GENERALIZED CHARACTERISTICS AND LAX-OLEINIK OPERATORS:
GLOBAL THEORY

PIERMARCO CANNARSA AND WEI CHENG

ABSTRACT. For autonomous Tonelli systems on R™, we develop an intrinsic proof of the
existence of generalized characteristics using sup-convolutions. This approach, together
with convexity estimates for the fundamental solution, leads to new results such as the
global propagation of singularities along generalized characteristics.

1. INTRODUCTION

Let L(x,v) be a Tonelli Lagrangian on R™ (L : R™ x R™ — R is a function of class
C?, strictly convex in the fibre, with superlinear growth with respect to v), and let H (x, p)
be the associated Hamiltonian given by the Fenchel-Legendre transform. The study of the
regularity properties of the viscosity solutions of the Hamilton-Jacobi equation

(1.1) H(z,Du(x)) =0 (x € R™)

is extremely important for several reasons. In the last two or three decades, remarkable
progress in the broad area of Hamiltonian dynamical systems was achieved by Mather’s
theory for Tonelli systems on compact manifolds in Lagrangian formalism [31} 32]], and
Fathi’s weak KAM theory in Hamiltonian formalism [25| [27]. Both these theories suc-
ceeded in the analysis of some hard dynamical problems such as Arnold diffusion. How-
ever, a general variational setting that applies to all the above aspects of Hamiltonian dy-
namics still has to be developed. As is well known, in both Mather’s and Fathi’s theories
various global minimal sets in a variational sense—such as Mather’s set, Aubry’s set and
Maiié’s set—play a crucial role. Similarly, if we want to study the behavior of an orbit
after it loses minimality, then we have to face the hard problem of dealing with the cut loci
and singular sets of the associated viscosity solutions.

Although significant contributions investigating the singularities of viscosity solutions
were already given in [17] and [7]], the current approach to this problem goes back to
[3], where the propagation of singularities was studied for general semiconcave functions.
Since any viscosity solution u of (I.T)) is locally semiconcave (with linear modulus), we
have that singularities propagate along Lipschitz arcs starting from any singular point = of
w at which the superdifferential D" u(z) satisfies the condition

ODTu(x) \ D*u(z) # 2,

where DT u(x) denotes the topological boundary of D u(z) and D*u(x) the set of all
reachable gradients of u at x. A more specific approach to the problem was developed in
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[4] by solving the generalized characteristic inclusion
x(s) € co Hy(x(s), DTu(x(s))), ae.se0,7].

More precisely, if the initial point xo belongs to the singular set of w, hereafter denoted by
Sing (u), and is not a critical point of u relative to H, i.e.,

0 & co Hy(xo, Dt u(xg)),

then it was proved in [4]] that there exists a nonconstant singular arc x from zy which
is a generalized characteristic. The study of the local propagation of singularities along
generalized characteristics was later refined in [37] and [18]]. For weak KAM solutions,
local propagation results were obtained in [[19] and the Lasry-Lions regularization proce-
dure was applied in [12] to analyze the critical points of Mather’s barrier functions. An
interesting interpretation of the above singular curves as part of the flow of fluid particles
has been recently proposed in [28]] (see also [35] for related results).

Returning to our dynamical motivations, in this paper we try to give an intrinsic in-
terpretation of generalized characteristics and study the relevant global properties of such
curves. For this purpose, we use the Lax-Oleinik semigroups TtjE (see, e.g. [25]) defined
as follows:

T ug(x) = sup {uo(y) — Aulz,9)},

Ty uo(z) := inf {uo(y) + Ai(y, z)},
yGR"

where ug : R” — R is a continuous function and A;(x,y) is the fundamental solution
of (I.1). These operators can be also derived from the Moreau-Yosida approximations in
convex analysis ([8]) or the Lasry-Lions regularization technique based on sup- and inf-
convolutions ([29], [36]).

By analyzing the maximizers y;, for sufficiently small ¢ > 0, in the sup-convolution

. . + . . . .. .

giving T ug(x) we obtain the global propagation of singularities which represents the
main result of this paper. For such a result we need the following assumptions.

(L1) Uniform convexity: There exists a nonincreasing function v : [0, +00) — (0, +00)
such that
Lyw(z,v) = v(w)I
for all (z,v) € R™ x R™.
(L2) Growth conditions: There exist two superlinear functions 6, 0 : [0, +00) — [0, +00)
and a constant ¢y > 0 such that

O(|v]) = L(x,v) = 0(|v|) — co V(z,v) € R" x R".
(L3) Uniform regularity: There exists a nondecreasing function K : [0, +00) — [0, +00)
such that, for every multindex || = 1,2,
[D*L(z,v)| < K(v])  V(z,v) € R" x R",

Recalling that Sing () stands for the singular set of © we now proceed to state our

Propagation result: Let L be a Lagrangian on R" satisfying conditions (L1)-(L3),
and let u be a globally Lipschitz semiconcave solution of the Hamilton-Jacobi
equation (1.1)), where H is the Hamiltonian associated with L. If z belongs to
Sing (u), then there exists a generalized characteristic x : [0, 4+00) — R™ such
that x(0) = = and x(s) € Sing (u) for all s € [0, +00).
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We observe that the study of the global propagation of singularities is much more dif-
ficult than the local one. Indeed, to this date the only known results concern geodesic
systems, see [2] and [S]. More precisely, [2] studies the global propagation of the so-
called C''-singular support of solutions which—in this case—coincides with the closure
of Sing(u), while [5] investigates the propagation of genuine singularities. For time de-
pendent problems, global propagation was addressed in [[I]] for the C-singular support of
solutions and, recently, in [[15] for singularities of solutions to eikonal equations.

It is worth mentioning that, when considering geodesic systems on Riemannian man-
ifolds, the method of generalized characteristics (or generalized gradient flow) has been
successfully applied to reveal topological relations between a compact domain 2 and the
cut locus enclosed in €2 ([5]). Such relations depend on global results for the propagation
of singularities along the associated generalized characteristics. We will shortly apply our
global propagation results to study singularities on the torus ([13])).

For the proof of the above theorem we need regularity results for the value function of
the action functional (also called fundamental solution of (I.I)) in [33]])

t

Ae(z,y) = Veifrlf ; L(v(s),7(s))ds (>0, z,y €R")

where
%, = {y e WH'([0,t],R") : 4(0) = z,y(t) = y}.
More precisely, we need

Convexity and local C! regularity results: Suppose L is a Tonelli Lagrangian sat-
isfying (L1)-(L3). Then the following properties hold true.
(a) For any A > 0, there exists ¢, > 0 such that, for any x € R"™, the function
(t,y) — Ai(z,y) is semiconvex on the cone

Sx(@,tx) :={(t,y) ERxR™ : 0 <t <ty, |y—az| <A},

that is, there exists Cy > 0 such that for all z € R", all (¢,y) € Sx(x,ty), all
h €[0,t/2), and all z € B(0, At) we have that

Cx
t
(b) For all t € (0,tx], A¢(x,-) is uniformly convex on B(x, At), that is, there

exists C, > 0 such that forall z € R", all y € B(z, At), and all z € B(0, \t)
we have that

Appn(z,y+2) + Ap(z,y — 2) — 244(z,y) = ——> (W% + |2]?).

C/
At(xay + Z) + At(xay - Z) - 2At(£7y) > T>\|Z|2

(c) For any x € R™ the functions (¢,y) — A:(z,y) and (¢,y) — A:(y, x) are of

class C! on the cone Sy (z, ty) defined above.

Similar regularity results were obtained in [11]] by a different approach, under more restric-
tive structural assumptions than those we consider in this paper.

This paper is organized as follows. In section 2, we review basic properties of viscosity
solution of Hamilton-Jacobi equations. In section 3, we discuss connections between sup-
convolutions and generalized characteristics and we give our global result on the propaga-
tion of singularities along generalized characteristics. The paper contains four appendices
that contain technical results and background material which is useful for our approach:
in the first one we give a uniform bound for minimizers of the action functional follow-
ing [6]] and [24], in the second one we give detailed proofs of all the required regularity
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results for the fundamental solution, in the third one we adapt the construction of general-
ized characteristics from [4] to the present context, in the fourth one we provide a global
semiconcavity estimate for the weak KAM solution on R™ constructed in [26].
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2. PRELIMINARIES

2.1. Semiconcave functions. Let 2 C R™ be a convex set. We recall that a function
u : 2 — R is said to be semiconcave (with linear modulus) if there exists a constant
C > 0 such that

@D )+ (1 Nuly) —u(a + (LX) < SAQ = Na— gl

forany z,y € Qand X € [0, 1]. Any constant C that satisfies the above inequality is called
a semiconcavity constant for u in €.

A function u : 0 — R is said to be semiconvex if —u is semiconcave.

When u : 2 — R is continuous, it can be proved that  is semiconcave with constant C'
if and only if

) +ul) 20 (52 ) < o - o
2 2
for any z,y € Q.

Hereafter, we assume that {2 is a nonempty open subset of R™.

We recall that a function v : 2 — R is said to be locally semiconcave (resp. locally
semiconvex) if for each x € () there exists an open ball B(z,r) C £ such that u is a
semiconcave (resp. semiconvex) function on B(z, 7).

Let u :  C R™ — R be a continuous function. We recall that, for any = € €, the
closed convex sets

D u(z) = {p € R" : liminf wy) —ul@) = {py = 7) > 0} ,

yoe ly — =
Dtu(x) = {p € R™ : lim sup uly) = u(@) = (p.y = ) < 0} .
y— ly —

are called the (Dini) subdifferential and superdifferential of u at x, respectively.

Let now u : 2 — R be locally Lipschitz. We recall that a vector p € R™ is said to be
a reachable (or limiting) gradient of u at x if there exists a sequence {z,} C Q\ {z},
converging to z, such that v is differentiable at xj, for each k¥ € N and

lim Du(xy) = p.
k—o0
The set of all reachable gradients of u at x is denoted by D*u(x).

Now we list some well known properties of the superdifferential of a semiconcave func-
tion on 2 C R"™ (see, e.g., [16]] for the proof).
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Proposition 2.1. Let u : 2 C R™ — R be a semiconcave function and let x € Q). Then
the following properties hold.

(@) DYu(x) is a nonempty compact convex set in R"™ and D*u(z) C DV u(x), where
dD u(x) denotes the topological boundary of DV u(x).

(b) The set-valued function x ~ DVu(x) is upper semicontinuous.

(©) If D u(z) is a singleton, then u is differentiable at x. Moreover, if DT u(z) is a
singleton for every point in , then u € C1(Q).

(d) D u(z) = co D*u(x).

Proposition 2.2 ([16]). Let u : © — R be a continuous function. If there exists a constant
C > 0 such that, for any x € €, there exists p € R™ such that

C
22) uy) Sul@) +py—a) +Sly—af’ Ve

then w is semiconcave with constant C and p € DV u(x). Conversely, if u is semiconcave

in Q with constant C, then (2.2) holds for any x € Q and p € Dt u(x).

A point x € Q is called a singular point of u if D u(x) is not a singleton. The set of
all singular points of u, also called the singular set of u, is denoted by Sing (u).

2.2. Tonelli Lagrangians. In this paper, we concentrate on Lagrangians on Euclidean
configuration space R™. We say that a function 6 : [0, +00) — [0, +00) is superlinear if
O(r)/r — +oo asr — +oo.

Definition 2.3. A function F' : R® x R™ — R is called a generalized Tonelli function if F
is a function of class C? that satisfies the following conditions:

(T1) Uniform convexity: There exists a nonincreasing function v : [0, +00) — (0, +00)
such that
Fyo(z,v) Zv(jo)I  Y(z,v) € R™ x R™.

(T2) Growth condition: There exist two superlinear function 0,6 : [0, +00) — [0, +00)
and a constant ¢y > 0 such that

Aol > Fla,0) > 0(0)) —co  Y(w,v) €R” x R™.

(T3) Uniform regularity: There exists a nondecreasing function K : [0, 4+00) — [0, +00)
such that, for every multindex |o| = 1,2,

|DYF(z,v)| < K(Jv|) V(z,v) € R" x R",
The convex conjugate of a superlinear function 6 is defined as

(2.3) 0% (s) = sup{rs — 6(r)}s Vs > 0.

r=0
In view of the superlinear growth of 6 it is clear that 6* is well defined and satisfies
(2.4) O(r)+6%(s) = rs vr,s >0,
which in turn can be used to show that 8*(s)/s — oo as s — 0.

Definition 2.4. A function L : R™ x R™ — R is called a Tonelli Lagrangian if L is a gen-
eralized Tonelli function as in Definition If L is a Tonelli Lagrangian, the associated
Hamiltonian H is the Fenchel-Legendre dual of L is defined by

(2.5) H(xz,p) = seuﬂg {{p,v) — L(z,v)} (z,p) e R" x R".
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The Hamiltonian H is called a Tonelli Hamiltonian if H is a generalized Tonelli func-
tion. We denote by (L1)-(L3) (resp. (H1)-(H3)) the corresponding conditions of a Tonelli
Lagrangian L (resp. Tonelli Hamiltonian H).

Example 2.5. A typical example of a Tonelli Lagrangian L is the one of mechanical sys-
tems which has the form

L(z,v) = f(@)(1+ [o]*)2 + V(2), (z,0 €R"),

where ¢ > 1, f and V are smooth functions on R™ with bounded derivatives up to the
second order, and infg~ f > 0.

Lemma 2.6. If L is a Tonelli Lagrangian with H its Fenchel-Legendre dual, then H is a
Tonelli Hamiltonian.

Proof. First, let v, , € R™ be such that p = L, (z, v, ) or, equivalently, v, , = Hp(z, p).
By assumptions (L1)-(L3), we have that

|p‘|vw7p‘ ><Lv(x,vw,p)v Ua:,p> > L(z, Uaa,p) — L(z,0) > 0(‘Uw,p|) —Co — é<0)
2(Ipl + D|vz,p| — co — 0(0) — 6*(|p| +1).
This shows that
|Hy (2, p)| = vz p| < co+0(0) + 6 (|p| + 1) = C1(|p)),

where O} (r) = ¢ + 0(0) + 0* (r + 1). The estimates for the other derivatives in (H3) and
(H1) can be proved by using the relations

Hz(x,p) = *Lm(Iva(Iap))

Hyp(2,p) = Ly, (2, Hp(z,p))

Hyp(x,p) = —Lav(z, Hy(z,p)) Hpp(2, p)

HI$($7P) = *Lm(szp(xvp)) - Lm1}($7Hp(I7p))HP-ﬂc(I7P)

and our conditions (L.1)-(L3). This completes the verification of (H1) and (H3).
To check (H2), we have that, for all R > 0,

H(z,p) > Rlp| - 0(R), V(z,p) € R" xR"
by 23) and (L2). Set 6 (r) = supro{Rr — 0(R)}, r € (0, +00), which is well defined
by (L2). Thus, 6, gives the required superlinear function for (H2). O
2.3. Hamilton-Jacobi equations. Suppose H is the Hamiltonian associated with a Tonelli
Lagrangian L and consider the Hamilton-Jacobi equation
(2.6) H(xz,Du(x)) =0 (z € R™).
We recall that a continuous function w is called a viscosity subsolution of equation (2.6) if,
for any z € R",

2.7) H(x,p) <0, Vpe DV u(z).
Similarly, u is a viscosity supersolution of equation (2.6) if, for any = € R",
(2.8) H(z,p) >0, Vpe D u(x).

Finally, u is called a viscosity solution of equation (2.6), if it is both a viscosity subsolution
and a supersolution.

Throughout this paper we will be concerned with solutions of the above equation that
are Lipschitz continuous and semiconcave on R™. The existence of such solution is the
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object of the following proposition which is essentially a consequence of the existence
theorem of [26]] and the semiconcavity results of this paper (see also [L6] and [34]).

Proposition 2.7. Let L be a Tonelli Lagrangian and let H be the associated Hamiltonian.
Then there exists a constant ¢(H) € R such that the Hamilton-Jacobi equation

(2.9) H(z,Du(x)) =c¢, z€R"

admits a viscosity solution u : R™ — R for ¢ = ¢(H) and does not admit any such solution
for ¢ < c(H). Moreover, u is globally Lipschitz continuous and semiconcave on R™.

The proof of Proposition[2.7]is given in Appendix [D]
Let us consider the class of admissible arcs
Are = {6 € WHH(0, 1, R") : £(¢) = 2}

where W11 ([a, b]; R™) denotes the space of all absolutely continuous R"-valued functions
on [a, b], where —co < a < b < 400. The functional

(2.10) Ji(€) = / L(E(s),£(s)) ds + uo(E(0)), € € Apa,

where ug € C(R™) is the initial cost, is usually called the action functional. A classical
problem in the calculus of variations is

(CVi) to minimize J; over all arcs § € A, ;.

We define the associated value function

(2.11) u(t,z) = min Jy(§).

E€A: -

It is known that u(¢, x) is a viscosity solution of the Cauchy problem

(2.12) u(t, ) + H(x, Vyu(t,x)) =0, t>0,2 € R"

. U(O,.%) = UO(x)a z € R",
where V u denotes the spatial gradient of u. From the uniqueness of viscosity solutions
of 2.12) if follows that, if the initial datum v, is a viscosity solution of (2.6), then the

solution u of (2.12) is constant in time and coincides with . In this case, because of the
translation invariance of problem (CV; ), we have that, for all ¢ > 0,

@13 wow) = min o { [ L)) ds+ua(€(-0) ¢ €0) =},

Cgewri((—toirm) LS,

Moreover, suppose L satisfies conditions (L.1)-(L3) and let H be the associated Hamilton-
ian. Then we have the following result (see [16] or [34]).

Proposition 2.8. Let u : R™ — R be a viscosity solution of (2.6) and let x € R™. Then
p € D*u(x) ifand only if there exists a unique C* curve ~ : (—00,0] — R™ withy(0) = z
which is a minimizer of the problem in (2.13) for every t > 0 and p = L, (z,%(0)).

2.4. Generalized characteristics. The study of the structure of the singular set of a vis-
cosity solution is a very important and hard one in many fields such as Riemannian ge-

ometry, optimal control, classical mechanics, etc. The dynamics of singularities can be
described by using generalized characteristics.

Definition 2.9. A Lipschitz arc x : [0,7] — R", (T > 0), is said to be a generalized
characteristic of the Hamilton-Jacobi equation if x satisfies the differential inclusion

(2.14) x(s) € co Hy(x(s), DT u(x(s))), ae.s€e0,7T].
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A basic criterion for the propagation of singularities along generalized characteristics
was given in [4] (see [18[37] for an improved version and simplified proof of this result).

Proposition 2.10 ([4]). Let u be a viscosity solution of and let xo € R™. Then
there exists a generalized characteristic x : [0, T] — R"™ with initial point x(0) = xo.
Moreover, if xo € Sing (u), then T € (0,T) exists such that x(s) € Sing (u) for all
s € [0, 7). Furthermore, if
(2.15) 0 & co Hy(zo, D u(zy)),
then x(s) # x for every s € [0, 7).

Condition (2:13) is the key point to guarantee the propagation of singularities along
generalized characteristics. For the cell problem with L in the form

L(z,v) = %(A(x)v, vy —V(z)+ E,

a local propagation result can be obtained replacing assumption (2.15)) by the energy con-
dition E > max,er~ V (z) (see [14]).

3. GENERALIZED CHARACTERISTICS AND LAX-OLEINIK OPERATORS

For any ¢ > 0, given x,y € R", we set

%, = {6 e WHI([0,1];R") : £(0) = 2, &(1) = y}
and define
t

3.1) Ay(z,y) = 5rerllﬂifn / L(&(s),&(s))ds (x,y e R™).

2,y J0
The existence of the above minimum is a well-known result in Tonelli’s theory (see, for
instance, [25])). Any £ € I}, , at which the minimum in (3.1)) will be called a minimizer for
Ay(x,y) and such a minimizer ¢ is of class C? by classical results. In the PDE literature,
Ai(x,y) is also called the fundamental solution of (2.6), see, for instance, [33]].

Let L be a Tonelli Lagrangian satisfying (L1)-(L3) and let H be the associated Hamil-
tonian. In this section we study the singularities of a Lipschitz continuous semiconcave
solution u of the Hamilton-Jacobi equation
(3.2) H(z,Du(x)) =0, ze€R"™
The existence of such a solution is guaranteed by Proposition

3.1. Lax-Oleinik operators. For any Lipschitz continuous function u : R™ — R we set
(3.3) Lip(u) = sup [uy) = ulz)| .
yAz |y =l
For all (t,z) € Ry x R™ let
G4 oiy) =uly) — Alz,y) and Y (y) = u(y) + A(y,z)  (y €R")

where A; is the fundamental solution of (3:2). The Lax-Oleinik operators 7, and T} are
defined as follows

(3.5) Tu(x) = sup ¢f(y), = €R",
yeR™

(3.6) T, u(x) = inf ¢f(y), =eR™
yER™

The functions ¢f and v} are also called local barrier functions.



GENERALIZED CHARACTERISTICS AND LAX-OLEINIK OPERATORS 9

Lemma 3.1. Suppose L is a Tonelli Lagrangian and let u be a Lipschitz function on R".
Then the supremum in (3.3) is attained for every (t,x) € Ry x R™. Moreover, there exists
a constant Ao > 0, depending only on Lip(u), such that, for any (t,x) € Ry x R™ and
any maximum point y ,. of ¢F, we have

(3.7 |yt — ] < Aot

Proof. Let k,, = Lip(u) + 1. Then, for any (¢,2) € Ry x R™ and y € R", (2.4) yields
Aulary) > nf 0t91<|é(s>b ds — cot > géggd/kut/£t|é<s>|ds-— (603 (ku) + o)t

Zhuly — 2| = (67 (ka) + co)t,

where ¢y is the constant in assumption (L.2). Therefore

Oi(y) — ¢¢ (z) = u(y) — u(z) — A(z,y) + Ae(z, z)

Lip(u)ly — 2| — kuly — o] + (07 (ku) + co) + tL(z,0)

— |y — x| + ¢(67 (k) + co + 62(0))

where 05 is given by condition (L2). Now, taking Ao = 07 (k.,) + ¢o + 62(0) it follows that

<
<

(3.8) A = {y: ¢} (y) = ¢f (2)} C B(, Aot).
Therefore A¥ is compact and the supremum in (3.3) is indeed a maximum. Moreover, (3.7)
is a consequence of (3.8). O

A similar result holds for the inf-convolution defined in (3.6). A more detailed study
of the properties of inf/sup-convolutions can be found in [8] with respect to the quadratic
Hamiltonian H (p) = |p|?/2 and, consequently, the kernel A;(z,y) = 5|z — y|?. This
type of regularization, also called Moreau-Yosida regularization in convex analysis, was
developed into a well-known procedure by Lasry and Lions [29]. In our context, we recover
more information from the dynamical systems point of view by replacing quadratic kernels
with the fundamental solutions.

3.2. Propagation of singularities. In this section, we will discuss the connection between
sup-convolutions, singularities, and generalized characteristics. We begin our analysis with
the local propagation of singularities of viscosity solutions along generalized characteris-
tics. For Tonelli systems under rather general conditions, a local propagation result was
obtained in [3] by a different method, without relating singular arcs to generalized char-
acteristics. In the following lemma, we construct a singular arc starting from any singular
point of the solution. A crucial point of this result is the fact that the interval [0, 9] on
which the singular arc is defined turns out to be independent of the starting point x.

Lemma 3.2. Let L be a Tonelli Lagrangian and let H be the associated Hamiltonian.
Suppose u : R™ — R is a Lipschitz continuous semiconcave viscosity solution of (3.2).
Then there exists to in (0,1] such that, for all (t,z) € (0,t9] x R", there is a unique
maximum point y; .. of ¢7 and the curve

T if t=0
3.9 t) :=
G-9) y(®) {yt,m if te(0,to]

satisfies lim;_,o y (t) = x.
Moreover, if x € Sing (u), then y(t) € Sing (u) for all t € (0, o).
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Proof. Let C1 > 0 be a semiconcavity constant for © on R™ and let )y be the positive
constant in Lemma (3.1} By Proposition with A = 1 + Ao, we deduce that there
exists tg € (0,1] and a constant Cy > 0 such that for every (¢,z) € (0,to] x R™, every
y € B(z, At), and every z € B(0, At) we have that

C
Ay +2) + Aela,y = 2) = 24(2,y) > L.

Thus, ¢F (y) = u(y) — As(x,y) is strictly concave on B(z, At) for all t € (0, t] provided
that we further restrict ¢¢ in order to have

3.10 to < —.
(3.10) 03,
Then, for all such numbers ¢, there exists a unique maximum point y; ,. of ¢7 in B(x, At).
In fact, y; , is an interior point of B(x, At) since, by Lemma 3.1} we have that |y, — 2| <
Aot.
We now prove that y; ., is a singular point of u for every t € (0, ¢o]. Let & , € F;ﬁyt .
be the unique minimizer for A;(x,y: ) and let

pt,x(S) = Lv(gt,w(s)7£t,$(8))7 ERS [O,to},
be the associated dual arc. We claim that
(3.11) Dro(t) € D+u(yt7x) \ D*u(yt,z),

which in turn yields vy, , € Sing (u). Indeed, if p; . (t) € D*u(y ), then by Proposi-
tionthere would exist a C? curve v, : (—00,t] — R™ solving the minimum problem

t
min L(~(s),(s)) ds +u(v(7)) : v(t) = }
i A E6G)AG) ds a0 < 90 = i
for all 7 < ¢t. It is easily checked that y; ,, and &; ,, coincide on [0, ¢] since both of them are
extremal curves for L and satisfy the same endpoint condition at ; ., i.e.,
Lv (gt,a: (t)7 ét,w (t)) = Ptz (t) - Lv (’yt,;ﬂ (t)a ;yt,m (t))

This leads to a contradiction since « € Sing (u) while u should be smooth at 7; ,,(0). Thus,
(3-1T) holds true and y; € Sing (u). O

Next, we proceed to show that the singular arc in Lemma[3.2]is a generalized character-
istic.
Lemma 3.3. Let ty and y be given by Lemma for a given x € R™. Foranyt € (0, t]
let& , €T y(+) be aminimizer for Ay(x,y(t)). Then

(3.12) {ét,w(')}te(o,to] is an equi-Lipschitz family.
Proof. Since y(t) € B(z, \t) by Lemma we have that (&;.2(s), pr,z(s)) € K}, for

all s € [0,t], where the compact set K , 'is defined in (B.2). Therefore, being solutions
of the Hamiltonian system

{&,w(S) = Hp(&.0(5), Pr.a(s)) s €10,],

pt,x(s) = _Hw(ft,x(s)apt,w(s))
both {ét,x(')}te(o,to] and {p¢ = (-) }+e(0,4,) are uniformly bounded. Consequently,

ét,w(s) = Hpﬂc(§t7w<5)7pt,x(5))£t,z(5) + Hypp(&t,2(8); .2 (5))Pt,2(5) (s €10,1])
is also bounded, uniformly for ¢ € (0, ¢¢]. ]
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Proposition 3.4. Let L be a Tonelli Lagrangian. Let to € (0,1] be given by Lemma 3.2}
For any fixed x € R", lety : [0,t9] — R™ be the curve constructed in Lemma Then

(a) y is Lipschitz on [0, to).

Moreover, for any t € (0,to], let &, € F;,y(t) be a minimizer for A¢(x,y(t)). Then the
following properties hold true:

(b) The right derivative y*(0) exists and

(3.13) yT(0) = lim & .(t) = Hy(x,ps)
t—0+
where p,. is the unique element of D" u(x) such that
H(z,p) > H(z,p:), Vpe€ DTu(x).
(c) The arc p(t) := Ly (&4 (t), & ..(t)) is continuos on (0,to)] and lim,_,q+ p(t) = p,.
(d) There exist 0 < p < tg and constants C1,Cy > 0 such that
(3.14) H(y(t)ap(t)) < H(xvpm)+clt_02|p(t) _px‘Qa vt e (Ovp]
Proof. Having fixed x € R”, we shall abbreviate {; , = &. Let 0 < t,s < ¢ and let

& € F;,y(t), { €T (s andn € F;y(s) be minimizers for A;(z,y(t)), As(z,y(s)),

and Ay (z,y(s)) respectively. Setting p; = Ly (&(t), &(t)), s = Lu(Es(s),Es(s)), and
p = L,(n(t),n(t)) we have that

() - y(s)P
<o =0y (@) —y(s)) = (pe = ps, ¥(t) = ¥(5)) + (ps = p,¥(t) = y(5))

<Cily(t) —y(s)* + (ps — p,y(t) — y(5)),

where we have used the notation of the proof of Lemma [3.2] By Proposition the
function (¢,y) +— Ai(x,y) is locally C1! in the set {(t,y) € R x R" : 0 < t < to, |y —
x| < At}. Moreover, Propositiontogether with Propositionensures that

Cs
Ips —p| < 7|5 — 1

for some constant C3 > 0. Therefore
02 CS
(G- ) wor-yor < Lty - yo).

Recalling (3-10) we have that Cy/t — Cy > 0 for all 0 < ¢ < ¢o. Thus

C

3
< — t—
‘\ 02—01t0| S|’

ly(t) —y(s)

and this proves (a). _
Now we turn to the proof of (b). Since {&;(-)}+e(o,t,] are equi-Lipschitz by Lemma
for any sequence ¢, — 07 such that vy, := (&, (tx) — x)/t converges, we obtain

gtk(:# - gtk (tk) < ?/ |£tk (S) - gtk (tk)‘ ds
k k Jo
(3.15) t

< g k(t — S) ds = gt

X te o k - 2 k-

This implies that

vo := lim v, = lim ftk(tk).
k—o0 k—o0
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By the semiconcavity of u, for any p € DV u(x), we have

u(x) < uly(te) + (Lo(y(tr), €. (k) @ — y(te)) + %Ifﬂ - y(t)?

)
< u(@) + (0, y(te) = x) + (Lo (y(t), € (t)), =y (1)) + Ol =y (1)
Then, recalling that &, (¢x) = y(tx) we have

(3.16) (p— Ly (y(ts), & (t1), vr) + t1Clog|> > 0, Vp € DY u(z).

Taking the limit in (3:16) as k — oo we obtain

(3.17) {p,vo) = (Ly(z,v0),v0) = (ps,v0), Vp € DTu(z),

where p, := L, (z,v9) € DT u(z) by the upper semicontinuity of z ~ Dt u(x). So,
(3.18) H(z,p) = (L,(z,v0),v0) — L(z,v0) = H(z,pz), Vp€ DTu(x),

and p,, is the unique minimum point of H (z,-) on D u(z). The uniqueness of p, implies
the uniqueness of v since L, (z, -) is injective. This leads to the assertion that
ft (t) — T

vo = lim 22—~ — lim & (¢
0 t—0+ t t—0+ gt( )

and, together with (3.18)), implies (3:13). This completes the proof of (b).

The conclusion (c) is a straight consequence of (a), (b) and the locally C'+! regularity
property of the function (¢,y) — A.(x,y).

Finally, we turn to prove (d). First, using Tailor’s expansion, we have that

H(I,pz) - H(y(s)a p(S))
=H.(y(s), p(s))(x —y(s)) + Hp(y(s), P(s)) Pz — P(s))

+ %<(pr(>'($)7 P(s)) + Hpz (y(s), P(5))) (P — P(s)), (x — y(s)))
+ %<Hm(}’(5)a p(s))(z —y(s), (z = y(s)))
+ %<pr(y(5)’ P(5))(Pz = P(3)), (e = P(5))) + o[y (s) = 2|* + |p(s) = pa|*)-

Thus, by (a), (b), (¢) and our assumptions on H, there exist p > 0 such that, for s € (0, p],
we have

H(z,ps) — H(y(s),p(s))
Z— Cls + <és(5)apm - p(5)> - 0652 - €|p(8) - px|2 + 02|p(5) 7pZE|2
Taking € > 0 small enough, we have
H(x,p.) — H(y(s),p(s)) = —C3s + (£(s),px — P(5)) + Culp(s) — pal*.
In view of (3.13), we have

S

y(s)—z
H(e.e) = HOy(p(6) = ~Cos b (P22 p(e) ) 4 Culp(s) i
Therefore, by the semiconcavity of u, we obtain

H(z,ps) — H(y(s),p(s)) = —Ces + Calp(s) — pa|?,
which completes the proof of (d). (]
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Remark 3.5. Observe that (3.17), that is,
(p—pz,v0) =0, Vpe DMu(z),
is exactly the key condition for propagation of singularities in [4] and [18]].

Theorem 3.6. Let L be a Tonelli Lagrangian and let H be the associated Hamiltonian.
Suppose u : R™ — R is a Lipschitz continuous semiconcave viscosity solution of (3.2))
and x € Sing (u). Then the singular arc'y : [0,tg] — R™ defined in Lemma is a
generalized characteristic and satisfies

(3.19) y(7) € co Hy(y(7), DT u(y(7))), ae 7€ [0,t0].
Moreover,
(3.20) ¥1(0) = Hy(, po),

where pg is the unique element of minimal energy:
H(fﬂ,p) >H($,p0), VpED+U($).

Proof. The conclusion can be derived directly from Lemma [3.2]and Proposition 3.4]except
for (3:19). For the proof of (3.19), see Appendix [C] O

To study the genuine propagation of singularities along generalized characteristics, we
have to check that the singular arc y(¢) in Lemma does not keep constant locally. As
we show below, the following condition can be useful for this purpose:

(3.21) DyA(z,z) € DTu(z), forallt € (0,to].
Proposition 3.7. Lety : [0,tg] — R™ be the singular generalized characteristic in The-

orem and let t € (0,to]. Then y(t) = x if and only if DyA;(x,z) € DT u(x).
Consequently, if (3:21) holds, then y(t) # x for every t € (0, to).

Proof. Letp € DVu(z), p’ = DyA(z,x), and let t € (0,to]. Recalling that y(¢) is the
unique maximizer of ¢f we have

0<¢;(y(t) = ¢f (z) =luly(t)) — u(z) — {p,y(t) —z) — %b’(t) —af?]

Ay (8) — Ade, ) — oy (0) — 2) — Liy(e) - op)
o2yt~ 2 + 5 (- Dy )~ o

1 Cy
<p—p.y(t) —2)+ (01— )y () — o,
where—like in the proof of Lemma[3.2}—C} > 0 is a semiconcavity constant for u on R”
and Cy > 0 a convexity constant for A;(x,-) on B(z, (1 + Ao)t). So,
2lp —p/|

Cy/t —Cy
If DyA(z,xz) € D u(z), then taking p = p’ in the above inequality yields y(¢) = .
Conversely, if y (t) = z, then the nonsmooth Fermat rule yields 0 € D" u(x)— D, A¢(z, x)
which completes the proof. (]

0< |y(t) —=| <

Another condition that ensures the genuine propagation of singularities is related to the
notion of critical point.
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Definition 3.8. We say that x € R" is a critical point of a viscosity solution u of (3.2) if
0 € co Hy(z, D" u(x)), and a strong critical point of w if 0 € Hy(z, D" u(x)).

Remark 3.9. For a mechanical Lagrangian of the form
1
(3.22) L(z,v) = 5(A(x)v,v> —V(x),

with (A(z)-,-) the matrix associated with a Riemannian metric in R and V' a smooth
potential, x is a critical point of a semiconcave solution u of the corresponding Hamilton-

Jacobi equation

%(A(x)*lDu, Du)+V(x)=0

if and only if 0 € D" u(z), i.e., x is a critical point of u in the sense of nonsmooth analysis.

It is already known the condition that x is not a critical point is a key point to guarantee
the genuine propagation of singularities along generalized characteristics (see, for instance,

(4D.

Corollary 3.10. Let y : [0,t9] — R™ be the singular generalized characteristic in The-
orem If x is not a strong critical point of u then there exists t € (0,10 such that

y(s) # z forall s € (0,1].
Proof. Tt suffices to show that 0 € H,(z, D" u(x)) whenever a sequence t;, — 0 exists

such that y (¢;) = « for all k € N. Indeed, denoting by &, € F;’“y( +,) the unique minimizer

of Ay, (x,y(tx)), as in the proof of Proposition 3.4] we have that

Ee(ty) — o
tg

because & (tx) = y(tx). Therefore the dual arc pg(s) = L, (£x(s), Ek(s)) satisfies
lim H,(&(ty), pr(ts)) = lim &(ty) = 0.
k—o00 b 00

Now, since py(tx) = Dy Ay, (2, y(tr)) € DT u(y(t)) by the nonsmooth Fermat rule, the
upper semicontinuity of z ~~ H,(z, D u(z)) yields 0 € H,(z, DT u(x)). O

lim & (t;) = lim =0
k—oo k—oo

The above results on the propagation of singularities along generalized characteristics
leads to the following global propagation property.

Theorem 3.11. Let L be a Tonelli Lagrangian and let H be the associated Hamiltonian.
Suppose u : R™ — R is a Lipschitz continuous semiconcave viscosity solution of (3.2). If
x € Sing (u), then there exists a generalized characteristic x : [0,4+00) — R™ such that
x(0) = z and x(s) € Sing (u) for all s € [0, +00).

For geodesic systems, global propagation results were obtained in [1]], [2], and [5] even
on Riemannian manifolds. Theorem [3.11] above applies to mechanical systems with a
Lagrangian L of the form (3.22).

Corollary 3.12. Let L be the Tonelli Lagrangian in and let H be the associated
Hamiltonian. Suppose that A and V' are bounded together with and all their derivatives up
to the second order and let u be a viscosity solution of the Hamilton-Jacobi equation (3.2).
If x € Sing (u), then there exists a unique generalized characteristic x : [0, +00) — R
such that x(0) = z and x(s) € Sing (u) for all s € [0, +00).

Proof. Observing that all the conditions (L1)-(L3) are satisfied, the main part of the con-
clusion is an immediate consequence of Theorem [3.T1] The uniqueness of the generalized
characteristic is a well-known consequence of the semiconcavity of u (see, e.g., [16]). O



GENERALIZED CHARACTERISTICS AND LAX-OLEINIK OPERATORS 15

APPENDIX A. UNIFORM LIPSCHITZ BOUND FOR MINIMIZERS

In this appendix we adapt to the present context a Lipschitz estimate for minimizers of
the action functional that was obtained in [24] (see also [6]). We give a detailed proof of
this result for the readers’ convenience. We assume that the Lagrangian L : R” x R™ — R
is a function of class C? that satisfies the following conditions:

(L1°) Convexity: Ly, (z,v) > 0 for all (z,v) € R™ x R™.
(L2’) Growth condition: There exists a superlinear function 6 : [0, +00) — [0, +00) and
a constant ¢y > 0 such that

L(z,v) 2 0(Jv]) — co V(z,v) € R" x R™.

(L3’) Uniform bound: There exists a nondecreasing function K : [0, +oc0) — [0, +00)
such that
L(z,v) < K(|v]) V(xz,v) € R" x R™.
Observe that (L1°)-(L3”) are weaker than assumptions (L1)-(L3).
We define the energy function

E(z,v) = (v, Ly(x,v)) — L(z,v), (z,v) € R" x R™

Proposition A.1. Ler ¢, R > 0 and suppose L satisfies condition (L1°)-(L3). Given any
x € R" and y € B(x, R), let § € T}, be a minimizer for A;(x,y). Then we have that

(A1) sup |£(s)] < k(R/t),

s€0,t]
where k : (0,00) — (0, 00) is nondecreasing. Moreover, ift < 1, then

(A2) sup [£(s) — x| < K(R/t).
s€[0,t]

Proof. Fixt >0, R > 0,2 € R", lety € B(x,R), and let £ € I“;’y be a minimizer for
Az, y), ie.,

A,y = / L(E(s), £(s)) ds.

Denoting by o € I}, , the straight line segment defined by o(s) = z + $(y — ), s € [0,1],
in view of (LL2’) and (LL3”) we have that

/0 BE(s)]) ds — eot < / L(€(5),£(s)) ds < / L(o(s),5(s)) ds

:/0 L(az—!— ;(y —x), ?) ds <tK(R/t).
Therefore .
/0 0(|€(s)]) ds < cot + tK(R/t) = tC1(R/t)

with C1(r) = K(r) + co. Since |£(s)| < 0(|€(s)|) + 6*(1), where 6* is the convex
conjugate of 6 defined in (2.3)), we have that

| k1 < catro
with Ca(r) = C1(r) + 6*(1). Hence

(A3) €(s) — 2] < / CE(s)| ds < tCo(R/E), Vs € [0,1],
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and
) . 1 [t
(A 4) nf €< 7 [ I ds < oty
Now, define l¢(s, \) = L(£(s),£(s)/A)A for all s € [0, ] and A > 0. Then we have
%lé(s’A)\Aﬂ = L(£(),€(5)) — {€(5), Lu(€(5),&(5))) = —E(£(5),£(9))-

Since the energy is constant along a minimizer, there exists a constant c¢ such that
d
al&(s, Ml=1 =ce, Vs €0,t].
Moreover, a simple computation shows that l¢ (s, A) is convex in X. So, we have

—le(s,1
ce > sup £ N ~le(s,1)

, Vsel0,t].
A<l A—-1 0.1

Let us now take, in the above inequality, A\ = 3/4 and sy € [0,¢] such that |£(so)| =
inf o, [€(s)]. Then, by (L27), (L3), and (A.4) we conclude that
ce Z4(le(s0,1) — le(s0,3/4)) = 4(—co — le(s0,3/4))
4. 4 .
(A5) — — 460 — 3L(&(s0), 5é(s0)) > ~eo — 3K (51E(50)])
4
> — 0o — 3K (SCa(R/1)) = ~Ca(R/1),

where C5(r) = 4cg + 3K (4C5(r)/3).
By the convexity of l¢(s, -) we also have, for any ¢ € (0, 1),

l 2—¢)—1 1
ce < 5(8, 15) 5(37 )
— &

In other words,
(1 —e)ee +ele(s,1) <le(s,2—¢) — (1 —e)le(s, 1).

Moreover, again by convexity, we have that

le(5,2 —¢) = I (5,5- % +(1—e)- 1) < el (5, é) +(1—e)le(s,1).
Therefore
(1—e)ce +ele(s, 1) < el (s é)
that is,
(1= )ee +L(&(5),(5)) < L(&(5),6€(s))-
Hence, combining (A.3)) and condition (L2’), we obtain
—(1 = &)Ca(R/t) +e(B(I€(s)]) — co) < L(E(s),€€(s)).-
Set S¢ = {5 € [0,1] : |€(s)| > 2} and € = (s) = 1/|€(s)] for s € S¢. Then

. 0(1€()) — <o
o I g g S

L(g(s), (s) ) < K(1), Vse Se.

—C5(R/t) + €05)]

Thus
0(1£(5)]) < (K (1) + C5(R/1))[E(s)] + (co — C5(R/t)), Vs € Se.
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Therefore, by the Young-Fenchel inequality we deduce that
1€(5)] < (co — C3(R/t)) + 0" (K(1) + C3(R/t) + 1) := C4(R/t), Vs € Se.

Consequently,

(A6) sup 1E0)| < max(2, Ca(/0)} 1= Co(R/1).
s€[0,t
The conclusion follows from (A6) and (A23) taking (1) = max{C5(r), C2(r)}. O

Corollary A.2. In Proposition[A-1] assume the additional condition:

(L3”) There exists a nondecreasing function K : [0, +00) — [0, +00) such that
|Ly(z,v)] < Ki(|v]) V(z,v) € R" x R™.

Then the dual arc p(-) associated with &(-) satisfies

(A7) sup [p(s)| < w1(R/1),
s€[0,t]

where 1 : (0,00) — (0, 00) is nondecreasing.

Proof. By (L3”) together with (A-I)) and (A7) follows from

sup [p(s)| = sup, Lo (€(5),€(s))] < K1 (k(R/1)) = ka(R/t),
s€|0,t

s€[0,t]

where r1(r) = Kj o k(). O

APPENDIX B. CONVEXITY AND C''! ESTIMATE OF FUNDAMENTAL SOLUTIONS

Let L be a Tonelli Lagrangian (which implies conditions (L1’)-(L3’) and (L3”) in Ap-
pendix[A)). Then we have the following fundamental bounds for the velocity of minimizers.

Fix x € R™ and suppose R > 0 and L is a Tonelli Lagrangian. For any 0 < ¢ < 1 and
y € B(z, R),let{ € T':, | be a minimizer for A;(z,y) and let p be its dual arc. Then there
exists a nondecreasing function & : (0, c0) — (0, 00) such that

(B.1) sup [€(s)| < w(R/t),  sup |p(s)| < w(R/H),

s€[0,t] s€[0,t]
by Proposition[A-T|and Corollary [A.2] Now, z € R™ and A > 0 define compact sets
B2) K, = ?(x, K(4X)) x ?(O, k(4X)) C R™ x R™,

» = B(x,5(4))) x B(0,5(4))) C R™ x (R™)*.

The following is one of the key technical points of this paper.

Proposition B.1. Suppose L is a Tonelli Lagrangian. Fix x € R™, A > 0, t € (0, 1), and
y € B(x, At). Let z € R™ and h € R be such that

t

(B.3) |z] < At and —5< h<1-—t.
Then any minimizer £ € Ft;yﬂz Jor Aiin(z,y + 2) and corresponding dual arc p satisfy

the following inclusions

{(£(5),€()) : s € [0, + B} C Kan,
{(&(s),p(s)) : 5 € [0, 2+ h]} C K 5.
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Proof. Sincet/2 < t+h < 1landy+ 2z € B(z,2At) by (B.3), we can use (A.2) and (B.I)
to obtain

2Xt
sup 6871‘§I€( ><n4)\
s€[0,t+h]‘ (s) ==l t+h ()
and
: 22Xt
sup |&(s gn(—)gml)\.
s I < w() < Y
Since a similar bound holds true for sup,¢(o 4 [p(s)|, the conclusion follows. O

Remark B.2. For any x € R™ and y € B(x, At), condition (B.3) is satisfied when
(B4) |h] < t/2 and |z] < At
provided that 0 < ¢ < 2/3.

B.1. Semiconcavity of the fundamental solution. The role of semiconcavity in optimal
control problems has been widely investigated, see [16]. For the minimization problem
in (3.1)), the local semiconcavity of A;(z,y) with respect to y was proved in [10]. In this
paper, we give a local semiconcavity result of the map (¢, y) — A¢(z,y).

The following result is essentially known.

Proposition B.3 (Semiconcavity of the fundamental solution). Suppose L is a Tonelli La-
grangian. Then for any A > 0 there exists a constant C\ > 0 such that for any x € R",
t €(0,2/3), y € B(x, At), and (h,z) € R x R" satisfying |h| < t/2 and |z| < At we
have

C
(B.5) Appn(z,y 4+ 2) + A_plx,y — 2) — 244(z,y) < T/\(WZ + |Z|2)

Consequently, (t,y) — A(x,y) is locally semiconcave in (0,1) x R™, uniformly with
respect to .

Remark B.4. For the purposes of this paper, it suffices to assume 0 < t < 2/3. In the
general case ¢t > 0, a local semiconcavity result holds true for A;(z,y) in the same form
as with C depending on t.

B.2. Main Regularity Lemma. We begin with the following known properties.

Lemma B.5. Suppose L is a Tonelli Lagrangian on R™. For any x,y € R™ t > 0, let
e F;y be a minimizer for A(z,y). Then £ € C*([0,t]) is an extremal curveﬂ and the

dual arc p(s) := L, (£(s),&(s)) satisfies the sensitivity relation
(B.6) p(s) € Dy A(x,€(s)), s €[0,1].

Moreover, Ay(x,-) is differentiable at y if and only if there is a unique minimizer £ € F;’y.
In this case, we have

(B.7) Dy Ay(z,y) = Ly (E(t), (1))

Proof. The sensitivity relation (B.6) is obtained in, for instance, [16, Theorem 6.4.8], for
a problem with initial cost. Here the proof is similar. The uniqueness of the minimizer and
regularity are classical results. ]

An arc &(s) is called an extremal curve if it satisfies the associated Euler-Lagrange equation.
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Lemma B.6 (Main Regularity Lemma). Suppose L is a Tonelli Lagrangian. Then for any
A > O there exists ty € (0,1] and constants C, C}, CY > 0 such that, for all t € (0,t)),
x € R™, y1,y2 € Bz, At), and any minimizer §; (i = 1, 2) for Ai(x,y;), we have

(B.8) 162 = &1ll7 o 0.0) <%|y2 —
t C/

(B.9) / [p2 = paf*ds <=y — v ®
Of . . C//

(B.10) /0 & — &i|?ds <TA\ZJ2 —unl?

where p; denotes the dual arc of &;.

Proof. Since L is a Tonelli Lagrangian, we have that &;(s) (i = 1,2) of class C? and, by
Proposition[B.T|with & = 0 = z, it follows that

sup [€i(s)] < w(4X),  sup |pi(s)] < m(4N),
s€[0,t] s€[0,t]

where p;(s) = L, (&(s), & (s)). Moreover, the pair (&(-), p;(-)) satisfies the Hamiltonian
system

on [0, ]

& = Hy(&,pi)
pi = —H(&,pi)

with
§i(t) =vyi, &i(0) =

Furthermore, owing to Lemma@
pi(s) € Df Ay(x,&(s)), Vs €0,
Therefore
%%Kz —&* = (Hp(&2.p2) — Hp(&1,p1), &2 — &1).

Integrating over [s, t], we conclude that
t
|&(t) = &(t))* — |&(s) = &u(s))* = — C1/ (|2 = & + [p2 — p1| - |&2 — & |)dr

t t
Z—Cl/ |P2—p1|2d7'—201/ & — &1 ]Pdr,

where C; = C1()\) > 0 is an upper bound for D?H (z,p) on {(x,p) : |p| < k(4\)}. So,

t
BAD &2 —&ll7 <0, < ly2 —w1l* + Cl/ P2 — p1|dr + 2C1t]|€ — &1 |7 (0,0)-
S

Now,

%@2 —p1,62 — §1>
=(p2 — p1, Hy(§2,p2) — Hp(&1,p1)) — (He(&2,p2) — He(&1,01), &2 — &1)

=(p2 — p1, Erpw<§2 - &)+ ﬁpp(pQ —p1)) — <ﬁzp(p2 —po) + ffm(fz —&),% — &),

where

Hp(s) = /O Hpo (A2(s) + (1= M)€1(s) Ap2(s) + (1 = A)pa(s)) dA,
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~

and ﬁp ﬁxp, »z are defined in a similar way. Thus, owing to (L1)-(L3), and since

d
£<P2*p1,§2 &) = vlps —p1* — Cal& — &2

for some positive constants v = v(A) and Cy = Cy(\). Now, by (B.3),
t t
v [l miPds < Co [ e~ GPds + (pa(t) ~ (1), 2(0) ~ €1(0)
0 0

t
C
écz/ & — & Pds + 73|y2 -yl
0

Therefore,
t
CQt C'3
2 2 2
(B.12) /0 lp2 — p1]"ds < 7“52 - leLoc(Qt) + ;|y2 -l
Combining (B.TT)) and (B:12), we obtain

2 010215

C1C3
1€ — §1||2Lm(07t) <lyz — w1 l€2 — §1||2Loo(0,t) + 7\2/2 —uy)?
+2C1t)|&2 — fl”Loo(O,t)v

. C1C
(*2+2)Clt||£2 &l + (” i

| 2

) ly2 — 11
Then, taking

tx :rnin{l7 m},

forall ¢ € (0,¢) we conclude that

c.C C
162 = &1ll7 o0 0,0) < ( )\yz—y1|2< —ly2 —ml*

This proves (B.8) and also (B.9) owing to @) Finally, observing that
¢ t
/ €2 — &1[Pds = / |Hp(&2,p2) — Hy(&1,p1)[*ds
0 0
t t
<2 [ Hy(ap) ~ Holap)Pds + [ 1Hy(6oim) — Hy(6r,pn) s
0 0
¢ ¢
<2C'4(/ p2 — p1[*ds +/ &2 — f1|2d3>
0 0
we obtain (B:I0) by appealing to (B.8) and (B29).

O

B.3. Convexity of the fundamental solution for small time. Forany t > 0, z,y,z €

gR” and any h € [0,t), let & € T and &_ € TL ", be given. Define &4 € T,
y

@13 Ln=6(T), Em=e (), reln

T, ytz
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Obviously,
£+(0):£7(0):$, £+(t):y+za é*(t):y_zv
(B.14) “re=e ET50 =y,
G gy G
(B.15) () =0, =)=

Lemma B.7. Suppose L is a Tonelli Lagrangian. For any \ > 0 let t) > 0 be given by
Lemma @ and define t\ = min{ty,2/3}. Then there exist constants Cy,C% > 0 such
that, for any t € (0,t,), any x € R, any y € B(z, At), any (h, z) € [0,t/2) x B(0, At),
and any pair of minimizers, {1 € I‘:C yiz,for Az, y £+ 2z) we have

'y
(B.16) 1€+ — €13 oo 0.y < <h2+| ),

(B.17) / € — € [2dr < h2+| %)

where £+ € I .yt are defined in (B:13).

Proof. In view of Proposition|B.1|and Remarkwe have that {(£4(s), €+ (s )) }selo,t+h]
is contained in the convex compact set K, . So, for any 7 € [0, ],

Er(r) - |—\f+(”" )—gf(t‘thf)\

<\f+(t§h) ()| e () e ()]

<clh+\s+(7hr)—g_(t‘hr)\< KA+ max [€4(5) (5],

s€[0,t—

Since

|Ep(t—h) =& (t—=h)| <|E(t—h) =& (t+h)[+|Ec(t+h) —E(t—h)

<
<L2(K(AN)h + |2]),
by (B-8) applied to £4,£_ on [0, ¢ — h] we obtain

C
— 2 212 2
sel[%i}_{h] €4 (s) =& (s)" < 7 (h* +12])

for some constant C; = Cy(A) > 0. Similarly, we have

|£+ E(T)|:’t+h§+<t+h )*t;hé—(t;hT)’

t+h t+h t h t—h t+h t—h t—h. /t—nh

\+ 5+(+t ) - + ( =)+ - () - ()]
SR e () - ( )|+ RN 7
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On the other hand,
15+(“th7)*5—(t2h7)\
. /t+h . t—h - /t—h
<l () & () [+ e () 6 ()|
h - /t—nh . —h
<O+ () - ()|

Thus, for ¢ € (0,t)) the bound in (B:10) yields

[ n-Empar<als  EE [l (200 ¢ (S0 ar
_C’;»,}L2 (Ht'ijyﬁ Ot |£+(8)—£_(S)|2ds

h? (t+h)2 t Cy
< P
SGTt e T t—h(

h? +2]%).

This leads to our conclusion. O

Proposition B.8. Suppose L is a Tonelli Lagrangian and, for any X > 0, let t) > 0 be
the number given by Lemma@ Then, for any x € R™, the function (t,y) — A(x,y) is
semiconvex on the cone

(B.18) Sa(z,ty) ={(t,y) eRxR" : 0<t <ty, |y—a| <At},

and there exists a constant C} > 0 such that for all (t,y) € Sx(z,t}), all h € [0,t/2),
and all z € B(0, \t) we have that

1

C
B.19)  An(@y+2) + An(@,y = 2) = 24u(z,9) > == (07 + [2]).

Moreover, there exists t5 € (0,t\] and CY' > 0 such that for all t € (0,t] the function
A¢(z, ) is uniformly convex on B(x, At) and for all y € B(x, A\t) and z € B(0, \t) we
have that

"

C
(B.20) A,y +2) + Ay = 2) = 24w, y) > =2

Proof. Let x € R™ and fix (t y) € Si(z,t)), h € [0,t/2), and z € B(0,At). Let
¢ eIt and & € T, be minimizers for Ayyp(,y + 2) and A,y (2,y — 2)

respectively, and define £+ as in (B:13). In view of Proposition - and Remark [B.2| we
have that {(£4(s), €4 (s 5))}sefo,t+n) and {(Ex(s ),fi( 5))}se[o,¢ are all contained in the
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convex compact set K% ). Moreover

Apin(z,y +2) + Apn(z,y — 2)

t+h . t—h .
- / L€ (3). €4 (s)) ds + / L(E_(s),_(s)) ds

0

- (f+(”h)7f'+(tih7))dT

+—/ ,g'_(?T)) dr

_tEh ) ar+ 28 OtL(~(T), L) dr

where
n=t [{Ee0) ) - 1€ @ ) ar
Set
b= [ L@ i+ [ 1E .6 ) dr - 24a),
f= [ (6 ) ar = [ 1€ m.E ) ar
v [ r(e e m) ar- [ L@ ar
Then

Appn(x,y +2) + Ap(x,y — 2) = 2A4(x,y) = 11 + I + I3,
Now we turn to the estimates of 1, I5 and I53.

Estimate of I,: Let Cy = Cy(A) > 0 be an upper bound for | L, | on K, . Then
[ e )l )
T UG S R I
A () sl o

th? Bt s Wt -
>_Cot2—h2_cot—h/0|€+_£_|d7_00?/0|€+_§_|d7

By (B.17) it is easy to check that
t . . t . . 1
[ =&l <( [V - Epar) et < \Jos e+ aP).
0 0
Similarly, by (B:16),

t
/ €y — E_|dr < VO T [2P).
0
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Thus, recalling that h € [0,¢/2) and z € B(0, At), we conclude that

2 9
B21) L > CO ——h? - @h\/c’ (h? + |2|?) — %h Cht(h? + |2]?)
(B.22) > Cl (h2+| ),

for some constant 01 =C1(\) >

Estimate of I,: Let vy := I/(H(4)\)) > 0 be the lower bound for L,, on K, ) provided
by assumption (L1). Then

I =/OtL(£+(T),5+(T)) dT+/OtL( (7)€ (7)) dr —2Au(a,),
[ é e ne ) -an(SrE Sy,
+E

:/0{ (£++£7’€+) (5 , ) ( ++E £++£ )}dT
/{@%@> (S e [ <@+ﬂ@>}

>yk/ \7] dr +// (M- )f++5‘,g+) S+ 2é_>d>\dr
// NEIENCE )f++§‘,g) €+2§ ) dxdr

Setting

L) = L+ -0 E) L (6 -t £,

5)dr+// .

0 %’5—) df—ca/o (I —é_\2+ € | i —E ) ar
where Cy = C2() > 0 is such that
(B-24) |Lv|a |wa|a |La:v‘7 ‘va| < CQ on Kac,)\-

we have that

1221/,\/

(B.23) >y

) dA\dr

Estimate of I3: As above, let vy = v/(k(4))) > 0. Then

fg/t (€ ) dT/OtL<£+<T>,£+<T>>dT

t

+/0tL(g(T>,tth§<T)) dT—/ LE_(r),€(r)) dr
> [ (@ én - inén + 2 ar
+/0t{<Lv(é:7§)7tith )+ |”Ahh|2|£ 2 }ar

(B.25)
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Since 2(|¢1 |2 +[€-[?) = |&+ £ €[> and
> ()
[t£h2~ \3t)"°
(B:23) yields

Ithz(;t)z{/ot\@;f)2d7+/0t|5+;5rdT}

t

+/0 {<Lv(é—ag—)7%£—>_<L'U(£+7€+) t_l:hg >}dT —I4+I5

(B.26)

. ng ng . . . . S .
Now, since £, — £_ is an arc connecting 0 to z, comparison with s — 32z yields

t . .
(B.27) / & — ¢ |Pdr > B
0

Similarly,

t
So,
(B:28) 12 2 (el + by — of?)
As for I, we have
h t ~ L h h t B . .
IS _t — h/o <Lv(§—a€—)a§— - §+>dT + (m — m) /0 <L'u( _,f_)7§+>d7'
h t ~ < L
+mA <LU(£—35—)7L'U(€—7£+)35+> dr
h ¢ -z S
- m/o (Lo(6-,&4) — Lo(64,64), &4 ) dr.

Thus, by (B:24) and Lemma|B.7] we have

2
-62 / £~ &l dr— Conan) 2ot
— Con(aN) /|f_—s+|dr+/ £ —érlar)

2

- 4025(4)\)h— — C2[2 4 K(4N)] / |§_ - g+\2 dT) k(4N 2

(h2 + [2]2)
h
> — 03;(}1 + 12])

for some constant C3 = C5(\) > 0. By the last inequality, (B.26), and (B:28) we get

2
h
(B.29) Iy > (12 + ly — 2f*) = Co—(h + [2]).
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We are now ready to prove (B.19). Indeed, by combining (B-22), (B:23)), and (B.29) we
obtain, thanks to Lemma[B.7}

C
Apn(z,y+2) + Ain(z,y — 2) — 2A44(z,y) > _Tl(h2 + |z|2)

t ~ ~ 2 ) 2 ~ ~ h
~Ca [ (- &L H1E | e -] -

> W 1) - C(3CA+C)(h2+||) C3(h2+|z\)

Finally, in order to prove observe that taking » = 0 in (B:21) and (B:29) we
conclude that I, I3 > 0. Therefore, for any € > 0, (B.:23) yields the lower bound

A,y +2) + Au(z,y — 2) — 2A(x,y)
t 2 < t ~ ~ < < ~ ~
”i/ =& ar—Co [ (& - & +lé - &l o —E D ar
= / |§+—§ * dr — Cz+— / & —& [P ar.
Hence, taking & = v /4, recalling (B:27), and appealing to LemmaB.7]it follows that
203
Ay + )+ Alay = 2) —24e) > { G~ (G 2 )OaJIeP,

Now, choosing t§ € (0, 4] such that
203

(0+A

B e e

one completes the proof. (]

B.4. C

o regularlty of the fundamental solution.

Proposition B.9. Suppose L is a Tonelli Lagrangian and, for any A > 0, let t\, > 0 be the
number given by Lemma[B.7]
Then, for any x € R"™ the functions (t,y) — Ai(z,y) and (t,y) — Ai(y,z) are of

class C;" on the cone S (x,t}) defined in (BI8). Moreover, for all (t,y) € S(x,t})
(B.30) Dy Av(,y) =Ly (£(8),£(1)),

(B.31) Dy Ay(z,y) = — Lu(£(0),£(0)),

(B.32) DiAi(z,y) = — Bty

where £ € F;,y is the unique minimizer for Ay(x,y) and
Et oy =H((s),p(s))  Vsel0,1
is the energy of the Hamiltonian trajectory (€, p) with
(B.33) p(s) = Ly(£(5), £(5)).
Proof. C1:!-regularity on S(z,t}) is a corollary of propositions and (B-30) fol-
lows from Lemma[B.5]and (B-3T)) can be proved by a similar argument.
For the proof of (B.32), first, we define for 4 > 0 small enough

£4(7) :g(HLhT), e 0,t+hl.
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Then

t+h . t .
Aven(z,y) — Ar(ry) < / L€, (7). €4 (7)) dr — / L(E(s),£(s)) ds

=2 [ (e ) - | Le(6). () ds
Therefore
hr}?j’gp Apyn(z, y)h_ Ay(z,y)
< mp [ n(ee) pe)as
imt [ ( ) ) — L), €G5) s
= 1 [ {20660 86) - (atelo) o086 Jas = - [ o)t as

where p(-) is given by (B:33). The study of the function (¢,y) — A¢(y, x) is similar. O

APPENDIX C. y IS A GENERALIZED CHARACTERISTIC

The existence of singular generalized characteristics was first proved in [4] (see also
[16]]) in a constructive way, and then a simplified proof was given in [37] using an approx-
imation method. Here, in order to prove that the curve y(t), ¢ € [0, o], in Lemma[3.2]is a
generalized characteristic, we follow the idea of the original proof from [4]. We sketch the
proof for completeness. The following result is an analogy to Lemma 5.5.6 in [16].

any fixed x € R™, lety : [0,tg] — R™ be the curve constructed in Lemma[3.2] and let
p : [0,to] — R™ be the arc defined in Proposition[3.4] Then, for any e > 0, there exist
arcs x¢ = [0,t9] = R™, pe : [0,t0] — R”, withx.(0) = x and p-(0) = p,, where p, is the
unique element in arg min, e p+y(z) H(z,p), and a partition 0 = 5o < s1 < - < 81 <
Sk = to with the following properties:

Lemma C.1. Let L be a Tonelli Lagrangian, and t, € (0, 1] be given by Lem For
5-2)

() max{|sjt1 —s;|:0<j<k—1}<e;
(i) pe(s) € DT u(xc(s)) forall s € [0,to];
(iii) Foreachj €{0,...,k — 1}, pc(-) is continuous on [s;, s;+1);
(V) |x:(t) —x:(s)| < Cy|t — s|forallt,s € [0,%o);
(V) |pe(s) — pe(s')| < Cav/e forall s, s’ € [s;,sj41), 7 €{0,...,k—1}.
(vi) The number of the nodes satisfies k < [<] + 1.

Proof. The construction of the arcs x. and p. follows the reasoning of Lemma 5.5.6 in
[[16]]. The proof of properties (i)-(vi) also goes as in [16], except for the use of the essential
inequality (5.64) in [16]], which can be replaced by property (d) in Proposition [3.4] O

Lemma C.2. Let the arcs x. and pe be defined as in Lemma Then there exists a
constant C' > 0, independent of ¢, such that

(C.1)

xe(r) = %e(s /Hxa ), pe(r)) dr| < CVE.
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Proof. In view of property (vi) in Lemma[C.]] it is sufficient to prove (C.I) under the extra
assumption that s = 0 and < s;. Thus, we have

xe(r) =)~ [ " H, (% (7). pe(r)) dr

B ‘y(r) ~y(0) - / H,(y(r), p(r)) dr

~le ) -o- | " H (6 (7). pr () dr

_ ‘ / CE(r) — Hy(En(7), pr (7)) d

)

-|/ " H(6(r).py (1)) — Hy(6 (7). pr (7)) dr

where § € T, ;) is a minimizer for A; (2, y(t)), t € (0, s1) and p,(7) := Ly (&(7), &(7)),

7 € [0,t]. Then, by Lemma 3.3} Proposition[3.4] (a) and Lemma[C.1] we have
[Hp (& (1), pr(7)) = Hp(&-(7), P~ (7))
<IHp(&r (1), pr (7)) = Hp(&r (1), o7 (7))| + [Hyp (&5(7), p7 (7)) — Hp(&-(7), (7))
<Cilpr(7)) = pr (7)) + Col&r(7) = & (7))
<Ci(lpr(7)) = pr(r))l + [pr(r)) = pr(T)]) + Co(I€(T) = & (r)| + [€:(r) = & (7))
<C1(Cse + |p(r) = p(T)]) + Ca(Cae + |y (r') — y(7)])
<Cse + Csv/e < Crv/e,
which leads to (C). O

The rest of the proof is standard, see, e.g., [4] or [16]. As ¢ — 0 in (C.I)), we obtain
¥(s) € co Hy(y(s), D u(y(s))).

We omit the rest of the proof. The reader can refer to, for instance, [16, Page 133-135].

APPENDIX D. GLOBAL VISCOSITY SOLUTIONS ON R"

In this section we prove Proposition 2.7]

Proof. The first part of the conclusion, that is, the fact that there exists a constant ¢(H) € R
such that the Hamilton-Jacobi equation (2.9) admits a viscosity solution u : R™ — R for
¢ = ¢(H) and does not admit any such solution for ¢ < ¢(H) is guaranteed by Theorem 1.1
in [26]]. Moreover, in view of Proposition 4.1 in [26], we have that

u=T, u+c(H)t Vit>0,

where T~ is defined in (3.6). Therefore, u is Lipschitz continuous on R™ on account of
Proposition 3.2 in [26].

We proceed to show that u is also semiconcave. Let A;(x, y) be the fundamental solu-
tion of (2.9) with ¢ = ¢(H) and fix ¢y € (0,2/3). For every = € R™ we have that

u(z) = min {uy) + As, (y,2) } + c(H)to.

Let y, € R™ be a point at which the above minimum is attained. Then taking A = 1 in
Proposition[B.3| we conclude that, for all y € B(y,, %) and all z € B(0, o),

Ch
Ato (yzvy + Z) + Ato (yma Yy — Z) - 2Ato (yaca y) < E|Z‘2
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for some constant C; > 0 independent of y,. Therefore, taking y = =z in the above
inequality we obtain

u(z + z) + ulx — 2) — 2u(zx)

C
< A (o 2+ 2) A (s 7 — 2) = 241, (3, 7) < TP
0

all z € B(0,tp). So, being Lipschitz, u is semiconcave on R™. O
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