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Abstract. For a Landau-Ginzburg space ([Cn/G],W ), we construct Witten’s

top Chern class as an algebraic cycle using cosection localized virtual cycles in

the case where all sectors are narrow, verify all axioms of this class, and derive
an explicit formula for it in the free case. We prove that this construction

is equivalent to the constructions of Polishchuk-Vaintrob, Chiodo, and Fan-

Jarvis-Ruan.

1. Introduction

In this paper, we construct and study Witten’s top Chern class of the moduli
stack of spin curves associated with a Landau-Ginzburg space using the method of
cosection localization.

A Landau-Ginzburg space (LG space in short) in this paper is a pair ([Cn/G],W )
of a finite subgroup G ≤ GL(n,C) and a non-degenerate quasi-homogeneous G-
invariant polynomial W in n-variables (see Definition 2.2). Given such an LG
space, one forms the moduli stack of smooth G-spin curves Mg,`(G), which when
G = Aut(W ), takes the form

(1.1) Mg,`(G) = {[C,L1, · · · ,Ln] | C stable,Wa(L1, · · · ,Ln) ∼= ωlogC }.

Here C is a smooth `-pointed twisted (orbifold) curve, Lj ’s are invertible sheaves
on C, and Wa’s are the monomials of W (see details in §2). In ([Wi]), Witten
demonstrated how to construct a “topological gravity coupled with matter” using
solutions to his equation (i.e. the Witten equation), which takes the form

∂s+ (k + 1)s̄k = 0, s ∈ C∞(C,L),

in the case where ([C/Zk+1],W = xk+1) and for [C,L] ∈Mg,n(G). He conjectured
that the partition functions of such Ak singularities, and also other singularities of
DE type, satisfy ADE integrable hierarchies.

The mathematical theory of Witten’s “topological gravity coupled with matter”
has satisfactorily been derived. The proper moduli stacks of nodal spin curves
have been worked out by Abramovich and Jarvis ([Ja1, Ja2, AJ]). “Witten’s top
Chern class” has been constructed by Polishchuk-Vaintrob ([PV1]), alternatively
by Chiodo ([Ch2, Ch3]) via K-theory, and by Mochizuki ([Mo]) following Witten’s
approach.

The case for a general LG space was solved later by Fan-Jarvis-Ruan ([FJR1,
FJR2]). Their construction is analytic in nature, and uses the Witten equations for
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W ,

(1.2) ∂sj + ∂jW (s1, · · · , sn) = 0, sj ∈ C∞(C,Lj),
to construct Witten’s top Chern class of Mg,`(G). They also proved all expected
properties of the class. In line with the fact that the GW theory of a smooth
variety is a virtual counting of maps, this theory, now commonly referred to as the
FJRW-theory, is an (enumeration) theory for the singularity (W = 0)/G. We add
that since the domain curves C in [C,Lj ] ∈ Mg,`(G) are pointed twisted curves,
each Lj yields a representation (sector) of the automorphism group of a marked
point of C. We use γ to denote this collection of representations. Those γ’s such
that all factors of the representation at all marked points are non-trivial are called
narrow (“Neveu-Schwarz”). The FJRW theory treats all situations, including but
not restricted to the narrow case. Witten’s ADE integrable conjecture was solved
by Faber-Shadrin-Zvonkine for the An case ([FSZ]), and by Fan-Jarvis-Ruan for
the DE case ([FJR2]).

In this paper, using cosection localized virtual cycles, we construct Witten’s top
Chern class for an LG space ([Cn/G],W ) in the case where all sectors are narrow,
and also verify all expected properties of the virtual class using this construction.
Our construction is an algebraic analogue of Witten’s argument using his equation.
This allows us to prove that our construction yields the same class as those of
Polishchuk-Vaintrob, Chiodo, and Fan-Jarvis-Ruan. Note that the equivalence of
Polishchuk-Vaintrob’s definition and that of Chiodo is known, but the equivalence
of Polishchuk-Vaintrob’s definition and that of Fan-Jarvis-Ruan is new.

We define Witten’s top Chern class as the cosection localized virtual class of the
moduli of G-spin curves with fields. Let ([Cn/G],W ) be an LG space. Given inte-
gers g, `, and a collection of representations γ, denote by Mg,γ(G) the moduli stack
of G-spin `-pointed genus g twisted nodal curves banded by γ, which parameterizes
[C,L1, · · · ,Ln] such that C is a stable `-pointed genus g twisted nodal curve and
Lj ’s are invertible sheaves on C such that, in addition to the constraint in (1.1)
(when G = Aut(W )), the representations of Lj restricted to the marked points of C
are given by the collection γ. Following the work of Chang and Li ([CL]), we form
the moduli of G-spin curves with fields:

Mg,γ(G)p = {[C,Lj , ρj ]nj=1 | [C,Lj ] ∈Mg,γ(G), ρj ∈ Γ(Lj)}.

It is a DM stack, and has a perfect obstruction theory relative to Mg,γ(G). The
forgetful morphism

(1.3) Mg,γ(G)p −→Mg,γ(G)

has linear fibers, and has a zero section if we set all ρj = 0.
Given that G ⊂ Aut(W ), and that γ is narrow, we use the polynomial W to

construct a cosection (homomorphism) of the obstruction sheaf of Mg,γ(G)p:

(1.4) σ : ObMg,γ(G)p −→ OMg,γ(G)p .

We prove that the non-surjective locus of σ is contained in the zero section of (1.3),
which is Mg,γ(G) and is proper. Applying the cosection localized virtual class of

Kiem and Li ([KL]), we obtain a cosection localized virtual class of Mg,γ(G)p, which
we define as

(1.5) [Mg,γ(G)p]vir ∈ A∗(Mg,γ(G)).
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Definition-Theorem 1.1. Let ([Cn/G],W ) be an LG space, let g, ` be non-
negative integers, and let γ be a collection of representations. Suppose γ is narrow,
define (cosection localized) Witten’s top Chern class Mg,γ(G) of ([Cn/G],W ) as the

cosection localized virtual class [Mg,γ(G)p]vir.

We will verify the expected properties (axioms) of Witten’s top Chern classes in
§4, and prove the following comparison theorem in §5.

Theorem 1.2. Witten’s top Chern class [Mg,γ(G)p]vir constructed via cosection
localization coincides with Witten’s top Chern class constructed by Polishchuk-
Vaintrob when their construction applies. Its associated homology class coincides
with the analytic construction of Witten’s top Chern class by Fan-Jarvis-Ruan (in
the narrow case).

Here are some comments on the proof of the comparison theorem. Looking
more closely at Witten’s equation (1.2), and realizing that the term ∂sj gives the
obstruction class for extending a holomorphic section of Lj , the equation (1.2)
in effect gives a (differentiable) section of the obstruction sheaf of the moduli of
spin curves with fields. Witten’s top Chern class could be viewed as obtained via
the homology class generated by the solution space of transverse perturbation of
equation (1.2).

Working algebraically, we substitute the complex conjugation used in (1.2) by
Serre duality, and thus transform equation (1.2) into the cosection (1.4). As the
cosection has a proper non-surjective locus, the cosection localized Gysin map gives
us a virtual cycle of Mg,γ(G)p supported in Mg,γ(G). Using the topological nature
of the cosection localized virtual class, we can show that our construction yields the
same class as that constructed by the FJRW theory when pushed to the ordinary
homology group.

The algebraic-geometric construction of Witten’s top Chern class for (C, xk+1)
by Polishchuk-Vaintrob relies on resolving the universal family of the moduli of spin
curves, and they define Witten’s top Chern class as a certain combination of Chern
classes of complexes derived from the resolution. We show in §5 that because
the relative obstruction theory of Mg,γ(G)p to Mg,γ(G) is linear, the cosection
localized virtual cycle can be expressed in terms of localized Chern classes of certain
complexes. This leads to a proof of the comparison theorem.

This paper is organised as follows. In §2, we recall the notion of G-spin curves
with fields. Witten’s top Chern class is constructed in §3. In §4, we verify the axioms
of this class, and derive a closed formula for it in the free case. The comparison
theorem is proved in §5.

Acknowledgement. The authors thank T. Jarvis, B. Fantechi, A. Chiodo, H.J.
Fan, Y.F. Shen and S. Li for helpful discussions and explanations of their results.
The authors thank Y.B. Ruan for explaining various aspects of the FJRW invari-
ants. The authors thank the referees for their helpful suggestions which have served
to improve the exposition of the paper.

2. generalized spin curves with fields

We work with complex numbers and let Gm = GL(1,C). In this section we
recall the moduli of G-spin curves with fields for a finite subgroup G ≤ Gnm. Our
treatment follows that of [FJR2, PV2], except that we use the term “G-spin curve”
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instead of “W -curve” as in [FJR2] or “Γ-spin curve” as in [PV2], as the moduli
only depends on the group G.

2.1. LG spaces. We fix an integer d > 1 and a primitive n-tuple

δ = (δ1, · · · , δn) ∈ Zn+.

Let ζd = exp( 2π
√
−1
d ) be the standard generator of the group µd ≤ Gm of the d-th

root of unity. We define

δ = (ζδ1d , · · · , ζ
δn
d ) ∈ (µd)

n and the subgroup 〈δ〉 ≤ (µd)
n.

Definition 2.1. A finite subgroup G ≤ Gnm containing 〈δ〉 is called a (d, δ)-group.

Definition 2.2. A Laurent polynomial W in variables (x1, · · · , xn) is quasi-homogeneous
of weight (d, δ) if

(2.1) W (λδ1x1, . . . , λ
δnxn) = λdW (x1, . . . , xn).

When W is a polynomial, it is non-degenerate if W has a single critical point at
the origin, and W does not contain terms xixj, i 6= j.

Let W be a quasi-homogeneous Laurent polynomial of weight (d, δ). We write
W =

∑m
a=1 αaWa, αa 6= 0, as a sum of monic Laurent monomials Wa. These

monomials define a group homomorphism

(2.2) τW : Gnm −→ Gmm , x = (x1, . . . , xn) 7→ (W1(x), . . . ,Wm(x)).

Define

Aut(W ) := ker(τW ) ≤ Gnm.
As W is of weight (d, δ), δ ∈ Aut(W ). When Aut(W ) is finite, it is a (d, δ)-
group. Also note that if W is a non-degenerate polynomial as in Definition 2.2,
then Aut(W ) is finite ([FJR2, Lem. 2.1.8]).

Definition 2.3. We say ([Cn/G],W ) is an LG space if there is a pair (d, δ) such
that G is a (d, δ)-group, and W is a non-degenerate quasi-homogeneous polynomial
of weight (d, δ) such that G ≤ Aut(W ).

Given an LG space ([Cn/G],W ), the orbifold [Cn/G] with the superpotential
W is called an “affine Landau-Ginzburg model” because it admits a global affine
chart Cn → [Cn/G]. One can work with the‘ ‘Hybrid LG model”, and LG spaces
such as (KP4 ,W) given in the Guffin-Sharpe-Witten model, whose mathematical
construction for all genus (after A-twist) is shown in ([CL]).

2.2. Twisted curves. We follow the notations and definitions in [AV, AGV].

Definition 2.4. An `-pointed twisted nodal curve over a scheme S is a datum

(ΣC
i ⊂ C→ C → S)

where

(a) C is a proper DM stack, and is étale locally a nodal curve over S;
(b) ΣC

i , for 1 ≤ i ≤ `, are disjoint closed substacks of C in the smooth locus of
C→ S, and ΣC

i → S are étale gerbes banded by µri for some ri;
(c) the morphism π : C→ C makes C the coarse moduli of C;
(d) near stacky nodes, C is balanced;
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(e) C → C is an isomorphism over Cord, where Cord is the complement of
markings ΣC

i and the stacky singular locus of the projection C→ S.

A stacky node is a node that is locally not a scheme. C is balanced near nodes
means that, over a strictly Henselian local ring R, the strict henselization Csh

is isomorphic to the stack [U/µr], where U = Spec(R[x, y]/(xy − t))sh for some
t ∈ R and ζ ∈ µr acts via ζ · (x, y) = (ζx, ζ−1y). Near the marking ΣC

i , Csh is
isomorphic to [U/µr], where U = SpecR[z]sh and ζ ∈ µr acts on U via z → ζz
for z, a local coordinate on U defining the marking. The automorphism group of
C at ΣC

i is canonically isomorphic to µr. Denote by ΣCi the coarse moduli space
of ΣC

i . Then the inclusion ΣCi ⊂ C makes (C,ΣCi ) a nodal pointed curve. Define
ΣC =

∐
i ΣC

i and ΣC =
∐
i ΣCi . Define the log-dualizing sheaves of C/S and C/S

as ωlog
C/S = ωC/S(ΣC) and ωlogC/S = ωC/S(ΣC) respectively, where ωC/S and ωC/S

are dualizing sheaves of C/S and C/S respectively. Note ωlog
C/S = π∗ωlogC/S ([AJ, Sec

1.3]).
When there is no confusion, we will use (C,ΣC

i ), or simply C, to denote (ΣC
i ⊂

C→ C → S). Denote by Mtw
g,` the moduli stack of genus g `-pointed twisted nodal

curves.

2.3. G-spin curves. For any (d, δ)-group G, define

ΛG : = {m |m are G-invariant monic Laurent monomials in (x1, · · · , xn)}.
Since 〈δ〉 ⊂ G, every m ∈ ΛG is of weight (w(m) · d, δ), where

w(m) = d−1 · deg m(tδ1 , · · · , tδn) ∈ Z.

Lemma 2.5. Via standard multiplication, ΛG is a free abelian group of rank n.

Proof. Every monic Laurent monomial can be represented as xc11 · · ·xcnn with in-
tegers c1, · · · , cn. In this way the multiplicative group of Laurent polynomials
is isomorphic to the additive group Zn by identifying xc11 · · ·xcnn with the vector
(c1, . . . , cn) ∈ Zn. Hence ΛG is a subgroup of Zn. By definition, the |G|-th power
of every element in Zn/ΛG vanishes. �

One can easily check that G = {x ∈ Gnm |m(x) = 1 for all m ∈ ΛG}. We pick n
generators m1, · · · ,mn of ΛG.

Definition 2.6. An `-pointed G-spin curve over a scheme S is (C,ΣC
i ,Lj , ϕk), con-

sisting of an `-pointed twisted curve (C,ΣC
i ) over S, invertible sheaves L1, · · · ,Ln

on C, and isomorphisms

(2.3) ϕk : mk(L1, . . . ,Ln)
∼=−→ (ωlogC )w(mk), k = 1, · · · , n.

An arrow between two G-spin curves (C,Lj , ϕk) and (C′,L′j , ϕ
′
k) over S consists

of (σ, ηj), where σ : C → C′ is an S-isomorphism of pointed twisted curves, and
ηj : σ∗L′j → Lj is an isomorphism that commutes with the isomorphisms ϕk and
ϕ′k.

The definition of G-spin curves does not depend on the choice of the generators
{mk} (cf. [FJR2, Prop 2.1.12]), once the type (d, δ) is specified.

The notation ofG-spin curves in this paper and that ofW -curves orW -structures
in [FJR2] are equivalent. The reason that we choose G-spin curves is to emphasize
the different roles played by G and W . The moduli space essentially depends on
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G, while the function W ’s role is to define a cosection of the obstruction sheaf of
the moduli space. Note that different W ’s can be associated with the same group
G and hence the same moduli space. Another nice feature of the concept of G-spin
curves is that the moduli space is constructed uniformly no matter whether the
group G is AutW or a proper subgroup of AutW .

To be more specific about the equivalence of G-spin curves and W curves, we
examine the case of G = AutW for simplicity. Following the set-up and no-
tations in [FJR2, Def. 2.1.11], we have an s × N matrix BW = (bj`) where

W =
∑s
j=1 cjx

bj1
1 · · ·x

bjN
N , and the Smith normal form BW = V TQ where both

V and Q are invertible matrices and T is of a special form. The link between
G-spin curves and W -curves is to treat BW as a Z-module homomorphism from
Zs to ZN by multiplying row vectors in Zs from the right, and treating V , T , and
Q similarly. From the matrix A = TQ = V −1BW = (aj`), A` = (a`1, · · · , a`N )
corresponds to our monomial mi = xai11 · · ·xainn ∈ ΛG. Here we swap s, `,N in
[FJR2] for our notations m, i, n respectively. We can easily check that u` in [FJR2,
Def. 2.1.11] equals w(mi), and the isomorphism in [FJR2, Def. 2.1.11] corresponds
to the isomorphism (2.3). When G is a proper subgroup of AutW , the choice of a
basis m1, · · · ,mn of the lattice ΛG explains the choice of Z in [FJR2, Def. 2.3.3].

A G-spin curve (C,ΣC
i ,Lj , ϕk) (over C) has monodromy representations along

marked sections and nodes. By definition, the group of automorphisms of each ΣC
i is

a cyclic group, say µri , which acts on ⊕nj=1Lj |ΣC
i

, and thus defines a homomorphism

µri → Gnm. Because of (2.3) and that {mk}nk=1 generates ΛG, this homomorphism
factors through a homomorphism

γi : µri −→ G ≤ Gnm.(2.4)

We call γi the monodromy representation along ΣC
i .

Similarly, for a node q of C, we let Ĉq+ and Ĉq− be the two branches of the formal

completion of C along q, of the form [Û/µrq ], where Û = SpecC[[x, y]]/(xy) and µrq
acts on Û via (x, y)ζ = (ζx, ζ−1y), such that Ĉq+ (resp. Ĉq−) is (y = 0) ⊂ Û (resp.

(x = 0) ⊂ Û). Let
γq± : µrq −→ G ≤ Gnm

be the monodromy representation of ⊕nj=1Lj ⊗OC
O

Ĉq±
along [q/µrq ] ⊂ Ĉq±. .

Denoting by γq+ · γq− the composition of (γq+, γq−) : µrq → G × G with the
multiplication G×G→ G, then by the balanced condition on nodes, we have γq+ ·
γq− = 1, the trivial homomorphism. We call γq+ the monodromy representation of

the node q, after a choice of Ĉq+.

Definition 2.7. A G-spin curve (C,ΣC
i ,Lj , ϕk) is stable if its coarse moduli space

(C,ΣCi ) is a stable pointed curve, and if the monodromy representations of marked
sections and nodes are injective (representable).

In this paper, given `, we use γ = (γi)
`
i=1 to denote a collection of injective

homomorphisms γi : µri → G for some choices of ri ∈ Z+. Thus every stable G-
spin curve with ` marked sections will be associated with one such γ = (γi)

`
i=1 via

monodromy representations. If γ = (γi)
`
i=1 is associated with some stable genus g

G-spin curves, we call such γ g-admissible.

Lemma 2.8 ([FJR2, Prop 2.2.8]). Given a non-negative integer, a collection of
faithful representations γ = (γ1, · · · , γ`) is g-admissible if and only if, writing γi in
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the form µri 3 e2π
√
−1/ri 7→ (e2π

√
−1Θi1 , · · · , e2π

√
−1Θin), Θi

j ∈ [0, 1), the following
identity holds:

(2.5) δj(2g − 2 + `)/d−
∑̀
i=1

Θi
j ∈ Z, j = 1, · · · , n.

Definition 2.9. Given g and let γ be a g-admissible collection of representations.
A G-spin curve (C,ΣC

i ,Lj , ϕk) is said to be banded by γ if γi is identical to the
representation Aut(ΣC

i )→ Aut(⊕nj=1Lj |ΣC
i

) for all i.

Given a g-admissible γ, it is routine to define the notion of families of genus g
γ-banded G-spin curves, to define arrows between two such families, and to define
pullbacks. Accordingly, we define Mg,γ(G) as the groupoid of families of stable
genus g, γ-banded G-curves. We define

Mg,`(G) :=
∐
γ

Mg,γ(G),

where γ runs through all possible g-admissible γ.

The stack Mg,`(G) is a smooth proper DM stack with projective coarse moduli.

The forgetful morphism from Mg,`(G) to the moduli space Mg,` of `-pointed stable

curves is quasi-finite (cf. [FJR2] and [PV2, Prop 3.2.6]). Thus Mg,γ(G) is a smooth
proper DM stack.

When G ≤ G′, ΛG′ ≤ ΛG and the generators m′i of ΛG′ can be expressed as
products of the generators m±1

i of ΛG. This shows that the universal family of

Mg,γ(G) induces a morphism Mg,γ(G) → Mg,γ(G′), independent of the choices
involved. The induced morphism between their coarse moduli spaces is an open as
well as a closed embedding.

Now supposeG is the group in an LG space ([Cn/G],W ). WriteW =
∑m
a=1 αaWa,

where αa 6= 0. Then Wa ∈ ΛG. Let m1, · · · ,mn be the chosen generators of ΛG.
Then there are Laurent monomials na such that Wa = na(m1, · · · ,mn). Conse-
quently, the isomorphisms ϕ1, · · · , ϕn in (2.3) induce isomorphisms

(2.6) ϕa := na(ϕ1, · · · , ϕn) : Wa(L1, · · · ,Ln)
∼=−→ωlogC , 1 ≤ a ≤ m.

We next work with the universal family of Mg,γ(G). Let π : C → Mg,γ(G),
invertible sheaves L1, · · · ,Ln be over C, and n isomorphisms as in (2.3) be part
of the universal family of Mg,γ(G). Following the discussion preceding (2.6), we
obtain m induced isomorphisms

(2.7) Φa : Wa(L1, · · · ,Ln)
∼=−→ωlog

C/Mg,γ(G)
, 1 ≤ a ≤ m.

2.4. Moduli of G-spin curves with fields. We begin with its definition.

Definition 2.10. A stable γ-banded G-spin curve with fields consists of a stable
γ-banded G-spin curve (C,ΣC

i ,Lj , ϕk) ∈ Mg,γ(G) together with n sections ρj ∈
Γ(C,Lj), j = 1, · · · , n.

We apply the construction of direct image cones ([CL, Sect 2.1]) to form the
stack of G-spin curves with fields. First for notational simplicity, we abbreviate
M = Mg,γ(G) and denote by πM : CM → M with LM,1, · · · ,LM,n the universal
invertible sheaves of M . Let EM = LM,1⊕. . .⊕LM,n. As in [CL, Def 2.1], we denote
by C(πM∗EM )(S) the groupoid of (f, ρS), where f : S → M and ρS ∈ Γ(CM ×M
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S, f∗EM ). With obviously defined arrows among elements in C(πM∗EM )(S) and the
pullback C(πM∗EM )(S′)→ C(πM∗EM )(S) for S′ → S, we get a stack C(πM∗EM ).

Define

Mg,γ(G)p = C(πM∗EM )

as the stack of families of stable genus g, γ-banded G-spin curves with fields.

Theorem 2.11. For the data g, G and γ given, the stack Mg,γ(G)p is a separated
DM stack of finite type.

Proof. Using the Grothendieck duality for DM stacks (cf. [Ni]), the argument in
the proof of [CL, Prop. 2.2] shows that

C(πM∗EM ) = SpecM SymR1πM∗(E∨M ⊗ ωCM/M )

is an affine cone of finite type over M . Note that M is a smooth proper DM stack
with projective coarse moduli. �

We introduced the construction C(πM∗EM ) here and later we will quote the
construction of the obstruction theory in [CL].

3. The relative obstruction theory and cosections

In the next two sections, we fix an LG space ([Cn/G],W ) of weight (d, δ). We
fix g and `, and also a γ = (γi)

`
i=1, where each γi : µri → G is injective.

Definition 3.1. γi : µri → G is said to be narrow (Neveu-Schwarz) if the com-
position of γi : µri → G ⊂ Gnm with any projection to its factor Gnm → Gm is
non-trivial. γ = (γi)

`
i=1 is narrow if every γi is narrow.

Like before, we abbreviate

M = Mg,γ(G) and X = Mg,γ(G)p.

3.1. The perfect obstruction theory. Let

(3.1)
(
ΣX,i ⊂ CX

πX−→X, LX,j , ϕk, ρX,j
)

be the universal family of X. By [CL, Prop 2.5], X = C(πM∗EM ) relative to M
has a tautological perfect obstruction theory, (letting EX := ⊕LX,j ,)

(3.2) φX/M : (L•X/M )∨ −→ E•X/M := RπX∗EX .

A consequence of this description of the perfect obstruction theory is a formula
of its virtual dimension. Let ξ = (C,ΣC

i ,Lj , ϕk, ρj) be a closed point of X. Fol-
lowing the notation of Lemma 2.8, the virtual dimension of X/M follows from the
Riemann-Roch Theorem [AGV, Thm.7.2.1]:

dimH0(E•X/M |ξ)− dimH1(E•X/M |ξ) = n(1− g) +
∑
j

degLj −
∑
i,j

Θi
j .

Combined with dimM = 3g − 3 + `, we obtain

(3.3) vir.dimX = (n− 3)(1− g) + `+
∑
j

degLj −
∑
i,j

Θi
j .

Note that degLj = δj(2g − 2 + `)/d.
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3.2. Construction of a cosection. Because γ is narrow, we have the following
useful isomorphism.

Lemma 3.2. Let S be a scheme, let π : C → S be a flat family of twisted curves,
and let Σ ⊂ C be a closed substack such that Σ → S is an étale gerbe banded by
µr. Let L be a line bundle on C such that for every x ∈ Σ, the homomorphism
Aut(x) → Aut(L|x) is given by ζr 7→ ζkr , 1 ≤ k < r. Then for each integer
1 ≤ c ≤ k, the homomorphism

Rπ∗L(−cΣ)−→Rπ∗L

induced by L(−cΣ)→ L is a quasi-isomorphism.

Proof. Let p : C→ C be the coarse moduli of C. For 1 ≤ c ≤ k, we have the exact
sequence of sheaves

0 −→ L(−cΣ) −→ L −→ L|cΣ −→ 0.

Since for f = f(z) ∈ C[z]/(zc) and 1 ≤ k < r, the condition f(ζz) = ζkf(z) forces
f = 0 , the conditions 1 ≤ k < r and 1 ≤ c ≤ k imply Rπ∗(L|cΣ) = 0 . The desired
quasi-isomorphism then follows from applying Rπ∗ to the exact sequence. �

Let πM : CM → M , ΣM,i ⊂ CM and LM,j be the universal family of M . Define
ΣM =

∐
i ΣM,i. Suppose γ is narrow from now on.

Proposition 3.3. Suppose γ is narrow. Then the morphism

X ′ := C(πM∗EM (−ΣM )) −→ X = C(πM∗EM )

induced by the inclusion EM (−ΣM )→ EM is an isomorphism. The relative perfect
obstruction theory

φX′/M : (L•X′/M )∨ −→ RπX∗EX(−ΣX)

of X ′ →M constructed in [CL, Prop 2.5] coincides with (3.2) via the isomorphism
RπX∗EX(−ΣX) ∼= RπX∗EX .

Proof. It follows from the construction. �

Because of Proposition 3.3, in the following, we will not distinguish X from X ′.
Define the relative obstruction sheaf of X/M as

(3.4) ObX/M = H1(E•X/M ) = R1πX∗EX(−ΣX).

Now construct the desired cosection

(3.5) σ : ObX/M −→ OX .

Let S be a connected affine scheme. Given a morphism S → X, denote by ΣS,i ⊂
C → S, LS,j and ρS = (ρS,j) ∈ ⊕jΓ(LS,j(−ΣS)) the pullback of the universal
family on X, and let ΣS =

∑
i ΣS,i.

For each monomial Wa(x) of W , define Wa(x)j = ∂
∂xj

Wa(x). Substituting xj by

ρS,j , (2.7) gives

Wa(ρS)j := Wa(ρS,1, · · · , ρS,n)j ∈ Γ(C, ωlog
C/S ⊗ L

−1
S,j).

For ρ̇S,j ∈ Γ
(
R1πS∗LS,j(−ΣS)

)
, define

(3.6) σ(ρ̇S,1, · · · , ρ̇S,n) =
∑

1≤a≤m

∑
1≤j≤n

αaWa(ρS)j · ρ̇S,j ∈ H1(C, ωC/S) ∼= Γ(OS).
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Here we used ωlog
C/S(−ΣS) ∼= ωC/S and Serre duality for orbifolds. Because of Lemma

3.2, ObX/M |S = ⊕nj=1R
1πS∗LS,j(−ΣS). Thus the above construction gives us the

desired cosection (homomorphism) (3.5).
Now we can define the absolute obstruction sheaf ObX of X as follows. Because

M is smooth, the projection q : X →M gives a distinguished triangle

(3.7) q∗L•M −→ L•X −→ L•X/M
δ−→ q∗L•M [1],

where the last term is [q∗ΩM → 0] of amplitude [−1, 0] . Taking the dual of δ and
composing it with the obstruction homomorphism φX/M , we obtain the homomor-
phism q∗Ω∨M → ObX/M . Define ObX by the exact sequence

0 −→ q∗Ω∨M −→ ObX/M −→ ObX −→ 0.

Proposition 3.4. Suppose γ is narrow. Then the homomorphism σ : ObX/M →
OX in (3.5) factors through a homomorphism

σ̄ : ObX −→ OX .

3.3. The Proof of factorization. In this subsection, we will give a proof of Propo-
sition 3.4. The proof is similar to [CL, Prop 3.5]. We first provide an equivalent
construction of the cosection using evaluation maps.

Let EM = ⊕LM,j , and let ZM = Vb(EM (−ΣM )), which is the total space of
the vector bundle EM (−ΣM ). Since all γi’s are narrow, by Proposition 3.3, we
have X = C(πM∗(EM (−ΣM ))). Using the universal section ρX = (ρX,1, · · · ρX,n)
of X, and defining CX = CM ×M X as the universal curve over X, we obtain the
evaluation (evaluating ρX) M -morphism

(3.8) e : CX −→ ZM .

We form the total space of the vector bundles Vb(ωCM/M ) and Zi = Vb(LM,i(−ΣM )).

Then the isomorphism Φa : Wa(LM,·) → ωlog
CM/M

(cf. (2.7)) and the polynomial

W =
∑
αaWa define an M -morphism

(3.9) h : ZM = Z1 ×M · · · ×M Zn −→ Vb(ωCM/M ),

where for ξ ∈ CM and z = (zj)
n
j=1 ∈ ZM |ξ, h(z) =

∑
αaWa(z) ∈ Vb(ωCM/M )|ξ.

Here we have used the tautological inclusion ωlog
CM/M

(−ΣM )→ ωCM/M .

The morphism h induces a homomorphism of cotangent complexes

dh : (L•ZM/CM )∨−→h∗(L•Vb(ωCM/M )/CM
)∨ = h∗Ω∨Vb(ωCM/M )/CM

,

where dh is the relative differentiation of h relative to CM . To be more explicit, for
z = (zj) ∈ ZM |ξ over ξ ∈ CM ,

(3.10) dh|z(ż) =
∑

1≤a≤m

∑
1≤j≤n

αaWa(z)j · żj ,

for ż = (żj)
n
j=1 ∈ Ω∨ZM/CM

∣∣
z

= ⊕nj=1LM,j(−ΣM )|ξ.
On the other hand, pulling dh back to CX via the evaluation morphism e gives

e∗(dh) : e∗Ω∨ZM/CM −→ e∗h∗Ω∨Vb(ωCM/M )/CM
.

Because the right-hand side is canonically isomorphic to ωCX/X , applying RπX∗
gives

(3.11) σ• : RπX∗e
∗Ω∨ZM/CM −→ RπX∗(e

∗h∗Ω∨Vb(ωCM/M )/CM
) ∼= RπX∗ωCX/X .
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By Proposition 3.3, we obtain the canonical isomorphism

E•X/M
∼= RπX∗EX(−ΣX) = RπX∗e

∗Ω∨ZM/CM .

Hence (3.11) gives

σ• : E•X/M −→ RπX∗ωCX/X .

It is easy to check that H1(σ•) coincides with the σ constructed in (3.5):

(3.12) σ = H1(σ•) : ObX/M = H1(E•X/M ) −→ R1πX∗(ωCX/X) ∼= OX .

We now prove the factorization using this interpretation of σ. LetB = C(πM∗ωCM/M ),
which by definition is the total space of the bundle πM∗ωCM/M over M . Let
CB = CM ×M B be the pullback of the universal curve, and let πB : CB → B
be the projection. Then the universal section of B over CB induces an evaluation
morphism f : CB → Vb(ωCM/M ) as in (3.8).

Lemma 3.5. The following composition

H1(σ•) ◦H1(φX/M ) = 0 : H1((L•X/M )∨) −→ H1(E•X/M ) −→ OX .

is the zero map.

Proof. By Lemma 3.2, the universal section ρX,j lies in Γ(CX ,LX,j(−ΣX)). Using
(2.7), we have

Wa(ρX) := Wa(ρX,1, · · · , ρX,n) ∈ Γ(CX , ω
log
CX/X

(−ΣX)) = Γ(CX , ωCX/X).

Define

W (ρX) =
∑

αaWa(ρX) ∈ Γ(CX , ωCX/X).

The section W (ρX) defines a morphism g : X → B such that W (ρX) is the
pullback of the universal section of B over CB . Let g̃ : CX → CB be the tautological
lift of g using CX ∼= CM ×M X and CB ∼= CM ×M B, which fits into the following
commutative square of morphisms of stacks over CM :

(3.13)

CX
e−−−−→ ZMyg̃

yh
CB

f−−−−→ Vb(ωCM/M ),

which in turn gives the following commutative diagrams of cotangent complexes:

(3.14)

π∗X(L•X/M )∨ (L•CX/CM )∨ −−−−→ e∗Ω∨ZM/CMy y ydh
π∗Xg∗(L•B/M )∨ g̃∗(L•CB/CM )∨ −−−−→ g̃∗f∗Ω∨Vb(ωCM/M )/CM

,

where π∗Xg∗(L•B/M )∨ = g̃∗π∗B(L•B/M )∨ = g̃∗(L•CB/CM )∨ follows from the fiber dia-
grams

(3.15)

CX
g̃−−−−→ CB −−−−→ CMyπX yπB y

X
g−−−−→ B −−−−→ M.
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Let φB/M : (L•B/M )∨ → RπB∗ωCB/B be the standard obstruction theory of

B →M (cf. [BF, CL]). Then g∗φB/M is the obstruction theory of B ×M X → X.
The smoothness of B →M implies

(3.16) 0 = H1(g∗φB/M ) : H1(g∗(L•B/M )∨) −→ g∗R1πB∗ωCB/B .

Finally, applying R1πX∗ to (3.14), we see that the composition

H1((L•X/M )∨)−→R1πX∗e
∗Ω∨ZM/CM −→ R1πX∗e

∗h∗Ω∨Vb(ωCM/M )/CM
(3.17)

coincides with the composition

H1((L•X/M )∨) −→ H1(g∗(L•B/M )∨)
0−→ g∗R1πB∗f

∗Ω∨Vb(ωCM/M )/CM
.(3.18)

Using (3.16), the composition in (3.18) is zero, thus the composition in (3.17) is
also zero. Because e∗h∗Ω∨Vb(ωCM/M )/CM

= ωCX/X , we have proved the desired

vanishing. �

Proof of Proposition 3.4. By (3.12), σ = H1(σ•). Hence the composition of σ with
q∗Ω∨M → ObX/M (defined below (3.7)) is the H1 of the composition

q∗(L•M )∨[−1] −→ (L•X/M )∨
φX/M−→ E•X/M

σ•−→RπX∗ωCX/X ,

where the first arrow is the map δ∨ in (3.7). Lemma 3.5 implies that the H1 of the
above composition is zero. �

3.4. Degeneracy locus of the cosection. In this subsection, we investigate the
locus of non-surjectivity of the cosection σ. Let ξ = (C,ΣC

i ,Lj , ϕk, ρj) be a closed

point in X = Mg,γ(G)p.

Lemma 3.6. Let the notation be as stated. Then σ|ξ = 0 if and only if all ρj = 0.
Thus the degeneracy locus of σ is M ⊂ X with the reduced scheme structure, which
is proper.

Proof. σ|ξ = 0 implies that for arbitrary ρ̇1, · · · , ρ̇n ∈ H1(C,Lj), the term in (3.6)

σ(ρ̇1, · · · , ρ̇n) =
∑

1≤a≤m

∑
1≤j≤n

αaWa(ρ)j · ρ̇j ∈ Γ(C,ωC) ∼= C

vanishes. By Serre duality, this forces
∑

1≤a≤m αaWa(ρ)j = 0 for every j. Since

0 ∈ Cn is the only critical point of W , this forces (ρ1, · · · , ρn) = 0. �

3.5. Localized virtual cycle. We recall the notion of the kernel stack of a co-
section. Let E = [E0 → E1] be a two-term complex of locally free sheaves on
a Deligne-Mumford stack X, and let f : H1(E) → OX be a cosection of H1(E).
Define D(f) as the subset of x ∈ X such that f |x = 0 : H1(E)|x → C. The set
D(f) is closed. Let U = X −D(f).

Definition 3.7. Let the notations be as stated. Define the kernel stack as

h1/h0(E)f :=
(
h1/h0(E)×X D(f)

)
∪ ker{h1/h0(E)|U → H1(E)|U → CU}.

Here h1/h0(E)|U → H1(E)|U is the tautological projection and the mapH1(E)|U →
CU is f |U . Since f is surjective over U , the composition in the bracket is surjective.
Thus the kernel is a bundle stack over U . Clearly, the union is closed in h1/h0(E).
We endow it with the reduced structure, making it a closed substack of h1/h0(E),
denoted by h1/h0(E)f ,. We call it the kernel stack of f



WITTEN’S TOP CHERN CLASS VIA COSECTION LOCALIZATION 13

We apply the theory developed in [KL] to X/M for X = Mg,γ(G)p and M =

Mg,γ(G). As σ is a cosection of H1(E•X/M ), we form its kernel stack

(3.19) h1/h0(E•X/M )σ ⊂ h1/h0(E•X/M ).

Proposition 3.8. The virtual normal cone cycle

[CX/M ] ∈ Z∗(h1/h0(E•X/M ))

lies inside Z∗(h
1/h0(E•X/M )σ).

Proof. The smoothness of the morphism from CX/M to CX(the intrinsic normal
cone of X) and Proposition 3.4 reduce the Proposition 3.8 to the absolute case,
which is proved in [KL, Prop. 4.3]. �

Following [KL], we form the localized Gysin map

0!
σ,loc : A∗(h

1/h0(E•X/M )σ) −→ A∗−v(D(σ)),

where v = vir.dimX−dimM and vir.dimX is given in (3.3). Recall D(σ) = M ⊂
X (cf. Lemma 3.6).

Definition-Proposition 3.9. Let ([Cn/G],W ) be an LG space. For g ≥ 0 and a
g-admissible γ, define Witten’s top Chern class of Mg,γ(G) as

[Mg,γ(G)p]vir
σ := 0!

σ,loc([CMg,γ(G)p/Mg,γ(G)]) ∈ A∗(Mg,γ(G)),

for the cosection σ constructed using W . It depends only on (d, δ), not on the choice
of W.

Proof. We only need to prove the independence of W . Suppose ([Cn/G],W0) and
([Cn/G],W1) are two LG spaces of the same weight (d, δ). Let Wt = tW1+(1−t)W0,
t ∈ A1. Then there is a Zariski open U ⊂ A1 containing 0, 1 such that Wt is non-
degenerate for t ∈ U . Then every Wt, t ∈ U , induces a cosection σt of ObMg,γ(G)p .

Indeed, if σ0 and σ1 are the cosections constructed using W0 and W1, then σt =
tσ1 + (1− t)σ0.

For t ∈ U , since Wt is non-degenerate, the degeneracy locus of σt is M =
Mg,γ(G). The family σt = tσ1 + (1− t)σ0 forms a family of cosections of the family

of moduli spaces U ×Mg,γ(G)p. As this family is a constant family, [KL, Thm 5.2]

applies and hence [Mg,γ(G)p]vir
σt ∈ A∗(Mg,γ(G)) is independent of t. �

Because of the independence of the choice of W , the class [Mg,γ(G)p]vir
σ only

depends on G ≤ Gnm and the weight (d, δ). In the following, we will drop the
subscript σ, and denote Witten’s top Chern class of ([Cn/G],W ) as

[Mg,γ(G)p]vir ∈ A∗(Mg,γ(G)).

4. Witten’s top Chern class of strata

In this section, we fix an LG space ([Cn/G],W ). We also fix g, `, and a g-
admissible γ = (γi)

`
i=1. Let M = Mg,γ(G) be the moduli of G-spin curves, and

let X = Mg,γ(G)p be the moduli of G-spin curves with fields. As before, denote
by (πM : CM → M,LM,j) (part of) the universal family of M , and define EM =
⊕nj=1LM,j .
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4.1. Virtual cycles and Gysin maps. We first recall a general fact about the
cosection localized virtual cycles and Gysin maps.

Let M be a smooth DM stack, let X be a DM stack, and let X → M be
a representable morphism. Assume X → M has a relative perfect obstruction
theory φX/M : (L•X/M)∨ → F •. Define its relative obstruction sheaf as ObX/M :=

H1(F •). Let σ : ObX/M → OX be a cosection such that its composition with
Ω∨M → ObX/M is zero. Then by [KL, Thm 5.1], denoting by C (= CX/M) the

normal cone of X/M, and by 0!
σ,loc the localized Gysin map defined in [KL], the

σ-localized virtual cycle of X is

[X ]vir := 0!
σ,loc[C] ∈ A∗(D(σ)).

Let ι : S → M be a proper representable l.c.i. (or flat) morphism between DM
stacks of constant codimension. We form the Cartesian square

Y g−−−−→ Xy y
S ι−−−−→ M .

Since X →M is representable, Y is a DM stack. The obstruction theory of X →M
induces a perfect relative obstruction theory of Y → S by pullback [BF, Prop 7.2]1:

φY/S : (L•Y/S)∨ −→ E• := g∗F •.

The cosection σ pulls back to a cosection σ′ : ObY/S → OY whose degeneracy
locus D(σ′) = D(σ) ×M S. Since ι is proper, D(σ′) is proper if D(σ) is proper.
Furthermore, the composition of Ω∨S → ObY/S with σ′ : ObY/S → OM vanishes
because of the vanishing assumption on the similar composition on X . Applying
[KL, Thm 5.1] and using the virtual normal cone C′ = CY/S of Y → S, we obtain
the σ′-localized virtual cycle

(4.1) [Y]vir := 0!
σ′,loc[C

′] ∈ A∗(D(σ′)).

Lemma 4.1. There is an equality ι![X ]vir = [Y]vir

Proof. If ι is flat, ι∗CX/M = CY/M and the equality follows from the functorial
property of the cosection localization. We now consider the case where ι is an
l.c.i. morphism. Denote the normal sheaf N = NS/M. It is a bundle stack over
S because ι is an l.c.i morphism. A rational equivalence R ∈ W∗(C ×M N) was
constructed in [Kr, Vi] such that ∂R = [Cg∗C/C]− [C′ ×S N ]. Let

σ̃ : h1/h0(g∗F •)×M N → OM

be the lift of the pair of (the induced) σS : h1/h0(g∗F •)→ OM and 0 : N → OM.
Then the degeneracy locus of σ̃ is identical to the degeneracy locus of σ′. The
standard property of localized Gysin maps states that

(4.2) ι![X ]vir = ι!0!
σ,loc[C] = 0!

σ̃,loc[Cg∗C/C].

Since σ annihilates the reduced part of C, the reduced part of the stack C×M N
is also annihilated by σ̃ (i.e. lies in the kernel stack of σ̃). Thus R lies in the kernel
stack of σ̃, and we have 0!

σ̃,loc[Cg∗C/C] = 0!
σ̃,loc[C

′ ×S N ] = 0!
σ′,loc[C

′], which is

[Y]vir. �

1The assumption that ι : S → M is l.c.i. is sufficient for [BF, Prop 7.2] to be valid.
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We will apply Lemma 4.1 to the pair X = Mg,γ(G)p → M = Mg,γ(G) and
some l.c.i. morphism S → M whose image is the closed substack defined by the
topological (or geometrical) type of the G-spin curves in M .

4.2. Topological strata of the moduli of G-spin curves. In this subsection,
we will associate a pointed G-spin curve with its decorated dual graph. For such a
dual graph, we will construct its associated stratum in the moduli space. We will
rephrase the constructions in [FJR2, Sect 2.2.2 and 2.2.3].

We choose the dual graph associated with a curve, where edges correspond to
nodes, instead of the graph associated with a curve used in some papers, where
edges correspond to components of the curve, for the following reasons. One is that
the construction in [FJR2, Sect 2.2.2 and 2.2.3] uses the dual graph. The other is
that it is easier to work with the dual graph when introducing the directions of the
edges and to perform certain operations on the dual graph.

Given a pointed G-spin curve (C,ΣC
i ,Lj , ϕk) (not necessarily connected), fol-

lowing the standard procedure we associate with it a decorated (dual) graph Γ as
follows2. Its vertices v ∈ V (Γ) correspond to irreducible components Cv ⊂ C; its
edges e ∈ E(Γ) correspond to nodes qe ∈ C so that a vertex v of e has qe ∈ Cv;
its tails ti ∈ T (Γ) correspond to the markings ΣC

i so that the vertex v of ti has
ΣC
i ⊂ Cv; we give e ∈ E(Γ) a direction that is consistent with the labeling of its

two vertices v−e and v+
e (i.e. from − to +).

We add decorations to Γ as follows. For a (directed) edge e, in case v−e 6= v+
e ,

there is a unique labeling of the two branches of (the formal completion of C along

q) Ĉq as Ĉe− and Ĉe+ so that Ĉe+ is the formal completion of Cv+
e

along q; in the case

where v−e = v+
e , we fix a labeling of the two branches of Ĉq as Ĉe− and Ĉe+. Under

this agreement, we decorate e ∈ E(Γ) with the monodromy representation γe :=
γqe+ : µrqe → G. We decorate the tail ti with γi, the monodromy representation

along ΣC
i . We decorate every vertex v with gv = g(Cv), the arithmetic genus of Cv.

We also define the coarse dual graph of (C,ΣC
i ,Li, ϕj) as a no-edge graph so that

its vertices v ∈ V (Γ) correspond to connected components Cv ⊂ C, decorated with
gv = g(Cv), and that its tails and corresponding decorations are as before. Given a
decorated graph Γ, by reversing the direction of one edge e ∈ E(Γ) and replacing
its decoration γe by γ−1

e , we obtain a new decorated graph. We call this “direction
reversing” operation. We say two decorated graphs are equivalent if one is derived
from the other by repeated “direction reversing” operations.

In general, a G-decorated graph is the dual graph of a G-spin curve that is not
necessarily connected.

Definition 4.2. A pointed G-spin curve (C,ΣC
i ,Lj , ϕk) is said to be labeled by a G-

decorated graph Γ if there are bijections between the sets of irreducible components
(resp. nodes; resp. markings) of (C,ΣC

i ) with V (γ) (resp. E(Γ); resp. T (Γ)) that
make Γ a decorated dual graph of (C,ΣC

i ,Lj , ϕk).
In case Γ has no edges, we say the family is coarsely labeled by the Γ if we replace

“irreducible components” by “connected components”.

Given a G-decorated graph Γ, define its complete splitting as the graph resulting
from breaking every (directed) edge e ∈ E(Γ) into a pair of tails, denoted by te− and

2Our convention is that every edge is directed and has two vertices, and every tail has only
one vertex.
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te+ attached to the vertices v−e and v+
e with the labelings γ−1

e and γe respectively.
Denote the complete splitting of Γ by Γsp.

Definition 4.3. Let Γ be a G-decorated graph and Γsp its complete splitting. For a
scheme S, an S-family (C,ΣC

i ,Lj , ϕk) of pointed G-spin curves is said to be weakly
labeled by Γ if the followings hold:

(1) there is a family of G-spin curves (C′,ΣC′

i ,L
′
j , ϕ
′
k) coarsely labeled by Γsp;

(2) there is a morphism C′ → C so that C is the result of identifying all pairs

of marked sections of (C′,ΣC′

i ) associated with te− and te+ for all e ∈ Γ;
(3) under C′ → C, (L′j , ϕ

′
k) is the pullback of (Lj , ϕk), and ΣC

i is identified with

ΣC′

i for each ti , the i-th tail of Γ.

We review the associated operation on the dual graph by smoothing nodes of
G-spin curves. Let Γ be a G-decorated dual graph and e ∈ E(Γ). Define Γ/e as the
graph resulting from eliminating the edge e from Γ, merging the vertices v−e with
v+
e into a single vertex, denoted by v, and decorating it with gv̄ = gv−e + gv+

e
when

v−e 6= v+
e , and with gv̄ = gv−e + 1 when v−e = v+

e . We call Γ/e the contraction of Γ

by e. This process also defines a graph map Γ → Γ/e that is the identity except
that it sends e, v±e to v̄ ∈ V (Γ/e).

We call Γ′ an edge-contraction of Γ if Γ′ is obtained from Γ by repeatedly con-
tracting edges. Let Γ → Γ′ be the compositions of the contraction maps. Define
Aut(Γ/Γ′) as the group of automorphisms of Γ that commute with the identity of Γ′

via the map Γ′ → Γ, up to the equivalence (defined by the edge-direction reversing
operation).

We form the category of families of weakly Γ-labeled G-spin curves. It is a DM
stack, denoted by MΓ(G). In the case where Γ′ is an edge contraction of Γ, we
have a tautological morphism

τΓΓ′ : MΓ(G) −→MΓ′(G).

In the case where Γ is connected and Γ′ consists of a single vertex decorated
with g, this morphism takes the form τΓ : MΓ(G) −→ Mg,γ(G), where γ = (γi) is
the collection of decorations of tails of Γ consistent with the ordering of tails.

Lemma 4.4. Suppose Γ′ is an edge contraction of Γ. Then the morphism τΓΓ′ is
a finite l.c.i. morphism. Define MΓ′(G)Γ as the image stack of τΓΓ′ . Then the
factored map MΓ(G)→MΓ′(G)Γ has pure degree |Aut(Γ/Γ′)|.

Proof. By induction, we only need to prove the case when Γ′ is obtained by con-
tracting one edge of Γ. Let Mtw,◦

g,` be the moduli stack of genus g stable curves
with `-twisted markings and no twistings at nodal points. The structure of the for-
getful morphism (eliminating the stacky structure along nodes) Mtw

g,` →Mtw,◦
g,` was

studied in details by Olsson [Ol] (see [Ch1] §2.4 as well). Similar to the situation
studied by Chiodo and Ruan in [CR], Mg,γ(G) is étale over Mtw

g,`. Therefore we

can and will use Olsson’s result in [Ol] in the following.
Let ξ = (C,ΣC

i ,Lj , ϕk) ∈ Mg,γ(G)(C). Suppose C has nodal points p1, . . . , pm
with stabilizer groups µri at pi. By [Ol, Remark 1.10] (see [Ch1] §2.4 and Remark

2.4.10 as well), we can find an affine étale neighborhood S → Mtw,◦
g,` such that an

open neighborhood of the product

ξ̄ ∈ U ⊂Mg,γ(G)×Mtw,◦
g,`

S,
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where ξ̄ lies over ξ, is

U =
[

SpecA/µr1 × . . .× µrm
]

with A = OS [x1, . . . , xm]/(xrii = ui, i = 1, · · · ,m),

where ui ∈ OS defines the divisor of curves in S of which the node pi in the coarse

moduli of C remains nodal. µri acts on A via x
ζri
j = xj when j 6= i and = ζrixi

when j = i. By [Ol, Remark 1.10], {xi = 0} is the divisor where the node pi
remains nodal.

Assume ξ ∈ MΓ(G). Since Γ → Γ′ is a contraction of one edge, by re-indexing,
we can assume that it contracts the edge associated with the node pm. By shrinking
S if necessary, we have isomorphisms

ξ̄ ∈ U ∩
(
MΓ′(G)×Mtw,◦

g,`
S
)

=
[

Spec
(
A/(x1, . . . , xm−1)

)
/µr1 × . . .× µrm−1

]
,

and

ξ̄ ∈ U ∩
(
MΓ(G)×Mtw,◦

g,`
S
)

=
[

Spec
(
A/(x1, . . . , xm)

)
/µr1 × . . .× µrm

]
.

Therefore the morphism τΓΓ′ , restricted to MΓ(G)×Mtw,◦
g,`

S, is étale covered by the

morphism

Spec
(
A/(x1, . . . , xm)

)
−→ Spec

(
A/(x1, . . . , xm−1)

)
,

which is an immersion of a Cartier divisor. This proves that τΓΓ′ is a finite l.c.i.
morphism.

Finally, that the degree of τΓΓ′ is |Aut(Γ/Γ′)| can be verified over the generic
point of MΓ′(G)Γ. We omit the proof. �

4.3. The forgetful morphism. In the GW theory, by removing the last marked
point and stabilizing, we obtain the forgetful morphism Mg,` → Mg,`−1. Similar

morphism exists for Mg,γ(G) if γ` in γ takes the form (cf. Subsection 2.1)

(4.3) γ` : µd −→ G, ζd 7→ δ.

In general, let Γ be a G-decorated graph whose `-tails are decorated with γ =
(γi)

`
i=1. Let Γ′ be the stabilization of the graph after removing (the tail) t` from

Γ. Thus the tails of Γ′ are decorated with γ′ = (γi)
`−1
i=1 .

Theorem 4.5 (Forgetting Tails). Let Γ and Γ′ be as stated. Suppose γ` takes the
form (4.3). Then there is a flat forgetful morphism

fΓ,` : MΓ(G) −→MΓ′(G)

that sends (C,ΣC
i ,Lj , ϕk) to (C′,ΣC

j<`,L
′
j , ϕ
′
k), where C′ is obtained from C by re-

moving the marked section ΣC
` , eliminating the stacky structure along ΣC

` , and sta-
bilizing (C′,ΣC

j<`). L′j is the push-forward of Lj under the tautological map C→ C′.

Let γ̃ = (γ1, · · · , γ`−1, 1), where 1 is the trivial representation {1} → G. Be-
fore proving Theorem 4.5, we construct an auxiliary stack Mg,γ̃[`](G) that is the

groupoid of all families (C,ΣC
i ,Lj , ϕk) obeying all requirements in Definitions 2.6

and 2.7 except that γ is replaced by γ̃ and (2.3) is replaced by

(4.4) φk : mk(L1, . . . ,Ln)
∼=−→ (ωlogC (−ΣC

` ))w(mk), k = 1, · · · , n.

(Note that γ̃` is trivial implies that ΣC
` ⊂ C is non-stacky.)

Lemma 4.6. Let the notation be as stated. Then Mg,γ̃[`](G) is a smooth proper
DM stack over C.
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Proof. Following [FJR2, Thm 2.2.6] and [AJ, Sect 1.5], we will describe it as a
moduli stack of twisted stable morphisms. Recall that a line bundle L on a
twisted curve C induces a morphism [L] : C → BGm. Thus given an S-family
ξ = (C,ΣC

i ,Lj , φk) ∈ Mg,γ̃[`](G)(S), the n-tuple (Lj)
n
j=1 defines a morphism τ(ξ)

as shown in the following diagram. Let (C,ΣCi ) be the coarse moduli of (C,ΣC
i ).

Abbreviating ωS,` = ωlogC/S(−ΣCS,`) and wk = w(mk), the n-tuple of line bundles

(ωwkS,`)
n
k=1 induces a morphism B(ωw·S,`) as shown in the diagram below. Further-

more, let m : Gnm → Gnm be the homomorphism defined via t = (t1, · · · , tn) 7→
(m1(t), · · · ,mn(t)), and Bm : BGnm → BGnm be its induced morphism. Then the
isomorphisms φ1, · · · , φn in (4.4) fit into the (left-hand side) commutative square:

C −−−−→ C
ρ−−−−→ Cg,`−1yτ(ξ)

yB(ωw·S,`)

yB(ωw·g,`−1)

BGnm
Bm−−−−→ BGnm BGnm

The square on the right is constructed as follows. Let (C,ΣCi<`) → (C,ΣCi<`)
st

be the stabilization of the family of (` − 1)-pointed curves (C,ΣCi<`), and let

(C,ΣCi<`)
st → (Cg,`−1,Σ

Cg,`−1

i ) be the tautological morphism to the universal fam-
ily of the moduli of (` − 1)-pointed genus g stable curves. Let ρ : C → Cg,`−1

be the composition of the stabilization and the tautological morphisms mentioned.

Let ωg,`−1 = ωlog
Cg,`−1/Mg,`−1

. Because ρ∗ωg,`−1 = ωS,`, the morphism B(ωw·g,`−1) in-

duced by the n-tuple of line bundles (ωwkg,`−1)nk=1 makes the right hand side square
commutative.

In conclusion, the two squares define a morphism

(4.5) F (ξ) : C −→ Cg,`−1,m := Cg,`−1 ×BGnm BGnm
such that
(1) F (ξ) is an S-family of balanced `-pointed genus g twisted stable morphisms
with the fiber class of Cg,`−1/Mg,`−1 as the fundamental class;

(2) F (ξ)(ΣC
i ) lies in the sector Σ

Cg,`−1

i := Σ
Cg,`−1

i ×BGnm BGnm given by the repre-
sentation γi for 1 ≤ i ≤ `− 1;
(3) the last marked section ΣC

` ⊂ C is non-stacky.
We let Kbal

g,γ̃(Cg,`−1,m, F ) be the groupoid of balanced `-pointed genus g twisted

stable morphisms to Cg,`−1,m of fundamental class F satisfying conditions (2) and
(3) above. Following the study in [FJR2] and [AJ], the groupoid Kbal

g,γ̃(Cg,`−1,m, F )
forms a smooth proper DM stack over C. The above correspondence gives a trans-
formation of groupoids

(4.6) Mg,γ̃[`](G) −→ Kbal
g,γ̃(Cg,`−1,m, F ).

Conversely, following [FJR2], an S-family in Kbal
g,γ̃(Cg,`−1,m, F ) produces an S-

family ξ inMg,γ̃[`](G) whose induced F (ξ) is the given S-family in Kbal
g,γ̃(Cg,`−1,m, F ).

This shows that the transformation is an equivalence. This proves that Mg,γ̃[`](G)
is a smooth proper DM stack over C. �

Proof of Theorem 4.5. Let Kbal
g,γ′(Cg,`−1,m, F ) be the moduli of (`−1)-pointed genus

g balanced twisted stable maps to Cg,`−1,m of fundamental class F that satisfy the
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requirement (2) above. It is a smooth proper DM stack over C ([FJR2, Thm 2.2.6]).
Let

f : Kbal
g,γ̃(Cg,`−1,m, F ) −→ Kbal

g,γ′(Cg,`−1,m, F )

be the forgetful morphism (forgetting the `-th marked point followed by stabiliza-
tion) in [AV, Coro 9.1.3]. By the construction in [FJR2], canonically Kbal

g,γ′(Cg,`−1,m, F ) ∼=
Mg,γ′(G). Combining with the isomorphism (4.6) gives the morphism

v1 : Mg,γ̃[`](G)→Mg,γ′(G).

Next, we construct a morphism v2 : Mg,γ(G) → Mg,γ̃[`](G). Given any family

ξ = (C,ΣC
i ,Lj , ϕk) in Mg,γ(G), we construct a new family ξ′ = (C′,ΣC′

i ,L
′
j , ϕ
′
k) as

follows. We let C′ be C with the (possible) stacky structure along ΣC
` eliminated.

Let t : C → C′ be the tautological morphism. We define L′j = t∗Lj . Because γ`
is of the form ζd 7→ δ, one verifies that the isomorphism ϕk induces isomorphism
(4.4). The forgetful morphism we aimed at is

fγ,` = v1 ◦ v2 : Mg,γ(G) −→Mg,γ′(G).

Finally, one can easily check that the restriction of fγ,` on MΓ(G) factors through

MΓ′(G). Thus it lifts to the morphism fΓ,`. Also, it follows directly from the flatness

of Mg,` →Mg,`−1 that both fγ,` and fΓ,` are flat. �

4.4. Property of Witten’s top Chern classes. Let MΓ(G)p be the moduli of
weakly Γ-labeled G-spin curves with fields. Suppose Γ is connected and has `-tails
and total genus g. Then

MΓ(G)p = MΓ(G)×Mg,γ(G) Mg,γ(G)p.

Following the discussion in the previous subsection, we have an induced perfect
relative obstruction theory of MΓ(G)p → MΓ(G), a W -induced cosection of the
obstruction sheaf of MΓ(G)p assuming all γi’s are narrow, and its Witten top
Chern class [MΓ(G)p]vir.

We state and prove the algebraic analogue (i.e. cycle version) of the “topological
axioms” stated and proved in [FJR2, Thm 4.1.8] (also cf. [JKV] and [Po]).

Theorem 4.7 (Degeneration). Let Γ be a G-decorated graph so that every tail ti is
decorated with a narrow γi ∈ G. Suppose Γ→ Γ′ by contracting edges of Γ. Then

τ !
ΓΓ′ [MΓ(G)p]vir = [MΓ′(G)p]vir.

Proof. The identity follows from applying Lemma 4.1 to τΓΓ′ . �

Theorem 4.8 (Disjoint Union of Graphs). Let notations be as in Theorem 4.7.
Suppose Γ is a disjoint union of Γi, i = 1, · · · , k. Then

[MΓ(G)p]vir = [MΓ1
(G)p]vir × · · · × [MΓd(G)p]vir.

Proof. The canonical isomorphism MΓ(G) ∼=
∏d
i=1MΓi(G) is induced by the dis-

joint union of spin curves and sections, thus compatible with the construction of
virtual cycles. �

Let notations be as in Theorem 4.7. Let e ∈ E(Γ) be such that its decoration γe :
µe → G is narrow, and let Γe be the graph obtained by breaking e up into two tails
te,− and te,+, decorated with γ−1

e and γe (see the convention after (2.4)). In the case

where e has two distinct vertices, we define MΓ(G)e : = MΓ(G); otherwise, we form
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the double cover MΓ(G)e → MΓ(G) whose closed points are data (C,ΣC
i ,Lj , Ĉq+)

such that (C,ΣC
i ,Lj) is a closed point in MΓ(G), q ∈ C is the node associated with

e ∈ E(Γ), and Ĉq+ is a branch of the formal completion Ĉq. We form

MΓ(G)pe = MΓ(G)p ×MΓ(G) MΓ(G)e.

We now construct the gluing morphisms η and g fitting into the following two
commutative squares:

(4.7)

MΓ(G)pe
g←−−−− MΓ(G)e ×MΓe (G) MΓe(G)p −−−−→ MΓe(G)py y y

MΓ(G)e MΓ(G)e
η−−−−→ MΓe(G)

For η, by Definition 4.3, any S-family ξ = (C,ΣC
i ,Lj , ϕk) in MΓ(G)(S) comes

from gluing an S-family of G-spin curves ξ̃ coarsely labeled by Γsp. As (Γe)sp =

Γsp, the family ξ̃ glues to the family ξ′ = (C′,ΣC′

i ,L
′
j , ϕ
′
k) in MΓe(G)(S). This

transformation ξ 7→ ξ′ defines the morphism η.
To define g, we note that any S-family in the fiber product consists of a triple

(ξ, ξ′, (ρ′j)), where ξ ∈ MΓ(G)e(S), ξ′ and ρ′j ∈ ⊕jΓ(L′j), etc., are as mentioned.
Because γe is narrow, each section ρ′j vanishes along the marked sections labeled
by te− and te+. In particular, ρ′j glues to a global section ρj ∈ Γ(Lj). The
transformation (ξ, ξ′, (ρ′j)) 7→ (ξ, (ρj)) defines the morphism g.

Theorem 4.9 (Composition Law). Let notations be as in Theorem 4.7, let e ∈
E(Γ) be such that its decoration γe : µe → G is narrow, and let Γe be as con-
structed. Then the morphism g is an isomorphism and η is a G-torsor (cf. (4.7)).
Furthermore,

(4.8) [MΓ(G)pe]
vir = η![MΓe(G)p]vir.

Proof. We first prove that η is aG-torsor. By the construction of the transformation
ξ 7→ ξ′, we see that the morphism η is étale and finite. We next construct a G-
action on MΓ(G)e. For simplicity, we assume that e has two distinct vertices. Let

ξ = (C,ΣC
i ,Lj , ϕk) ∈MΓ(G)(C) and let η(ξ) = (C′,ΣC′

i ,L
′
j , ϕ
′
k) ∈MΓe(G)(C). Let

f : C′ → C be the gluing morphism along the node q ∈ C, namely, f−1(q) = {q+, q−}
with Ĉq+ ∼= Ĉ′q+ under f . By definition, the sheaves Lj and L′j fit into the (gluing)
exact sequence

(4.9) 0 −→ Lj −→ f∗L
′
j

(aj ,bj)−→ Oq −→ 0,

where aj (reps. bj) factors through f∗L
′
j

a′j→L′j ⊗OC
O

Ĉq+

a′′j→Oq (resp. write out the

whole thing but with + replaced by −). Here we used the tautological isomorphism

Ĉq±
∼= Ĉ′q± .

For c ∈ Gm, we define acj := (c · a′′j ) ◦ a′j , and define

(4.10) Lcj = ker{(acj , bj) : f∗L
′
j −→ Oq}.

By lifting to an étale covering of C, we see that Lcj is an invertible sheaf on C.
We now investigate the choices of c = (c1, · · · , cn) ∈ Gnm so that

(4.11) ϕk|C−q : mk(Lc11 , . . . ,L
cn
n )|C−q

∼=−→ (ωlogC )w(mk)|C−q, k = 1, · · · , n

extend to isomorphisms over C. Because ϕk : mk(L1, . . . ,Ln) → (ωlogC )w(mk) is

an isomorphism, by the construction of L
cj
j , we see that (4.11) extend if and
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only if mk(L1|q, · · · ,Ln|q) ≡ mk(c1L1|q, · · · , cnLn|q), which holds if and only if
mk(c1, · · · , cn) = 1 for all k. By the definition of G, we conclude that (4.11) extend
to isomorphisms if and only if c ∈ G.

Conversely, we claim that if ξ̄ = (C,ΣC
i , L̄j , ϕ̄k) ∈ η−1(η(ξ)), then L̄j = L

cj
j for

a c ∈ G and ϕ̄k are extensions of (4.11). Indeed, because η(ξ) = η(ξ̄), there is an

isomorphism βj : Lj |C−q ∼= L̄j |C−q, extending to Ĉq±, so that it commutes with ϕk
and ϕ̄k for all k. Therefore, there is a c = (c1, · · · , cn) ∈ Gnm so that L̄j = L

cj
j , and

βj is the identity map: L̄j |C−q = L
cj
j |C−q = Lj |C−q. Then as ϕ̄k is an extension of

(4.11), the previous discussion shows that c ∈ G. This proves that η is a G-torsor.
Next, for any (ξ, (ρj)) in MΓ(G)pe, taking ξ′ = η(ξ) and ρ′j = f∗ρj defines

(ξ, ξ′, (ρ′j)). This is the inverse of g and thus g is an isomorphism. This proves the
first part of the Theorem.

We now prove the identity of virtual cycles. Let (CΓ,LΓ,j) and (CΓe ,LΓe,j) be

the universal families of MΓ(G)e and MΓe(G), respectively. We form the gluing
morphism f as shown in the following commutative diagrams

(4.12)

CΓ
f←−−−− C′Γ := CΓe ×MΓe (G) MΓ(G)e

η′−−−−→ CΓeyπΓ

yπ′Γ yπΓe

MΓ(G)e
=←−−−− MΓ(G)e

η−−−−→ MΓe(G).

As usual, we let EΓe = ⊕jLΓe,j and EΓ = ⊕jLΓ,j . Let E′Γ = η′∗EΓe . The square on
the right above induces a morphism

C(π′Γ∗E ′Γ) −→ C(πΓe∗EΓe) = MΓe(G)p

compatible with relative obstruction theories. By étaleness of η and Lemma 4.1

(4.13) η![MΓe(G)p]vir = [C(π′Γ∗E
′
Γ)]vir.

On the other hand, the gluing morphism f induces a canonical isomorphism
f∗EΓ ∼= E ′Γ, and

(4.14) MΓ(G)pe = C(πΓ∗EΓ)
∼=−→C(π′Γ∗E ′Γ),

which is the inverse of g. Taking cohomology of (4.9) and applying Lemma 3.2’s
proof, one can verify that (4.14) identifies deformation theories and cosections.
Thus it induces

(4.15) [MΓ(G)pe]
vir = [C(π′Γ∗E

′
Γ)]vir ∈ A∗(MΓ(G)e)

�

We state and prove the forgetting tails theorem.

Theorem 4.10 (Forgetting Tails). Suppose Γ has its last tail t` decorated by γ` :
µd → G via ζd 7→ δ (cf. subsection 2.1). Let Γ′ be the stabilization of the graph
after removing t` from Γ, and let

fΓ,` : MΓ(G) −→MΓ′(G)

be the forgetful morphism constructed in Theorem 4.5. Then fΓ,` is flat and satisfies

[MΓ(G)p]vir = (fΓ,`)
∗[MΓ′(G)]vir.
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Proof. Let πΓ : CΓ →MΓ(G) and πΓ′ : CΓ′ →MΓ′(G) be the universal curves, and
let

u1 : CΓ −→ CΓ′/Γ := CΓ′ ×MΓ′ (G) MΓ(G)

be the tautological morphism induced by the construction of the morphisms v1 and
v2 in the proof of Theorem 4.5. We let u2 : CΓ′/Γ → CΓ′ be the projection.

For {Lj}nj=1 and {L′j}nj=1 being the universal invertible sheaves on CΓ and CΓ′

respectively, by the constructions of v1 and v2, we have u∗2L
′
j = u1∗Lj . Because of

the assumption on γ`, we have

(4.16) (u2 ◦ u1)∗L′j = u∗1u1∗Lj ∼= Lj(−δjΣCΓ

` )
⊂−→Lj .

Defining E′ = ⊕jL′j and E = ⊕jLj , and applying Lemma 3.2 to (u2 ◦ u1)∗E′ ⊂ E,
we obtain R•πΓ∗(u2 ◦ u1)∗E′ ∼= R•πΓ∗E and the induced isomorphism

C(πΓ∗E)
∼=−→C(πΓ′∗E

′)×MΓ′ (G) MΓ(G).

Since the isomorphism is compatible with deformation theories and cosections,

[MΓ(G)p]vir = [C(πΓ∗E)]vir = f∗Γ,`[C(πΓ′∗E
′)]vir = f∗Γ,`[MΓ′(G)]vir.

�

Let ([Cn/G],W ) = ([Cn1 × Cn2/G1 × G2],W1 + W2) be the product of two
LG spaces ([Cni/Gi],Wi). Let γi ∈ (Gi)

` be g-admissible and narrow, and let
γ := γ1 × γ2 be the direct product, i.e., γi = γ1

i × γ2
i for 1 ≤ i ≤ `. Let Γ be a

G-decorated graph with ` ordered tails decorated with γ1, · · · , γ`. Also let Γj be Γ

with the decorations of its i-th tails replaced by γji for all i.

Theorem 4.11 (Product of LG Spaces). Let notations be as stated. Then there is
a partial forgetting morphism fj : MΓ(G1 ×G2) −→MΓj (Gj). Furthermore,

(f1 × f2)∗([MΓ1
(G1)p]vir × [MΓ2

(G2)p]vir) = [MΓ(G1 ×G2)p]vir.

Proof. We first show that the map

f1 × f2 : MΓ(G1 ×G2)→MΓ1
(G1)×MΓ2

(G2)

is an l.c.i. morphism. Using the étale forgetful morphisms from MΓ1
(G1), MΓ2

(G2)
and MΓ(G1 ×G2) to Mtw

g,`, f1 × f2 is the composition

MΓ(G1 ×G2) −→MΓ1(G1)×Mtw
g,`
MΓ2(G2) −→MΓ1(G1)×MΓ2(G2).

By construction, the first arrow is an open embedding, and the second arrow is
a lift of the diagonal morphism ∆ : Mtw

g,` → Mtw
g,` ×Mtw

g,`. Since Mtw
g,` is smooth,

f1 × f2 is an l.c.i. morphism.
The remainder of the proof is analogous to the previous proofs, and is therefore

omitted. �

4.5. Free cases. Let S be a pure dimensional proper DM stack and ι : S →M be
a closed embedding. We form Y = X ×M S, with λ : Y → S being the projection.
Since the relative obstruction theory of X → M pulls back to that of Y → S,
ObY/S = ι∗ObX/M , and the cosection σ : ObX/M → OX pulls back to a cosection
σS : ObY/S → OS , which has all the properties required to define the cosection
localized virtual cycle

[Y ]vir = 0!
σS ,loc[CY/S ] ∈ A∗(D(σS)).
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Definition 4.12. ι is called free if all Hi(ι∗RπM∗LM,j) are locally free sheaves of
OS-modules.

In this subsection, we derive an explicit formula of [Y ]vir in the case where ι is
free.

We first generalize a lemma on the Segre class to the case of a weighted projective
bundle. Let S be a proper integral DM stack over C. Let F1, · · · , Fn be vector
bundles on S of rank r1, · · · , rn. We define F = ⊕ni=1Fi, r = rankF , and let 1S be
the trivial line bundle on S. For relatively prime positive integers (e1, · · · , en), we
introduce a Gm-action on F ⊕ 1S via

(4.17) (v1, · · · , vn, c)t = (te1v1, · · · , tenvn, t · c).
Let 0S ⊂ F ⊕ 1S be the zero section. We define

(4.18) Z = (F ⊕ 1S − 0S)/Gm.

The total space of F is embeded in Z via F → F ⊕ 1S : v 7→ [v, 1]. Let D = Z − F
be its complement, which is a divisor in Z. Let π : Z → S be the projection. For a
vector bundle E, we define c(E)(t) =

∑
ci(E)ti, the total Chern polynomial of E.

Lemma 4.13. There is an identity of cycles∑
i

π∗
(
c1(OZ(D))i ∩ [Z]) · ti = tr

( n∏
j=1

(ej)
rjc(Fj)(t/ej)

)−1
.

Proof. First, using projection formula, one can see that if the lemma holds for
vector bundles over S′ and there is a generic finite proper morphism S′ → S, then
the lemma holds for vector bundles over S as stated. By Chow’s Lemma, we can
find a generic finite morphism from an integral projective scheme to S. Thus, to
prove the lemma, we only need to treat the case where S is projective and integral.
Next, by splitting principle, we can assume that all Fj ’s are direct sums of line
bundles. Thus without loss of generality, we can assume that all Fj ’s are line
bundles on S. Applying the covering trick ([BG, Lemma 2.1]), after passing to an
integral projective scheme generically finite over S, we can assume that there is a

line bundle Lj on S so that L
⊗ej
j
∼= Fj for every j.

Let L = ⊕jLj , Z ′ = P(L⊕ 1S) with projection π′ : Z ′ → S, and ρ : Z ′ → Z be
induced by the map

L⊕ 1S 3 ((u1, · · · , un), c) 7→ ((ue11 , · · · , uenn ), c) ∈ F ⊕ 1S .

The map is a flat, finite S-morphism of degree ē = er11 · · · ernn . Let D′ ⊂ Z ′ be
the divisor at infinity (defined by c = 0). Then ρ∗O(D) = O(D′) and π ◦ ρ = π′.
Applying the projection formula gives∑

i

π′∗
(
c1(O(D′))i

)
· ti =

∑
i

π∗ρ∗ρ
∗(c1(O(D))i

)
· ti = ē

∑
i

π∗
(
c1(O(D))i

)
ti.

On the other hand, since Z ′ is a projective bundle over S, we have
(
c(L)(t)

)−1
=∑

i π
′
∗
(
c1(O(D′))i

)
· ti−r. Therefore,∑

i

π∗
(
c1(O(D))i

)
ti−r = (ē)−1

(
c(L)(t)

)−1
= (ē)−1

( n∏
j=1

c(Fj)(t/ej)
)−1

.

Here the second identity is from F = ⊕jFj = ⊕jL
⊗ej
j . �



24 HUAI-LIANG CHANG, JUN LI, AND WEI-PING LI

Let us go back to the situation introduced at the beginning of this subsection.
Suppose ι is free. As usual, let πS : CS → S be the map CM ×M S → S, and
LS,j be the pull-back of LM,j . Let Fj = R0πS∗LS,j , F = ⊕jFj , Gj = R1πS∗LS,j ,
and G = ⊕jGj . Since ι is free, they are locally free sheaves (vector bundles) on S.
Because the pull-back of the relative obstruction sheaf of X/M to Y is the relative
obstruction sheaf of Y/S, we have ObY/S = λ∗G.

As G is locally free, by the base change property, we know that Y is the total
space of F , as a stack over S. In particular, Y is smooth over S. Thus the intrinsic
normal cone is the zero section of the bundle λ∗G. Therefore, using the cosection
σ|S : ObY/S → OS , the cosection localized virtual cycle of Y is

[Y ]vir = 0!
σ|S ,loc[0λ∗G] ∈ A∗(S).

In particular, if Sk’s are the integral components of S with multiplicity ak, then
[Y ]vir =

∑
k ak[T ×S Sk]vir. Therefore, it suffices to treat the case where S is

integral, which we assume from now on.
We now determine the cosection σ|S : λ∗G → OY . Since Y is integral and

λ∗G is locally free, we only need to know σ(y) = σ|y for any closed point y ∈ Y .
Recall that Wa(x) = xma1

1 · · ·xmann is a monomial of W (x), Wa(x)j = ∂xjWa(x),

and W̃a(x)j = (maj)
−1Wa(x)j . Following the construction of (3.12), let ỹ = (ỹj) ∈

⊕jλ∗Fj |y = λ∗F |y be the point y ∈ Y under the identification Y = λ∗F , the total
space of λ∗F . For any ρ̇j ∈ λ∗Gj |y, define

W̃a(ỹ)j := W̃a(ỹ1, · · · , ỹn)j ∈ ωlogCM/M
⊗ L−1

M,j |λ(y),

and for the coefficient αa of Wa in W , we have

σ(y) = (σj(y)) : ⊕nj=1λ
∗Gj |y −→ C, σj(y)(ρ̇j) =

(∑
a

αa ·maj · W̃a(ỹ)j
)
· ρ̇j .

Here we used the condition that γ is narrow.

Proposition 4.14. Let rj = rankFj, r =
∑
j rj, sj = rankGj, and s =

∑
j sj.

Set εj = δj − d. Then

(4.19) [Y ]vir = Coeffts−r

(∏n
j=1 ε

sj
j c(Gj)(t/εj)∏n

j=1 δ
rj
j c(Fj)(t/δj)

)
.

Proof. For the vector bundle Fj(= RπS∗LS,j) introduced, we form the quotient Z
as in (4.18) with ej = δj . Let π : Z → S be the projection. As Y is the total space
of F = ⊕jFj , Y ⊂ Z is open whose complement is the divisor D = (c = 0), and
π|Y = λ. Let Vj = π∗Gj , and let V = ⊕jVj . Thus σj : Vj → OY and σ : V → OY .

Consider the duals σ∨j ∈ Γ(Y, V ∨j ) and σ∨ ∈ Γ(Y, V ∨). The zero locus (σ∨ = 0)
with reduced scheme structure equals D(σ). Hence by Lemma 3.6, it is supported
on S ⊂ Y (as the zero section of F ).

Since W̃a(x)j is quasi-homogeneous of total degree −εj = d − δj , each homo-
morphism σj extends uniquely over Z to σ̄j : Vj ⊗ OZ(εjD) −→ OZ such that
the degeneracy (non-surjective) locus of σ̄ := ⊕j σ̄j is supported on S. Thus by

denoting Ṽ = ⊕jVj ⊗ OZ(εjD), the section s̄ := σ̄∨ ∈ Γ(Y, Ṽ ∨) has the zero locus

supported on S, and (Z, Ṽ ∨, σ̄∨) is an extension of (Y, V ∨|Y , σ∨).
Since Y/S is smooth, the cone CY/S ⊂ h1/h0(E•Y/S) is the zero section. By our

construction of Witten’s top Chern class, we have

0!
σ,loc[CY/S ] = (−1)seσ∨,loc(V

∨) = eσ̄∨,locṼ
∨ = π∗e(Ṽ

∨) = (−1)sπ∗e(Ṽ ) ∈ A∗(S).
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Here, the second identity holds because σ̄∨ is non-vanishing along D = Z −Y , and
the third identity holds because Z is proper. Hence Witten’s top Chern class is

(4.20) π∗

(
e(⊕jVj(εjD))

)
= π∗

(∏
j

e(π∗Gj ⊗ OZ(εjD))
)
.

Defining O(1) = OZ(D) and letting I = {(i1, · · · , in) ∈ Zn | 0 ≤ ij ≤ sj}, we have

π∗

( n∏
j=1

sj∑
ij=0

csj−ij (π
∗Gj) · c1(O(εj))

ij
)

= π∗

( ∑
(i1,··· ,in)∈I

( n∏
j=1

csj−ij (π
∗Gj)

)(
c1(O(1))i1+···+in

)
(εi11 ε

i2
2 · · · εinn )

)

=
∑

(i1,··· ,in)∈I

( n∏
j=1

ε
sj
j csj−ij (Gj)ε

−(sj−ij)
j

)
· π∗[c1(O(1))]i1+···+in

= Coeffts−r
(( n∏

j=1

ε
sj
j c(Gj)(t/εj)

)
·
∑
i

π∗
(
c1(O(1))i

)
ti−r

)
.

Applying Lemma 4.13, we obtain (4.19). �

Corollary 4.15. In the case where n = 1, δ1 = 1, and letting ε = 1− d,

[Y ]vir = Coeffts−r
(
εhc(G)(t/ε)/c(F )(t)

)
.

The following propositions are the “Concavity” and “Index Zero” axioms stated
and proved in [FJR2, Thm 4.1.8].

Proposition 4.16. In the case where r = 0, we have [Y ]vir = ctop(G).

Proposition 4.17. If r = s, we have

[Y ]vir =
(εs11 · · · εsnn )

∏
j sj

(δr11 · · · δ
rn
n )
∏
j rj
· [S] ∈ AdimS(S).

Proof. The lowest-degree terms of the two power series
∏n
j=1 ε

sj
j c(Gj)(t/εj) and∏n

j=1 δ
rj
j c(Fj)(t/δj) are constant terms (εs11 · · · εsnn )

∏
j sj and (δr11 · · · δrnn )

∏
j rj ,

respectively. As r−s = 0, (4.19) is the ratio of these two constant terms. The ratio
is the “degree of Witten map” in [FJR2, Thm 4.1.8 (5)(b)]. �

5. Comparison with other constructions

In this section, we will prove the equivalence between our construction and the
other known constructions of Witten’s top Chern class.

We fix an LG space ([Cn/G],W ), integers g, ` and a narrow γ = (γ1, · · · , γ`)
of faithful cyclic representations in G. We abbreviate M = Mg,γ(G) and X =

Mg,γ(G)p, and let πM : CM →M and L1, · · · ,Ln be (part of) the universal family
of M . Define E = L1 ⊕ · · · ⊕ Ln.
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5.1. Comparison with Fan-Javis-Ruan’s construction. In this subsection, we
prove that the associated homology class of [Mg,γ(G)p]vir coincides with Witten’s
top Chern class constructed by Fan-Jarvis-Ruan in [FJR2, Thm 4.1.8 ].

We begin with an explicit description of X →M using complex representatives
of RπM∗E . Let F • = [ζ : F 0 → F 1] be a two-term complex of locally free sheaves
of OM -modules so that F • ∼= R•πM∗E as derived objects. Let Y be the total
space of the associated vector bundle of F 0, let q̃ : Y → M be the projection, and
let V = q̃∗F 1. The homomorphism ζ : F 0 → F 1 induces a tautological section
ζ̄ ∈ Γ(Y, V ) whose vanishing locus ζ̄−1(0) ⊂ Y , by the isomorphism RπM∗E ∼= F •,
is canonically isomorphic to X. In this way, we view X as a substack of Y defined
by the vanishing of ζ̄, and write X = (ζ̄ = 0). Let q = q̃|X : X → M be the
projection.

By the construction of X = (ζ̄ = 0), we have the identity of complexes

[dζ̄|X : Ω∨Y/M |X → V |X ] = [q∗ζ : q∗F 0 → q∗F 1] = q∗F •.

Combined with (3.2), and denoting Eζ = q∗F •, we have an induced isomorphism

(5.1) E•X/M = q∗(RπM∗E) ∼= q∗F • = E•ζ .

Let IX be the ideal sheaf of X ⊂ Y . X = ζ̄−1(0) gives the (truncated) perfect
obstruction theory φζ :

(5.2) φ∨ζ : [V ∨|X → ΩY/M |X ] = (E•ζ )∨ −→ L•≥−1
X/M = [IX/I

2
X → ΩY/M |X ].

Let Cζ ⊂ h1/h0(E•ζ ) be the virtual normal cone of X via the obstruction the-

ory φζ . Using the isomorphism (5.1), Cζ is a closed substack of h1/h0(E•X/M ) ∼=
h1/h0(E•ζ ).

Lemma 5.1. The cycle [Cζ ] ∈ Z∗(h1/h0(E•X/M )) is independent of the choice of

the complex F • satisfying F • ∼= RπM∗E.

Proof. Let F • and F̃ • be two-term complexes of locally free sheaves such that
F • ∼= F̃ • ∼= RπM∗E . Since the derived isomorphisms of complexes are compositions
of quasi-isomorphic complex homomorphisms, to prove the lemma, we only need to
prove the case where F • ∼= F̃ • is induced by a complex homomorphism f : F • →
F̃ •. In this case, the conclusion is straightforward. �

We now describe Fan-Javis-Ruan’s construction of Witten’s top Chern class for
the narrow γ. As γ is narrow, the isomorphism Φa in (2.7) induces a sheaf homo-
morphism

(5.3) τa : Wa(L1, · · · ,Ln) −→ ωlog
CM/M

.

We choose a complex of locally free sheaves of OM -modules F•j = [F0
j → F1

j ] such
that F•j

∼= RπM∗Lj as derived objects. Using the tensor product of complexes of
locally free sheaves, we can substitute xj in the monomial Wa(x) = xma1

1 · · ·xmann

by F•j to obtain the complex

Wa(F•) := (F•1)⊗ma1 × · · · × (F•n)⊗man .
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Lemma 5.2. There exists F•j = [ζj : F0
j → F1

j ], j = 1, · · · , n, such that the
derived morphism Wa(F•)→ Rπ∗ωCM/M induced by τa’s in (5.3) is realized by the
homomorphism of complexes

νa : Wa(F•) −→ RπM∗ωCM/M
∼= OM [−1].

Proof. This was proved in [PV2]. We point out that Σj and ΣM defined in [PV2,
(4.8)] contain marked points which are not narrow and hence are empty sets in our
case. Thus the homomorphism in [PV2, Lemma 4.2.2] is the same as (5.3), and
is identical to tM = τM in the diagram of [PV2, (4.14)]. By the same argument
as [PV2, Lemma 4.2.5], the two-term perfect resolution F•j realizing τM (our νa)
as a complex homomorphism exists. Since the existence of νa only relies on the
vanishings of cohomology groups, we can choose F•j so that all νa’s are realized as
complex homomorphisms. �

We fix the complex F•j and the complex homomorphisms νa given by the Lemma
5.2. For the given Wa(x), we continue to denote by Wa(x)j the partial derivative

∂xjWa(x), and define W̃a(x)j = (maj)
−1Wa(x)j(a monomial of coefficient 1). We

abbreviate W̃a(F0)j = W̃a(F0
1, · · · ,F0

n)j .

Since the degree one term of the complex Wa(F•) is ⊕nj=1W̃a(F0)j ⊗ F1
j , the

degre- one part of νa is

(5.4) ν1
a : ⊕nj=1W̃a(F0)j ⊗ F1

j −→ OM .

Let F • = ⊕nj=1F
•
j , namely, F i = Fi1 ⊕ · · · ⊕ Fin and F • = [ζ : F 0 → F 1] given

by ζ = ⊕nj=1ζj . For E = ⊕nj=1Lj , we have F • ∼= RπM∗E as derived objects.

Following the notations developed before (5.1), let (Y, V, ζ̄) be constructed from
F •, which gives us the isomorphism ζ̄−1(0) = X, the obstruction theory φζ , and
the deformation complex E•ζ = q∗F •.

We now show that each ν1
a defines a homomorphism ηa : V → OY . Indeed, let

S be an affine scheme and ρ : S → Y be a morphism, and let ρ′ = q ◦ ρ : S → M
be the composition. As Y is the total space of F 0, ρ is given by a section s =
(s1, · · · , sn) ∈ ⊕nj=1Γ(ρ′∗F0

j ). We abbreviate Wa(s)j = Wa(s1, · · · , sn)j . Define

(5.5) ηa,ρ : ρ∗V = ⊕nj=1ρ
′∗F1

j −→ OS

via (ṡ1, · · · , ṡn) 7→ ρ′∗(ν1
a)(Wa(s)1ṡ1, · · · ,Wa(s)nṡn). As this definition is stable

under base change, such ηa,ρ descends to a homomorphism ηa : V → OY . Let αa
be the coefficient of Wa in W . Define

η =
∑
a

αaηa : V −→ OY .

Lemma 5.3. The composition η ◦ ζ̄ = 0.

Proof. It suffices to show that for the map ρ : S → Y as before, ρ∗(η ◦ ζ̄) = 0. For
this purpose, we give another interpretation of this composition.

First, by the definition of the symmetric product of complexes, the part of
Wa(F•) containing the degree zero and degree one terms is

δ0
a : Wa(F0) −→ ⊕nj=1W̃a(F0)j ⊗ F1

j ,

whose pullback via ρ′ is

(5.6) ρ′∗(δ0
a)(Wa(e)) =

∑
Wa(e)j ⊗ ζj(ej), e = (e1, · · · , en) ∈ ⊕nj=1ρ

′∗F0
j .
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Because νa is a homomorphism of complexes, we have ν1
a ◦ δ0

a = 0. Therefore

ρ∗(η ◦ ζ̄) = ρ∗η ◦ ρ∗ζ̄ = ρ′∗(ν1
a)(Wa(s)jζj(sj)) = (ρ′∗(ν1

a) ◦ ρ′∗)(δ0
a)(Wa(s)) = 0.

�

We next endow F1 with a Hermitian metric, thus inducing a Hermitian metric
(·, ·) on V . Via the linear-antilinear pairing (·, ·) : V × V → C, we obtain an anti-
C-linear isomorphism c : V ∨ → V . Viewing η as a section in V ∨, c(η) ∈ C∞(V ).
Define

dη = ζ̄ + c(η) ∈ C∞(V ).

Lemma 5.4. The vanishing locus of dη is the zero section of Y → M , thus is
isomorphic to M and is proper.

Proof. For a closed point v ∈ Y lying over w ∈M such that dη(v) = ζ̄(v)+c(η)(v) =
0, by composing with η, we have η◦c(η)(v) = 0. As c is induced by the duality from
a Hermitian metric, η◦c(η)(v) = 0 if and only if η(v) = 0. Applying Lemma 3.6, we
conclude that this is possible if and only if v lies in the zero section of Y →M . �

By the compactness of the vanishing locus of the smooth section dη, the pair
(V, dη) defines a localized Euler class

eloc(V, dη) ∈ H∗(M,Q).

In [FJR2, Thm 4.1.8 (5)], the authors constructed Witten’s top Chern class [Wg(γ)]vir
FJRW

(analogue to the class [Mg,γ(G)p]vir, where W stands for the polynomial W ) in a
more general setting. In the case where γ is narrow, they proved that the class
[Wg(γ)]vir

FJRW is given by the class eloc(V, dη) just constructed. We state it as a
proposition.

Proposition 5.5 ([FJR2, Thm 4.1.8 (5)]). Let ([Cn/G],W ) be an LG space, let g,
` be integers and γ = (γi)

`
i=1 be narrow, and let ε = rankF 0 − rankF 1. Then

[Wg(γ)]vir
FJRW = (−1)ε · eloc(V, dη) ∈ H∗(M).

Let ı∗ : A∗(M)→ H∗(M,Q) be the tautological homomorphism.

Theorem 5.6. Let the notation be as in Proposition 5.5. Then

ı∗[Mg,γ(G)p]vir = (−1)ε · [Wg(γ)]vir
FJRW ∈ H∗(M,Q).

Here is our strategy for proving this theorem. Using the quasi-homogeneous
polynomial W , we will construct a cosection ση of the obstruction sheaf of the ob-
struction theory φζ with the property that its degeneracy locus is the zero section of
Y →M . In this way, we will obtain a cosection localized virtual cycle [X]vir

ση . Using

the analytic construction of the cosection localized virtual cycle [KL, Appendix],
we will conclude that eloc(V, dη) = ı∗[X]vir

ση . Finally, by comparing the obstruction

theories, we prove [Mg,γ(G)p]vir = [X]vir
ση .

First we construct the cosection ση. Let ηX = η|X . Since η ◦ ζ̄ = 0 and ζ̄|X = 0,
for the differential dζ̄|X : TXY → V |X , we have ηX ◦ dζ̄|X = 0. Thus ηX lifts to a
cosection

(5.7) ση : ObX/M = H1(E•ζ ) −→ OX

whose composition with q∗Ω∨M → H1(E•ζ ) vanishes.
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By the proof of Lemma 5.4, we know that the ση is surjective away from the
zero section of V → M . Thus the degeneracy locus D(ση) = M ⊂ X. This gives
us the associated cosection localized virtual cycle [X]vir

ση ∈ A∗(M).

Lemma 5.7. Let notations be as stated. Then ı∗[X]vir
ση = eloc(V, dη).

Proof. First, by the construction of the smooth section dη, the C∞-homomorphism
η ◦ dη : V → CY takes a value of 0 along M ⊂ Y and takes a positive value on
Y −M . Let Γt be the graph of tζ̄ ∈ Γ(V ), and let Γ∞ be the limit of Γt. Then
Γ∞ is the normal cone to X ⊂ Y , embedded in V |X via the defining equation
X = (ζ̄ = 0) ⊂ Y .

Since η◦ ζ̄ = 0, for any t ∈ [0,∞], we have η|Γt ≡ 0. Thus (dη∩Γt)∩V |Y−M = ∅.
We then pick a perturbation d′η of dη so that d′η is transversal to both the zero
section 0V ⊂ V and Γ∞ ⊂ V , and that d′η = dη away from a compact subset of Y .
Therefore,

eloc(V, dη) = ζ∗[0V ∩ d′η] = ζ∗[Γ∞ ∩ d′η] = ı∗[X]vir
ση ∈ H∗(M,Q),

where the first identity follows from the definition of the localized Euler classes,
the second identity follows from the fact that Γt is a homotopy between [0V ] and
[Γ∞] and that the union of d′η ∩ Γt for t ∈ [0,∞] is contained in a compact subset
of V , and the last identity follows from the analytic construction of the cosection
localized virtual cycles [KL, Appendix]. �

Recall that

[Mg,γ(G)p]vir = 0!
σ,loc

(
[CX/M ]

)
∈ A∗(M)

is constructed via the localized Gysin map 0!
σ,loc (cf. Definition-Proposition 3.9)

applied to the virtual normal cone cycle [CX/M ] ∈ Z∗(h1/h0(E•X/M )) of the relative

perfect obstruction theory φX/M (cf. (3.2)). By the discussion before Lemma 5.1,

we have h1/h0(E•X/M ) ∼= h1/h0(E•ζ ) and H1(E•X/M ) ∼= H1(E•ζ ).

Lemma 5.8. Let the notation be as stated. Then
(1). the two cosections are equal, i.e., ση = σ : H1(E•ζ ) ∼= H1(E•X/M )→ OX .

(2). [CX/M ] = [Cζ ] ∈ Z∗(h1/h0(E•X/M )) ∼= Z∗(h
1/h0(E•ζ )).

Proof of Theorem 5.6. By Lemma 5.7, we have [Wg(γ)]vir
FJRW = ı∗[X]vir

ση . By the

definitions, [X]vir
ση = 0!

ση,loc[Cζ ] andMg,γ(G)p)vir = 0!
σ,loc[CX/M ]. Applying Lemma

5.8, we conclude 0!
ση,loc[Cζ ] = 0!

σ,loc[CX/M ] ∈ A∗(M). �

Proof of Lemma 5.8. We prove (1) first. Let S be an affine scheme, and let ρ : S →
X and ρ′ = q ◦ ρ : S →M be morphisms. As in the discussion leading up to (5.5),
we can assume that ρ is given by s = (s1, · · · , sn) ∈ ⊕nj=1Γ(ρ′∗F0

j ). Recall that

ρ∗(η) : ρ∗V → OS (cf. (5.5)) sends (ṡ1, · · · , ṡn) ∈ ρ∗V = ⊕nj=1ρ
′∗F1

j to∑
a

αaρ
′∗(ν1

a)(Wa(s)1ṡ1, · · · ,Wa(s)nṡn).

Let ṫj ∈ H1(ρ′∗F•j ) be the image of ṡj . Then

(ṫ1, · · · , ṫn) ∈ ρ∗ObX/M = ⊕nj=1H
1(ρ′∗F•j ),



30 HUAI-LIANG CHANG, JUN LI, AND WEI-PING LI

and because νa is the complex realization of the isomorphism τa in (5.3) and ρ∗(ση)
is the descent of ρ∗(η), we have

ρ∗(ση)(ṫ1, · · · , ṫn) = ρ∗(η)(ṡ1, · · · , ṡn) =
∑
a

αaρ
′∗(ν1

a)(Wa(s)1ṡ1, · · · ,Wa(s)nṡn)

=
∑
a

∑
j

αaρ
′∗(τa)(Wa(s)j ṫj) ∈ Γ(ρ′∗R1πM∗ωCM/M ),

where the last identity follows from the same reasoning as that given before Lemma
3.5. The last term above is of the same form as (3.6). Thus we conclude that
ρ∗(ση) = ρ∗(σ). This proves (1).

We next prove (2). Applying Lemma 5.1, it suffices to prove (2) for a complex
of locally free sheaves F • = [F 0 → F 1] such that F • ∼= RπM∗E . We choose such a
complex F • now.

Since πM : CM →M is a family of pointed stable twisted curves, ωlog
CM/M

is πM -

ample. Thus for a sufficiently large and divisible r, K = (ωlog
CM/M

)⊗r is sufficiently

πM -ample and is the pullback of an invertible sheaf on the coarse moduli space of
CM . Hence π∗MπM∗K → K is surjective. By dualizing this homomorphism, taking
the cokernel, and then tensoring with K, we obtain an exact sequence of locally free
sheaves of OCM -modules

0 −→ OCM −→ (π∗MπM∗K)∨ ⊗K −→ K1 −→ 0.

Tensoring with E , and renaming the second and third terms as E0 and E1, we obtain
the following exact sequence of locally free sheaves of OCM -modules

(5.8) 0 −→ E −→ E0 −→ E1 −→ 0.

Because K is sufficiently πM -ample, we have R1πM∗E1 = R1πM∗E0 = 0. Let the
new complex F • be

F • = [ζ : F 0 → F 1] = [πM∗E0 → πM∗E1].

By the vanishing, we have an isomorphism of derived objects F • ∼= RπM∗E .
Let q̃ : Y →M , X = (ζ̄ = 0) ⊂ Y , and the obstruction theory φζ be constructed

from this F • as before. We will prove that φζ = φ≥−1
X/M . Note that this implies that

[Cζ ] = [CX/M ] as cycles in Z∗(h
1/h0(E•X/M )).

Let CY = Y ×M CM and CX = X ×M CM . Denote by E, E0 and E1 the
(total spaces of the) vector bundles associated with E , E0 and E1, respectively.
Because Y is the total space of F 0, via the projection q̃ : Y →M , the isomorphism
F 0 = πM∗E0 induces a tautological section in Γ(q̃∗πM∗E0). By composing with
the tautological map π∗MπM∗E0 → E0, it induces a section e ∈ Γ(CY , p̃

∗E0), where
p̃ : CY → CM is the projection. Let eY : CY → E0 be the evaluation morphism
associated with e. Via (5.8), its restriction to CX ⊂ CY then lifts to a section
eX : CX → E, fitting into the Cartesian square

CX
eX−−−−→ Ey y

CY
eY−−−−→ E0.
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Let ICX (resp. IE) be the ideal sheaf of CX ⊂ CY (resp. E ⊂ E0). As CY and
E0 are smooth over CM , we obtain the induced homomorphism

(5.9)

e∗XL
•≥−1
E/CM

[e∗X IE/I
2
E → e∗X ΩE0/CM ]y y(h−1,h0)

L•≥−1
CX/CM

[ICX/I
2
CX
→ ΩCY /CM |CX ]

Let τ : E → CM be the projection. Then IE/I
2
E = N∨E/E0 = τ∗E1∨ and ΩE0/CM |E =

τ∗E0∨. Let f = τ ◦ eX : CX → CM be the projection. Thus e∗Xτ
∗ = f∗, and

e∗X IE/I
2
E = f∗E1∨ and e∗X ΩE0/CM = f∗E0∨.

Let IX be the ideal sheaf of X ⊂ Y . Because πX : CX → X is flat, ICX/I
2
CX

=

π∗X(IX/I
2
X) and L•≥−1

CX/CM
∼= π∗XL

•≥−1
X/M . Thus (5.9) is identical to

(5.10)

e∗XL
•≥−1
E/CM

[f∗E1∨ → f∗E0∨]yh y(h−1,h0)

π∗XL
•≥−1
X/M [π∗X(IX/I

2
X)→ π∗XΩY/M ].

Applying the Grothendieck duality

ϕ : HomCX (G∨1 , π
∗
XG2)

∼=−→ HomX((RπX∗G1)∨, G2),

forG1 ∈ Db(CX) andG2 ∈ Db(X), to the columns of (5.10), and usingR1πX∗f
∗E i =

0 because R1πM∗E i = 0, i = 0, 1, we obtain the arrow ϕ(h) = (ϕ(h−1), ϕ(h0))
shown below:

(5.11)

(F •)∨ [(πX∗f
∗E1)∨ → (πX∗f

∗E0)∨]yϕ(h)

y(ϕ(h−1),ϕ(h0))

L•≥−1
X/M [IX/I

2
X → ΩY/M |X ].

Following [CL, Prop 2.5], we have φX/M = ϕ(h)∨. Also ϕ(h0) is given by (πX∗f
∗E0)∨ =

(q∗E0)∨ = ΩY/M |X . On the other hand, via πX∗f
∗E1 = q∗πM∗E1 = q∗F 1 = V |X ,

one can easily check that ϕ(h−1) = ζ̄. Thus (5.11) is identical to (5.2). This proves

that (φ≥−1
X/M )∨ = φ∨ζ , thus φ≥−1

X/M = φζ . �

5.2. Comparison with Polishchuk-Vaintrob’s construction. In this subsec-
tion, we prove the equivalence of our construction and Polishchuk-Vaintrob’s con-
struction [PV1] of Witten’s top Chern class.

We first introduce the initial data (triplet) (V, ζ, η) over which Polishchuk-Vaintrob’s
construction applies. The triplet consists of a pure rank vector bundle V over a
pure dimensional DM stack Y over C, and sections ζ ∈ Γ(Y, V ) and η ∈ Γ(Y, V ∨)
such that η ◦ ζ = 0. Note that the (Y, ζ, η) constructed in the previous subsection
satisfies this requirement.

Let X = (ζ = 0) ⊂ Y , and let D = (η = 0)∩X ⊂ X. We first recall the previous
construction that gives the cosection localized virtual cycle [X]vir

loc. Let CX/Y be
the normal cone of X relative to Y , which is a subcone of V ∨|X . We claim that
η|CX/Y = 0. Indeed, since η ◦ ζ = 0, and since η : V → OY is a homomorphism,

η ◦ (tζ) = 0. As CX/Y is the specialization of the graph of tζ for t → ∞, we have
η|CX/Y = 0.
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Define σ = η|X : V |X → OX . Its degeneracy locus (non-surjective locus) is
X×Y (η = 0) = D. Let V |X(σ) = V |D ∪ker{V |X−D → OX−D} be the kernel stack
of σ. Then [CX/Y ] ∈ Z∗(V |X(σ)). Applying the cosection localized Gysin map

0!
σ,loc : A∗(V |X(σ))→ A∗(D), we obtain the class

[X]vir
σ,loc := 0!

σ,loc[CX/Y ] ∈ A∗(D).

Note that when (V, ζ, η) equals (E0, V, ζ, η) in the previous subsection, we have
X = Mg,γ(G)p and 0!

σ,loc[CX/Y ] = [Mg,γ(G)p]vir, which is Witten’s top Chern
class constructed using cosection localization.

In [PV1], Polishchuk-Vaintrob applied MacPherson’s graph construction to a
double-periodic complex to construct a cycle. By applying it to the case (Y, V, ζ, η) =
(E0, Y, ζ, η), they obtained their construction of Witten’s top Chern class of the LG
space ([Cn/G],W ). We briefly describe their construction.

For (Y, V, ζ, η), one can form the vector bundles over Y :

S+ =
⊕
k even

∧kV ∨, S− =
⊕
k odd

∧kV ∨, and S = S+ ⊕ S−.

The section s = (ζ, η) ∈ Γ(Y, V ⊕ V ∨) defines a two-periodic complex

(5.12) S• = [· · · ∧s−→S+ ∧s−→S−
∧s−→S+ ∧s−→S−

∧s−→ · · · ].

Clearly, S• is exact outside D = (s = 0).
By adopting MacPherson’s graph construction in this case, they constructed a

localized Chern character chYD(S•) ∈ A∗(D → Y ) of the two-periodic complex S•,
and proved that ([PV1, Thm 3.2])

(5.13) td(V |D) · chYD(S•) ∈ Ar(D → Y ), r = rankV.

Definition 5.9 (Polishchuk-Vaintrob [PV1]). Let (V, ζ, η) be as stated. Then Wit-
ten’s top Chern class of (V, ζ, η) is

(5.14) ctop(V, ζ, η) := td(V |D) · chYD(S•) · [Y ] ∈ A∗(D).

Witten’s top Chern class constructed by Polishchuk-Vaintrob is obtained by
applying this definition to the (E0, V, ζ, η) constructed in the previous subsection.

Proposition 5.10. Let the notation be as in Definition 5.9. Suppose Y is smooth.
Then

[X]vir
σ,loc = ctop(V, ζ, η) ∈ A∗(D).

Corollary 5.11. Let (V, ζ, η) be (E0, V, ζ, η) constructed in the previous subsection.
Then D = Mg,γ(G), X = Mg,γ(G)p, and

[Mg,γ(G)p)]vir = ctop(V, ζ, η) ∈ A∗(Mg,γ(G)).

We divide the proof of the proposition into several lemmas.

Lemma 5.12. Let the situation be as in Definition 5.9. Suppose η = 0, then

td(V |D) · chYD(S•) = ζ∗[ιY ] ∈ Ar(X → Y ), r = rankV,

where ιY : Y → V is the zero section, which defines the class [ιY ] ∈ Ar(Y → V ),
and X → Y is the inclusion. Consequently, ctop(V, ζ, 0) = [X]vir

σ,loc.
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Proof. Let p : V → Y be the projection and e ∈ Γ(V, p∗V ) be the tautological
section. Let ∧−•p∗V ∨ be the Koszul complex (concentrated in degrees [−r, 0])
induced by e. Applying [PV1, Prop 2.3 (vi)] gives

(5.15) chVY (∧−•p∗V ∨) = td(V )−1[ιY ].

Applying ζ∗ to (5.15) and using the compatibility between the pullback and the
product of invariant classes, we have

(5.16) chYD(ζ∗ ∧−• p∗V ∨) = ζ∗chVY (∧−•p∗V ∨) = td(V |D)−1ζ∗[ιY ],

where the first identity is by [PV1, Prop 2.3(iii)]. Observe that the complex ζ∗∧−•
p∗V ∨ is identical to [· · · → ∧kV ∨ ζ−→ ∧k−1 V ∨ → · · · ], and its associated two-
periodic complex following [PV1, Prop 2.2] is identical to (5.12) because η = 0.
Hence [PV1, Prop 2.2] implies the first term in (5.16) is equal to chYD(S•). �

Corollary 5.13. Let Z ⊂ Y be a Cartier divisor, and let U• = [OY
1→OY (Z)] of

amplitude [0, 1]. Denote by chYZ (U•∨) ∈ A∗(Z → Y ) the localized Chern character
defined in [Fu, Sect 18.1]. Then

td[OY (Z)] · chYZ (U•∨) = [ιZ ] ∈ A1(Z
ιZ−→Y )

and
td[OY (−Z)] · chYZ (U•) = −[ιZ ] ∈ A1(Z

ιZ−→Y ).

Proof. Applying Lemma 5.12 to V = O(Z), ζ = 1 and η = 0 gives the first identity.
The second identity follows from [Fu, Example 18.1.2 (b)] and the first identity. �

Lemma 5.14. Let notations be as stated, and suppose Y is smooth. Then

ctop(V, ζ, η) = [X]vir
σ,loc.

Proof. Let λ : Ỹ → Y be the blowing up of Y along (η = 0), Ỹ . Let (Ṽ , ζ̃, η̃) :=

(λ∗V, λ∗ζ, λ∗η) be the pullback of (V, ζ, η) by λ. Let X̃ := (ζ̃ = 0) = λ−1(X),

D̃ := (ζ̃ = 0) ∩ (η̃ = 0) = λ−1(D), and σ̃ = η̃|X̃ .

Define λ′ = λ|D̃ : D̃ → D. Since Y is smooth, using the deformation to normal
cone construction, we conclude that the cycle CX/Y ∈ Z∗(V ) is the push-forward

of CX̃/Ỹ ∈ Z∗(Ṽ ) under the proper morphism Ṽ → V . Because the Gysin map

commutes with proper push-forwards, we conclude

λ′∗(0
!
σ̃,loc[CX̃/Ỹ ]) = 0!

σ,loc[CX/Y ] ∈ A∗(V ).

On the other hand, [PV1, Prop 2.3(iii)] implies λ′∗(ctop(Ṽ , ζ̃, η̃)) = ctop(V, ζ, η).
Thus to prove the lemma, it suffices to prove the case when (the triplet (V, ζ, η))
η : V → OY factors through a surjection η′ : V → OY (−Z) ⊂ OY for a Cartier
divisor Z ⊂ Y where Y is not necessarily smooth. Let K ⊂ V be the kernel of
η′, which is a (locally free) vector bundle since η′ is surjective. Since η(ζ) = 0,
ζ ∈ Γ(V ) lifts to ζ ′ ∈ Γ(K).

The exact sequence

(5.17) 0 −→ K −→ V −→ OY (−Z) −→ 0

is usually non-split. We will use a standard argument to reduce the general case
to the split case. Let Ȳ := Y × A1 with the projection πY : Ȳ → Y . We form the
vector bundle V̄ on Ȳ that fits into the exact sequence

0 −→ π∗YK −→ V̄ −→ π∗Y OY (−Z) −→ 0
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such that its restriction to t 6= 0 (resp. 0) is the exact sequence (5.17) (resp. splits).
We let ζ̄ = π∗Y ζ

′ ∈ Γ(π∗YK). We also view it as a section in V̄ via the inclusion
π∗YK ⊂ V̄ . We let η̄ : V̄ → OȲ be the composition of V̄ → π∗Y OY (−Z) with the
inclusion π∗Y OY (−Z) ⊂ OȲ .

The triplet (V̄ , ζ̄, η̄) over Ȳ has the property that X̄ = (ζ̄ = 0) = X × A1 and
D̄ := X̄ ∩ (η̄ = 0) = D ×A1. Let ιt : D = D̄ ×A1 t ⊂ D̄ be the inclusion, and define
Ȳy = Ȳ ×A1 t. Then [PV1, Prop 2.3(iii)] and [Fu, Def 17.1 (C3)] imply that

ι!tctop(V̄ , ζ̄, η̄) = ctop(V̄ |Ȳt , ζ̄|Ȳt , η̄|Ȳt) ∈ A∗(D̄t) = A∗(D)

is constant in t ∈ A1.
On the other hand, let X̄t = X̄ ×A1 t, and let [X̄t]

vir
loc and [X̄]vir

loc be the cosection
localized virtual classes of the data (V̄t, ζ̄t, η̄t) and (V̄ , ζ̄, η̄) respectively. Since X̄
is a constant family over A1, Theorem 5.2 in [KL] implies that ι!t[X̄]vir

loc = [X̄t]
vir
loc ∈

A∗(D) is constant in t. Thus to prove the lemma, we only need to show that
ι!0ctop(V̄ , ζ̄, η̄) = [X̄]vir

loc. Equivalently, we only need to prove that in the case where
(5.17) splits, ctop(V, ζ, η) = [X]vir

σ,loc.

Because X = (ζ = 0) and ζ lifts to a section in K ⊂ V , we have the normal cone
CX/Y ⊂ K|X , and 0!

K [CX/Y ] ∈ A∗(X). Following the definition of the cosection
localization [KL], we conclude

(5.18) [X]vir
σ,loc = −ι!Z0![CX/Y ] ∈ A∗(D)

where ι!Z : A∗(X) → A∗−1(D) is the Gysin map associated with the Cartesian
square

D −−−−→ Xy y
Z

ιZ−−−−→ Y.
Next we analyze ctop(V, ζ, η). The Koszul complex

C• := [· · · → ∧kK∨ ζ−→ ∧k−1 K∨ → · · · ]

(with −k as the amplitude of ∧kK∨) is of finite length. Also let

U• := [OY
⊂−→OY (Z)]

be of amplitude [0, 1]. As C• is exact outside X and U• is exact outside Z, their
tensor product

V• := C• ⊗ U• = [· · · → Vk dk−→Vk−1 → · · · ]

is exact outside X ×Y Z = D and of finite length. This complex leads to another
complex

S•V = [· · · → S+
V

d+

−→S−V
d−−→S+

V → · · · ],
where S+

V = ⊕kV2k and S−V = ⊕k ∧ V2k+1, with differentials d+ = ⊕kd2k and
d− = ⊕kd2k+1.

We next introduce

J+ = ⊕k ∧2k V ∨ and J− = ⊕k ∧2k−1 V ∨,

and let ζ± : J± → J∓ be induced by contracting with ζ. We have

S+
V = J+ ⊕ J−(Z) and S−V = J− ⊕ J+(Z).
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For a ∈ J+, a
′ ∈ J−(Z) and b ∈ J−, b′ ∈ J+(Z), the boundary maps take the form

d+(a, a′) = (ζ+(a), a⊗ 1Z + ζ−(a′)) and d−(b, b′) = (ζ−(b), b⊗ 1Z + ζ ′(b′)),

where 1Z is the section of OY (Z) as the image of 1 under OY → OY (Z). Using the
splitting V = K ⊕ OY (−Z) and its compatibility with ζ, η, one can easily check
that the two-periodic complex S• is identical to S•V. Thus

chYD(S•) = chYD(S•V) = chYD(V•),

where the last term is the localized Chern character defined in [PV1, Sect. 18]
(for the complex V•) and the last equality holds by [PV1, Prop 2.2]. Now as
V• = C• ⊗ U•, Example 18.1.5 in [Fu] implies

chYD(V•) = chYZ (U•) ∪ chYX(C•).

Using the splitting V = K ⊕ OY (−Z), and letting ιX : X → Y be the inclusion,
(5.14) becomes

ctop(Y, V, ζ, η) := td(V |D) · chYD(S•) · [Y ]

= [td(OY (−Z)|Z) · chYZ (U•)] ∪ [td(K|X) · chYX(C•)] · [Y ]

= ι∗X([td(OY (−Z)|Z) · chYZ (U•)])(0![CX/Y ])

= −ι!Z0![CX/Y ] = [X]vir
σ,loc,

where the second equality follows from [Fu, Prop 17.8.2], the third equality follows
from Lemma 5.12 for (Y,K, ζ, 0), and the last equality follows from Corollary 5.13.

�

Combining Lemmas 5.12 and 5.14 gives the proof of Proposition 5.10.
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