hg’ E4gk Z Z Elzfq E2q€f7 E3f]] [E3;h,g7 E4;g,k]}

5273<q<r /=1

We first use the relation (5.19) to rewrite VEY;;i,f = (—1)H [”Eﬁ ;2 ) ”EéSZ’;H)]. Then we use

) 7

super Jacobi identity twice together with the fact that ”Ei,i P 82) and ”E:(,f} ; supercommute

to rewrite the first term into
@y(Ts)y(5+1)yt v v
(0" B [ By VB B VBl ] |
Similarly, up to an irrelevant sign factor, one can rewrite the second term as

y
v p(r— v v (t v (t v (s
Z Z Eii,@q) “ Eé?f),f’ E?E;},j]’ [ E?E;;L,g’ i;;,k]]

85 3<q<r (=1

3;f.J

Now both of them are zero since (5.17) holds for v by induction and the case (5.27) is proved.
Suppose that (5.34) holds. Using (5.25), we rewrite (5.26) into

v (T v (t v (t v (s
[[ Ei;i),f’ Eé;},j]’[ Eé,i;h,g’ Eﬁ(l;;,k]]
By relation (5.19), we have
14 17 1 1
B e = CDED,,, VES ), (5.39)
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where it is crucial to use the fact that s5, = 0 due to the admissible condition. Following
the same argument given in the case (5.27), one easily deduces that (5.26) is indeed zero in
the case (5.34).

Now we prove the case (5.35). By (5.25), equation (5.26) becomes

V4
v(r)  vp(t) v () v (s) v (s—q) v ()
“ Elzf’ E24fg]’ [ Eong "Essgr — Z Z 2 Efmu (5.40)
8275<q<s /=1
For convenience, write
b= - > Z “Efyi Efop-
57 5<q<s =1

We need an extra relation before moving on. Applying the shift map v, in [33, Lemma 4.2]
to the equation [33, (6.31)], one deduces the following relation in Y, [[u™!, v~

[E21,(u), B p(v ZE3gz )Eser(v)] =0 (5.41)

We emphasize again that the series Es 4. j(u) and Es 5., ,(v) in (5.41) are given by (3.8) and
they are in general different from Y Es 4.7 ;(u) and Y E5 5., 1 (v) defined by (5.24). Fortunately,
s34 = 0 due to the admissible condition so that we do have "FEj4.f;(u) = Eayf;(u). By
using (5.11) in the case o = 0 multiple times, one deduces that

S45 V4

() _vpls) (s+5-1) o
E3,5;9J<: E35gk‘+ZZE3gg

7j=1 (=1
As a result, we may rewrite (5.41) into the following identity in Y, (o)
vt VR v (s vt
[Eéﬁ)lfy’ Z Z E3g€q 4; }:[Eéif],B]:O (5.42)
55 5<q<s =1

By super Jacobi identity and (5.39), we rewrite (5.40) into
B ED,) s (B, B)]
v (T v (t) v (t v (t v (r vt
|:[[ Elz)f7 E2,4;f,j]7 Eé;i)L,g] ’ B] + |: Eé;i)z,g’ [[ Elzf7 E24)Lf]] BI|

The second term is zero due to (5.42) and the fact that ”Eﬁz s supercommute with B, which
is a consequence of equation (5.13). Using (5.39) and super Jacobi identity, we rewrite the

term inside the bracket of the first term as follows

vp(r) v v n(t) v n(r) vp@®)  vp() v n(t)
|:[ Elzf7 E2,4;f,j]7 E2;h,9i| = |:[ Elzf’( 1)‘&[ EQ;f,€7 E3;€,j]]’ EQ;h,g]

v t v (T v (1 v (r v (t v (t v (1
= :l:|: Ei 'L)f [ E( 21,97[ Eé;},ﬂ’ Eig,é),j]]] + |:[ Ei;i),f’ Eé;?L,g} ) [ Eé;;,f’ Ei(’,;é),j]]
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The first term is zero due to equation (5.15) while the second term is zero since (5.17) holds
for v by induction. This completes the proof of (5.26) in the case (5.35).

The cases (5.32) and (5.36) are similar to (5.34); the cases (5.28), (5.37) and (5.38) are
immediate results of the induction hypothesis; the cases (5.31) and (5.33) are similar to
(5.27); the cases (5.29) and (5.30) are similar to (5.35). O

Remark 5.16. During the proof, one may observe that the index t in the middle two terms
of (5.17) and (5.18) must be the same. In fact, for the special case p = (1™*") and o = 0,
their equivalent relations were firstly proposed in [39] with mistakes, allowing different t.
However, such relations are too strong and the resulted structure collapses to trivial. The
relations were noticed and corrected by Gow [22] and were generalized in [33, 40], eventually
suggested the current forms of (5.17) and (5.18).

6. BABY COMULTIPLICATIONS

Although Y,,,,, is a Hopf-superalgebra, the shifted super Yangian Y, (o) is not closed under
the comultiplication defined by (3.3) in general; that is,

A(YM(U)) 7¢— Yu(“) ® YM(U)'

As compensation, we define some comultiplication-like maps on Y, (c) as in [8, §4].

We first set up our assumptions and notations throughout this section. Let o be a non-
zero shift matrix of size m + n with minimal admissible shape p = (u1,...,1.). Let T be a
fixed 0™1"-sequence and let Y, (o) be the shifted super Yangian defined in §5. Suppose that
there are p 0’s and ¢ 1’s in the very last u, digits of T; that is, T, is a 0P1%-sequence and
I, = p+ q. Since p is minimal admissible and o # 0, we have that 1 < p, < m + n and

either Sy in—p. mtnt1—p. 7 0 OT Spyni1—p. man—p. 7 0.

Theorem 6.1. Let pn = (1, ft2, - - -, itz) be minimal admissible to o. For 1 < i,j < pu,,
define

€ij = eij+0ij((m—p)—(n—q) €Ugly,).

Here e, j is the elementary matriz identified with the element in gl

plg and its parity is deter-

mined by the 0P19-sequence Y ..

(1) Suppose that Smin—p. mint1—p. 7 0. Define & = (8 )1<ij<m+n bY

P sij—1 ifi<m+n—p, <j,
" Si otherwise.
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Then the map Ag :Y,(0) = Y,(6) ® U(gl,,) defined by

IR » S L
Hz

E(szk — ElEsz,k ®1+ 6b,z*1 Z( 1)\f|zElShf) ® Epr,
=1

(r) ()
Fyen = Fogon @ 1,

18 a superalgebra homomorphism.

(2) Suppose that Spmint1—p.min—p. # 0. Define & = (8 )1<ij<m+n bY

6 . — SZ'J‘—l zfj§m+n—uz<z, (62)
” Si otherwise. '

Then the map Ar, : Y, (o) — Ul(gl,,) ® Y.(0) defined by

D) s 1@ DU+ 6.~ "ZZek@@Da,w,

(r) ()
Eppp—1® Elg;h,k’
Mz
Ry 1@ L+ 00 (1) e @ B,
f=1

15 a superalgebra homomorphism.

To avoid possible confusz’on in the above description and hereafter, the parabolic generators
of Y,,(¢) are denoted by Da”, EC(LTH, and F(EH, where ¢ is the shift matriz defined by either

(6.1) or (6.2), with respect to the same shape p which is also admissible to &.

Proof. Tt is straightforward to check that Az and Aj preserve the defining relations in
Definition 5.2. Note that it suffices to check the special case z = 4 since the non-trivial
situations only happen in the very last block. Similar to [8, Theorem 4.2], to check (5.15)
and (5.16), one needs to use (5.9), (5.10), (5.11) and (5.12) multiple times.

We check (5.18) here as an illustrating example since it is a super phenomenon which
does not appear in [8]. Assume z = 4 and (6.2) holds. Applying Ay, to the left-hand-side of
(5.18), we have

pa

r t t ~ (s—1
(el 1B 1) 10E)  + (- 1)‘92'42692@@@%,6)]] (6.3)

=1
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Recall that for associative superalgebras A and B, their tensor product A ® B is naturally
a superalgebra where |a ® b| := |a| + |b| for homogeneous a € A, b € B. Given z ® y and
a®bin A® B, their supercommutator is explicitly given by

[r®ya®b] = (z@y)(a®b) — (~1)FEFNHI (G @ b) (2o y)
— (1)l (30 @ yb) — (—1) D UalH D10l (g ) )

By the formula above, (6.3) equals to

A(r) () S() () (r) ) S pa(s—1)
1 ® [[Fl;i,f17F2;f2,j] ) [F2;h,gl7F3;ggkz 9269233 ® 11f17F2;f2,j] ) [FQ;h,gl7F3;x,k H?
where 6 = %1 is an irrelevant sign. It vanishes due to (5.18) in Y, (0). O
The next lemma computes the images of higher root elements EL(1 g 4.; and Fb(a ,.; under Ap

and AL.

Lemma 6.2. (1) Suppose the assumption of Theorem 6.1(1) holds. For all admissible
indices 1,7, and 1 <a<b—1< z, we have

AR(Fbaz,]> = F( Y

b,asi,j

®1,

Ap(ES), ) =EU) . @1 if b<z,
and
r _ (r=st_i.) p(she ,Z‘H L, p(r—1 ~
Ap(EV)L) = (~nM B 5 BT @ 1+ Z DFEL @ ey,

forany1 < h<pu, ;.
(2) Suppose the assumption of Theorem 6.1(2) holds. For all admissible indices i, j,r and
1<a<b-—1<z, we have

AL(Ef,,) = 1® Ef)

a,byi,j?
AL(FIf;);i,]) 1®Fb(a)1] Zf b< 2
and
(7") |h‘z—1 ; (Sg,z—l—"_l) - (T_Sg,z—l) ‘Z‘z S ~ - (T‘—].)
AL(Fz,a;i,j) - <_1) (1 ® [szlgi,h 7Fz71,a;h,j ]) + (_1) Z ik ® szl,a;k,jﬁ
k=1

foranyl <h<p, .

Proof. We compute A R(E( ) for 1 < a < z—1 in detail here, while others are similar. By

a,z;t,J

definition, for any 1 < h < u,_1, we have

r—st M
B0 = (~1)lemr[gU e gty

a,z3%,] a,z—1;i,h
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r—s - (r—s”
Also, Ag(E, C(LZ fth)) = E;fo;,l,f) ® 1. Hence
A (T) — (_ ‘h‘zfl (T Sz lz) (z 1z )
R<Eaz;i,j)_( 1) Eaz 1;i,h ®1E —1;h,j ®]‘

+ (=1 B @, Z kB @ 6y

- (r—st - (st +1
— (_1)‘}1‘271 |:E(§’Zilz;;71};z)7 Eiji;{; ):| ® 1 + Z |k|ZEC(LZ’Lk‘ ® ek‘,j
U

Proposition 6.3. If the assumption of Theorem 6.1(1) holds, then Ag is injective. Similarly,
if the assumption of Theorem 6.1(2) holds, then Ay is injective.
Proof. Let € : U(gl

) — C be the homomorphism such that

E(éi’j) =0

for 1 <i,j < p,. By definition, Y,(c) C Y, (¢) C Y, is a chain of subalgebras. Note that
the compositions m o (id ®¢) o Ag and mo (e ®id) o Ay, coincide with the natural embedding
Y,(0) = Y,(¢), where m(a®b) := ab is the usual multiplication map. This implies that the
maps Agr and Ay, are injective whenever they are defined. O

7. CANONICAL FILTRATION

There is another filtration on Y,,,, called the canonical filtration

defined by deg tg;) := 1 where F;Y,,, is defined to be the span of all supermonomials in tg;)
of total degree not greater than d. Let grY;,, denote the associated superalgebra, which is
supercommutative by (3.2).

Now we describe the canonical filtration using parabolic presentations. Let = (p1, ..., i)
be a Composition of m + n. By [33, Proposition 3.1], the parabolic generators DC(L 2 g Eérb)lj
and Fb a:i; 0f Y, are linear combinations of supermonomials in t( ! of total degree r.

On the other hand, if we set D) B") and F(T ~all to be of degree r, by multiplying the

az]’ abz?] 777

matrix equation T'(u) = F'(u)D(u)E(u), each tgj) is a linear combination of supermonomials
in the parabolic generators of total degree r as well. Thus FyY,,,, can be alternatively defined
and ") of total

as the span of all supermonomials in the parabolic generators p\ g basii

ait,j " a,b;i,j
degree < d.
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For1<a,b<z 1<i<p,1<j<uandr>0,define the following elements in gry),
by
gr, D" ifa=0b,

a;l7j
eg,‘l));i,j = gr, E((:g;z‘,j if a < ba (7].)
gr, Fyb)” if a > 0.

Since grY), is supercommutative, together with Corollary 5.9 (4), the following result can be
deduced immediately.

Proposition 7.1. [8, Theorem 5.1] For any shape j1 = (pt1,. .., 1:), grY, is the free super-

commutative superalgebra on generators {eggm 11<a,b<2z1<i<p,l<j<pu,r>0}.

Suppose now ¢ is a shift matrix of size m +n and p = (1, ..., i.) is an admissible shape

to 0. We induce the canonical filtration of Y, to the subalgebra Y, (o) by defining
FuY, (o) :=F;Y,NY,(0).

The natural embedding Y}, (0) < Y, is a filtered map and the induced map grY, (o) — grY),
is injective as well, so that we may identify grY,(o) as a subalgebra of grY,. The next

theorem gives a set of generators of grY), (o).

Theorem 7.2. [8, Theorem 5.2] For an admissible shape pn = (p1, ..., 1), grY,(o) is the
subalgebra of grY,, generated by the elements

(e 11<ab <21 <0< gl < j <, > sy )
Proof. By relations (5.11) and (5.12), the elements eg,));i,j of grY, (o) can be identified as the
elements of the same notation in grY), defined in (7.1) by the embedding grY, (o) — grY,,.
Now the statement follows from Corollary 5.9 (4) and Proposition 7.1. O

Similar to [8, Remark 5.3], one consequence of Theorem 7.2 is that we may define the
(r) (r)
E

a;t,j7 a,bii,g

in Y, (o) to be r. By Corollary 5.12, such a definition is independent of the choice

canonical filtration on Y),(o) intrinsically by setting the degree of the elements D
and F")

ab,a;j,i

of admissible shape p.
By definition, the comultiplication A : Y, — Y, ® Y, is a filtered map with respect to
the canonical filtration. If we extend the canonical filtration of Y, (¢) to Y,(¢) ® U(gl,,) by

declaring the degree of the matrix unit e;; € gl,, to be 1, then the baby comultiplications

plq
Ag and Ap defined in Theorem 6.1, as long as they are defined, are filtered maps as well.
Moreover, the same argument as in the proof of Proposition 6.3 implies that the associated

graded maps
grAp:grY, (o) — gr (Yu(o) @ Ulgly,)) grAg : grY, (o) = gr (U(gl,,) ® Y.(0))

are injective as well. We state this fact as a proposition.
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Proposition 7.3. [8, Remark 5.4] The induced maps gr Ar and gr Ay, are injective whenever
they are defined,

8. TRUNCATION

Let o be a fixed shift matrix of size m + n. Choose an integer £ > S ;49 + Sp4n,1, Which
will be called level later. For each 1 <17 < m + n, set

bi ‘= ¢ — Siym+n — SmAn,i- (81)

This defines a tuple (pi,...,Pmin) of integers such that 0 < p; < -+ < ppupn = €. Let
= (p41,- .., ) be an admissible shape for o. For each 1 < a < z, set

pg = pu1+...+ﬂa' (82)
Since p is admissible, together with (2.7), for any 1 < a < z, we have p; = p# for any value
a—1
of ¢ such that 1 Si—Zpk < g
k=1

Following [8, §6], we define the shifted super Yangian of level £, denoted by Y/f(cr), to be
the quotient of Y,,(o) by the two-side ideal of Y, () generated by

{DYZ)] 11<i,5 <, 7 > pr}

We claim that the definition of Yf(a) is independent of the choice of the admissible shape
1 so that we may simply write Y£|n(0) when appropriate. Let I, denote the two-sided ideal
associated to p as in the definition. Since v = (1) is admissible for any o, it suffices to
prove that I, = I,.

By definition, we have ”DY) = tﬁ Assume p is an arbitrary admissible shape. By [33,
(3.10)], we have “Dﬁ’l = tﬁ = ”DY) and hence I, C I,. On the other hand, one may
deduce from (5.5) that “Dgi)’j €1, forall 1 <i,j <y, r>pp, and our claim follows.

When o = 0, the two-sided ideal is generated by {tY]) |1 <i,7 <m+mn,r >/} In this
special case, the quotient is exactly the truncated super Yangian in [3, 31], which is a super
analogy of Yangian of level ¢ due to Cherednik [12, 13]. It should be clear from the context
that we are dealing with Y, (o) or the quotient Yj (0) and hence, by abusing notation, we

will use the same symbols D) .. B and £

wiir Labi baii; b0 denote the elements in Y, (o) and their

images in the quotient Y ().
It is obvious that the anti-isomorphism 7 defined in (5.22) factors through the quotient
and induces an anti-isomorphism

T:Yi(0) = Y (o). (8.3)
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Similarly, let & be another shift matrix satisfying that 5,41 + Si41; = Sii+1 + Siv1, for all
1 <1< m+mn—1. Then the isomorphism ¢ defined by (5.23) also induces an isomorphism

L Yi(0) = V(). (5.4)
Recall the canonical filtration defined in §7. We obtain a filtration
FYf(0) C FiY/((o) C -+
pm g™

induced from the quotient map Y,(0) = Y;/(0), where we define the elements D, ., ;..

and F, b(z)z ; of V(o) to be of degree 7 and F;Y} () is the span of all supermonomials in these
elements of total degree < d.

For 1 <a,b<z 1<i<p,1<j<pandr> s, define element el

abij (Dy abusing
notation again) in the associative graded superalgebra gr Yj(a) according to exactly the
same formula (7.1), except that now our D’s, E’s and F’s here are in the quotient. By
Proposition 7.1 and Theorem 7.2, gr Y/f(a) is also supercommutative and is generated by the
elements

{6‘(‘2“ egrY (0)]1<a,b<z1<i<p,1<j<ppr>sh}

Following the same argument in [8, Lemma 6.1], one may deduce that gr Y/f(a) is in fact
finitely generated.

Lemma 8.1. For any admissible shape p = (p1,..., 1), gr Yj(a) is generated only by the
elements

{e(T) |1§a,b§z,1Sigua,l§j§ub,sib<r§sg7b+pu (a,b)}.

absi,j min

Let 0 = (sij)1<ij<m+n be a non-zero shift matrix with minimal admissible shape pu =
(1, ..., p.) and let T be a 0™1"-sequence. Then p. equals to the size of the largest zero
square matrix in the southeastern corner of . Hence we have 1 < u, < m + n and either
SmAn—pomintl—p 7 0 O Spminti—p, min—pn, 7 0. Let p and ¢ denote the the number of 0’s
and 1’s respectively in the last u, digits of the 0™1"-sequence T.

Suppose that spin—p. minti—p. 7 0. By definition, for all 1 < 4,7 < py, we have
AuDL,) = B

11; @ 1. If in addition r > p;, then clearly Dgrz)] equals to zero in the

quotient Yj_l(d). It implies that the baby comultiplication Agr defined in Theorem 6.1
factors through the quotient and we obtain an induced map

Ap: Y (o) =Y, (o) @ Ugly,,) (8.5)
where ¢ is given by (6.1).
Similarly, if Sy qnt1—p, min—pn. 7 0, then Ay induces a map
ALY (o) = Ugl,,) @Y, ' (6) (8.6)

where ¢ is given by (6.2).
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Recall that Agr and Ay are filtered maps with respect to the canonical filtration, so they
induce the following homomorphisms of graded superalgebras

grAp : grYlf( ) — gr (Y(Z o) ® U(g[p|q)), (8.7)
grAp i grYy (o) — gr (Ugl,,) ® Y, (5)). (8.8)

Theorem 8.2. For any admissible shape pn = (1, ..., 1), gr Yf(a) is the free supercommu-
tative superalgebra on generators

{easzll SCL,bSZ,l Sigﬂa?l Sjslub’sg,b <r< Sg,b—i_p:j%in(a,b)}'

Also, the maps gr Ag and gr Ay in (8.7) and (8.8) are injective whenever they are defined,
and so are the maps Ag and Ar in (8.5) and (8.6).

Proof. Similar to the argument in [8, Theorem 6.2], except that our induction starts from
¢ = 1. In that case, the assertion follows from [31, Proposition 2.3]. 0

As a corollary, we obtain a PBW basis for Y n(0).

Corollary 8.3. For any admissible shape p = (u1, ..., p,), the supermonomials in the ele-
ments
(D) 1 <a<21<i,j < pa,0 <7 <ph},

{E(T 1<a<b<z1<i<pu,l<j<py,s b<r<5 b_|_pg}

a,byi,jg

(R

ba”|1<a<b<z 1<Z<:ub71<]Sﬂaasb,a<T§3b,a+p5}v

taken in any fixed order forms a basis for Yg‘n( o).
Another corollary is obtained by counting.

Corollary 8.4. Consider Y7£|n(a) together with the canonical filtration and some fixed Y.
Let S(g°) be the supersymmetric superalgebra of g¢ with the Kazhdan filtration, where e is the
nilpotent element corresponding to the triple (0,0, Y) as explained in §2. Denote by FdYrﬁM( o)
and FyS(g%) the superspaces with total degree not greater than d in the associated filtered
superalgebras respectively. Then for each d > 0, we have dim FdYe‘n( o) = dim F;S(g°).

Proof. Take p = (1) in Theorem 8.2. Then the statement follows from Proposition 2.9
and induction on d. d

Remark 8.5. Consider the following inverse system

Yéln( )«—YK—H( )«_Ye+2( )«_

where the maps are homomorphisms of filtered superalgebras with respect to the canonical
filtration. As an observation from Corollary 5.9 (4) and Corollary 8.3, we have

Yinin(o) = lim Y2, (0)
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where the inverse limit is taken in the category of filtered superalgebras. Thus, similar to 8,

Remark 6.4], we may view Y, (o) as the inverse limit ¢ — oo of the shifted super Yangians

of level €.

9. INVARIANTS

Let ™ be a given pyramid of height m + n associated to a 0™1™-sequence Y. Let M and
N be the number of boxes in 7 labeled by “+ 7 and “—", respectively. Let p and m be the
subalgebras of gl v associated to the good pair (e, h,). Generalizing [8, §9], we will define
some distinguished elements in U(p). In the next section we will show that many of them
are m-invariant (under the x-twisted action) and hence they are elements in W;.

We number the columns of 7 from left to right by 1,...,¢. Let h = m — n and let
(G1,---,qe) denote the super column heights of 7, where each ¢; is defined to be the number
of boxes in the ¢-th column of 7 labeled with “ 4 7 subtract the number of boxes labeled
with “—7 in the same column.

Define p = (p1, ..., pe), where p, is given by

pr::h_er_quJrl_"'_QE (91)

foreachr=1,... 0
Recall the ordered index set [ :={l1 <...< M <1< ...< N}. Forall i,j € I, define

Eij = (=1 (e, i + 6, ;,(=1)P* D pegis)), (9.2)

where pa (i) :=01if i € {1,..., M} and pa (i) := 1 otherwise, as defined in §2.

By calculation one easily shows that

[€ijs€ni) = (€ — 5i,k<_1)pa(i)pcol(i))5h,j
— (_1)(pa(i)era(j))(pa(h)+pa(k))(51.7]6(éhyj — 5h’j(_1)pa(j)pcol(j))' (9.3)

The effect of the homomorphism U(m) — C induced by the character x can be obtained
easily by definition. We explicitly give the result here since it will be frequently used later.
For any ¢,j € I, we have

i (—1)P2O+Lif row(i) = row(j) and col(i) = col(j) + 1;
X(€ig) = (9-4)

0 otherwise.

Now we are going to define certain crucial elements in the universal enveloping algebra
U(glyyy). For 1 <i,j <m+n and signs o; € {£}, we firstly set
(0)

i7j§0'17~--,0'm+n

= Ui(si,j
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and then for r > 1 we define

(r) e E E pa(i1)++pa(is) 5 5
7—;;,j;a'l ..... Om4n * Urow(jl) o O-row(jsfl)(_1> eilyjl T eimjs

where the second sum is taken over all 7q,...,%,,71,...,7Js € I such that
(1) deg(ei, o) + - +deglei, ;) =73
(2) col(iy) < col(j;) for each t =1,...s;
(3) if Orow(j,) = +, then col(j;) < col( t+1) foreacht =1,...,s — 1;
(4) if Orow(j,) = —, then col(j;) > col(izy1) for each t =1,...,5 = 1;
(5) row(ir) = i, rOW(Js) E
(6) row(j;) = row(i;q) foreacht =1,...,s — 1.
Due to conditions (1) and (2), TZ(;)Jl _____ oy, Delongs to F,.U(p).
For an integer 0 < x < m + n, we set the shorthand notation
(r) ._ ()
7ﬁi,j;:z: T 711',]';01 ..... Tm4n
where
— ifi<u,
g; =
+ ifi > .

We further define the following series for all 1 <1,7 < m + n:

7«J$ Z z]xu_reUp)[[ 1“

r>0

(9.6)

The following lemma can be established by exactly the same approach as [8, Lemma 9.2].

We omit the details since the argument there is quite formal and does not depend on the

underlying associative superalgebra in which the calculations are performed.

Lemma 9.1. [8, Lemma 9.2] Let 0 < i,7, z,y < m+n be integers with x < y.

(1) Ifr<i<y<j<m+n then

z]m Z ,-Tzkz Tk]y( )

k=x+1

(2) Ifr<j<y<i<m-+n then

z]m Z Tzky TkJCC( )

k=x+1

B)Ifr<y<i<m+nandy <j<m-+n, then

T jia(w) = Tijiy ( Z T iy () T s (w) Ty ().
kfl=z+1
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4) Ifr<i<y<m+mnandz <j <y, then

Define an invertible (m + n) x (m + n) matrix with entries in U(p)[[u~']] by

T(U) = (E,j;O(u)) 1<i,j<m+n

Fix a composition g = (u1, pio, - . ., 1) of m 4+ n. Applying the Gauss decomposition of §3,

we have
T(u) = F(u)D(u)E(u)

where D(u) is a diagonal block matrix, F(u) is an upper unitriangular block matrix, and
F(u) is a lower unitriangular block matrix, with respect to p.

The diagonal blocks of D(u) define matrices Dy (u), ..., D,(u), the upper diagonal blocks of
E(u) define matrices Eys(u),..., E._1.(u), and the lower diagonal matrices of F'(u) define
matrices Fpq(u),..., F,.—1(u), respectively. Set Ey(u) = Eppi1(u), Fy(u) = Fyi1p(u) for
1 <b<z—1and D,(u) := Dy(u)! for all 1 < a < z. The entries of these matrices in turn

define the following series:

azy ZD azg ZD;(:] -

r>0 r>0
Epn(t) = 3 By Fon(w) = 3 Byl
bk k(W) = b kY s bk, h (W) = bikhY s
r>1 r>1

forall 1<a<z, 1<b<2—-1,1<4,7< e, 1 <h<pp, 1 <k < pipy1.

Nevertheless, all of these elements, depending on the fixed choice of u, are parallel to the
elements in Y,,,, with the same notations given in §3, except that the elements defined here
belong to U(p).

Theorem 9.2. [8, Theorem 9.3] Let = (u1, ..., p.) be fized as above. For any admissible
indices a, b, i, j, h, k, we have

a”(u) Tt praa i+ a1 s+ ia—r (W),

J(U) Loyt pra 1 i+ a1+ +ua(u)
By (u) = Tyt gy Ao oo+ +- +IJ«b(u)
Fypn(u) = Lyt pp o pa oy o+ +ub(u)

Proof. Note that it suffices to show the identities for D, E and F', since the one for D’ follows
from the one for D and Lemma 9.1(4). We prove our statement by induction on the length
of p. The initial case is pr = (m + n), which is trivial since 7'(u) = Dy (u).
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Now let o = (uq,...,p,) be a composition of length z > 2. Define a new composition
v=(v1,...,v,_1) of length z—1 by setting v; = p; forall 1 <i < z—2and v, 1 = p, 1+ p;
that is, merge the last two parts of p. By the induction hypothesis, we have

I/Da(u) = (Tl/l+"'+Va,7l+7:7V1+"'+Va71+j;l/1+"’+1/a71 <u>)1§i7jﬁl’a 5 V1 S a S Z — 1,

VEb(u) - (TV1+"'+Vb—1+haV1+"'+Vb+k;l/1+"'+Vb(u))1<h<yb’1<k<yb+1 ) Vi<b<z-— 2,

VFb(u) = (TVl+"'+Vb+k71’1+"'+Vb—1+h;l/1+"'+7/b(u))lgkgyb+171§hgyb ) Vi<b<z-— 2,

where we add a superscript v to emphasize that these elements are defined with respect to
v. Note that "Dy (u) = #Dy(u) for all 1 < a < z — 2 and "Ey(u) = *Ep(u), Y Fy(u) = *Fy(u)
foralll1 <b<z-—3.

Moreover, by Lemma 5.11, #FE,_5(u) equals to the submatrix consisting of the first p, ;
columns of ¥ F, _5(u), while #F,_s(u) equals to the submatrix consisting of the top j,_; rows
of VF,_o(u). Both of them are of the form described in the theorem. It remains to check the
identities for D, 1 (u), *D,(u), *E,_1(u) and *F,_;(u).

Define matrices P,Q, R and S by

P = (T/—LI+"'+,U4zf2+l'uu1+"'+;Ufz72+j§/il+“'+,uz—2(u))lgi’j§u2717

Q = (TMI+"'+#z—2+i7ul+“‘+lﬁz—2+uz—1+j§,ufl+'“+l1«z—2+liz—1(u>)1§iguz_l71§jgﬂz )
R = (Tl“+""*‘sz2+“2*1+iv“1+"'+“2*2+j?“1‘*‘"""“2*2"‘“2*1(u))lgiguz,lgjguz_l )
S = (Tul+"'+,U‘272+,u‘271+7:7/~/41+"'+u272+,u‘271+j;)u‘1+"'+/1272+#zfl(u))1§i7jguz :

By Lemma 9.1 with x = 3 + ...+ g2 and y = p3 + ... + p.—1, we have

VD ) _ Illz—l O P O [/—Lz—l Q _ P PQ
=alw) =1 7 L. o s)\o 1.) \rP s+rPQ )

Now the explicit descriptions of the matrices *D,_y(u), #D,(u), "E,_1(u) and *F,_;(u)

follows from Lemma 5.11, which completes the induction argument. 0

In the extreme case that g = (1™%™), we write simply DZ(T),D;(T), E](-T) and Fj(r) for the
elements DE;)J, D;(i)l, E](Tl)1 and Fj(rl)1 of Up) forall 1 <i<m+mn,1<j<m+n-—1,

r > 1, respectively.

Corollary 9.3. [8, Corollary 9.4] DZ(T) —7" gm0 FO =70 nd D;(T) —

" i,5i—17 g 2%l B b o OV 13
,
_E,i;i'
10. MAIN THEOREM
Let 7 be a pyramid associated with a 0"1"-sequence T which corresponds to a good pair

in gl v and let (o, £, T) be the triple associated to 7 given by Proposition 2.8. Let Y:;'n(a)
denote the shifted super Yangian of level ¢ associated to 7 equipped with the canonical
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filtration and let W, denote the finite W-superalgebra associated to m equipped with the
Kazhdan filtration .

Suppose also that p = (u1, ..., p,) is an admissible shape for o, and recall the shorthand
notations s}, and p4 from (5.1) and (8.2). We have the elements Dé’;iw D;(;?j, Eé’;zk and
Fb(;;),h of U(p) defined by Theorem 9.2 according to this fixed shape . On the other hand,
we also have the parabolic generators D((;i)ﬁj, D;(;?j, E,Srizk and Fb(;,)’h in Y!(0) as defined in
§ 8. We are ready to present the main result of this article.

Theorem 10.1. Let m be a pyramid and let (0,0, ) be the corresponding triple given by
Proposition 2.8. For any shape u = (p1,...,1,) admissible to o, there erists a unique

isomorphism Yf(a) = W, of filtered superalgebras such that the generators

(DI 1< a<21<i,j < pa,r >0},
(EY) 11<b< 2,1 Sh< 1 Sk < ppr,m > sy s
{Flf;z),h

of Ylf(a) are mapped to corresponding elements of U(p) denoted by the same symbols. In

1§b<z,1§/€§Mb+1,1§h§liba7">35+1,b}

particular, these elements of U(p) are m-invariants and they form a generating set for W,.

Similar to the argument in [8], the proof of Theorem 10.1 is processed by induction on the
number ¢ — ¢, where ¢ is the length of the bottom row and ¢ is the length of the top row of 7.
Our initial case is £ = t. In this case, the pyramid is of rectangular shape so the associated
shift matrix is the zero matrix. Hence the shifted super Yangian is the whole Y, itself, and
its quotient is exactly the truncated super Yangian Yrim. As mentioned in §1 , the statement
of the theorem in this special case was firstly established in [3]; see also [31] for an approach
similar to our setting here.

Assume that our pyramid 7 is not of rectangular shape so that £ > 2 and ¢ —¢ > 0. By
induction on the length of the shape and Lemma 5.11, it suffices to prove the special case
when p is the minimal admissible shape for o.

Let H denote the absolute height of the shortest column of 7. Since 7 is a pyramid, either
H = |q1| or H = |gq¢|. There are two cases:

e Case R: H = |q/| < |qu]-

e Case L: H = |q1| < |qe|-
We will explain the proof of Case R in detail and only sketch the proof of Case L, which can
be obtained by a very similar argument with mild modifications.

From now on we assume that Case R holds. Recall that we numbered the boxes of 7 using

the index set

I={l<---<M<1<...<N}
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in the standard way: down columns from left to right, where i (respectively, ) stands for
the boxes labeled with + (respectively, —). Suppose that there are p (respectively, q) boxes
labeled with + (respectively, —) in the right-most column of 7. Since u is minimal admissible,
we have H =p+ q = ..

Let 7 be the pyramid obtained by removing the right-most column of 7. We know that
the removed boxes of 7 are numbered with

M—-p+1,M—p+2,... M|N—qg+1,N—qg+2,...,N,

and their order in the right-most column is determined by Y., the last H digits of the
0™1™-sequence Y.

By our assumption, the bottom H rows of 7 form a rectangle, call it 7. A key obser-
vation [31, Remark 3.5] is that permuting the rows of the rectangle g will not change the
corresponding even good pair (e, h,); see also Remark 2.5. Although our argument in fact
works in general, for convenience, we assume that the last H digits of T are the standard
one:

p q
Y.=0---01---1.

As a result, the right-most two columns of 7 are of the form

M—-—2p+1|M—p+1
M—2p+2|M—p+2

M—p M
N—-2¢g+1 | N—qg+1
N—-2¢q+2 | N—q+2

N —q N

Let & = (Sij)1<ij<m+n be the shift matrix defined by (6.1) where its associated pyramid
is 7. Define p,m and ¢ in g = gly;_,v_, according to (2.1) and (2.4) and let x : m — C be
the character x — (z,é).

Let Dérzj, Dgz)], Eér}zk and Fb(;)yh denote the elements of U(p) as defined in §9 associated
to the same shape p, which is admissible for both of ¢ and ¢. By the induction hypothesis,
Theorem 10.1 holds for 7, so the following elements of U(p) are invariant under the y-twisted
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action of m; in other words, they belong to the finite W-superalgebra W;:

(O P

a,)? a;t,J

tfor1<a<z 1<i,5<p,andr > 0;
{Eb(;rfz,k} for 1<b<z—1, 1<h<pa, 1 <k< g and r> sy, — 0pyn s
{Fb(;zh}forlgbﬁz—l, 1§k§/JJa+17 1§h§uaandr>sg‘|’1»b'

We introduce the following non-standard embedding of U(g) into U(g). For all 7, j in the

index set

I={1,....M—p1,...,N—q},

the generators é;; of U(g) defined by (9.2) with respect to the pyramid 7 are identified
with the elements é;; in U(g) defined by (9.2) with respect to 7. One notes that such an
identification in turns embeds U(p) into U(p) and m into m, respectively. Moreover, the
character y of m is precisely the restriction of the character x of m. As a consequence, the
x-twisted action of m on U(p) is precisely the restriction of the y-twist action of m on U(p).

For convenience, we define the index sets

Ji={M—-p+ill<i<p}U{N —q+j|1<j<q},

Jo={M —2p+i|1<i<plU{N—-2¢+7|1<j<q}.

Note that they are the numbers appearing in the right-most and the second right-most
columns of the rectangle 7y, respectively.

Define the bijection Ry : {1,2,...,p+q} — J; by setting R;(f) to be the number assigned
to the f-th box in the right-most column of the rectangle 7. Similarly, define the bijection
Ry : {1,2,...,p+ q} — J, which assigns Ry(f) to be the number appearing to the left of
Ri(f). For example, R(1) = M —p+1, Ry(p+¢q) = N and Ry(p+q) = N — ¢. In particular,
define

n:Jy—A{1,2,....p+q} (10.1)

to be the inverse map of R;.

The relations between the elements D((ITZ) i Eé?k, F b(;),h of U(p) given by m and the elements
D"

the most crucial step in the proof of our main theorem.

Eér,z o 17(;71;), , of U(p) given by 7 are described in the following lemma, which is probably

Lemma 10.2. [8, Lemma 10.4] The following equations hold for all1 < a <z, 1 <b< z—1,
1 <4, < g, 1 <h <y, 1 <k < ppyy, all m > 0 that makes sense, and any fized
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1<g<H:
1) _ P
Da;i,j - Da;i,j
H
S(r—1) ~ S(r=1) ~
+ o (Z(—l)'f "’Di;i,f)eRmf),Rl(j) + [Dfmg), 6R2<g>,R1<j>}) ’ 12
f=1
H
r “(r S(r—1) ~ A(r—1) ~
By = B+ 0o (Z(—l)f B P er e + [Ezg;h,g)aeR2<g>7Rl(k)]> , (10.3)
f=1
Fb(;’,l‘c),h = Fb(;Tlic),h’ (104)

where for (10.3) we are assuming that v > s | if b+1= 2.

Proof. It can be observed from the explicit description of the elements TI(S)I in (9.5) with the
help from Theorem 9.2 together with our assumption on the right-most two columns of the

rectangle my. 0

The inductive descriptions provided in Lemma 10.2, together with the induction hypothe-
sis, allow us to deduce the following several lemmas and eventually to show that the elements
(r)

a;i,jg?

Eérfzk and Fb(:,;)ﬁ of U(p) are m-invariants.

Lemma 10.3. [8, Lemma 10.5] The following elements of U(p) are m-invariant:
(i) DY) and D) for1<a<z—1,1<4,j < g andr > 0;

(i) By for 1<b<z=2,1<h< i, 1<k < gy andr > sl
(iit) By for 1<b<z—1, 1<k < pippr, L<h <oy andr > sl

Proof. All of these elements in U(p) coincide with the elements with the same name in U(p)
by Lemma 10.2. Hence they are m-invariant by the induction hypothesis. Define m® to be
the vector space complement of m in m. It remains to show that these elements are invariant
under the y-twisted action for all €, in m® only. Note that e;, € m® if and only if g € I
and f € J;.

By Theorem 9.2 and (9.5) again, all elements in the description of the lemma are linear
combinations of supermonomials of the form é;, j, --- €, in U(p) with i5 € I and j, € 1\J,
foralll1 <s<r.

By (9.4), x(éf,,) = 0forallg € I\J, and f € J;. This implies that all such supermonomials
are invariant under the y-twisted action of all €;, € m® and our lemma follows. O

ir) - and Eir—)l;h,k are m-invariant. We first show that they are

It remains to show that D i

m-invariant.

Lemma 10.4. [8, Lemma 10.6] The following elements of U(p) are m-invariant:
o) .
(1) D,.;; for 1 <i,j < p, andr >0.
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(2) Ey_)l;h’k for1<h<p, 1,1 <k<p, andr > s

1,z°

Proof. (1) By (10.2), we obtain

r r S(r=1) ~
Diw D;Z)J + Z lf‘ D, z,f eRl( NBRG) T [Di;i,g )’ eRz(g)le(j)]'

For any x € m, we have [z, eRl(f%Rl(j)] = 0 = [2, €Ry(g),R:(j))- Using this result together with
the induction hypothesis, one deduces that pr, ([z, DZ) ;1) = 0. The proof of (2) is similar
by starting with (10.3). O

Next we show that Dil ; and E( Ul are m-invariant by induction on r. If s, > 1,
this can be deduced in a uniform way, see Lemma 10.8, so we will focus on the case for
st_; . = 1. The following lemma establishes the initial step of the induction.

Lemma 10.5. [8, Lemma 10.7]
(1) DY) s wc-invariant foralll<i,j < pu,.

RN

(2) Suppose st 1. =1. Then DD s wc-invariant forall1 <i,j5 < p,.

Z’Lj

(3) Suppose st , = 1. ThenE “rng i8 m-invariant for all1 < h < p,y and 1 <k <
Hz-

Proof. We only give the detail of the proof of (1) here, where (2) and (3) can be deduced in
a similar fashion.
By Theorem 9.2, (9.5) and (10.2), we have

1 (1 iz"’ I iz'“ 74'z~
DY) =D8) + (D) epmmpy = > (D (=16, q) + (=) Er6.m0),

1<k<l—1  pi,qk

where the second sum is taken over all pg, g, € I satisfying the following conditions

(i) col(pk) = col(gr) =k,
(i) row(pg) = pn + -+ + pam1 + 14,

(ifi) row(ge) = 1+ + pr2—1 + J.

Let €54 € m® be arbitrary given so that we have g € Iand f € J;.

Suppose first that row(g) # p1 + ... + ps—1 +i. Then we have [é; 4, €,, 4] = 0 for any pg,
g appearing in the sum. Moreover, [efg, €R.(i),R1(j)] = £0£,R(j)ER, (3),g, Which belongs to the
kernel of x by (9.4). It follows that pr, ([€;, DSZ)]]) = 0.

Assume now that row(g) = u1 + ...+ p,—1 +4. Then g equals exactly one p; appearing in
the sum and hence

[éfvg7 Z ( Z (_1)|i|zépk,%)} :(_1)|i|zéf7%

1<k<l-1  py qrel

for a certain 1 <k </¢-—1.
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Suppose in addition that col(gy) # ¢ — 1. Then é;,, belongs to ker x by (9.4). Also, since
g = pr and col(gx) = col(pg) # £ — 1, the term

[€1.9: €Ri (i), R (1)) = O£ R1()ER1 (1) 0

belongs to ker y. Then we have pr, [€;,, Di Z)j] = 0.

Finally, assume that row(g) = p1 + ...+ p.—1 + ¢ and col(gx) = £ — 1. It implies that
g = pr = Ry(i). By definition, we have

~ 1 S~
(€5, D3] = (= 1) 18 1 gysy + 671, 5y (= 1) R, 0, o)

which belongs to the kernel of y by (9.4). This completes the proof of (1). O

To apply induction on 7, we need to find the relations between E(T 1,1 , and Eir—)l;h,k and

that between DUV and DZ 0

231,

Lemma 10.6. [8, Lemma 10.8] Suppose that SZ_LZ = 1. The following identities hold in
U(p) forr >2:

(1)

=

z—1
r+1 2 T 1 T
E,’E’—+1;2L,k = (_1)|g‘z_1[D;E—)1;h,g’ E,i—)l;g,k] - Di—)lgh,fEi—)l;f,k’
f=1

r+1
(r+1) lgla—1(2) (r+1— t
Dz;i,j - (_1> [Fz—l;i,gﬂ 2— 1gg E :‘DZZ] z 1gg

Proof. By the induction hypothesis and (5.6), for any » > 0 and any 1 < g < p,_1, we have

Hz—1
(2 (T 1 p(r+1 e r
[Dif)l;h,g’Eif)l;g,k] - (_1)|g‘ 1E§fl;f)t |g| ' Z Dz 1; hpEi 1;p,k* (10-5)
Also, (10.3) implies that for r > 2, we have
T (r—=1) ~ r—1
E )1gk_ P lgkz+z YR 1;f€R1(f>,R1<k)+[E§ 1337632@) Ri(k)] (10.6)

It is clear that [Di )1 hgr CR1 (1), Ra (k)] = 0. Also, due to (9.5) and Theorem 9.2, the expansion
of Di_)”h g into supermonomials will never involve any matrix unit of the form é; g,(;) and

it follows that [D§2_)1;h7g,é32(j),31(k)] = 0. Computing the supercommutator of (10.6) with
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Df—)l;h,g = Df_)l;h’g and using (10.5), we have

M=

[D(2)

z—1;h,g° Eir—)l;g,k] = [D,(z 1;h,9° EgT 19, k] +

(2 r—
(—1)“'2[172_)1;;1,97 B 1,3 FIER (£).R1 (k)
1

T

2 r—1 ~
+ [[Di—)l;h,g’ Eg—l;g,jL 632(]‘)731(’@)]

MHz—1
S(r+1
= (_1>|g‘z_lEi—J;,i)z, |9|z ' Z Dz 1; h,p z— lp,k
p=1
H Hz—1
z z— r+1 z— 51 ; o
+ Z lfl ( lgl 1E( J)L,f + (_1)|g‘ ! Z Di—)l;h,pEz('T—)l;p,f)eRl(f)7R1(k)
f=1 p=1
Hz—1
Y (r+1 Y r
|: |g‘ 1E ,i)Lj |g| ! Z DZ lh,pEi 1p]7eR2(j)7R1(k)i|'

Using (10.3) a few times, one shows that the above equals to
Hz—1

Y r+1) (r
( 1)|g| ' E( 1hk+ZDz lhp z— lpk:)

and the equality (1) is established.
Now we deal with (2). By the induction hypothesis and (5.8), we have

r+1
- r Y r+1—t t
[Fz( )l,z,g7 E,g )17g,]] = (_1)|9| 1(2 Di,z,g )D;(f)l;g,g)
t=0
r+1
_ o (T+1 - (r+1— t
- ( 1)|g| lDz,l,] |g| ' ZDz,z,j z l,g g- (107)
Changing the indices in equation (10.6), we have
H
r (7 1) ~ S(r—1 ~
Egjl;g,j = E,ijl;g,j + Z( 1)”‘ E;E 1;feR1( PRiG) T [E§—1;g),hv eRZ(h)le(j)] (10.8)
f=1

Note that the expansion of F 2)

“1.i,g Into supermonomials will never involve any matrix unit

of the forms € g, (1), €r, (n),? OF €Ry(n),7, and hence [F(z)l;i,g, ER(f),R1(j)) = [F(Q)l;w, ERy(h),R1(j)] =

z zZ—

0. As a consequence, we perform the following calculation using the fact that FZ(Q)1Z "
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Jae)

z—15i,9

together with (10.8):

2 r (2 S(r—1 ~
= [F2 L B 1Y ()RR B Jerhmi)

z—1g,f

M=

z— lz,g7 z—1;9,7

T
I

2 r—1 ~
HFZ( )1 36,97 Ez('—l;g),h]7 eRZ(h)le(j)
1
— ( 1)\9& 1D(7"+1) + (_1)|g|z71 D(H"l—t)D’(t)

Z36,J 23,7 z—1;9,9
t=1

<3
+

H
T r—t) t ~
+ Z |f‘ ( |g|z 1Di’l)’ ‘g‘z ' Z Div"ﬂf /Z( )179 g) R (f)le(])
=1
|: ‘g‘z 1D Ig‘z 1ZDZ,Z,]”L Z 1gg7€R2(h) Rl( ):|

Using (10.2) a few times, the above can be rewritten as
r+1
(— 1)|g\z 1+ +( Iglz 1 ZD (r+1-t) /(1)

256,J 256,J z=1ig,9
and our assertion (2) follows. O

Lemma 10.7. Suppose st ;. = 1. Then

z

(1) D) - are m-invariant forallr >0 and 1 <i,j < pu,.

Ziz?]

(2) Eii)l;h,k are m-invariant for allr >1 and 1 <h < p, 1, 1 <k < p,.

Proof. By Lemma 10.4, these elements are m-invariant. It remains to check that they are
m‘-invariant, but that follows from Lemma 10.5, Lemma 10.6 and induction on 7. 0J

Lemma 10.8. [8, Lemma 10.9] Suppose that s
invariant under the x-twisted action of €g, (z)ryy) for all1 < z,y < H.
(1) DY) forallr>2 and 1 < i, < .

23,7
(2) Ey)lhkforallr>sz and 1 <h<p, 1,1 <k<p,.

"1, > 1. Then the following elements are

32

Proof. Let 7 be the pyramid obtained by deleting the right-most two columns of 7. Define
p, m and € € gly;_5,n_o, as before, and embed U(g) into U(g) as how we embed U(g) into
U(g). Note that the assumption s

induction hypothesis applies to the pyramid 7 and hence we know that the elements D

> 1 implies that |g;_1| = |q| < |q1]. As a result, the
(r)

231,

z—1,z

in W; are m-invariant under the y-twisted action.
Applying Lemma 10.2 to 7 and 7, we have

r . r r—1
DY), = Do) + Z DYDY Ve r (rm) + DYy ERato)rah)] (10.9)
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and
r r 1)~ ~(r—1) ~
DY), =Dl + Z DYDY Der, . ma) + DYy Ery(0). )] (10.10)

where R3(g) is defined to be the number assigned to g-th box in the third right-most column
of the rectangle 7.

Substituting (10.10) into (10.9) and simplifying the result by (9.3), one deduces that for
allr>2 DY) = A4+ B+C+D+E+F+G+Y, where

231,7
H
r—1)~
A=D1, B =Y (—1)"DI e m0),
k=1
H
C = DLy erye)ma): D=3 (~)* DI en, 0o.m0)
k=1
H H
r—2 ~ r—2) ~
E = (~)MtMDI e o mrai iy F = D (—D)™ D2 ek ri0),
hok=1 k=1
H
(r-2) X 5 r-2)
G =) DL enyo).mamlerm.me): Y =1Diy s Crato)mih)]-
k=1

Let X = €Rr,(a),Ro(y) for some 1 < z,y < H. Note that X supercommutes with all
elements in U(p). Using (9.1), (9.3) and (9.4), we can explicitly compute their images under
the composition pr, o adX as follows:

pry([X.A) =0, pry([X, B]) = 8, (— 1)1l DU,
pry([X.C]) =0,  pry([X,D]) = dy(~1)ll-Hl- DD,
pr ([X, B]) = (1)l 5(p — ) DU 2 + (—1) W1 DU Ve ) p
+ 530] S (\wl +lyl=) |k|z+|j|z)+|k|zDi;;?)é&(k)ﬂz(y)7

ap . r . r—2) ~
pr (X, F]) = —(=1)klFWlg,(p — q>D‘.- ’+ (—~)D P en (.m0

Z’L

H
Z|z Z # "2
63;] Z (‘ [=+lyl=) (1&|=+17]=)+]%| D( k)eRQ( k),Ra(y)»
k=1

i
=
=
Is
)
I

, (r2)
(_1)‘ylz+|J|25xj[D£igl)7€R3(91)7R2(f)]>

i r—2) ~
— (=)W, DU enyor).man)-

e
=
2
Is
=
I

As a consequence, pr, ([.X, D) ]) = 0. The proof of (2) is similar. O

231,
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Proposition 10.9. [8, Lemma 10.10] The following elements of U(p) are m-invariant under

the x-twisted action:

=% =bJ) =

()
{Eppp b 1<b<m1<h<ppa 1 <k<ppas o5t >

()
{Fyhn b 1<b<z 1 <h<pasr 1<h<parsst -

Proof. 1t follows from the induction hypothesis and Lemma 10.3-Lemma 10.8. U

A consequence of Proposition 10.9 is that the elements in the description of Theorem 10.1
are actually elements of W,. Furthermore, by the induction hypothesis, we may identify
Yitl(o) = erq_nl (6) with W, C U(p), where the generators DC(LZ)], E,gr}zk and Fb(;)’h in Y, (o)
are identified with the elements of W denoted by the same notations. Now we are going to
make use of the monomorphism Ag : Yeln(a) — U(p) ® U(gl,,) obtained in Theorem 8.2.

m

By Corollary 8.4, for each d > 0, we have

dim Ag(F;Y! i

n(0)) = dim F;Y,,, (o) = dim F4S(g°), (10.11)
where F;S(g¢) is the sum of all graded elements in S(g¢) of degree < d with respect to the
Kazhdan grading.

Define the higher root elements E((lrg” and Fb(;);j7i in F,.U(p) by equations (5.19) and (5.20)
recursively, where the index k£ could be chosen arbitrarily there. Let X, denote the subspace

of U(p) spanned by all supermonomials in the elements

(r)
{Da;id}1<a<z,1<i,j<ua,0§r§sg’a s

(r)
{Ea,b;h,k}1§a<b§z,1§h§ua,1§k§ub,s5 p<r<st', +plb>

(r)
{Fb,a;k,h}1§a<b§z7lék§ub,1§h§ua78§fa<r§8§a+p5'

taken in some fixed order with total degree < d. It follows from Proposition 10.9 that X} is
a subspace of FyW,.
Define a superalgebra homomorphism ¢ : U(p) — U(p) ® U(gl,,) by

€ ®1 if col(i) < col(j) <€ —1,
Yr(éij) =4 0 if col(i) < ¢ —1,col(j) = ¢,
1 ® €y 1 col(i) = col(j) = ¢,
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where the map 7 is defined in (10.1). By Lemma 10.2, we have

r 7"1
Yr(DY)) =Dl @1+, Z DD D @ ey,

H
Ur(Bypy) = By @1+ Gpan D (DB D @6,
=1

Comparing this with Theorem 6.1(1) and recalling the PBW basis for Yfm(“) obtained in
Corollary 8.3, we deduce that ¢r(Xy4) = Ar(Fy m|n( 0)). Combining this with (10.11) and
Corollary 8.4, we obtain

dim FdS(ge) = dim @/JR(Xd) S dim Xd S dim FdWﬂ S dim FdS(ge).

Hence equalities hold everywhere so we have X; = F; W, for each d > 0. In particular,
Yp W, =5 U(p) ® gl,), is an injective homomorphism. Comparing ¢z with the map Ag
defined in Theorem 6.1(1), we see that (D a”) AR(D[(”J) where the elements DEH)J on
the left-hand side are the elements of W, and the elements DEL .i; on the right-hand side are
the generators of Y, (o). Similarly, 77Z)R(El§;rh,k) = AR(EIST}Zk;) and ¢R(Fb(;2h) = AR(FI)(;?,h) for
all admissible indices b, h, k, r.

Finally, the composition ¢;' o Ay : Yeln(a) — W, is exactly the filtered superalgebra
isomorphism described in Theorem 10.1 and the elements listed in Theorem 10.1 indeed
generate W,.. This completes the induction step of our main theorem under the assumption
of Case R.

Next we sketch how to complete the induction step under the assumption of Case L. In
this case, we enumerate the bricks of 7 down columns from right to left. Note that different
ways of enumerating are just choosing different bases to describe gl y = End(CMY) so we
may choose the way most suitable for our purpose.

Let 7 denote the pyramid obtained from 7w by deleting the left-most column of w. Let I,
I , J; and J, be the same index sets as defined in Case R. It is clear that the deleted bricks
are still numbered with elements in J;. Moreover, we may again assume that the left-most
two columns of 7 are of the form
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M—-p+1|M—2p+1
M—-p+2|M—2p+2

M M —p
N—-—qg+1 | N—-2¢+1
N—-—q+2 | N—-2q+2

N N —q

Similarly, we define the bijection Ly : {1,2,...,p 4+ q} — J; by setting L;(f) to be the
number assigned to the f-th box in the left-most column of the rectangle 7y, and define the
bijection Ly : {1,2,...,p+ q} — J, by assigning Ls(f) to be the number appearing to the
right of L1(f). In particular, denote by

€:3—={1,2,....,p+q} (10.12)

the inverse map of L.

Let ¢ be the shift matrix obtained from (6.2), where the corresponding pyramid is exactly
7, and define p,m, é € g := gly,_,n_, via (2.1) and (2.4) with respect to 7. Different from
Case R, note that in Case L we embed U(g) into U(g) by the natural embedding, which
already sends the elements é;; of U(g) to the elements é;; of U(g) for all 4,5 € I.

Under the natural embedding, the superalgebra W; = U(p)™ is a subalgebra of U(p) C
U(p) and the x-twisted action of m on U(p) is exactly the same with the restriction of the
x-twisted action of m on U(p). Let D((fl) i DZL(;’)J», E,Er}zk and F, lf;l?,h denote the elements of U(p)
as defined in §9 associated to the shape p which is the minimal admissible shape of o and
also admissible for ¢. By the induction hypothesis, all of these elements are m-invariant.

From now we follow exactly the same idea in Case R to complete the proof. By the
following crucial lemma, which is the analogue of Lemma 10.2, we may express the elements
Dgij,D;(;?j, Eér,zk and Fb(;)yh in U(p) in terms of D((fl)j,D:l(:)j, Eérfzk and sz;?,h- Then by
similar case-by-case discussions and computations as before, we can prove that all of the
elements Dl(lrl) i D;(;?j,

Case L. We provide only the most crucial lemma below since its proof and other arguments

E,Erfz p and Fb(z) , are indeed m-invariant under our current setting in

are almost identical as in the earlier case.
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Lemma 10.10. [8, Lemma 10.11] The following identities hold for all admissible a,b,,j, h, k,r
and any fired 1 < g < H:

) _ )
Da %7 Da;z]
H
il ~ 5(r=1) | 5 (r—1
+ G,z (=) <Z 6L1(i),L1(f)Di;f7j) + [€1.33),22(9) Di;g,j)]> ; (10.13)
f=1
Eyile = By (10.14)

H
r S(r ~ S(r—1 ~ S(r—1
Fb(;k’),h = Fb(;k),h + 5b72—1(_1>|k|z <Z eLl(k)»Ll(f)Fz(—l;]Z,h + [eLl(k)vL2(9)7 Fz(—l;g),h]) ’ (1015>
f=1

where for (10.15) we are assuming that r > s} . | if b=z — 1.

With the help of Lemma 10.10, one can deduce that the statement of Proposition 10.9 still
holds in Case L. Finally, define a superalgebra homomorphism ¢y, : U(p) — U(gl,,) ® U(p)
by

Ce(ine() @ 1 if col(i) = col(j) =1,
Yr(éi;) =1 0 if col(i) = 1, col(j) > 2,
1®é; if 2 < col(i) < col(y),

where the function ¢ is defined by (10.12). Using Lemma 10.10 again, we have that

H
. - (r ~ ~N(r—1
¢L(Dt(z;2,j> =1® Dt(z;g,j + 6‘112 Z<_1)|f‘zeiﬁf ® Dc(l;ﬁj)

f=1
(B, =10 B
L\&ph k b;h,k>
H
VL(Ey ) = 1@ By + 01y (D) le @ FIY.
f=1

Using exactly the same argument as in Case R, one shows that the map v is injective
and the composition ;' o Ay : Yn‘;m(a) — W, gives the required isomorphism of filtered
superalgebras. This completes the proof of Theorem 10.1.

Corollary 10.11. Let w be a pyramid corresponding to an even good pair and © be a pyramid
obtained by horizontally shifting rows of m. Let W, and Wz denote the associated finite W -
superalgebras, respectively. Then there exists a superalgebra isomorphism ¢ : W, — Wz
defined on parabolic generators with respect to an admissible shape p by (5.23). In other
words, the definition of a finite W -superalgebra associated to an even good pair depends only
on e up to isomorphism.

Proof. This is an immediate consequence of (8.4) and the isomorphism in Theorem 10.1. [



56

YUNG-NING PENG

Remark 10.12. A more general result of Corollary 10.11 was obtained in [47] by a very

different approach. It is proved that the definition of type A finite W -superalgebra is inde-

pendent of the choices of the good Z-grading (which may not be even) up to isomorphism,

generalizing the results of [5, 20].
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