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1. INTRODUCTION

The Yangians, defined by Drinfeld [Drl, Dr2], are certain non-commutative Hopf
algebras that are important examples of quantum groups. They were studied
to generate rational solutions of the Yang-Baxter equation and there were many
applications in statistical mechanics and mathematical physics. Nowadays, the
study of Yangians gives many new points of view and important applications to
classical Lie theory; see the book [Mo] and references therein.

Consider Yy = Y (gly), the Yangian associated to the general Lie algebra gl .
Associated to each composition g of N, Brundan and Kleshchev established a
parabolic presentation for Yy in [BK1]|. Roughly speaking, this new presentation
of Y corresponds to the Levi decomposition of gl with respect to p. In the special
case when = (1,...,1), the corresponding presentation is equivalent to Drinfeld’s
presentation ([BK1, Remark 5.12]). On the other extreme case when p = (N), the
corresponding presentation is called the RTT presentation; see [MNO, Mo].

The parabolic presentations play a fundamental role in their subsequent works.
In [BK2], they established a concrete realization of finite W-algebras associated to
any nilpotent element of type A in terms of Yangians, and a key step is to define
a subalgebra of Yy, called the shifted Yangian. Such a subalgebra can only be
defined in terms of the new presentation found in [BK1] except some special cases.
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The connection between Yangians and finite W-algebras was observed earlier in
[RS] for some particular nilpotent elements (called rectangular elements) with a
different approach. Moreover, by means of such a realization, one may study the
representation theory of finite W-algebras by studying the representation theory
of Yangians; see [BK3|.

The main goal of this article is to obtain the generalization of [BK1] to the super
Yangian Yy n = Y (glyn), the super Yangian associated to the general linear Lie
superalgebra gl y. It is defined by Nazarov [Na] in terms of the RT'T presentation
as a super analogue of Yy.

One of the major differences between gly and gl,; v is that, in the case of gly, we
may always choose the canonical Cartan subalgebra and Borel subalgebra, via the
conjugation of the Lie group G L. This Borel subalgebra gives a root system, and
for this given root system we have multiple choices of the simple systems. It suffices
to choose a canonical simple system since they are all conjugate by the Weyl group
action. However, the above argument is longer true in the case of gl 5. Therefore,
in the study of gly;y and its representation theory, we may want to specifically
mention which simple system we are using, and the notion of 01-sequence (called
ed-sequences in [CW, Section 1.3]) is introduced as a parameterizing set of the
conjugacy classes of simple systems of gly;y (also for some other types of Lie
superalgebras) under the Weyl group action.

For example, if we identify gl),y with the set of (M + N) x (M + N) matrices
and choose the Cartan subalgebra b to be the set of diagonal matrices, then the

most common choice for s is
M N
st 1 % ¥
s=s"=0...01...1,
where a representative simple system of gl in the corresponding Weyl group

orbit is given by
HSt:{51—6i+1,6j—€j+1,5M—€1’1SiSM—l,lngN—l}.

Here the notation §; and €; denote elements in h* such that ¢;(X) equals to the
i-th diagonal entry of X € b, and ¢;(X) equals to the (M + j)-th diagonal entry
of X € . With this standard choice, there is only one odd simple root and the
behavior of gl is “closest” to the classical gly.

Note that the Weyl group is isomorphic to Sy; x Sy, which permutes those ¢;’s
and those ¢;’s, respectively. Therefore, there is exactly one odd simple root, which
is of the form 0; — ¢; for some 1 <¢ < M, 1 < j < N, in any other simple system
in the Weyl group orbit of IT*!. It implies that the following two simple systems of
glypp are in different Weyl group orbits, since II; contains only one simple odd root
and Il contains 4 odd simple roots:

H1 = {51 — 52,(52 — (53,53 — €1,€1 — 62} — 51 = 00011,
II; = {51 — €1,€1 — 52,52 — €9,€3 — 53} > 59 = 01010.

We refer the reader to [CW, Ch 1.] for more details and further applications of
01-sequences.
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It is noticed in [Pe2] that the notion of 0l-sequence can be perfectly equipped
to the RTT presentation of Yy y. It turns out that, up to an isomorphism, the
definition of Yjx is independent of the choices of the 01-sequence s, and Nazarov’s
definition corresponds to the case when s = 5 is the canonical one. Since the RTT
presentation can be thought as merely a special case of the parabolic presentation
by taking the composition u = (M + N), the above observation suggests that
it should be possible to obtain a corresponding parabolic presentation for any u,
which triggered this work.

To be precise, the main result of this article (Theorem 7.2) is that for an arbitrary
fixed Ol-sequence s of gl and an arbitrary fixed composition p of M + N, a
presentation of Yy is obtained.

We quickly explain the idea, which is basically generalizing the argument in
[BK1] and adapting some techniques in [Go, Pel] dealing with the sign factors.
Fix a composition p of M + N and fix an arbitrary 0l-sequence s of gly;y. We
first define some distinguished elements in Y associated to p, denoted by D’s,
E’s and F’s, by Gauss decomposition (or quasideterminants).

Roughly speaking, the elements D’s are those elements in the diagonal blocks of
the block matrix decomposition of Yy x with respect to u, while the E’s and the
F’s are those elements in the upper and lower diagonal blocks, respectively. Note
that these elements depend on the shape p, where their parities are determined by
the given 5. These elements form a generating set for Yy n (Theorem 3.4), so the
next step is to find enough relations to achieve a presentation.

In the case of [BK1], if the generators are from two different blocks and the
blocks are not “close”, then they commute. Fortunately, this phenomenon remains
to be true under our general setting (Lemma 4.3) and it enormously reduces the
number of the non-vanishing relations. As a consequence, we only have to focus
on the supercommutation relations of the elements that are either in the same
block, or their belonging blocks are “close enough”. Let n be the length of u.
When n = 2, 3,4, the situations are less complicated so that we may derive various
relations among those generators by direct computation.

Next, we take advantage of the homomorphisms ¢y and (yn between super
Yangians (see Section 4). These maps carry the relations in the special cases (with
n < 4) to the general case, so that we obtain many relations in Yjy. Finally we
prove that we have found enough relations for our presentation.

As a matter of fact, there are already a few results [Go, Pel| on such a gener-
alization focusing on the canonical case when s = . In [Go], a presentation of
Yan when p = (1M+) is obtained, which is a generalization of Drinfeld’s pre-
sentation. In [Pel], a similar result when g is of the form p = (A, v), where A is a
composition of M and v is a composition of N, is obtained. However, the results
only explained the case when s = §%. Moreover, the compositions p therein are
very special so that the elements in one block must have the same parity so the
super phenomenon only happens at a few specific places.

Under our setting, 4 and s are both arbitrary so that an even element and an odd
element could exist in the same block. As a result, the super phenomenon could
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happen everywhere. Hence in our current consideration, the signs arising from the
Zs-grading are much more involved than [Go, Pel] and one needs more elaborate
notation and extra care when treating the sign issues. Roughly speaking, we need
to correctly insert the necessary sign factors in almost every formula. Certainly,
our main theorem covers the above results as special cases.

Finally we mention one undergoing application of our result, which can also be
thought as the true motivation of this work. Following the classical gl case, one
may try to generalize the argument in [BK2] so that a realization of finite W-
superalgebras of type A in terms of the super Yangian Y3,y can be obtained. Such
a connection was observed in [BR] for rectangular nilpotent elements, but this is
still open for the general nilpotent case.

In fact, based on [Go, Pel], there are already some partial results [BBG, Pe2, Pe3|
about the the realization of finite W-superalgebras when the nilpotent element is
principal or satisfying certain restrictions. As noticed in [BBG, Pe3], if we want
to generalize the argument in [BK2| to the case of Yjn in full generality, then
a more general presentation of Yy y is required. One of the reasons is that the
shifted super Yangian, which is a subalgebra of Yy n, can be defined only under
some nice assumptions as in [BBG, Pe3]. With our new presentations, the shifted
super Yangian can be defined for any given nilpotent element in gl,/y so that it
is possible to establish the connection in full generality, and this is currently in
progress by the author.

This article is organized in the following fashion. In Section 2, we recall some
basic properties of Y n. In Section 3, we explicitly define the parabolic generators
by means of Gauss decomposition and show that they indeed form a generating
set. In Section 4, we define some homomorphisms between super Yangians so that
we may reduce the general case to some less complicated special cases. Section 5
and 6 are devoted to further study about these special cases. Our main theorem
is formulated and proved in Section 7.

2. PRELIMILARIES

Let s be a 0" 1¥-sequence (or 01-sequence for short) of gl m|n» which is a sequence
consisting of M 0’s and N 1’s, arranged in a row with respect to a certain order.
It is well-known [CW, Proposition 1.27] that there is a bijection between the set
of 01N -sequence and the Weyl group orbits of simple systems of gl MIN-

For homogeneous elements A and B in a Zs-graded algebra L, the supercommu-
tator of A and B is defined by

[A,B] = AB — (-1)IBIBA,

where |A] is the Zs-grading of A in L, or called the parity of A. By convention, a
homogeneous element A is called even if |A| = 0, and called odd if |A| = 1. For
each 1 <i < M + N, let |i| denote the i-th digit of the fixed 0" 1"¥-sequence s.

Definition 2.1. For a given s, the super Yangian associated to the general linear
Lie superalgebra gl y, denoted by Y n hereafter, is the associative Zs-graded
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algebra (i.e., superalgebra) over C generated by the RTT generators [Nal
{tgj;?ylgz,ng+N;rz1}, (2.1)

subject to following relations:
min(r,s)—1
T S il 13 ]4+1s 1 r4+s—1— r4+s—1—
[0, #6)] = (= 1)t e+ 3 (,493 rremi=o) _ tgwf 9) tggg), (2.2)
g=0
where the parity of t ) for r > 0 is defined by |i| + |j| (mod 2), and the bracket is

understood as the supercommutator. By convention, we set tZ(’ j) 1= 0jj.

Similar to the gl case, for r > 0, the element ¢! j) is called an even (odd,

respectively) element if its parity is 0 (1, respectively). The original definition in
[Na] corresponds to the case when s is the canonical one; that is, s is of the form
M N

~ =
s=5":=0...01...1.

As observed in [Pe2], the definition of Yj;y is independent of the choices of s, up
to an isomorphism, so we often omit it in the notation.
For each 1 <1i,57 < M + N, define the formal power series

=Y " tu € Vi [[u']].
r>0

It is well-known [Na, p.125] that Yy is a Hopf-superalgebra, where the comulti-
phC&tiOD A YM\N — YM|N X YM|N is given by

r M+N

=SS et (2.3)

s=0 k=1

Moreover, there exists a surjective homomorphism

called the evaluation homomorphism, defined by

o i -1
ev (ti,j (U)) = 51-]- + (—1)‘ |eiju s (24)
where e;; € glyy is the elementary matrix.
For homogeneous elements z1, ...,z in a superalgebra A, a supermonomial in
x1,...,%s means a monomial of the form 7' --- 2% for some iy,...,i5 € Z>o and

i; < 1if z; is odd. The following proposition is a PBW theorem for Yjx, where
the proof in [Go] works perfectly for any fixed s.

Proposition 2.2. [Go, Theorem 1] The set of supermonomials in the following
elements of Yarn

{df<ijsm+Nr>1}

taken in some fized order forms a linear basis for Yy
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Define the loop filtration on Yy
LoYan € LiYun € LoYy v € - -+

by setting deg tz(-;) = r — 1 for each v > 1 and let L,Yj n be the span of all

supermonomials of the form
t(rl)t(TQ) . 't(r%)

1171 12J2 isJs
with total degree not greater than k. The associated graded superalgebra is denoted

by gr Yan-
Let gly/n[z] denote the loop superalgebra gly;y @ C[x] with the standard basis
{e;ja" |1 <i,5 <M+ N,r >0}

and let U(gly;y[]) denote its universal enveloping algebra. The next corollary
follows from Proposition 2.2.

Corollary 2.3. [Go, Corollary 1] The graded superalgebra grYan is isomorphic
to U(glyn[x]) by the map
grYuny — U(g[M\N[x])
gr, tg) = (—=1)lleg 2t

3. PARABOLIC GENERATORS

Let = (p1,- .., in) be a given composition of M + N with length n and fix a
0M1N_sequence 5. We break s into n subsequences according to j; that is,

§=6152...5,,

where s, is the subsequence consisting of the first p; digits of s, s, is the subse-
quence consisting of the next o digits of s, and so on. For example, if we have
s = 011100011 and p = (2,4, 3), then

51 59 53

Ve on Y- Nrdhn
s= 01 1100 011 .

For each 1 < a < n, let p, and ¢, denote the number of 0’s and 1’s in s,,
respectively. By definition, each s, is a 0P*1%-sequence of g, . . Moreover, for all
1 <@ < g, define the restricted parity |i|, by

|i|q:= the i-th digits of s,.
By definition, for each 1 < a <n and 1 <i < u,, we have

a—1
fila = 1> 1y +il- (3.1)
j=1

Basically, the techniques in [BK1, Pel] work perfectly with the notion of an arbi-
trary s that we just introduced earlier. In order to make this article self-contained,
we spend some time explaining the notation precisely.

Define the (M + N) x (M + N) matrix with entries in Yy n[[u™]] by

T(u) = (tivj (u)) 1<i j<SM+N
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Note that for any fixed s, the leading minors of the matrix 7'(u) are invertible and
hence it possesses a Gauss decomposition [GR] with respect to u; that is,

T(u) = F(u)D(u)E(u) (3.2)

for unique block matrices D(u), E(u) and F( ) of the form

(u) . 0
0
. Dp(u)
L Eip(u) - Eig(u)
0 I, < By u(u)
0 0 I,
I, 0 0
F2 1(u) 1“2 0
Foa(u) Fa(u) I,
where
Da(u) = (Dasij(u) 1oy 0 (3.3)
Eap(t) = (Babid (W) cicy 1< (3.4)
Foa(u) = (Foasis ()1 <z 1< (3-5)

are flg X fla, fa X tp and fip X 1, matrices, respectively, for all 1 < a < nin (3.3) and
all 1 <a<b<nin (3.4) and (3.5). Also note that all the submatrices D,(u)’s
are invertible, and we define the i, X p, matrix D) (u) = (Dl .(u ))1<ij<u by

Dl(u) == (Da(u)) ™"

The entries of these matrices are certain power series

azy ZD

r>0
D)= Y D
r>0
Eopiju)= Y E0 ™"
r>1

Fbya;imj <u> = Z Fb(,;)l ] 7”‘.

r>1
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In addition, for 1 <a <n — 1, we set

Ea;i,j (U) = Fk, ,a+1;3 ] Z E

r>1
Fa;i,j (U) = a+1 a; ’Lj Z FCET)
r>1

We will show that the coefficients of these series forms a generating set for Yy y.
As a matter of fact, one may describe all these series in terms of the RTT generators
explicitly by quasideterminants [GR]. Here we follow the notation in [BK1, (4.3)].
Suppose that A, B,C and D are a X a, a X b, b x a and b x b matrices respectively
with entries in some ring. Assuming that the matrix A is invertible, we define

A B
¢ [D]
Write the matrix 7'(u) in block form according to p as
”T1,1(U) ce uTLn(u)
T(u)=1| : TR :
Pha(u) oo P, ()

where each #T, ,(u) is a pt, X fp matrix.

=D-CA'B.

Proposition 3.1. [GR] We have

“Tl,l(u) Tt “Tl,a—l(u) “Tl,a(u)
Dy(u) = : : : , 3.6
( ) HTa—l,l(“) e HTa—l,a—l(u) HTa—l,a(u) ( )
MTa,l(u) e MTa,a—l(u) uTa,a (U)
”Tl,l(u) Tt 'uTl,a—l(u) ”T1,b(u)
Eap(u) = D! Lo 5 S G
M=ol g ) e D) MTas() (37)
uTa,l(u) e NTa,a—l(“) uTa,b (U)
“Tl,l(u) Tt “Tl,a—l(u) “Tl,a(u)
Fya(u) = 2N : C D), 38
bl = g ) e Taa() PTaa(a) |2 (38)
MTb,l (U) e NTb,a—l(u) 'uTb,a (U)

foralll <a<mnin (3.6) and 1 <a<b<nin (3.7), (3.8).

Let T, p:.;(u) be the (i, 7)-th entry of the u, X pp matrix #7,, ,(u) and let Téb)”
denote the coefficient of ™" in T} 4 ;(u). As a consequence of Proposition 3.1, we

have
(1) 1) (1) 1)
Eb—l;i,j = Tb—l,b;z‘,j’ Fb—l;j,z‘ = Tb,b—l;j,i? (3-9)



PARABOLIC PRESENTATIONS OF Y (gl y) 9
forall2<b<n,all 1 <i< 1,1 <j < pp. In particular,
DU =70 =40 forall 1<, j< py,r>0. (3.10)

Lig — T L1 4,
Note that the matrix 7'(u) is always invertible and we define the entries of its
inverse by
-1 M+N
(T(w) = (tij(u))i,jzl :
Taking inverse to the matrix equation (3.2), we have

t (u) = (F(u)"'D(u) " E(u)™") (3.11)

i,
Applying the technique in [MNO, Section 1], we may rewrite equation (2.2) into
the following series form

(u = v)[ti; (w), tre(v)] = (—1) AR (thj(u)tik(v) - thj(“ﬁik(”))-

The next lemma, which will be used frequently later, can be deduced from the
above equation by a similar calculation as in [Pel, Section 2].

Lemma 3.2.

(u — v)[ti;(w), thy(v)] = (=1)HFHE R AL

(dns D taa)tyelw) = i D thg(0)tgs(w)), (3.12)

foralll <i,5,h,k < M+ N.

Lemma 3.3. For each pair a, b such that 1 <a+1<b<n—1and 1 <i< g,
1 <7 <y, we have

r r 1 r
E( ) = (_1)‘k‘b71[Ea(L,IZ—1;i,k7Eé—)l;k,j]u F( )

a,bii,j b,a;j,i

1 r
= (‘U‘klb*l [Fb(—)l;j,k7 Fb(—)l,a;k,i]?
(3.13)
for any fivred 1 < k < pp_1.

Proof. This can be proved by induction on b —a > 1. We perform the initial step
when a = 1 and b = 3 for the E’s here, while the general case and the statement
for the F’s can be established in a similar way.

By (3.7) and (3.9), we have

T

M1
r 1 /(s r—s 1
[Ei,Q);i,h’ Eé?zkg] = [Z Z Dl(;z',)pTl(ﬂ;p}z’ T2(,3);k,j]'

p=1 s=0

;(:)p in terms of tgfﬁ), and the subscriptions 1 < o, 5 < 1y
: . L S )

will never overlap with the subscriptions of T, 5, . = b kepin i where 1 < k <

2,1 < j < pz. Thus they supercommute by (3.12), and the right-hand side of the

equation equals to

Note that we may express D

r

H1
s r—s 1
Z Z Dll(,z,)p [Tl(,2;p}w TQ(,S);k,j] .

p=1 s=0
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The bracket can be computed by (2.2):

r—s 1 r—s 1
[Tl(z,pasz(g)k,]] [t( ) t() ]:( )‘kbfS

pp1+h Y prtkpr+po+g p M1 +u2+]

Thus, for any 1 < k < o, we have

T T
( 1)|k|2 [E(T) (1) (s) (T s)
1 27Z7k’ 2 135 k’] 177'7p p H1+H2+] 1727p 1 37pzj :

p=1 s=0 p=1 s=0

By (3.7), the right-hand side of the above equation is exactly EY;Z ;- The general
case is similar, except that the expression of Eggfl;i’h by (3.7) is more complicated.

O

Theorem 3.4. The superalgebra Yy is generated by the following elements

{Daz,ga a”|1<a<n 1<Zj<[/!a77">0}
{E(ET”|1<a<n 1<Z<Ma,1<j<,ua+1,r>1}

[FD11<a<n, 1<i< a1, 1 <5 < pig, 72> 1}

Proof. Multiplying the matrix equation (3.2), we see that each tg)

as a sum of supermonomials in D((L 2 g E((fb ;; and £ basi ;o 1 a certain order that all

the F’s appear before the D’s and all the D’s appear before the E’s. By (3.13), it

is enough to use D((”)j, EC(LT” and Fa” only rather than use all of the E’s and the

Fs. [l

can be expressed

Remark 3.5. Actually we don’t need those D’ ™ 0 obtain a generating set. They

asi,j
only appear in (7.2) and (7.6). One can in fact remove (7.2) from the defining
/(r)

relations and rewrite (7.6) into a new expression which is free from those D,;/;.

The reason to include them is to make the presentation look concise.

The generators of Yj;n in Theorem 3.4 above are called parabolic generators.
Note that these generators depend on the shape ;1 and their parities depend on the
fixed sequence s (see (4.6)-(4.8) later). We will use the notation Y}, or Y n(s) or
Y, (s) to emphasize the choice of p or s or both when necessary. The goal of this
article is to write down explicitly a set of defining relations of Y, (s) with respect
to the parabolic generators for any fixed p and any fixed s.

4. HOMOMORPHISMS BETWEEN SUPER YANGIANS

To explicitly write down the relations among the parabolic generators in Theo-
rem 3.4, we start with the special cases when n are either 2 or 3, that are relatively
less complicated. The other relations in full generality can be deduced from these
special ones by applying certain nice injective homomorphisms that we are about
to introduce.

We start with some notation. Let s be a fixed 0" 1"-sequence. We define

e 5:= the 0NV1M-sequence obtained by interchanging the 0’s and 1’s of s.
e 5":= the reverse of s.
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e 5':= (5)", the reverse of .

For instance, if s = 0011010, then § = 1100101, s” = 0101100, and s’ = 1010011.
Moreover, if 51 and s9 are two 0l-sequences, then s;5, simply means the concate-
nation of s; and ss.

The following proposition is a generalization of [Pel, Proposition 4.1] to an arbi-
trary 0l-sequence s, where the proof is similar so we omit; see also [Go, Section 4]

Proposition 4.1. 1. The map puin = Yun(s) — YN|M(5T) defined by

pM|N(tij(U)) =ty N+ 1—i M N+1—; (—1)
s an isomorphism.
2. The map warn = Yun(s) = Yan(s) defined by
-1
orae (T(w) = (T(=1)
1s an automorphism.
3. The map Cun = Yun(s) — YN|M(5T) defined by
CM|N = PM|N © WM|N
s an isomorphism.
4. Let p,q € Z>¢ be given and let 5, be an arbitrary 0P19-sequence. Let
Pplq : Yorn(8) = Yorarigrn(515)
be the injective homomorphism sending each tl(-? in Yan(s) to tgzq%pﬂﬂ
in Ypimjg+n (815). Then the map Ypq © Yan(s) — Yoprmg+n(515) defined
by
Vplg = Wpt-M|q+N © Pplg © WMIN,

s an injective homomorphism.

In fact, only the maps (yn and 1y, will be used later so we write down their
images explicitly.

Lemma 4.2. Let 1 <1, < M+ N.
1. For any p,q € Z>o, we have

toa(u) o tpig(u) t1prgts ()
wplq( J( )) tp+q,1(u) o lptgptg (u) Uptapta+ti (u) (4.1)
Uptq+tin (u) --- tp+q+i,p+q<u) Uptqtiptati (u)
2.
CMIN(tz‘j(“)) - t/]\/[+N+1—i,M+N+1—j (U) (4-2)

Proof. The first one is exactly the same with [BK1, Lemma 4.2], while the second
one is immediate from the definition. U
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Set L = p + q for convenience. Note that (4.1) depends only on L so we may
simply write 1), = %1, when appropriate. As a consequence of Proposition 3.1, we
have

Daﬂ'J (U) = wu1+,u2+...+ua_1 (Dl;i,j<u))7 (43)
Eoij(W) = Vuitpottpans (El;z',j (U)) ) (4.4)
Foij(W) = Yutpot. tpa (Flz](u)) (4.5)

In addition, the map 1y, sends ¢ ;(u) € Yy n(s) to th; 1. (u) € Yoinmgrn(519),
which implies that the image of 1y, (YM‘ N(s)) in Y, mjg+n(515) is generated by the
following elements

{3 14s € Yorrrgen(s18) |1 < i, j < M+ N,r >0},

If we pick any element tl(-j;) in the northwestern L x L corner of T'(u), an (L+ M +
N)x (L+M+N) matrix with entries in Y, pjq4n[[u']], then the indices will never
overlap with those of ¢;,(Yyn), that are in the southeastern (M + N) x (M + N)
corner of the same T'(u). As a result of equation (3.12), they supercommute.
Clearly, the elements in the northwestern L x L corner of T'(u) (of Y,4amq+n)
generate a subalgebra which is isomorphic to Y,4(s1) by (2.2), so we have obtained
the following lemma. Roughly speaking, the map 1, embeds the matrix T'(u) into
the southeastern corner of a larger matrix 7'(u).

Lemma 4.3. In Y, yg1n(515), the subalgebras Yy ,(s1) and ¥y, (YM|N(5)) super-
commute with each other.

Moreover, by equations (4.1), (4.3), (4.4) and (4.5), the parities of the parabolic
generators can be easily obtained as follows:

parity of Da” = |i|a + [7]a (mod 2), (4.6)
parity of By%), = |hl, + [k[p41 (mod 2), 4.7)
parity of Fb(;sf)yg = |flo+1 + |glp (mod 2), (4.8)

forall s > 1,1 <a<n 1<b<n-1,1<4j < pe, 1 <hg <,
1<k, f< g
Next we analyze (jsy. Associate to i, we may define the elements {D

—~
~J

D'
azg’ azg}

{Ea”} { a”} in Yy v = Yu(s) by Gauss decomposition. Consider

% 1= (M, 1y - - -5 1),

the reverse of . We may snmlarly define elements {%a P %a Wit {Ea Qi) {Fa,m}
in Yy =Yy (s') with respect to ‘7 in the same way. Their relations are described
in the followmg proposition, which is a generalization of [Go, Proposition 1] and
[Pel, Proposition 4.4], where the proof is very similar. Roughly speaking, the map
Can turns the matrix 7'(u) up side down, so we take s' in the image space in order
to keep the parities unchanged.
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Proposition 4.4. For all 1 <i,5,h < pg, 1 <k < pige1, we have

CMIN(Da;i,j(U)) = §;L+1fa;ua+17i,ua+1fj(u)7 Vl<a<n, (4.9)
%

CMIN(Ea;h,k(U)) = _Fn7a§ﬂa+1*h:ua+1+1*k(u>7 Vi<a<n-—1, (4.10)

CM\N(Fa;k,h(u)) = _%n_a§ﬂa+1+1_k1l~"a+1—h(u>’ Vi<a<n-1. (411)

The following proposition follows directly from (2.2), (4.3), and Lemma 4.3. In
consequence, the relations among the D’s are obtained. One should notice that
these D’s could be even or odd according to (4.6). This is different with the cases
in [Go, Pel], in which they are always even.

Proposition 4.5. The relations among the elements {D
1<4,5 <pg, 1 <a<n are given by

a”} for all r >0,

a;i,j)

o _
‘Da;i,j - 5ij7
—~ ) oyt
DyipDai” = 0r0dij,
t=0
[lﬁQJrDé ] = (1) lalila +llalAla-+5lalbla

min(r,s)—1
t r+s—1—t r+s—1—t t
(Dé(lgg'b,ch(l;i,k )~ D(g;h,j )Dt(hz,k)
t=0
It can be observed from the relations that the elements {DaZ v Das ]} generate
a subalgebra of Y}, called the Levi subalgebra of Y,, and denote it by Y(s). By
Lemma 4.3, we have

Y;?(ﬁ) = Y, (51) 8 (Y (82)) Vs 10 (Vs (83)) - st (Vi (80))

= YL (51) ® Y, (8) @ @Y, (s0),

where p = (pq, fi2, ..., ftn) and § = $189 - - - 6,. Note that in the special case when
all u; = 1, the subalgebra Yg 1)(5) is purely even and commutative. One may

-----

think Y(({“._’l)(s) in Yy n as an analogue of the Cartan subalgebra consisting of all
diagonal matrices in gl y-

5. SPECIAL CASE: n =2

In this section, we focus on the very first non-trivial case under our consideration;
that is, u = (u1,p2) with a fixed 0l-sequence s = s;5,. We list our parabolic
generators as follow:

(DY) D) a=1,21<i,j < pa; 7 >0},
{Ehﬂ1<2<ﬂh1<9<u%r>1}

(A1 <i<pe 1 <G < r>1}.
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The following proposition gives explicitly the relations among the generators
other than those relations already obtained in Proposition 4.5.

Proposition 5.1. Let p = (1, p2) be a composition of M + N. The following
identities hold in Y, ((u™t, v™1)):

(u = v)[Drij (1), Brpp(v)] = (1)1, ZDlzp ) (Brpi(v) = Erpi(w)),
(5.1)
(u = 0)[Erij(w), Dhy o (0)] = (=1)P20126,, 3 " (B () = Erig(v)) Dy i (v),
. (5.2)
(u — v)[Dayij (1), Erpi(v)] = (_1)|h|1\k\2+|h|1|j|2+ljl2|klz x

Dy p(u) (Evpj(u) — Buy(v)), (5.3)

(u _ U)[Dl iJ(“)’ F, hk(U)] — (_1)|i|1|j|1+\h|2|i|1+|h\2\j\15Z.kX
Y (Funp() = Finp(v)) Digy(u), (5.4)
(u — v)[Fraj(u), Db o (v)] = (—1)lhllil2+ Rl +iRlkl 5 o
ZDqu quy( )_Fl;q,j(“))v (5.5)
(u — v)[Dasi (1), Frpr(v)] = <_1)Ihlz\kh+|h|2|j|2+ljl2|kll X
(Fuiin(v) = Fuik(u)) Dag j(u), (5.6)
(u —)[Braj(u), Fipe(v)] = (_1)|h|2\i|1+|i\1|J’|2+|h\2\j\2D2;h7j (U)D/l;i,k(u)
_ (_1)|h|2|k\1+|j|2|k‘|1+\h|2|j|2D/M k(U)D2;h,j (v), (5.7)
(u —v)[Brij(w), Brpip(v)] = (_1)|h|1\j\z+ljlz|k|z+\h|1|klz >
(Bvin(u) = Brin(v) (Bung(u) — Eing(v), (5.8)
(u — 0)[Fra(u), Fune(v)] = (—1)lil2lali+lhlzlila+lRl2lsh o

(Funj(v) = Fing(w) (Fuig(u) — Frir(v).  (5.9)

The identities hold for all 1 < i,5 < py if Dy, ;(u) appears on the left-hand side of
the equation, for all 1 < h,k < pg if Dy, (u) appears on the left-hand side of the
equation, for all 1 <1 < py, 1 < j" < o if By j(u) appears on the left-hand side
of the equation, and for all 1 < h' < ps, 1 <k < py if Fip(u) appears on the
left-hand side of the equation.
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Proof. Our approach is similar to those in [BK1, Section 6] and [Pel, Section 5.
We compute the matrix products (3.2) and (3.11) with respect to the composition
i = (p1, p2) and get the following identities.

tij(u) = Dy, (u), V1<i,7 <, (5.10)

tignt+i(w) = DiipErypi(u), V1<i<p,1<j<pu, (5.11)
butig(w) = Frip(u)Dip (), VI<i<pp,1<j< g, (5.12)
bnvign+i (W) = Frip(u)Dipg(u) By j(u) + Daij(u), V1<) < pa, (5.13)
tij(u) = Di;u) +E1zp( w) Dy g (W) Friqr (), V1 < i, j < pua (5.14)

zm-s-](u) = — B (u)Ds 2p g( ), VI<i<p,1<j<py, (5.15)
;,Ll-‘rlj(u) _Dézp’(u)Flp J(u), V1<i<pp,1<j<pu, (516)
1+zm+y(“) = 2”( u), V1 <14,5 < po, (5.17)

where the indices p, ¢ (respectively, p/, ¢’) are summed over 1, ..., u; (respectively,

]_, ey ,LLQ)

(5.1)—(5.3) can be proved similar to [BK1, Lemma 6.3] and [Pel, Proposition 5.1],
except for some issues about the sign factors that have to be carefully treated.
(5.4)—(5.6) and (5.9) follow from applying the map (ysn to (5.1)—(5.3) and (5.8)
with suitable choices of indices. We prove (5.7) and (5.8) in detail here as illus-
trating examples about some new phenomenons and how we deal with them.

To show (5.7), we need other identities. Computing the brackets in (5.2) and
(5.4) by definition, we have

(1= ) B (0) D (0) = (=1) "6, (Brin (1) = Friag(0)) Dy (0)
(=) IR (= )DL (0) B (), (5.18)

(u = v) Fyp(0) Dy o (w) = (—1) IR (0 — ) Dy o (w) Fyg i (0)
- (_1)|illlk|15ki(Fl;ﬂ,p(u) - Fl;ﬁm(”))Dl;p,a(“)a (5-19)

where «, p (respectively, 8, q) are summed over 1, ..., u; (respectively, 1,..., us).
By (3.12), we have

(1= 0) 15 (0), ()] = ()l

M+N M+N

(5hj ( — Ok Z tu1+h s ts 1+ (u)) .

g=1
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Substituting by (5.10)—(5.17), we may rewrite the above identity as the following

Dy o(u)(u = 0) By j () Dy 5(0) Frig p(v) + (=1)72"26,,Dyg o (u) Dy o (0)
+ (= 1) Dy o (1) (Briag(v) = Eriag(w)) Dy 5(v) Fp(v)

1)t (4 — 0) DY, 5 (0) Frig k() D o (1) Bria i (u)

1)(‘ i) Rl kR 5, D/ ( )(Fl;b’,p(u) - Fl;ﬁ,p@))Dl;p,a<u>E1;a,j<u>

)

= (=
(=
(-1 (il tlil2) (Il k) 5, . Déh,@( )Da.5.5(u), (5.20)

+ o+

where «, p (respectively, 3, ¢) are summed over 1,..., p(resp. 1,..., pg). Substi-
tuting (5.18) and (5.19) into (5.20) and simplifying the result, we obtain

Dusisa(w) Daips () Do (v) Do 1 (v)
()bl (4 — 0) D o (u) Dy, (0) B (0) Fripa(v)
= (=)o U kD (4 — 0) Dy o (u) Dy, 5 (0) Frious (v) By (1)
+ <—1)|k|1|j|2+|h|2|a‘1+|’8|2‘a|1+‘ﬂ|2|k|1Dl;i,a(U)DIQ;h,g(U)Di;mk(u)Dz;ﬁ,j(u)-

Note that in the above equality, the index ¢ is not involved in those sign factors.
We may multiply the matrix D/ (u) from the left to both sides of the equality above

so that we have:

D;;hﬁ(U)DQﬁ,j (U)Dll;i,k(v)
+ (_1)|il1Ih\2+|i|1|k|1+\j\z\ﬁlz(u _ U)Dé;h,g(U)El;i,j(u)Fl 8, k(U)
— (_1)|i|1|h|2+|i\1|k|1+|jl2\k\1 (u _ U)Dé;h”g(v)pl;ﬁ,k(v) <u>
+ (_1)|/f|1\j\2+|h|2|i|1+\6|2|i|1+|ﬂ\2\k|1D;.h B(U)DM‘ L (1) Dayg i ().

Similar to the above computation, we want to multiply Ds(v) from the left to the
above identity. However, we can not do this directly since the index A is involved
in some sign factors; such a phenomenon didn’t appear in [BK1, Go, Pel]. It turns
out that we may multiply a suitable sign factor (—1)*11*2 to the above identity so
that

(=)= Dy 5(0) Dy s (0) DY 4 (v)
+ (—1) IR (4 — ) DY o(0) By (u) Fiys i (v)
:( 1)||1|k|1+\J\2\k\1(u_v) 2h5( )ka< )Elij(u)
(1) MR DL 0) DL (1) Do ).

Observe that in the very first term we have Dy 5(v) Doy j(v), which is dp;, so we
may replace |h|a by [j|2 in the sign factor. Now those sign factors in the above



PARABOLIC PRESENTATIONS OF Y (gly;x) 17

result are free from the index h so we may multiply Ds(v) from the left to obtain

(=D)FVE Dy (0) Dy (0) + (= 1) IHIRIE (4 — ) By 5 (0) Fy i (0)
- <_1)|i|1|k|1+\j\2\kll(u — ) Fy i (v) Ey ()
+ (_1)|k\1\j\2+|h|2|i|1+\h|2|kllD/H W (W) Doy (1),
Collecting the corresponding terms and using the fact that Do, ;(u), D', (u) su-
ey, ].,Z,k

percommute, we derive (5.7). Such a technique appears very often in the remaining
part of this article.

For (5.8), we start with [t;,, ;(u),t}, , (v)] = 0. Multiplying (u — v)* and
computing the bracket after substituting by (5.11) and (5.15), we have

(u— U)2D1;i7p(u)E1;p7j (U)El;h,q(v)Dé;q,k(U)

— (_1>\p|1|h|1+|p|1\qlz+lj|2|q\2(u — 0) By g(0) Dy p(u) (1 — U)D;;%k(v)El;p,j (u) = 0, |

(5.21

where the indices p and ¢ are summed from 1 to gy and us, respectively. Computing
the brackets in (5.1) and (5.2), we obtain the following two identities
(u — U)(_1)(Ii\1+|p\1)(|hl1+|q\2)E1.h (V) Dy (1)
= (u— U>D1;i,p(u)E1;h,q(U) - 5hp(_1>|h|1|pth;i,g1 (u) (El;gl,q(v) - El;m,q(“))?

(u— U)(—1)(Ithjl?)('q'ﬁ‘kb)D;;q,k(U)E1;p,j(U)
= (u— U)El;p,j (U)D;;q,k<v) + 6jq(_1)|q|2|]|2 (El;p,gz (u) — Erpgs (U))Dé;g%k(v),
where the indices p, g1 (respectively, ¢, g2) are summed from 1 to p; (respectively,
f2). Substituting these two into the second term of (5.21), multiplying some suit-
able choices of sign factors as in the proof of (5.7) so that we may multiply D;(u)
from the left and Dy(v) from the right simultaneously, we derive that
(u = 0)*[Eryj(w), Erpi(v)] =
(_1)Iill|j|z+\i|1|h\1+|jlz|h|1 (u — v) By ;(v) (El;i,k<v) _ Euk(u))
+ (_1)\j\z\h|1+|jlz\k\2+|h|1Iklz(u — ) (El;i,k(u) _ E1;i,k(v))E;1h,j(U)
+ (Brig(v) = Brij(w) (Bine(u) — Euypi(v)). (5.22)
For a power series P in Y, [[u™!, v™!]], we write {P } ;, for the homogeneous compo-
nent of P of total degree d in the variables ! and v=!. Then (5.8) is a consequence

of the following claim.
Claim: For d > 1, we have

(u = ){[Brij(w), Bunk ()]}, =
{(—1) PRtk R () ) (1) — B (v) (B () = Evng(0) }
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We prove the claim by induction on d. For d = 1, take { }0 on (5.22) so that
(u—v)*{[Br;(u), Eypi(v)]}, = 0.

Note that the right-hand side of (5.22) is zero when u = v, hence we may divide
both sides by (u — v) and therefore (u — v){[Ex;;(u), Eyni(v)]}, = 0, as desired.
Assuming that the claim is true for some d > 1, so we have

(—1)|k|2|j|2+|k|2|h|1+‘j‘2‘h|1+1{[El.-k(u) El-hj(v)]}d L=
3% ? U +
{ (Buig(v) = Eyig(w)) (Buna(w) — Eyng(v)) } (5.23)
u—v d
Note that the right-hand side of (5.23) is zero when u = v, which implies
B (v) Brpy(v) = (—1) IR By 0) By g (v). (5.24)

Take { }d on (5.22) and replace the last term by (5.23):

(u = 0){[Brij(u), Evnge(0)]} 4y

= (u— U)(_1)Iih|j|2+|i|1|h|1+ljlz|h|1 {El;h,j(v)(El;i,k< ) — Frx( )}d+1

+ (u — U)(_1)|j|2|h\1+|j|2|k|2+|h|1|k|2 { (El;i,k(u) _ El;i,k<v))El;h,j }d+1

+ (u— U){(_1)Ik\z\j\2+|kl2lhll+lj|2|h|1EM k(w) By (v)—
(_1)M1‘h‘1+|j|2|h|1+|i|1|j|2+1E1;h7]’<U>E1;Z’7k<U>}

= (= w){(=) IR By () Brag(0)},

+ (u — /U)(_1)|j|2|h‘1+|j|2|k|2+|h|1|k|2{El;. () By (u) — El;i,k(U)El;h,j<u>}d+l

+ (u — U){(_1)|k\2\j\2+|k|2|h|1+|j|2|h|1 Evrin(u) B (v }d

d

Substituting the term (—1)hllFliilhh+lilzlth By, () By, (v) by (5.24) and sim-
plifying the result, we have

(u = v){[Brij(u), Euar(0)]} 4,y =

(u — U){(_1)|J|2|h|1+|J|2|k|2+\h|1|k|2 (El;i,k(u) _ El;i,k(v)) (El;h,j (u) — El;h,j(v)) }d+1‘

Dividing both sides by u — v establishes the claim. O

6. SPECIAL CASES: n = 3 AND THE SUPER SERRE RELATIONS

In this section, we will consider the generators D’s, E’s and F’s in different super
Yangians at the same time but using the same notation. It should be clear from
the context which super Yangian we are dealing with.

Similar to the proof of Proposition 5.1, we compute the matrix products (3.2)
and (3.11) with respect to the composition g = (p1, f12, pt3) and derive the following
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identities.
tij(u) = Dy, (6.1)
o
tigri(W) = D DripBrp;(u), (6.2)
1
bignpnri (W) = Y DigpFisy(u), (6.3)
B3 p2
i (@) = D> (Buig(t) By (u) — By (u)) Dy s(u), (6.4)
p'=1 g=1
t:u-i—i,ul-&-uz-&—j(u) = _ZEle 3p ]( ) (65)
t;1+u2+i,m+j(u) = _ZD3ZP FQP J( ) (66)

where (6.1) holds for all 1 < 4,5 < puq, (6.2) holds for all 1 <7 < py, 1 < j < po,
(6.3) and (6.4) hold for all 1 <i < py, 1 < j < pg, (6.5) holds for all 1 <7 < pg,
1 <j < s, and (6.6) holds for all 1 <i < pg, 1 < j < uo.

Lemma 6.1. The following identities hold in Y(,, yu, up ((u™,071)):

[Evsig(w), Fane(v)] =0, (6.7)
[Evi (), Expi(v)] =
—1)ldl2lRl2 K2
: i)_ ” On; Z {(El;i:q(u) - El;i,q@))E?;q,k(U) + Eizik(v) — E1,3;¢,k(u)}, (6.8)

(B350, (), B p(v)] =
(_1)‘“1mB—Hill|h|2+‘h|2ljl3+‘g|2EZ;hJ(U)[El;i,g(u)vE2;g,k(v)]a (6-9)

H2

> [Brij (W), Eysn k() = Erpg(v) Bygr(v)] =

. (— 1)|hl 1ldl2+1dl2[kl3+|h) Ikls+\glz+1[E ( ), E2gk( )]El;h,j(u)- (6.10)

Here (6.7) holds for all 1 < i < py, 1 < j,k < g, 1 <h < pus, (6.8) holds for all
1<i<p, 1<gh <o, 1<k <pg, (6.9) holds for all 1 <i < py, 1 <h < py,
1 <j,k<pus, and (6.10) holds for all 1 <i,h < py, 1 <j,9 < ps, 1 <k < ps.

Proof. By (3.12), we have [t; ., 4;(u),t,, ., n,n4k(v)] = 0. Substituting by (6.2)
and (6.6), we have

[Diip(u) By j(w), _Dé;h,q(v)FZq,k(U)] =0.
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Computing the bracket, we obtain

Duyip(u) By, (w) Dy, o (0) Fasg re(v) —
(—1)(‘”1+|j|2)(‘h‘3+|’“|2)Dé;h,q(U)Fg;q,k(v)Dm,p(U)Ehp,j(U) =0, (6.11)
where p and ¢ are summed over 1,...,u; and 1,..., ug, respectively. Similarly, by
(3.12), we have
[tl] (’U;), t,/u,1+,u,2+h”u,1+k (/U)] = [tizﬂl+j (U), t,/ulJr,uerh,,ulJr,ungk(U)] = 07
which implies that
[Duij(u), Fann(v)] = [Exig(w), Dy, p(v)] = 0.

Substituting these into (6.11) and using the fact that D, ;(u), D3, ,(v) supercom-
mute, we have

(—1)VRI Dy () DYy () By (1) Fasq i (0) —
<—1)|j|2|k|2+|ph‘q|3+|ph‘kbDl;i,p(U)Dg;h,q(U)Fz;q,k(U)El;p,j(U) -0

The sign factors are free from the indices ¢ and h. Multiplying Ds(v)D}(u) from
the left, we obtain (6.7)
By (3.12) again, we have

M+N

(U - v)[tivﬂlJrj(u)’ t:tl+h,u1+u2+k(v)] = <_1)|j|2|h‘26jh Z tis(u)t87#1+ﬂ2+k(v)'
Substituting by (6.1)—(6.6), we have
(u = 0)[D1ip(uw) Eryp i (u), _E2;h,q(U)Dg;q,k(U)] =
(_1>‘j‘2‘h|25th1;i,p(u){ (El;pﬂ‘(U)Ean(v) — E1 3, q( ))
- El;;ﬂ,?"(u)E?;r,q(U) + El,S;p q }D?, q, r(v), (6.12)

where the indices p, q,r are summed from 1 to py, p3, p2, respectively. Using the
facts that

[Elm(v), Dg;mk(u)] =0, (proved in the proof of (6.7))
[EQ;Z‘J(’U), th’k(u)] = 07 (obtained fI‘OHl [t’L]( ), t,/ul+h #1+#2+k( )] = 0)

we may rewrite (6.12) as the following
(v = v) Drip(u){ Ep i (0) Egp g (v)—
(= 1)l B0 B 0) By 0)) Dl 1 (0)
= (_1)|j|2|h|2+15th1;i7p(u){ (El;pm(v)E?;hq( ) -k 3pq( ))
— B (u) By g(v) + Bz g( }DS a, p(v). (6.13)

The sign factors are free from the indices ¢ and k. Canceling D;(u) from the left
and Dj(v) from the right on both sides of (6.13) and dividing both sides by u — v,
we have deduced (6.8).
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To show (6.9), the identity (5.2) in Y{,, 44 ((u™',v71)) reads as

(u—0)[Bing(w), Dy (0)] = (=)1M2643 (Brpp(u) — Erp(v)) Dy (0).

Applying the map v, to this identity and using (4.3)—(4.5), we have the following
identity in Y(,, s ((w™071))

(u = v)[Eagpp(u), D ;(0)] = (=1)"4*00 (Bapyp (1) = Eag () Dy 5 (0)-
Taking the coefficient of u° in the above identity, we obtain
By g Dhyi (0)] = (= 1) 06 By (0) Dy 5 (0).
Also by (3.13), we have
E 5 (u) = (—1)|g|2[E1;,-7g(u) EQQ]] for any 1 < g < ps.

By (6.3), (6.4), the super Jacobi identity and the fact that [Ey.; 4(u), D5, (v)] = 0,
we have

[ 3.5 (w), Dy (V)

DI Byy (), B, Dl (0)]

[(—
(— 1>'9'2 [Briig(u), [ES) 1, Dh ()] +0
(—
= (-1

DR [Ey (), = (=1)VBM6, By g (0) Dy (0)]
)1+|glz+\J\s\hl35h [EUg E2gp( )} Dg;p,k(v)' (6.14)

By (3.12) and (6.1)—(6.6), we have
(£ o+ (W) By i a1 ()] = [Drip(w) En i (), — Eain g (v) Dy 4 (0)] = 0,

where p and ¢ are summed from 1 to p; and pg, respectively. Multiplying D} (u)
from the left, we have [E) 3 ;(u), B q(v) D5, 1. (v)] = 0, which may be written as

(B 3.5 (1), Bagn g ()] Ds . (0)+
(_1)(‘i‘1+|j|3)(‘h‘2+|q|3)E2;h,q(v)[E1,3;i,j(u),Dé;%k(?})] —0.
Substituting the last bracket by (6.14), we have
[E1 30,5 (1), By g (0)] D 1 (v) =
(_1)(\i\1+|j|3)(\h\2+|j|3)+\g|2+lj\3|j|3E2;h7j (U)[El;i,g<u)7 EQ;g,p(/U)]Dé;p,k(U)‘

Multiplying D3(v) from the right to the above equality, we acquire (6.9).
Taking the coefficient of u° in (6.8), we have

(B Eagi(0)] = (1), (= By (0) By (v) + By gin(v)). (6.15)
Taking the coefficient of v° in (5.1), we have
[Dyiy(u), By ) = (= 1) 6, Dy (1) By (). (6.16)
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Together with the super Jacobi identity and the fact that [Dy; ;j(u), Esqx(v)] = 0,
(6.15) and (6.16) imply that
[Dri (W), By i (0) = By g(v) Eaig s (v)] = [Duaj(u), (1) B |, Eag 1(0)]
= (=1 [[Dy;(u), B ), Eagr(v)] +0
= (=) I[(=1) S, Dy (1) B g (w), Bayg i (v)]
= (_1)‘QQHU‘Ilhll(sthl;i,p(u)[El;p,g(u)> E2;g,k(v)]-

Summing j from 1 to p; in the above identity, we derive

(=)D (B, (0) oy g (0) = Eygon(v)) D (w)
— (=) D () (Bup (0) Ba i (0) = Bygnp(v)),
= (_1)lnglellk‘séhle;i,p/(U) By g(u), Eggr(v)] (6.17)
where r, p, p’ are summed over pg, i1, j11, respectively.
On the other hand, by (3.12) and (6.1)—(6.6), we have
[ti,erj(u)? t;l,ﬂl+ﬂ2+k (U)] =
[Diip(u) By j(u), (El;hm(U)E?mq(U) - ELS;h,q(U))Dg;q,k(U)] =0, (6.18)

where p and ¢ are summed from 1 to p; and ps, respectively. Multiplying Ds(v)
from the right, note that D3 supercommutes with E; and Dy, and computing the
bracket, we obtain

Duip(u)Eryp j(w) (Evny (v) Bk (v) — By g (0))

— (= 1)U RS) (B (0) By (V) — B (V) Digip(w) Brgj (u) = 0
(6.19)

where p and r are summed from 1 to puy and ps, respectively. Substituting (6.17)
into the second term of (6.19), we have

Dyip(u)Erp j(u) (Evny (0) By (V) — By g (0))
— (=1)UPhHTR)IARFEDL D (0) (B (0) Bai (v) — Brging(v)) } B ()
_ (—1)(|9|2+U‘2)(|h|1+‘k|3){Dl;i,p(u) [Emg(u)’ Ez;g,k(v)] }El;h,j<u) —0.
Multiplying D/ (u) from the left, we deduce that
B j(w) (Byng(0) ok (v) — E1gnk(v))
— (= 1) F R (B, (1) Bayg i (v) — B aini(v)) By g ()
— <_1)|j|2(|h|1+\kl3)+|9|2+|h\1\k\3 [El-ig(u); EQ-g k(U)] El-hj(“)‘
Simplifying the above, we obtain (6.10). O

The following lemma can be deduced by applying the automorphism (y|as to the
corresponding identities of Lemma 6.1 in Y = Y, 1p 1) = Ya|u-
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Lemma 6.2. The following identities hold in Y(,, ;) ((w™ ", 071)):
[Frig (W), Ean(v)] =0, (6.20)

(_1)|i|2|j|1+\i\2\h\3+|]'|1|h\3
[Frig(u), Fonp(v)] = Sik X

u—v

Zthq ) (Frig(v) = Frg (@) = Fappj(v) + Fang(w)}, (6.21)

[Fy15(0), Fogp(v)] = (—1)sliltlilslbls tihlihlstlo 41T, (), By 5 (u)] Fay o(0),
(6.22)

M2

> [Friii(u), Fang(0) Frig () = Fypni(v)] =

g=1

(—1)Urls IOl Hol) £ 3 (0) [Frigj (w), Fag(v)]. (6.23)

Here (6.20) holds for all 1 < i,h < s, 1 <5<, 1 <k < pus, (6.21) holds for
al 1 < ik < pe, 1 <5<, 1 <h<pug, (6.22) holds for all 1 < i,h < pug,
1<j<m,1<jk< s, and (6.23) holds for all 1 <i,g < ps, 1 < j, k < p,
1 <h< ps.

Our next lemma is a generalization of [Pel, Lemma 6.3]. It is surprising that
there are no sign factors appearing in the resulting identities.

—1’ U_l, w—l]] -

Lemma 6.3. The following identities hold in Y{,, u, ) [0
[[Brig(u), Bk (v)], Bz pg(v)] =0, (6.24)
[Erig (), [Evng(u), Expg(v)]] =0,
[Brij(u), Ban i (v)], Bapg(w)] + [[Brij(w), Bapi(w)], Bapg(v)] =0, (6.25)
(B (), [Brnk(v), Bapg(w)]] + [Brij(0), [Erng(u), Baypg(w)]] =0
[[Fsi i (), Fone(v)], Faipg(v)] =0,
[Fraj(u), [Fune(u), Fapg(v)]] =0,
[[Fri(w), Fonge(0)]s Fag(w)] + [[Frij(u), Fapp(w)], Fagg(v)] =0,
[Friig (), [Frnp(v), Faigg(0)]] + [Fisi (v), [Frne(w), Fapg(w)]] = 0.

The identities hold for all 1 < i < g, 1 < j < pgy1 if Eqj(u) appears and hold
forall 1 < h < g1, 1 <k < pg if Fopr(u) appears, where a=1 or 2.

—

9

Proof. We prove (6.24) and (6.25) in detail while the others are similar. To show
(6.24), we first claim that

Eug () Bpa(@)] =0 fora =12 in Yy [07]]
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Indeed, the case a = 1 follows from (5.8) and a = 2 follows from applying the map

Yy, tO (5.8) in Yoo ([ ]]-

By the super Jacobi identity, together with the above claim and (6.8), it suffices
to prove the case when 7 = h = f. In this case, we compute the following bracket
by Lemma 6.1 as below.

(u =) [[Brij (1), Ban (0)]; Baijg(v)]
= (—1 (el +l412) |]|2+|k|3)(u_v) [EQ;].’k( ), [P

) u), Enjg(v)]]
= (=) (i1 +112) |J|2+|k|3)+(|i\1+|g|3)(\j\2+|k|3)
)

[ [ (u), Baj ()], Egj(v)]
( 1) (lotlols)(l2+1k]s) [(_1)‘j‘2E1;iq( )E2qg(v) Elzq(U)EZq,g(U)
+ E1309(v) — Ergig(u), E2;j7k<v)]
= (_1)mQ‘kl3+|j|2|g|3+‘g‘3‘k‘3{[El;z}q(u)E?;qvg( ) E2jk( )] [E173;i,g(v)aE2;j,k(U)]
— [Briq(0) Bag g (v), oy (v)] = [Er s g(w), Bayn(v)]}
1 \J\z\kl3+|3|2|g|3+\g\3\k\3{El (W) [Bag (v), Baui 1 (v)]

U—’U

o~

+

=(=1)

(—1)alzHll) Ul 4 [y (1), o o (0)] Bagg () — B () [Eaig.g(v), Easji(v)]
— (=1 (lal2+lgl3) \J\2+|k|3)[E1 4(V), Baj (V)] Eayg.4(v)

(— 1)|l| 1ljl2-+lilx Ig\3+IJ|2|gl3+\J\2E2 (V) [Erij(v), Eajx(v)]

— (=1)liildletlihlglstlillsls il B, - (0)[ By S (w), Es ;1 (v)]}
=(=1)
(=1)
- (=1
- (=1

_|_

1 \J\z\k‘lsﬂqlz|J|2+\q\2\k\3[E ( ) E2]k<v)]E2qg( )
1)Ml2+ il l2+ el |9|3+\J\2\k\3+|g|3|k|3E il
(

_I_

0)[Eri g (v), g (v)]
1 |J|2|k|3+|Q\2\J\2+|‘I|2|k|3[El (), E2]k )] Fay.g(v)
1) Ml2+lil1ldl2+e |1|9|3+|J|2\k\3+|9|3|k|3E2 o (0)[Ei (1), Baji(v)]
= (=) [[Brs(u), Bk (0)]; Eayg(v)] = (=12 [[Eri i (0), Eayi(v)], Eag(v)]
Thus we have
(= v = (=1)"2) [[Brij(w), Bayr(v)], Bae(v)] =
— (=1)R[[Bri i (v), Bayi(0)], Bagjg(v)] (6.26)
Note that the right-hand side of (6.26) is independent of the choice of u. Specifying
u=v+ (=1)l72 in (6.26), we have

0= —(=1)V=[[Byi;(v), EBajr(v)], Bayjg(v)],
and hence
(u—v— (=) [[Br;(u), Bayx(v)], Eayg(v)] =0, for any u.

Choose u such that u — v — (—1)V2 is invertible, and then (6.24) follows.
To show (6.25), it suffices to show that

(u—w)(v —w)(u—v)[[Er (), Bapi(v)], Eagg(w)] (6.27)
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is symmetric in v and w. We may further assume j = h, as in the proof of (6.24).
By (6.8), we have

(u—w)(v = w)(u = v)[[Bri; (), By i (v)], Bapg(w)] = (v —w)(u —w)x
(—1)R[(Eyiq(u) = Eiig(v)) Bagk(v) + E1gik(v) — Eygap(u) , Baypg(w)].

Computing the brackets by Lemma 6.1, we have

(u—w)(v—w)(u—0) [[El;i,j (), Eaip o (v)], Engg(w)]
= —w)(u—w)(— 1) [[El;i,q(u)v a1 (v)], E2;f,g(w)]
( ( 1)‘]‘2 [[El;%}q(v)a EQ;q,k(v)]a E2;f79(w)}
+ (v = w)(u — w)(=1)72 [By 5 (0), By g (w)]
— (v = w)(u = w) (=) By 55 4(u), Egpg(w)]
:(U - w)(u - w)(_l)‘jb [[El;i,q(u)a EQ;qJﬂ(U)]a E2;f79(w)}
— (v = w)(u = w) (=) [[Erig(0), Bagp(v)], Bosgg(w)]
+ (v _ w)(u _ w)(_1)\j\2+|€\2+|i|1|f|2+|ih|k|3+|f|2|klaE2;f’k(w) [El;i,£<v)7 Eg;e,g(w)}
— (v —w)(u—w)(— )\j\2+lﬂlz+|'\1|f|z+\i\1\k\3+|f\2\kl3E2;f7k(w) [El;i,é(u>7 EQ;Z,g(w)]
=(u = w)(v = w) (1) { B g(4) Eayg 1 (0) Eg g (w)
— (- 1)(|f|2+\g\3)(| i+lkls) B, g (w)El;i,q(U)Ez;q,k(v)}
- (u—w)(v—w) m {Elzq E2qk( )E2;f,g(w)
— (= 1)(|f|2+\g\3)(| i+lkls) g, o ,g(w)El;i,q(u)EQ;q,k<U)}
( (_1)\j\z+|€\z+|ill|f|2+|ihIkl3+|f|z|klsE2;f’k(w) [El;i,£<v)7 Eg;e,g(w)}
— (v —w)(u— w)(_1)\j\2+|€|2+|ih|f|z+\i\1\k\3+|f\2\kl3E2;f7k(w) [El;i,é(u>7 EQ;Z,g(w)]

— (v —w)(u - w)

=(u = w)(v = w)(=1)"2 E1i g (u) [Baq 1 (0), Eaipg(w)]
— (u—w)(v—w)(— 1)‘]‘2E11q( )[Equ( ), E2fg( )}
— (u — w)(v — w)(—=1)Wl+(l2+lgls)(ih+Ikls) [E2 o), Erg(u )}E2qk(v)
+ ( _ w)( w)( 1)\3\2+ [Fl2+1gl3)(lé]1+1k]3) [E2 Iy ( ) E. Zq( )}E2qk(v>
+ (u—w)(v —w)(— 1)\J\2+|E\2+|9|3|f|2+|g\3\kl3+|f|2|kl3 [El (V) B g(w ]E2 r(w)
—(u—w) (v —w)(— 1)\J\2+|€|2+|g\3\f|2+\g\3\k\3+|f\2\k\3 [ ), Fayp g(w }E2 (W)



26 YUNG-NING PENG
We use (5.8) and Lemma 6.1 to compute these brackets, then (6.27) equals to
e(u—w)Ey;iq(u) (EZ;q,g(U) — Esqyg (w)) (E2;f,k(v) - E2;f,k(w))

g

- 5(“ - w)El'i q(”) (EQ;M(U) — Eyy, g(w>) (E2;f7k(v) — by, k(“’))

+e(v — w){ (El s q(u) — By q(w))E2 a5 g(w + El,S;i,g(w> Ey 3, g(u) }E2 I k(v)
—e(u— w){(Elﬂ,q(U Elzq(w) E2qg(w + EI,S;%}g(w) Ey ., g(v)}E2qk(U)
+e(u — w){ (Erig(v) — Eriq(w) ( (w) = En g, g(v)}Ez rk(w)
—e(v—w){ ) ( (u) y Eg;p i (w

(El;uq — B g(w)) o g(w) + By gig(w) — B

where the ¢ is a sign factor given by ¢ = (—1)Vlz+lglslflaHlglslkls+Ifl2kls and the index
q is summed over 1,... o.

Opening the parentheses of the above identity, one may check that the resulting
expression is indeed symmetric in v and w. Therefore, (6.27) is symmetric in v
and w and hence (6.25) is established. O

)
) )
) Egq(w) + Bz
) )

)

Suppose now that p = (1, ..., tn) with n > 4. The next lemma is a general-
ization of [Go, Lemma 5] and [Pel, Lemma 7.2], in which the results were proved
only for one specific index. Here we show that they in fact hold everywhere and we
require some of them to obtain the desired defining relations; see (7.15), (7.16).

Lemma 6.4. Associated to p = (p1, pio, - . . fn) with n > 4, we have the following
identities in'Y),, called the super Serre relations:

1 1 s

(B8, B8, L ED L, B, ] =0, (6.28)
1 1 s

[[F) o F s L FS e Fye ] 1 =0, (6.29)

foralll<a<n—3and all1 <i < p,, 1 < f1, fo,h < ptar1, 1 < 91,92, 7 < faro,
1§k§ﬂa+3-

Proof. Tt suffices to prove the following special case of (6.28) when n = 4, while
the general cases and (6.29) can be achieved by applying the maps ¢ and (-

T 1 1 s
|: I:E:E Z)f17 Eé;}g,j] I [Eé;}z,gl7 Eé;g)27k] j| - O (630)
We claim that forall 1 <<, 1 <h<ps, 1 <j5<pus 1<k<puy, wehave
[E1350,5(w) s Eong(v)Esigr(v) — Evang(v)] =0, (6.31)
where the index ¢ is summed over 1,..., 3.

To prove (6.31), we multiply the matrix equalities (3.2) and (3.11) associated to
the composition (g1, f12, i3, pt4) and derive the following identities.

El,3;i,j(u) = Dllzp( )pu1+u2+j(u)a
Eog(0)Ezg 1 (V) = Baank(V) = i tpustpssr (V) D (0),

forall 1 <7<y, 1<j<ps 1<h<py,l<k< py, and the indices p, g, r are
summed from 1 to uq, ps, pg, respectively. Substituting these identities into the
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bracket in (6.31) and setting a notation n, := 1 + po + . . . + p, for short, we have

[E350,5(w), Eoipg(v) By (v) — Ean(v)]
= [Dp(Wtpnati (W), s ngr (V) Dagrge (V)]
= Dl p(Wtp ot (W, 1 hgr (V) Dagrge(v)
— (—1)hA)hlt Oy () D (0) D () (1)
= Dl p(Wtp ot (W, 1 hgr (V) Dagrge(v)
_ (_1)(|h|2+‘rl4)(|p‘1+|jl3)Dll;i,p(u)t;q—i-h,ng-i-r('U)tp,nz-‘rj (1) Dy o (v)
= D p(Wtpna+i (W), sy g (V)] Do (0) = 0,

and (6.31) follows. Note that in the above computation we have used the facts
that

Dyij(u) =ti(u)  and D, (u) =t 0 5(w),
therefore [Dy,ij(u), 1, 1pnsrr(v)] = 0 and [Dy; (u), thn,4x(v)] =0 by (3.12).
To show (6.30), by (6.8), we may assume that f; = fo = f and g1 = go = ¢.
Computing the following bracket by (6.8), we have
(u—v)(w = 2)[ [Buip(w), Baiy(v)], [Bang(w), Esgn(2)] ]
= [(=D)VE By o (0) Bk (v) = Erig(0) Bag o (v) + Ergin(v) = Eygiar(u),
(_1)|g|3E2;h,p(w)E3;p,k<z) - E2;h,p(z)E3;p,k(2) + E2,4;h,k(z) - E2,4;h,k<w) ] .

Taking its coefficient of u ="z *v"w’, we have
s—1
r s—t t s
<_1)|f‘2+|g|3 Z[Eig,l,j ) Eé;h,p)Eé;])a,k - Eé,i;h,kL
t—1

which equals to the coefficient of ©u="27* in

(—)VRHB B, 5 5(w) ) Eagp(2) Bapi(2) — Eaan(2)],

which is zero by (6.31). Finally, the coefficient of u="2"*v%w® in

(u—v)(w = 2)[ [Brip(u), Byp(v)], [Eang(w), Bsgr(2)]]

is precisely — [ [Egi{f, Eé }J] [Eél,zg, E:(,,Sg)k]} and (6.30) follows. O

7. THE GENERAL CASE

Recall that our goal is to obtain the deﬁning relations of Y, ( ) = Yagn in terms

of the parabolic generators {Da”, ;(er} {Ea”} and { aw} associated to an
arbitrary fixed composition p of M + N and an arbitrary fixed 0" 1V-sequence s.

The following proposition summarizes the results that we have established earlier.
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Proposition 7.1. The following relations hold in Y, (s):

0
Dz(z,z'),j = 6ij7 (71)
ZZDgz,p = by (7.2)
p=1 t=0
[D((;’Z)WDISSI}LA — 5ab(_1)\ila|j|a+|i|a\h\a+|j|a\h\a %
min(r,s)—1
(DD = D™ " Daza)» (7:3)
t=0
Mo T—1
r s a t T+S 1—t
[Dz(zz),yElSizkz] _5ab5h ‘h| il ZZDt(z,z,p b;p,k )
p=1 t=0
r—1
— G 1 (—1)lel*lat IRl jla e \k\aZDthkEbr}i]s 1=t (7.4)
t=0
Hta r—1
r a ha a ha a r4+s— 1— t
(DG}, )] = bup(—1)lelilet et esalile § ™ plrtot= pio)
p=1 t=0
+ 8 pp1 (—1)Malklo+IRlalila+la |k’|bZF’”+S 1= t)DELt;L,]’ (7.5)
t=0
r+s—1
E0 FifL] = )Pttt 3 pitaciop
t=0
(7.6)
[ c(:i),j7 E(Sl)zk] — (_1)\h\a|j|a+1+|j|a+1|k|a+1+|h|a\k\a+1X
s—1
r4+s—1— r4+s—1—
Z ECL,'L—;C t)E Ea,:k t a; ;l,_j) ) (77)
t=1
F) FG) ] = (= 1) Platalilotlillblotlhlos
r—1 s—1
r4+s—1— r+s—1—t t
(D Fus ™ EG, =Y R TUER) (18)
t=1 t=1
Ha+1

r+1 s T s+1 o a r (s)
[Ez(z,:] )7 Ec(z+)1 sh, k] - [Ec(z;i),j7 E((1+1 })L k] ( |]| +ilh +16 Z Ec(t 3,9 a+1 a4,k (79)

r r s+1
[F( -y Fa(j-)l;h,k] - [F( ). Féﬁﬁd =

ai,j a;,3?
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Ha+1

(_1)|i|a+1(\j\a+|h|a+2)+ljla|h|a+2+15i’k Z F(S) F(’") (7.10)

a+1;h,q”" a;q,j )

q=1
[Eé’;ﬂi),j, Elgs,zk] =0 if [b—al>1 or ifb=a+1andh#j, (7.11)
[Fyl)j, Fb(‘;)k] =0 if [b—al>1 or ifb=a+1 andi#k, (7.12)
r s {4 s r {4 .
(B B Bug ] + (Bl (B By gl] =0 if la—bl 21, (7.13)
r s 4 s r 4 .
[Fé;i),j’ [Fa(fzk” Fb(;},g]] + [Fa(;i),j’ [chfzk’ Fb(;},gu =0 ifla=0[>1, (7.14)
[ED ED 1 BN, ESL 1] =0 when n>4and |hlogy + [jlaze = 1
asi, f1) a+1;f2,51 a+1;h,g17 “a+2;g2,kd | T w Z 20 a+1 Jla+2 = 1,
(7.15)
T 1 1 s .
[[Fé;i),fﬁF;-i—)l;fg,j] ) [F;—l—)l;h,gp F(E-F)Zgg,k]] =0 when n>4and |jlay1 + |hlaso (Z 1-)
7.16

If pt) appears on the left-hand side of the equation, then it holds for all 1 <

a3%,j
1,] < g and allr > 0; if Eésl)lk appears on the left-hand side of the equation, then
it holds for all 1 < h < pg,1 < k < pigrr and all s > 1; if Fg}g appears on the

left-hand side of the equation, then it holds for all 1 < g < p,1 < f < par1 and
all ¢ > 1.

Proof. The first three relations follow from Proposition 4.5. By Proposition 5.1 and
Lemma 6.1-Lemma 6.4, one can show that the identities hold in smaller Yangians,
for example, Y, ;). Then we apply the injective homomorphisms 9,4, = ¥, to
these identities so that the corresponding identities also hold in bigger Yangians,
for example, Y(,,, 1.4 Repeating this process and we may eventually deduce that
all these relations, in series forms, hold in Y),.

Finally, the following identity converts the relations from series form into the
desired form:

S(U) - S(u) _ Z S(r—i—s—l)u—rv—s’

u—"v
r,s>1

for any formal series S(u) = ., STy, O

Our main theorem is that the above relations are enough for a set of defining
relations of Y),(s).

Theorem 7.2. Let pt = (y, ..., fin) be a composition of M + N and s be a 01V -
sequence. Associated to this i and s, the super Yangian Y,(s) is generated by the
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parabolic generators
{D
{E

a;i,j

|1<a<n1<2]<ua,r>0}

az]’ az]

11<a<n1<i< g1 <)< plagr,m > 1},
(FO 11 <a<n1<i< o, 1<) < pa,r > 1},

asi,j

subject only to the relations (7.1)—(7.16).

The remaining part of this article is devoted to the proof of our main theorem,
which is built on several technical propositions and lemmas.

Let }Afu denote the abstract superalgebra generated by the elements and relations
as in the statement of Theorem 7.2, where the parities of the generator are given

exphcltly by (4.6)-(4.8). We may further define all the other E" . and F"

a,byi,g b,a;i,j
Yu by the relations (3.13), and it is straightforward to check that these definitions
are independent of the choices of k as in [BK1, p.22]. Let I be the map

in

r:Y, —Y,

sending every element in ?u into the element in Y, with the same notation. By
Theorem 3.4 and Proposition 7.1, the map I' is a surjective superalgebra homo-
morphism. Therefore, it remains to prove that I' is injective.

The injectivity of T' is proved similar to the arguments in [BK1, Go, Pel]. We
first find a spanning set for ?;u and then show that the image of this spanning set
under I' is linearly independent in Y.

Let }70 (respectively, ?* EA/*) denote the subalgebras of EA/M generated by the
elements {Dm gt (respectlvely, {Ea bym} {Fbra),z’]}). Define a filtration on 37“ (on

Yl?, YJr and Y as well) by setting

deg(Da”) deg(E i) = deg(Fba”) =r—1, for all r > 1,
and denote the associated graded superalgebra by grY Let Eibl  denote the
image of Ea »ij 0 the graded superalgebra gr, Ylj.
Lemma 7.3. The following identities hold in gr ?Jf forall r;s,t > 1:
(a)
() () .
[Ea,a-l-l;i,]? Eb b—l—l;h,k] = 07 Zfla - b| 7é 17 (717)
(b)
—=(r+1) —(s) —(r) —(s+1)
[Ea,a+1;i,j7 Eb,b+1;h,k] (£, a+1i,5 E, b+13h, ks if la—0b] =1, (7.18)

()

() = (s) () - (s) -=(r) ()
[Ea,aJrl;i,j: [Ea,aJrl;h,k: Eb,bJrl;f,gH - - [Ea,aJrl;i,jJ [Ea,aJrl;h,k? Eb,bJrl;f,gH ’ (719>

Zf ‘a_b‘zl;
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(d)
() ) (1) war (L) —=(r)
Ea,b;i,j = (‘U'hlb 1[Ea,b—1;i,haEb—1,b;h,j] = (—1)|k| +1[Ea,a+1;z’7k>Ea+1,b;k,j]7 (7-20)

forallb>a+1and any 1 < h < pp_1, 1 <k < pigr1.
Here (7.17) and (7.18) hold for all 1 < i < pg, 1 < j < pgy1, 1 < h < p
1 <k < pper; (7.19) holds for all 1 < i h < po, 1 < jok < pgr1, 1 < f < 1
1< g < ppe1; (7.20) holds for all 1 < i < pig, 1 < j < ptp.

Proof. (7.17) and (7.18) follow from (7.11) and (7.9), while (7.19) follows from
(7.13). The first equality of (7.20) follows from (3.13), while the second one can
be deduced from the first equality by super Jacobi identity, (7.18) and induction

on b—a. O
Lemma 7.4. The following identities hold in gr EA/;F forallr,s > 1:

(a)
[Egc)z—iﬂ;i,j’Et(zs—&)-l,a-‘rQ;h,k] =0, forall 1<a<n-2, (7.21)

(b)
[Egc)zﬂ;i,jaﬁ((jt)wz;h,k] =0, forall 1<a<n-—2, (7.22)

()
[Egz)erQ;i,jvEai)l,aJr?);h,k] =0, forall 1<a<n-—3, (7.23)

(d)
[Eflf;i,j,ﬁfgﬂ;h,k] =0, forall 1<a<c<b<n. (7.24)

Here (7.21) holds for all 1 < i < g, 1 < h < pgr1, 1 < jk < piago; (7.22)
holds for all 1 < i,h < pg, 1 < 7 < gy, 1 < jok < payo; (7.23) holds for all
1 <0< pig, 1 <h < pigrr, 1 < < plare, 1 <k < pays; (7.24) holds for all
1§igﬂa;1§j§,ub; 1§h§,uc; 1§k§ﬂc+1~

Proof. Similar to the proof in [Pel, Lemma 8.3] so we only show (c) in detail here
since it is the place that we actually use the super Serre relations.

Assume first that |h|,41 + |J|are = 0. Applying (7.20) on the left-hand side of
(7.23) and using the super Jacobi identity, we have

() -=(s)
[Ea,a+2;i,j7 Ea+1,a+3;h,k] =

a la () (1) (1) -=(s)
(_1)“1' H1Hlere [ [Ea,a+1;i,h7 Ea+1,a+2;h,j] ’ [Ea+1,a+2;h,j7 Ea+2,a+3;j,k] ]

a ila () (1) (1) -(s)
= (-1)|h| +1+l +2{ |: [ [Ea,a—l-l;i,h? Ea+1,a+2;h,j]7 Ea+1,a+2;h,j} ) Ea+2,a+3;j,k]
(1) -(r) (1) +(s)
+e€ |:Ea+1,a+2;h,j7 [ [Ea7a+1;i,h7 Ea+1,a+2;h,j]7 Ea+2,a+3;j7k:| :| }7

where £ = (—1)(latlhlar)(Flatatlilar2) - By (7.19), the first term is zero. Using the
super Jacobi identity, (7.17) and (7.20) again, we may deduce that the above equals
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to
—(1) —=(r) (1) -(s)
€ [Ea+1 a+2:h,j [ [Ea,a—i-l;i,h? E, a+2;h,j]7 Ea+2,a+3;j,k] }

) (r) 1) -=(s)
[Ea-l—l a+2;h,j Ea,a—i—l;i,h? [Ea-l—l a+2;h,j Ea+2,a+3;j,k] ] :| +0
-=(r) —=(1) -(s)
_E[ [Ea—l—l,a—i—?;h,j? Ea,a—l—l;i,h]? [Ea+1,a+2;h7j7 Ea+2,a+3;j,kz] ] +0
—(r) —(1) —=(1) ()
:(_1)52 [ [Ea Ja+1;,ho Ea+1,a+2;h,j]> [Ea+1,a+2;h,j’ Ea+2,a+3;j,k] }

() —=(8)
:< 1)1+\h\a+1+|1|a+2 [Ea o2 Ea+1,a+3;h,k]'

By our assumption, |A|q11 + |j]ar2 = 0 and we have done.
Assume on the other hand that |h|e41 + [jlar2 = 1. Similarly, we apply (7.20)
on the left-hand side of (7.23) to obtain

-=(7) (s)
[Ea,a+2;i,j7 Ea+1,a+3;h,k] =
j -=(7) (1) (1) -=(s)
(_1>\h|a+1+\_7\a+2 [ [Ea,a+1;i,h7 Ea+1,a+2;h,j] ) [Ea+1,a+2;h,j7 Ea+2,a+3;j,k] :|
() 1 (1) (s)
== [ [Ea,aJrl;i,h? Ea+1,a+2;h,j] ) [Ea+1,a+2;h,j7 Ea+2,a+3;j,k] ] )
which is zero directly by (7.15). O

The following lemma, generalizing [BK1, Lemma 6.7] and [Pel, (8.1)], plays a
crucial role in the proof of Theorem 7.2.

Lemma 7.5. Forall1 <a<b<n,1<c<d<n,r,s>0andalll <i< g,
1<) <, 1 <h < pie, 1 <k < pg, we have

—(r r+s—1
B, Egh,k] (—1)Wllkes, 6y, F adfk)

a,b;i,j)
— (1) lilalilt ol il B s, kEchj}jJU
Proof. Without loss of generality, we may assume that a < ¢. The proof is divided
into 7 cases and we discuss them one by one.
Casel:a<b<ec<d:
It follows directly from (7.17) and (7.20) that the bracket in Lemma 7.5 is
Z€ro.
Case 2.: a<b=c<d:
By (7.18) and (7.20), we have

—(r+1) —=(s+1) —(r+s+1) (1) (r+s+1)
By 10 Eoprtnm] = Eo1pirg s Epprtng] = Ong(— 1)|h|bEb Loty by (7-25)

Note that when h # j, the bracket is zero by (6.8) and hence the term dy,
shows up. Taking brackets on both sides of (7.25) with the elements

(1) —(1) —(1)
By bioik o oo bt sibo hgs "0 s Ed—l,d;kd_b+1,k

from the right then using (7.17), (7.20) and the super Jacobi identity, we
deduce that

—(r+1) —=(s+1) (r+s+1)
[Eb 1,byi1,5 Eb,d;h,k] = 5h,j(—1)|h|bEb 1,d;i1,k - (7-26)
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Taking brackets on both sides of (7.26) with the elements
(1) (1) (1)
Eb—2,b—1;i2,i17 Eb—3,b—2;i37i27 Tty E

a,a+13%,1p a1

from the left and using exactly the same method as above, we have

[Et(zrl)mj 5 Elﬁi;h,k] = Onj(— 1)'h'bEffjfk”, as desired.

Case 3.:a<c<b=d:
Using the super Jacobi identity together with (7.20) and (7.24), we have

=) () ) e [V B
[Ea,b;i,j7 Ecbhk] [Eabz,ga( 1)”1‘ +1[Ec,c+1;h,f1’Ec+1 b;flvk]]
Y —=(1) =(9)
= (—1)|f1‘ +t |: [E 0.5 Ec,c+1;h,f1]7 EC-‘rLb;fl,k}

a,bii,j

. 1) -=(r) -=(s)
+ (_1)|f1| i EC,C—}—l;h,fl ) [Ea,b;i,j ’ Ec-l—l,b;fl,k]]
. (1) —-=(r) - (s)
_Oi( 1)‘”“ c,e+1;h,f1 0 [E Ec+1bf1 H

a,bsi,j o
(1) —=(r) = (
=+ [ECC+1 shof1 C+1,C+2;f17f2’ T [Ea AN Eb Lbifo—1-ck H . i| :

The bracket [Earl),” : El(a—)l,b;fb,l,c,k] in the middle is zero by (7.24).
Case4.:a<c<d<b:

Using the same technique as in Case 3, we have

=) 3=(s) (r) e D) (s)
[E Ecdhk] [E j (_1)”1‘ +1[Ec +1hf17Ec+1d;f1,kH

a,byi,j a,b;i,j)

g R—_ =)
= (_1)‘]01‘ i [ [E i ] Ec,c+1;h,f1]7 Ec—‘rl,d;fl,kH

a,byi,j

. 1) -=(r) -(s)
+ ( 1)‘]01‘ A [Ec c+1;h,f1 0 [Ea,b;i,j ) Ec+1,d;f1,k]]
. 1) -=(r) - (s)
=0+ (—].)‘fll + Ec,c+1;h,f1 9 [Ea,b;i,j ) EC-I—Ld;flak]}

(1) (1) () ()
= == [Ec ct+1;h,f1 0 [Ec+1 c+2;f1,f2 0" [ a,b;i,jg o Ed—l,d;fd,l,c,k] } T :| :
Following from (7.24) again, the bracket [Eal),z s EEIS)I dify,_.x) Vanishes.

Case 5.: a<c<b<d:
We prove this case by induction on d —b > 1. When d — b = 1, we have

=) =) —-=(7) ilher rm0s) (L)
[E 31,70 Ec,bJrl;h,k] = [E 30, (_1)|j|b+l [Ec,b;h,j7 Eb,b+1;j,k]:|

a,b;i a,b;i,j

j =) =) =) (s) =) =)
= (_1>|j|b+l [ [Ea,b;i,j ) Ec,b;h,j] ) Eb,b—i—l;j,kz} + Ec,b;h,j ) Ea bii,g 0 Eb,b-i—l;j,k] :| :
Now the bracket in the first term is zero by Case 3, and we may rewrite

the whole second term as i[Ei ZH ik Ecg,”] which is zero by Case 4.
Assume that d —b > 1, then d — 1 > b. By (7.20), the bracket equals to

=) =(s) () LrE(s) (1)
[E i Ecdh,k] = [E i\ ( 1)‘f|d [E Jd—1;h,f Ed ld;f,k:H

a,bsi,jo a,bsi,j >

—(r) —(s) (1) =) =)
- (_1)|f‘d_l |: [Ea,b;i,j ) Ec,d—l;h,f] ) Ed—l,d;f,k} + [_c,d—l;h,f7 [Ea,b;i,j ) Ed—l,d;f,k] } .
The first term is zero by the induction hypothesis, while the second term
is zero as well by Case 1.
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Case 6.: a=c< b< d:
By Bannsl = o
= (-
+ (B gy Boniss Botvagsl]-

Eﬁl a.rx) = 0 by Case 5. Hence it suffices to show that

r) apr (D) (s)
bzg’( 1)‘]0' +1[E +1hf7Ea+1dfk]]
o (r) (1) (s)
)If' +1[[E bz]?Eaa—i-lhf] Ea—&-ldhk}

Note that [E( "

a,b;i,jg
+(r) ()
Eapijs Eaaring =0, for all b > a. (7.27)

We prove (7.27) by induction on b—a > 1. When b—a = 1, it follows from
(7.17). Now assume b —a > 1. By (7.20), we have

-=(r) (1) () (1) (1)
[Ea,b;i,j ) Ea,aJrl;h,f] = [(_1)‘!}‘1771 [Ea,bfl;i,g7 Ebfl,b;g,j] ) Ea,a+1;h,f]
Al (1) (1)
= (_1)‘g|b ' [E j [Ebfl,b;g,j’ Ea,a+1;h,fH

a,b— 1'Lg7
(1)
+ rb 1bg]7 ab 154,90 Ea,a«H;h,f]}'

Note that [E( ) Eszﬂ;h,f] = 0 by the induction hypothesis. Also by

a,b—1;i,9 1

(7.17), [Eb )1 bg Es’iﬂ;h’f] =0 unless b — 1 = a+ 1, in which case, (7.27)

becomes [EZZH;M ) ESZH;h,f], which is zero by (7.22).

Case 7.:a=c<b=d:
We claim that

[E(T)

a,b;i,j E((jl));h,k] =0. (728)
If b =a+1, it follows directly from (7.17). If b > a + 1, we may expand

one term in the bracket of (7.28) by (7.20) to deduce that

-=(r) -=(s) -=(r) (1) (s)
[Ea,b;i,j ) Ea,b;h,k] = |:( 1)|f|b ! [E b—150,f Eb 1 bfj] Ea,b;h,k]
—=(1)

=) (s)
= (_1)|f|b ! [Ea b—1;i,f » [Eb—l,b;f,j7 Ea,b;h,k]}

(1) (r) —(s)
+ [Eb 1,bif.j [Eab—1~if>Eab-th'

(1) Z(s)

Case 6, which proves (7.28).
This completes the proof of Lemma 7.5. 0J

Proposition 7.6. }A/M 1s spanned as a vector superspace by supermonomials in the

elements {DaZ],Egg;i7j,Fba”} taken in a certain fized order so that F’s appear

before D’s and D’s appear before E’s.

Proof. Lemma 7.5 implies that the graded algebra gr )A/Jr is spanned by supermono-

mials in {E -} in some fixed order and hence YJr is spanned by supermonomials

in {E

a,bi,j

a, b i,
} in some fixed order as well.
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By applying the automorphism (j/y, we see that }A/M* is spanned by supermono-

mials in { -} in a certain fixed order as well.

a, b %,
Moreover, gr Y0 is supercommutatlve by Proposition 4.5, and it follows that Y0

is spanned by supermonomlals in {Da ;1 in a certain fixed order.

Finally, by the defining relations in Proposmon 7.1 and the argument above, we
may interchange the order between those D’s, E’s and F’s in a supermonomial
such that all the F’s appear before all the D’s and all the D’s appear before all
the E’s.

As a result, the multiplication map is surjective:

gr }7[ &® gr }A/MO &® gr ?/j —» gr }A/u
and our proposition is established. O

Proposition 7.7. The images of the supermonomials in Proposition 7.6 under T’
are linearly independent.

Proof. By Corollary 2.3, we may identify gr Y,y = grY,, with the loop superalge-
bra U(gly y[7]) via

gr, 4 tg) — (= 1)llej a1

We consider the following composition
gr}?_ ® grf/o ® gr}A/”L —» gr}A/ L grY, = U(glyn[z]).

Let n, := p1 + po + . . . + pq for short. By Proposition 3.1, the image of Ea biij (1€
=) = )
F

r—1
aiii» T'hai 7) under the above composition map is (=1)llae,, v

spectively, D
(respectively, (—1)" ‘“enaﬂ,naﬂx L (=De, 1in, 2"t ). By the PBW theorem
for U(glyn[2]), the image (under the map I') of the set of all supermonomials in
the following set

{gr,, 1D(r |1 <a<n, 1<@j<ua,r>1}

a;t,jJ

Z(r)

U{grr 1Easz|1§a<b§n7 1§Z§HQ,1§]§}L[),T21}

Uf{er,  Frl1<a<b<n 1<i< 1 <)< r>1}

taken in a certain fixed order must be linearly independent in grY), and hence
Proposition 7.7 follows. U

Corollary 7.8. The homomorphism T" : EA/H — Y, 1s injective, and Theorem 7.2
follows.

Proof. We have known that I' is a surjective homomorphism. Now a spanning set
for Y, is obtained by Proposition 7.6, while the image of this spanning set under I
is linearly independent in Y), by Proposition 7.7. This shows that I" is injective. [

Let Y;?, Ylf and Y, denote the subalgebras of Y, generated by all the D’s, E’s
and F’s, respectively. The next result follows from the proof of Proposition 7.6
and the proof of Proposition 7.7.
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Corollary 7.9. We have the PBW bases for the following superalgebras.
(r)

(1) The set of supermonomials in {Dg.; ;}1<a<ni<ij<u.r>1 taken in a certain

fixed order forms a basis for Y/?.
(2) The set of supermonomials in {EC(LT13~Z'j}1Sa<b§n,1ﬁi§ua,léjSub,rzl taken in a
certain fixed order forms a basis for Y;“.

(3) The set of supermonomials in {Fb(,:z);i,j}1§0«<b§n,1§ifﬂb71§i§lla77’21 taken in a
certain fized order forms a basis for'Y, .

(4) The set of supermonomials in the union of the elements listed in (1), (2)
and (3) taken in a certain fixed order forms a basis for'Y,,.
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