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Communication-Censored ADMM for Decentralized
Consensus Optimization

Yaohua Liu, Wei Xu

Abstract—In this paper, we devise a communication-efficient
decentralized algorithm, named as communication-censored al-
ternating direction method of multipliers (ADMM) (COCA), to
solve a convex consensus optimization problem defined over a net-
work. Similar to popular decentralized consensus optimization al-
gorithms such as ADMM, at every iteration of COCA, a node ex-
changes its local variable with neighbors, and then updates its local
variable according to the received neighboring variables and its lo-
cal cost function. A different feature of COCA is that a node is not
allowed to transmit its local variable to neighbors, if this variable
is not sufficiently different to the previously transmitted one. The
sufficiency of the difference is evaluated by a properly designed
censoring function. Though this censoring strategy may slow down
the optimization process, it effectively reduces the communication
cost. We prove that when the censoring function is properly chosen,
COCA converges to an optimal solution of the convex consensus
optimization problem. Furthermore, if the local cost functions are
strongly convex, COCA has a fast linear convergence rate. Numeri-
cal experiments demonstrate that, given a target solution accuracy,
COCA is able to significantly reduce the overall communication
cost compared to existing algorithms including ADMM, and hence
fits for applications where network communication is a bottleneck.

Index Terms—Decentralized network, consensus optimization,
communication-censoring strategy, alternating direction method
of multipliers (ADMM).

1. INTRODUCTION

tion problem defined over a bidirectionally connected de-
centralized network consisting of n nodes, in the form of

T HIS paper considers solving a convex consensus optimiza-

Tt e argnéiani(i’). (1)
i=1
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Here each node 7 holds alocal convex cost function f; : R? — R
that is kept private, and all the nodes share a common optimiza-
tion variable £ € RP. Our aim is to devise a communication-
efficient decentralized algorithm such that the nodes can collab-
oratively find an optimal solution 2* through local computation
and limited information exchange among neighbors.

The consensus optimization problem in the form of (1) ap-
pears in various applications, such as wireless sensor networks
[1], [2], communication networks [4], [5], multi-robot networks
[6], [7], smart grids [8], [9], machine learning systems [10],
[11], to name a few. Various decentralized algorithms have been
proposed to solve this problem in recent years; see the survey
paper [12] and an incomplete overview in Section I-A. An ideal
decentralized algorithm is expected to reach an optimal solu-
tion with minimal communication and computation costs. Nev-
ertheless, the communication-computation tradeoff is essential
[12]-[15]. In this paper, we focus on the scenario that com-
putation is relatively cheap, and communication is the major
concern. Among existing decentralized algorithms, the alter-
nating direction method of multipliers (ADMM) is especially
suitable for this scenario [2], [16], [17]. In this paper, we shall
show by numerical experiments that, augmented with a simple
communication-censoring strategy which restricts nodes from
transmitting “less informative” messages to neighbors, the com-
munication efficiency of ADMM can be significantly improved.
The resultant algorithm, termed as communication-censored
ADMM (COCA), is able to reach a target solution accuracy
with slightly more computation but much less communication
compared to the classical ADMM. Rigorous analysis is pro-
vided to guide the design of the censoring strategy to guarantee
the convergence of COCA.

A. Related Work

A large number of decentralized algorithms have been de-
signed to solve the consensus optimization problem in the form
of (1), spurred by their robustness, scalability and potential of
privacy preservation in network applications. At every iteration
of a typical synchronous decentralized algorithm, there are a
communication step and a computation step: a node exchanges
its local variable with neighbors and then computes an updated
local variable according to the received neighboring variables
and its local cost function. According to the complexity of the
computation step, the existing decentralized algorithms can be
classified as: (i) zeroth-order algorithms where a node is only
able to evaluate its local cost function [18], [19]; (ii) first-order
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algorithms where a node can utilize its local gradient during
the optimization process, such as gradient descent method [20],
diffusion method [21], exact first-order algorithm [22], and lin-
earized ADMM [23], [24]; (iii) second-order algorithms where a
node can compute or approximately compute its local Hessian,
such as network Newton method [25], quasi-Newton method
[26], exact second-order method [27], and quadratically approx-
imated ADMM [28]; (iv) “higher-order” algorithms where at
every iteration a node needs to solve an optimization problem
whose complexity is determined by the local cost function, such
as dual decomposition method [1] and ADMM [2], [3]. Note
that this categorization is not strict; for example, applying the
successive convex approximation technique yields a class of al-
gorithms ranging from the first order to a higher order [29]. This
brief survey is also far from complete; for example, it does not
include asynchronous algorithms that are important to heteroge-
neous networks [30]. For a more comprehensive recent survey
on decentralized algorithms, readers are referred to [12].

At the expense of higher computation cost per iteration,
higher-order algorithms often enjoy faster convergence, which
leads to saving in the communication cost. Particularly, ADMM
has shown fast convergence in both practice and theory [16],
and is hence especially suitable for applications where compu-
tation is affordable but communication is expensive. A natural
question arises: Is it possible to further improve the communica-
tion efficiency of ADMM, without causing too much computation
overhead? Our answer is Yes. The key idea is to embed a simple
yet powerful communication-censoring strategy to ADMM. A
node is not allowed to transmit its local variable to neighbors,
if this variable is not sufficiently different from the previously
transmitted one. The sufficiency of the difference is evaluated
by a censoring function. Through properly choosing the censor-
ing function, the resultant algorithm, termed as communication-
censored ADMM (COCA), is able to converge to an optimal
solution of (1). The convergence rate of COCA is almost as fast
as that of ADMM such that the increment of computation cost
is minimal. Meanwhile, communication is significantly reduced
by avoiding transmissions of less informative messages.

To reduce the communication cost of a decentralized algo-
rithm, one approach is to quantize messages so as to transmit
less bits. The quantized ADMM is developed following this idea
[31]. An extreme is only to transmit one bit at every time, such
as the one-bit gradient descent method [32]. However, these
algorithms cannot guarantee exact convergence to the consen-
sual optimal solution, and the consensus error is caused by the
quantization error [31], [32]. Another approach is to avoid trans-
missions of “less informative” messages. Given an underlying
communication graph, the weighted ADMM deletes some of
the links prior to the optimization process so as to reduce the
number of message transmissions at every iteration [33]. Our
work is also along this line. In contrast, COCA adaptively deter-
mines whether a message is informative during the optimization
process, different from the weighted ADMM that determines
whether a node is informative in advance. Other efforts to re-
duce the communication cost include the random-walk ADMM
that randomly activates a succession of nodes and incrementally
updates the optimization variable [34], and the block-iterative
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method that updates and communicates only a block of a high-
dimensional optimization variable at every iteration [35]. In
comparison, COCA is a deterministic algorithm, in which every
time every node updates the entire local variable.

Related to the communication-censoring strategy in COCA,
data-adaptive computation-censoring is a powerful tool to re-
duce the computation cost of big data processing over networks
[36]. When computation, other than communication, is the bot-
tleneck of the network, a node can skip a complicated update
when the innovation from the data is not sufficient. COCA is at
the other side of the coin, as it concerns more on communication
than computation. The concept of communication-censoring is
also related to event-triggered control, which is used to reduce
the number of actuator updates [37] or message transmissions
[38], [39] over continuous-time networks. The work in [40],
[41] and [42] combines the idea of event-triggered control with
discrete-time decentralized consensus optimization. However,
the event-triggered dual averaging algorithm in [40] and the
sub-gradient algorithm in [41] require diminishing step sizes
to guarantee exact convergence to an optimal solution, which
leads to relatively slow convergence rates. On the other hand,
we shall show that the event-triggered zero-gradient-sum algo-
rithm in [42] is indeed a communication-censored version of the
dual decomposition method in Section II-D. Because ADMM is
much faster than the dual decomposition method, COCA is also
much more communication-efficient and computation-efficient
than the event-triggered zero-gradient-sum algorithm, as vali-
dated by the numerical experiments in Section I'V.

B. Our Contributions and Paper Organization

Section II introduces COCA, a novel communication-
censored ADMM, to improve the communication efficiency
of the classical ADMM, while incurring minimal computation
overhead. The key ingredient of COCA is a communication-
censoring strategy, which prohibits a node from transmitting its
local variable to neighbors, if this variable is not sufficiently dif-
ferent from the previously transmitted one. The sufficiency of the
difference is evaluated by a censoring function (Section II-B).
When the communication-censoring strategy is absent, COCA
degenerates to the classical ADMM (Section II-C). We also
show that the state-of-the-art event-triggered zero-gradient-sum
algorithm is indeed a communication-censored version of the
dual decomposition method, analogy to the connection between
COCA and ADMM (Section II-D). In Section III, We prove that
when the censoring function is properly chosen, COCA con-
verges to an optimal solution of the convex consensus optimiza-
tion problem (Theorem 1). Further, if the local cost functions
are strongly convex, COCA has a fast linear convergence rate
(Theorem 2). The analysis provides guidelines for tuning the
parameters of COCA, including the step size and the censor-
ing function. It also characterizes how the convergence rate of
COCA is affected by the properties of the cost functions and
the communication graph. Section IV presents numerical exper-
iments to demonstrate the communication efficiency of COCA.
Section V concludes the paper.
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II. ALGORITHM DEVELOPMENT

In this section, we devise COCA, the communication-
censored ADMM that improves the communication efficiency
of the classical ADMM in decentralized consensus optimiza-
tion. We also compare COCA with the classical ADMM and
the event-triggered zero-gradient-sum algorithm to demonstrate
their connections.

A. Network and Communication Models

Network Model: Throughout the paper, we consider a bidirec-
tionally connected network consisting of n nodes and r edges
(2r directed arcs). The underlying undirected communication
graph is denoted as G = {V, A}, where V is the set of nodes
with cardinality |V| = n and A is the set of directed arcs with
cardinality |A| = 2r. Two nodes 4 and j are called as neigh-
bors if the arc (4, j) € A and, by the symmetry of the network,
(4,%) € A. The set of node i’s neighbors is denoted as \; with
cardinality d;; = ||

Communication Model: Like the classical ADMM, COCA is
synchronous. Every iteration consists of two stages: the commu-
nication stage where every node exchanges its local variable with
neighbors and the computation stage where every node updates
its local variable according to the received neighboring variables
and its local cost function. In the communication stage, trans-
missions of messages are in a broadcast mode. When node ¢ is
allowed to communicate, it broadcasts the local variable, which
is a p-dimensional vector, to all the neighbors, and the resultant
communication cost is 1. The transmissions of COCA could
also be implemented easily in the unicast mode. When node @
is allowed to communicate, it sends the local variable to all the
neighbors one by one. Therefore, the resultant communication
cost is |M , the number of node 7’s neighbors. Unlike the classi-
cal ADMM, in COCA, a node does not necessarily broadcast at
every iteration. It only transmits its local variable to neighbors
if this variable is sufficiently different to the previously trans-
mitted one. The sufficiency of the difference is evaluated by a
censoring function, which is designed below.

B. COCA: Communication-Censored ADMM

Attime k of COCA, every node ¢ keeps 3 + d;; local variables,
where d;; is its degree. The first is a primal variable 2% € R?, a
copy of the optimization variable z. The second is a dual vari-
able )\f € RP. Node i also keeps a state variable 2 that records
its latest broadcast primal variable up to time k. Likewise, for
every neighbor j, node i keeps a state variable :%f that records its
latest received primal variable from 7 up to time k. The storage
requirement is the same as that of ADMM. Similar to ADMM,
COCA only needs to transmit the primal variables z¥. The dual
variables /\éC and the state variables 27 are kept local. Note that
node 7 and its neighbors j € N; maintain an identical state vari-
able #F.

A key feature of COCA is that a node ¢ is not allowed to
transmit its local variable 2% to neighbors, if 2% is not sufficiently
different from the previously transmitted 5:?_1, namely, its latest
state variable. Define the difference as

& =af "t —af. )
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Algorithm 1: COCA Run by Node 7.

Require: Initialize local variables to 20 = 0, \Y = 0,
20 =0, andi? =0 forall j € MN;.

1: foriterations k = 1,2,...do

2: Compute local primal variable 2% by

o} = argmin f;(z;) + <$i7)\§71

—C Z (i‘?_l + i’;_l)> + CCl“H.Z‘lll2
JEN;

3:  Compute &F = 251 — ak.

4:  If H;(k,&F) > 0, transmit 2% to neighbors and let

¥ = 2F; else do not transmit and let ¥ = 2571,
5:  Ifreceive xf from any neighbor j, let :%f = x?, else
Ak AE-1
let Ty =27 .

6: Update local dual variable )\f as
A=A e Y (@ - 2h).
JeN;
7: _end for

The sufficiency of the difference is evaluated by a censor-
ing function H;(k,&F) = ||| — 7%, where {7%} is a non-
increasing non-negative sequence. A typical choice for the cen-
soring function is

Hi(k, &) = |1€F]| — ap”, 3)

where p € (0,1) and o > 0 are constants. Node ¢ is allowed to
transmit its primal variable z¥ to neighbors, if and only if

Hi(k,&F) > 0.

COCA run by node 7 is outlined in Algorithm 1, which is de-
vised by incorporating the censoring strategy into the classical
ADMM and elaborated in Section II-C. At time 0, node 7 initial-
izes its local variables to z§ = 0, \Y = 0, 29 = 0, and j:? =0
for all 5 € ;. For all subsequent times k, node i first computes
its local primal variable =¥ by solving

xf = argmin filxy) + <1'i7 )\f‘—l _c Z (jécfl + £§1)>

JeN;
+ cdii|| i ||?, “)

where ¢ > 0 is the step size of COCA. To solve (4), node @
needs its local dual variable /\ffl, the state variable j:f’l of
itself and the state variables 55? ~1 of its neighbors which are al-
ready known, as well as the local cost function f;. Then, node
7 calculates gf, the difference between its current local primal
variable ¥ and the previously transmitted one #¥~! by (2), fol-
lowed by evaluating H; (k, &F). If H;(k, &) > 0, then node i
transmits =¥ to neighbors and lets ¥ = z¥; otherwise, node
k

i does not transmit and lets #¥ = #*~!. If node 7 receives z;

: . Ak _ k. Ak k-1
from any neighbor j, then lets 7=z else, lets T =1&;

This way, the state variable of any node is identical to all the
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neighbors. Finally, the local dual variable )\f is updated by
M= M ey (@ -, )
JEN;
where c is the same positive step size as that in (4).

Next, we show that COCA is essentially a communication-
censored variant of the classical ADMM.

C. Connection With the Classical ADMM

Attime k, the primal and dual updates of node 7 of the classical
ADMM [2], [16] are

zh = arg min f;(z;) + <Ii7 A1 Z (zF 1+ x§1)>

JEN;
+ edyi |72, (6)
AP =2 Z (xF — xf) 7
JEN;

The updates of COCA in (4) and (5) use the state variables i‘f‘l
and i"i—“, while those of the classical ADMM in (6) and (7) use the
primal variables =¥~ " and 2¥. If we set H;(k, £F) = 0 (namely,
no communication censoring), then COCA degenerates to the
classical ADMM. However, it is the communication-censoring
strategy that makes COCA more communication-efficient than
the classical ADMM.

Intuitively, if the difference between a current local primal
variable 2% and a previously transmitted one &7~ is small, then
using either one does not make much difference to the opti-
mization process. Therefore, it is not necessary to transmit xf
to node ¢’s neighbors and the communication cost is reduced.
Nevertheless, the significance of the difference must be carefully
evaluated; otherwise, the accumulated error may eventually bias
the optimization process. For example, if we set the censoring
function to H;(k, &) = ||€F|| — ap” as in (3), then the signifi-
cance of the difference is evaluated by a geometrically decaying
threshold. Note that it does not mean more frequent communi-
cations when k is large, since the local primal variables might
have been very close to an optimal solution at time & such that
[|€%|| is also small. Choosing larger o and p leads to less commu-
nications per iteration. On the other hand, with « = 0 or p = 0,
COCA is the same as the classical ADMM.

D. Connection With the Event-Triggered Zero-Gradient-Sum
Algorithm

The event-triggered zero-gradient-sum algorithm proposed
in [42] combines the idea of event-triggered control, which is
tightly related to our communication-censoring strategy, with
discrete-time decentralized consensus optimization. At time k,
node % runs

z¥ = argmin,, fi(z;) — <xi,czjeNin(j§*1 — a1

1)>, k=1,2,...
k=0,
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where ¢ > 0 is the step size, x} := arg minz f;(Z) is the mini-
mizer of the local cost function, and w;; is the (7, j)-th entry of
the adjacency matrix W € R™*" of the communication graph
such that w;; = 1if ¢ and j are neighbors or w;; = 0 otherwise.
The definitions of the local state variables 2 are the same as
those in COCA.

Below we show that the event-triggered zero-gradient-sum
algorithm is indeed a communication-censored version of the
dual decomposition method, analogous to that COCA is a
communication-censored version of ADMM. Because ADMM
is much faster than dual decomposition, COCA is also much
more efficient than the event-triggered zero-gradient-sum algo-
rithm in terms of both communication and computation. We
begin by showing how the uncensored algorithms, ADMM and
dual decomposition, solve (1). For clarity, we present the algo-
rithms in matrix forms. Collect all variables x;, A; and Z; in
matrices

T T AT
T AL Ty
T T ~T
T A Ty
A A > A
X = : A= : , X = e R"P
T T T
Ty, )‘n Ty

Define an aggregate cost function f(X):=>"" | f;(z;). The
diagonal degree matrix of the communication graph is D €
R™ ™ whose i-th diagonal element is d;;, the degree of node
i. Also define the unsigned incidence matrix M, € R™*?" and
the signed incidence matrix M_ € R™*?". If an arc [ goes from
i to j, then the (7,1)-th and (j,1)-th entries of M are both 1,
while the (4, [)-th entry of M_ is 1 and the (7, [)-th entry of M_
is —1. Recalling the definition of the adjacency matrix W, from
[43] we have that

1 1
D+ W = §M+MI,D—W: §M_M_T.

When the underlying communication graph is connected, the
unconstrained consensus optimization problem (1) is equivalent
to the following constrained form

mln f(X

Nz Zfz xz

T T
T R o (12T> zZ.®
2 M I — M T 1 2r
where I, € R?"™?" is an identity matrix and Z € R*"*P is
an auxiliary variable. The consensus constraint in (8) enforces
all local variables x; to be equal [16]. The classical ADMM
minimizes the augmented Lagrangian of (8) with respect to X
and Z in an alternating direction manner, followed by updating

the dual variable A associated with the consensus constraint [16].
Eventually the auxiliary variable Z is eliminated, yielding

X* = arg min f(X) + (X, AR — (D +W)XET
+(X,eDX),
AF = AF1 oD - W) XE
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which exactly matches the node-wise updates (6) and (7). Cor-
respondingly, the matrix form of COCA is

Xk = argn}}nf(X) + (X, AP — (D + W) XFY
+(X,cDX), ©))
AF = AP 4 o(D - W) XE (10)

The dual decomposition method operates on a different equiv-
alent reformulation of (1), in the form of

rrgn f(X):= ;fi(xi)7

st. MTX =0, (11)

where the consensus constraint also enforces all local variables
x; to be equal [1]. Given the Lagrangian of (11) defined by
L(X,B) = f(X)+ (8, MTX) where 3 € R*"*? is the dual
variable, at time k, the dual decomposition method updates

X¥ = argmin L(X, 571, (12)

gk — gh-1 4 gM,TXk.

Write the optimality condition of (12) at two consecutive times
k—1andF as

(13)

VX*)+M gt =0,
VXY + M g2 =o.

(14)
5)

Here we assume f to be smooth. When f is non-smooth, all
the subsequent derivations still hold true by replacing V f with
one of its subgradients. Subtracting (14) by (15) and plugging
in (13), we have

VA(XH) = VA0 - ST
=V X" 4+ e(W - D)X 1

Observing the event-triggered zero-gradient-sum algorithm
in (8), we can find that its matrix form is

V(XF) = V(XY +e(W — D)XF 1,

which is a communication-censored version of the dual decom-
position method. Initializing z = z} guarantees that (15) is
valid for k = 1, because under this initialization V f(X%) =0
and lies in the column space of M_.

Therefore, we conclude that COCA and the event-triggered
zero-gradient-sum algorithm operate on two different equiva-
lent reformulations of (1) (namely, (8) and (11), respectively),
and are communication-censored versions of two different algo-
rithms (namely, ADMM and dual decomposition, respectively).
Empirically, dual decomposition is much slower than ADMM,
and is sensitive to the choice of the step size c. These bene-
fits of ADMM are inherited by COCA, which is also much
more communication-efficient and computation-efficient than
the event-triggered zero-gradient-sum algorithm, as we shall
demonstrate in the numerical experiments in Section IV.
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III. CONVERGENCE AND LINEAR RATE OF CONVERGENCE

In this section, we prove that when the censoring function is
properly chosen, COCA converges to an optimal solution of the
convex consensus optimization problem (1). Further, if the local
cost functions are strongly convex, COCA converges at a linear
rate.

Before stating the main results, we make several assumptions.
Assumptions 1 and 2 are basic ones.

Assumption 1 (Network connectivity): The communication
graph G = {V, A} is bidirectionally connected.

Assumption 2 (Solution existence): There exists an optimal
solution set to (1), denoted by X*, which has at least one finite
element.

With Assumption 3, we can prove convergence of COCA to
an optimal solution of (1).

Assumption 3 (Convexity): The local cost functions f; are
convex.

With Assumption 4, COCA converges to the optimal solution
of (1) at a linear rate.

Assumption 4 (Strong convexity and Lipschitz continuous gra-
dients): The local cost functions f; are strongly convex with con-
stants my, > 0. Given any 2,7 € R?, (Vf;(Z) — V fi(9), T —
§) > my, || — g||3 for any 4. The minimum strong convexity
constant is my := min; my,. The gradients of the local cost
functions are Lipschitz continuous with constants My, > 0.
Given any &, € R, [|[Vfi(&) — V@)l2 < M3 — iz
for any 7. The maximum Lipschitz constantis My := max; My,.

Theorem 1: Initialize the dual variable A in the column
space of M_, choose any positive step size ¢ > 0, and set
{r*} as anon-increasing non-negative summable sequence such
that "7~ , 7% < oo. Then under Assumptions 1-3, COCA con-
verges to an optimal solution of (1).

Proof: See Appendix A. ]

Theorem 1 asserts that COCA converges to an optimal solu-
tion of (1) under mild conditions. The step size c is an arbitrary
positive constant. Initialization of the dual variable A° in the
column space of M_ is necessary for the convergence, and can
be easily reached by setting A? = 0. For the communication-
censoring strategy, it is sufficient to guarantee convergence as
long as {7¥} is a non-increasing non-negative summable se-
quence — for example, 7% = 1/k2. Recall that node i is allowed
to transmit if and only if ||¢¥|| > 7% and ||¢¥|| denotes the dif-
ference between the current local variable ¥ and the previously
transmitted one 27 . Thus, we expect that ||£¥ || decays as fast as
7% If not, the communication-censoring strategy shall enforce
transmitting the local variable so as to reduce the value of ||£¥||.

Theorem 2: Initialize the dual variable A° in the column
space of M_, set 7" = ap® with a > 0 and p € (0,1), and
choose positive step size ¢ such that

my (p— 1), (M=)
m ’ :’-1/7730-12nax<M+)

m HQUr%lax(MﬁL) ! TBMM.?
(4+ 8 ) (mf_%? oy ) (- 19

min

bl

4
0<c<min{

wheren; > 0,12 > 0,13 > Oand i > 1 are arbitrary constants,
my is the minimum strong convexity constant of the local cost
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functions, My is the maximum Lipschitz constant of the lo-
cal gradients, oy, (M) is the maximum singular value of the
unsigned incidence matrix M, and &y, (M- ) is the minimum
non-zero singular value of the signed incidence matrix M _. Then
under Assumptions 1-4, COCA converges to the optimal solu-
tion of (1) at a linear rate.

Proof: See Appendix B. |

According to Theorem 2, to show linear convergence of
COCA to the optimal solution of (1), we need all the local cost
functions to be strongly convex and have Lipschitz continuous
gradients, which is common in convex analysis. The condition
that A° stays in the column space of M _ can be satisfied by set-
ting A° = 0 as in Theorem 1. For linear convergence, the step
size ¢ can be arbitrarily large by properly setting the constants
M1, N2, N3 and u. However, the step size c shall influence the
constant of linear convergence rate, as shown in the proof.

Not surprisingly, to guarantee linear convergence, we expect
that ||€F|| decays as fast as 7F = ap® so that the “state error”
decays at a linear rate. When the value of ||¢F|| is larger than
the linearly decaying threshold, the communication-censoring
strategy allows transmitting the local variable. The resultant con-
stant of linear convergence rate, which is not explicitly shown in
Theorem 2 but appears in the proof, is dependent on but not
faster than p. Besides, the rate is also determined by the step
size c, the properties of the cost functions (parameterized by m ¢
and M), as well as the properties of the communication graph
(parameterized by &min (M- ) and opax (M4 )).

Remark 1: When the communication-censoring strategy is
absent, COCA degenerates to the classical ADMM, thus its con-
vergence and rate of convergence are the same to those of the
classical ADMM. However, the communication-censoring strat-
egy and the resultant error caused by “outdated” information
make the theoretical analysis of COCA substantially more chal-
lenging than that of the classical ADMM, as we have pointed
out in the proof.

Remark 2: Note that the theoretical convergence rate of
COCA is no faster than that of the classical ADMM due to the
communication-censoring strategy, which, nevertheless, effec-
tively reduces the communication cost per iteration. Therefore,
given a target solution accuracy, COCA is able to significantly
reduce the overall communication cost compared to the classi-
cal ADMM, and hence fits for applications where network com-
munication is a bottleneck, as demonstrated in the numerical
experiments in Section I'V.

IV. NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments to validate
the effectiveness of COCA in reducing the overall communica-
tion cost. We compare it with four existing algorithms: (i) the
classical ADMM without communication censoring [2], [16];
(i1) the random-walk ADMM (RndWalk ADMM) [34]; (iii) the
distributed ADMM (D-ADMM) with node coloring [3]; (iv)
the event-triggered zero-gradient-sum (ET-ZGS) algorithm that
is a communication-censored version of the dual decomposi-
tion method [42]. We consider three decentralized consensus
optimization problems: (i) least squares; (ii) logistic regression;
(iii) geometric median. The local cost functions are smooth in
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Fig. 1. Performance of COCA and the classical ADMM, random-walk

ADMM and distributed ADMM over the line network for decentralized least
squares.

least squares and logistic regression, but is non-smooth in ge-
ometric median. The subproblems in the three algorithms have
explicit solutions in least squares and geometric median, but
require iterative solvers in logistic regression. The accuracy of
the local primal variables is defined by || X* — X*||% /|| X° —
X*||%., where we stack all local primal variables =¥ in a matrix

XF* € R™P and n optimal solutions 2* in a matrix X* € R"*P.

A. Decentralized Least Squares

In the decentralized least squares problem, each node 1
has a local cost function f;(Z) = (1/2)|| A& — y(s)l3, where
Ay € RP*P and y(;) € RP are private. To minimize f(Z) :=
Soi, fi(@) with COCA, the primal update of node i at time & is
$k = (Ag;)A(l) + QCdiin)71

K2

Alyyay =M e Y @t et )
JeEN;

where I, € RP*P is an identity matrix. Note that node ¢ can
compute (A%;)A(i) + 2cd;;1,) " in advance to avoid computing
the inverse at every time. In the experiments, entries A(i) and
Yy(;) follow the i.i.d. uniform distribution within [0,10]. We set
the size of the network as n = 50 and the dimension of the local
variables as p = 3.

We compare the performance of COCA with the classical
ADMM, random-walk ADMM and distributed ADMM over
four network topologies: line, star, random and complete, as
shown in Figs. 1-4. In the random network, 10% of all possi-
ble bi-directional edges are randomly chosen to be connected.
The accuracies are compared with respect to the number of it-
erations and the communication cost, which is defined as the
number of messages broadcast by all the nodes up to the current
time. The step size c is tuned to the best for the classical ADMM,
and COCA uses the same step size. The censoring function of
COCA s H;(k,&F) = ||€F|| — 7%, where 7% = a)p*. The param-
eters o and p are also tuned to the best. Similarly, we use the best



LIU et al.: COMMUNICATION-CENSORED ADMM FOR DECENTRALIZED CONSENSUS OPTIMIZATION

—_

2571

¥

|' |'l:'|"|l'|' |I|'" !

J

10} i -,'l'
.I'.:". A, '.,';. .,', "'|
o2 ;.-"'-i iy ..'|'.'|'-"-I'-l"-
©
o )
< 30

.} ) “"
H!Ixf '..l:,. i f

) wv -*-?;s*'.'.i::,.,,f

% ":'gé

1qf5

40 7." " '. "ﬁ'| "
' ! ".':" ot e |
olh E it J*.v.telj??’:-} i
0 50 100

10° ;o - .
S~ Classical ADMM
§ \ T — — —COCA
5 | '\'\\_\ ————— RndWalk ADMM
Q 541 = e T D-ADMM ]
< 4\‘ RS
\ N
\ 1 1 L I‘.\‘\
0 1000 2000 3000 4000 5000
Iteration
Classical ADMM
§ Rexee, — — —COCA
5 T S RndWalk ADMM
L, ~=
8 10-5 L 4y e, It S PR D-ADMM J
< ‘l"\.. """"" SeeL
h“\. .... . \.\.\‘ ~-
0 1000 2000 3000 4000 5000
Communication cost
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ADMM and distributed ADMM over the star network for decentralized least
squares.
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Fig. 3. Performance of COCA and the classical ADMM, random-walk
ADMM and distributed ADMM over the random network for decentralized
least squares.
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Fig.5.  Censoring pattern of COCA over the random network for decentralized
least squares. The x-axis is number of iterations, and the y-axis is node index.
A blue dot refers to that the node broadcasts at the time.

parameters for the random-walk ADMM and the distributed
ADMM. In all the networks, COCA is slower than the classical
ADMM in terms of the number of iterations, but faster in terms
of the communication cost. Given a target accuracy of 1078, the
savings in the communication costs are significant: ~1/2 sav-
ings in the line network, ~ 1/2 savings in the star network, ~2/3
savings in the random network, and ~ 1/3 savings in the com-
plete network. In the complete network, information fusion is
efficient such that “less informative” messages are less frequent
and the advantage of COCA over the classical ADMM is less sig-
nificant, but we can still observe improvement on the communi-
cation efficiency. The random-work ADMM randomly activates
a succession of nodes, and every iteration amounts to activation
of one node. Regarding the communication cost, the random-
walk ADMM performs between COCA and classical ADMM
in the line, random and complete networks. It performs worse
than the other two in the star network. Our conjecture is that,
in the star network, the center and the edge nodes are activated
in an alternating manner, which makes the center node updates
too frequently. Compared with D-ADMM, COCA has better
communication efficiency in the random and star networks, but
incurs comparable yet slightly higher communication cost in the
line and complete networks. Note that D-ADMM is faster than
the classical ADMM since it updates the primal variables in an
ordered Gauss-Seidel fashion. Whenever a node receives a new
message from its neighbor, it utilizes this latest information to
update its primal variable. In comparison, the classical ADMM
and COCA use Jacobi updates, with the primal variables being
calculated using the messages received from the last iteration.
In addition, the distributed ADMM requires to color the nodes
into several groups, while the classical ADMM and COCA do
not need this preprocessing step.

To see how the censoring strategy influences the communi-
cations of the nodes, we take the random network as an exam-
ple to show the censoring pattern, as depicted in Fig. 5. The
x-axis is the number of iterations, and the y-axis is the node
index. A blue dot refers to that the node broadcasts at the time.
Observe that the nodes have similar communication costs even-
tually. Meanwhile, the frequency of communication censoring
does not change too much throughout the optimization process.
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We further illustrate this phenomenon in Fig. 6, which shows
how the cumulative numbers of broadcast messages of nodes
10, 20, 30, 40, 50 evolve with the number of iterations. On av-
erage, each of these nodes broadcasts 0.22 ~ (.32 message at
every time.

We proceed to compare COCA with ET-ZGS over the ran-
dom network. The parameters are tuned to the best: for COCA,
c¢=0.1, a =1 and p = 0.85; for ET-ZGS, ¢ = 0.002, a =1
and p = 0.995. As shown in Fig. 7, COCA is much faster than
ET-ZGS. To reach a target accuracy of 10~8, COCA needs ~ 700
broadcast messages, while ET-ZGS needs ~ 11000. This is rea-
sonable since COCA and ET-ZGS are communication-censored
versions of ADMM and dual decomposition, respectively, and
empirically ADMM is faster than dual decomposition. Mean-
while, ADMM is observed to be more computationally stable
than dual decomposition. This advantage is also inherited by
COCA such that COCA allows for a larger step size, while ET-
ZGS must use a smaller step size to guarantee convergence.

B. Decentralized Logistic Regression
In the decentralized logistic regression problem, each node %
has a local cost function
l;

1 -
L > I <1 + eXP(_y(i)lQ(j;)lx))v
=1
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Fig. 8. Performance of COCA and the classical ADMM over the random
network for decentralized logistic regression.

where q(;); is the [-th column of a matrix Q ;) € RP*bi, Yy €
{—1, +1} is the I-the element of a binary vector y;y, and [; is the
number of samples held by node 7. The primal updates of COCA
in solving the decentralized logistic regression problem have no
explicit solutions. Therefore, at every time we let each node to
solve its subproblem by running a gradient descent subroutine,
which terminates when the ¢5 norm of the gradient is less than
10710-

In the experiments, the network is random, with n = 50 nodes.
The dimension of local variables is p = 3. The numbers of sam-
ples are [; = 10 for all node 4. Entries of Q(;) follow the i.i.d.
uniform distribution within [0,10]. Entries of y(;) are i.i.d. and
uniformly randomly chosen from {—1, +1}. For the censoring
function H; (k, £F) = ||F|| — 7% with 7% = ap®, we seta = 10
and vary p = 0.8, 0.9, 0.95 to evaluate the impact of p on the per-
formance of COCA. The step size is tuned to ¢ = 0.01 that is
the best for the classical ADMM, and COCA uses the same step
size.

As depicted in Fig. 8, COCA with p = 0.8 performs similarly
with the classical ADMM in terms of the number of iterations
but slightly reduces the communication cost for a given target
accuracy. This makes sense because smaller p means less com-
munication censoring. When p increases, the number of itera-
tions increases but the communication cost decreases. COCA
with p = 0.95 saves ~1/2 of the communication costs com-
paring to the classical ADMM. When p = 0.98, which is very
close to 1, communication censoring is too often such that many
more iterations are necessary for reaching the target accuracy,
and thus the overall communication cost increases. We can see
that COCA achieves a favorable communication-computation
tradeoff through tuning the censoring function.

C. Decentralized Geometric Median

In the last set of numerical experiments, we consider the de-
centralized geometric median problem, where each node 7 has
a non-smooth local cost function [|z; — y¢;)||2 and y(;) € RP
is private. We shall show that COCA works well for this non-
smooth case, as shown in the theoretical analysis of Theorem 1.
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In COCA, the primal update has an explicit form

k i k
Ti =Yiu) — m (HEL I —1)+,

where €f := 2ed;y) + AT — €D e, (a1 4 56?’1) and
(+)+ denotes element-wise non-negative projection.

In the experiments, the network is random, with n = 50 nodes.
The dimension of local variables is p = 3. Entries of y ;) follow
the i.i.d. uniform distribution within [0,10]. For the censoring
function H; (k, £F) = ||€F|| — 7%, we consider two cases: (i) lin-
ear where 7F = ap”; (ii) sublinear where 7% = ~/k3.In COCA,
the parameters are chosen as a = 1, p = 0.85 and v = 0.05.
The step size is tuned to ¢ = 0.3 that is the best for the classical
ADMM, and COCA uses the same step size.

Fig. 9 compares the accuracy of the classical ADMM, COCA
with a linear censoring function and COCA with a sublinear
censoring function. Similar to the smooth case, COCA is slower
than the classical ADMM in terms of the number of iterations,
but faster in terms of the communication cost. Indeed, the two
COCA approaches save ~ 1/2 of the communication cost com-
pared to the classical ADMM, given a target accuracy of 105,
Comparing the two COCA approaches, the one with the linear
censoring function performs better than the one with the sublin-
ear censoring function; the former is shown to be more efficient
in both computation and communication in this case. An inter-
esting observation is that, at the beginning stage, COCA with
the sublinear censoring function performs similarly to the clas-
sical ADMM. This is because the sublinear 7* is relatively small
compared to the difference between the local variable and the
previously transmitted one in the beginning, such that communi-
cation censoring rarely happens. When the optimization process
evolves, 7 is relatively large comparing to the difference, such
that the communication-censoring strategy takes effect and less
communications are allowed.

V. CONCLUSION

In this paper we propose COCA, a communication-censored
version of the celebrated ADMM, to solve the decentralized
consensus optimization problem. COCA fits for applications
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where computation is relatively cheap, while communication
is a bottleneck. With a slight increase of the computation cost,
COCA is able to significantly reduce the overall communica-
tion cost compared to the classical ADMM. The key to reach-
ing this favorable communication-computation tradeoff is a
communication-censoring strategy, which prevents a node from
transmitting its local variable to neighbors, if this variable is
“less informative”. We theoretically establish convergence and
linear rate of convergence for COCA, and validate the commu-
nication efficiency of COCA with numerical experiments. One
of our future research directions is to apply COCA to practical
systems, such as target tracking in a drone network.

APPENDIX A
PROOF OF THEOREM 1

Proof: In the proof, we assume f to be smooth. When f
is non-smooth, all the subsequent derivations still hold true by
replacing V f with one of its subgradients.

The proof is based on the matrix-form reformulation of (1)
given by (8) and the matrix form of COCA given by (9) and
(10). From [16], [23], the KKT conditions of (8) are

V(X)) +M_" =0, (17)
MTXx* =0, (18)
%MIX* =7 (19)

Here X* € R™*P and Z* € R*"*P are optimal primal variables,
and every row of X* is identical to (z*)7; B* € R?*"*P is an
optimal dual variable.

Observe that (9) and (10) only involve variables X, X and
A. Below we define E = X — X. To facilitate the analysis,
from (9) and (10), we construct two new variables Z € R2"*P
and 3 € R*"*P which correspond to Z* and 3*, respectively.
For this purpose, we use D + W = (1/2)M, M, D - W =
(1/2)M_-MT, 2D = (1/2)M MT + (1/2)M_-M7T and X =
X + E to rewrite (9) and (10) as

ViXF) + g(M+MI + M_MT)X" 4 AR
—§M+M+TX’H _ §M+MIE’H —0, (20)
AP — AR %M_M_Txk - gM_M_TE’“ —0. 1)

Since AY is initialized in the column space of M_, there exists
B9 € R?*P such that A = M_j°. According to (21), A* al-
ways stays in the column space of M _, and hence we can write
A* = M_pBF¥ for any k > 0, where B* € R?"*P satisfies

pr— gt — gMTX’“ - gM,TE’“ = 0. 22)
Using (22) and A*~! = M_3*~! to eliminate A*~! in (20), as
well as defining Z = (1/2)MT X, we have

V(X®) + M_g* + cMy(ZF — ZF 1)
— SMMTEN - SMLMTES =0, (23)

With (22) and (23), we are ready to analyze the convergence
properties of COCA.
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Step 1: Subtracting (23) by the KKT condition (17) yields
VH(XF) - VF(X*) = gM,M,TE’“ + §M+MIE’“*1
— M_(B* = B") — My (ZF = ZF).

Multiplying both sides of (24) by X* — X* and noticing (V f
(XF) = Vf(X*), X* — X*) > 0 that comes from the convex-
ity of f in Assumption 3, we have

(24)

g<MTEk, MT (X% — X)) + o(MTEM, 75 — 77)
> (B8 — g, MT(XF — X)) 4 2c(2F — 281 ZF — 7).

(25)

Therein, we use the equation Z% — Z* = (1/2) M T (X* — X*).
According to the KKT condition (18), M” X* = 0 such that
MT(X* — X*) = MT X*, which can be written as (2/c) (3* —
BF=1) — MT E* from (22). Further rewrite (25) to

<MZ‘E1<:7616 _ ﬁk_1> 4 <MZ"Ek’ﬂk _ ﬁ*>
+e(MTEFY, 28 — 77) — %HM,TE’“H%

>

<5k _5]67175]6 _ﬁ*> +20<Zk - Zkilvzk - Z*>

(18" = B*HE + 118" = Bl — 18~ = 5*11%)

+e(|28 = Z5E + 128 = 27|15 — 11247 = 2701 %).
(26)

2
c
1
c

Step 2: When the error terms E* and E*! are 0, the
broadcast messages are the same as the local primal variables,
and COCA degenerates to the classical ADMM. In this case,
the left-hand side of (26) is 0, which implies convergence
of the algorithm; see for reference [8]. It is the error caused
by the communication-censoring strategy that makes the con-
vergence analysis of COCA challenging. Below we proceed
to handle the error by finding a proper upper bound for the
left-hand side of (26). Observe that for two matrices A and
B, (4,B) < (n/2)||Allp|BI% + (1/2n)[[All for all 5 > 0,
as well as ||AB||r < omax(A)||B||r where o,.x(A) denotes
the maximum singular value of the matrix A. By these two in-
equalities, the first three terms in the left-hand side of (26) are
bounded by

< nlomaX(Mf)HEkHF
- 2
O'max(Mf)
2m
M_)||E*||r
MTEF gk _ g <7720'maX(
(T g ) < o
UmaX(M—) k
—||F
+ 2o S,
k—1
C(MIEkil,Zk _ Z*> S C’r]30max(]\42+)||E ||F
COmax (M)

Ekrfl
+ omM) iy

(MTEF, % — ™) 18 = B* 1%

+ IE* ] F

18 = 811 %

1Z* — 2%
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where 71, 12 and 73 are arbitrary positive constants. Therefore,
(26) can be rewritten to

Omax (M Omax (M_ COmax (M. _
a ( )||Ek||F+ a ( )||EkHF_|_ a ( +)HEk 1||F
2m 212 203
_ . 1ok *
FallZ - 2+ L -
1 7720'max(M7)||Ek”F k #112
; ! I8 - 811

k—1
_ (C _ Cn3am3X(M;-)”E ||F> ||Zk _ Z*HQF

L moma (MO By -
> (3- : 16 - 31

+l| 2 = ZF | + ST E @7)

Step 3: Now we characterize the upper bounds of || E*|| 7 and
| E¥~1|| . Recall that the i-th row of E* is (2% — 2¥)T. Accord-
ing to the communication-censoring strategy, ¥ = % if ||;fcic -1
— 2F|| > 7% and #F = 281 if |25 — 2| < 7*. In both cases,
|2% — aF|| < 7*. Therefore, || E*||r < /n7*. Because {7¥} is
a non-increasing non-negative sequence, ||E*|p < /nTF"1L
Meanwhile, we also have | E*~||z < /n7%~1. Thus, replacing
| E¥||  and || E¥~!|| by their upper bounds and throwing away
the non-negative term (c/2)||MT E*||2., we have from (27) that

(2m00) | 9mOL) | cranlO))

2m 2m2 2n3

1 — * — *
F B = B+ el 28 - 27

k-1
- (5 - TR o

2
N30max (Mg ) /! *
- (o el I12¢ — 2]
L moma (MO B ;
> (; - Do 18— 3

+c||ZF — ZF1)2. (28)

Set the constants 7)1, 12 and 13 in (28) as

1
= en/NTO00 max (M)’
_ 1
= en/NTO00 max (M)’
1

3= V. i -
! VnTO0max (M)
Therefore, we have

1 mOma(M)y/nrk !
c 2

N3O max (M4 )y/nrk1 (1 rh-1
2 270 )7

Il
ol
7 N
—_
|

\]
]
ﬂ‘?ﬁ
ol
~__

1 nlgmax(M*)HEk”F 1

c 2

IV
|
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where we use the fact that || E¥||r < /n7* < /n7° for all k.
Thus, (28) becomes

0, L . .
R LR (R [E
k-1 2 i k 2

bellzt = 2 - e (1 w)nz -z
1 _
> 18" = 8 + 51 2¢ - 28 (29)
where
9: _ (Omax(M—) + Umax(M—) + CUmax(M—i-)) \/ﬁ
2m 2m2 213
M
= cnTo (O’?nax(M) + 7‘“3"(2 +)) .
Define A*=(1/c)||8*¥ — 8|3+ ¢|| Z* — Z*||%. and rewrite (29)
to
k-1 k-1 AW
or" "+ AP — 1 — A
Peant- (1)
1 -
e AR Rt PAR A P M€ )

Step 4: An immediate observatlon from (30) is that its right-
hand side is non-negative, leading to

k-1 k-1 T
0"+ AT — (1 ~ 50

k-1

) AF > 0. (31)

We use this fact to show that A* has a finite upper bound. Since
{r*} is a non-increasing non-negative sequence, 1 — 7571/
(279) € [1/2,1]. Expanding (31) from time k to time 0 yields

k Ty k-1 k-1
AP < (1= 55 (AR o7t )
T

k-2

-1
575 ) (A2 4+ 07772) + eTk-1>

2

k-1 K -1 k-1 k-1 K -1
< A0 11— — 0 1- — k!
<ol (1-57) « X M (1-5) -

k'=0 k'=Ek"

k-1 Tk.l —
< AY 1——
- H < 27’0)
k'=0
%) B

(L) (s )

k'=0 k=0

B\ -1 k-1

1 k-1 - y
+0 H (1 — 27_0) Z T
k'=0

k=0
(32)

k

. . /. . .
Since 7* is a summable sequence, > _ 7" is finite. It remains

to show that [[5_, (1 — 7' /(27)) ! is also finite. Consider its
logarithm
[N o Tk/ -1
1 1- ) =S"log(1-—
I1(1-55) =2 m(1-5)

k'

OOT
SZ?O<OO7

k'=0

(33)

o0 Tk,
< log(1 4+ —
_k;) og(1l+ TO)
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where the first inequality holds because 1—7%/(27°) €[1/2, 1].
Thus, we conclude that A has a finite upper bound, denoted
as A.

Step 5: Now we begin to prove the main result. Summing up
(30) from k£ = 0 to k = oo yields

o0

1 _ c _
> (508t - 0 + 512 - 2271

k=0
0 k k—1
SAJri 27’0A +9§T

<A°+AZ

k—1 (34)

Thus, we conclude that limkﬁoc(ﬂ’C - Bk’l) =0 and lim_,
(Z% — ZF=1) = 0. Also observe that limy_ .., E* = 0 due to
| E¥||r < /n7*, which we have shown before. Following these
limiting properties, when k — oo, (23) leads to

lim Vf(X*) + M_p* =0, (35)
k—00
and (22) leads to
lim M7 X" =0. (36)
k—o00
Since Z* = (1/2) ML X" by definition, we have
: LT xk _ gk _
£%<2M+X Z ) 0. 37)

Comparing (35), (36) and (37) with (17), (18) and (19), we con-
clude that the triple (X*, Z¥, 3*) satisfies the KKT conditions
of (8) when £ goes to infinity.

It remains to show that {(X* Z* 3*)} converges when k
goes to infinity. As shown in Step 4, A* has a finite upper
bound A, implying that {(Z*, 3¥)} is bounded. Thus, there ex-
ists a subsequence {(Z*+, 3¥t)} which converges to a cluster
point (Z>, 3*) of {(Z*, p*)} and (Z>°, ) is an optimal so-
lution of (8). Since (ZF¢, BFt) — (Z°, %), S50 _ ™ < 00

and [[5_o (1 — 7/(279)) ! < oo, forany constant ¢ > 0 there
exists an integer ¢ such that
1 _ .
L6 — 51 el 2 - 220 < G8)
-1
00 Tk/ -1 00 ,
4%(1‘[(1—27) > 39
k=0 0 k'=kg
00 k' —1
II (1 - T> <2 (40)
W—k; 27‘0

Since (Z, 3°°) is an optimal solution of (8), we follow the
derivation of (32) to obtain for any k > k7 that

1 o0 o0
285 - BN+ cllZt — 27
1 kf o012 k’g o0 |2 = Tk/ o
< (Z18% - eI +elizbe - z<i3) T] (1- o
K—k; 0
0 Tk/ -1 k-1
+9k«1:[;« (1_27()) kz ™ < ¢ (41)
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Therefore, (Z*, 3%) — (Z>, 3). Further, by (36) and (37),
M?TX* -0 and (1/2)MTX* — Z>. With the property
D = (1/4)M MT + (1/4)M_MT, we have DX* — (1/2)
M Z>,implying X* — (1/2)D~' M, Z>~ 2 X, whichisan
optimal primal solution of (8). Hence, we conclude that {(X*,
Z¥ B*)} converges to an optimal solution (X, Z> 3*) of
(8) when k goes to infinity and complete the proof. |

APPENDIX B
PROOF OF THEOREM 2

Proof: Not surprisingly, the proof follows the linear conver-
gence rate analysis of the classical ADMM in [16]. However,
the error caused by the communication-censoring strategy com-
plicates the proof.

Step 1: We begin from (24) which has been given in the proof
of Theorem 1. For clarity, rewrite it here as

Vi(XF) - VXY = gM,M,TE’“ + §M+MIE’H
— M_(B* = B") — My (2" = Z). (42)

Similar to how we obtain (25), multiplying both sides of (42)
with X% — X* yields

(VX" = Vf(X), X5~ X7)

= —(BF — B, MT (X" — X*)) —2e(ZF — Z¥ 1 78 — 77%)

+ —(MTE* MT(X* — X*)) + o«(MTEFY, 28 — Z¥)

C
2
= _%<Bk _ B*’ﬁk o ﬂk71> + <ﬁk _ ﬁ*,MZ“Ek>
—2¢(zk — ZFt Zk — 77)

+ S(MTEF MT(XF = X7) + e(MIE", 20 - 77).
@3)

In the last equality, we use the dual update 8¥ — B+~1 — (c/2)
MTX* — (¢/2)MTE* = 0 given by (22) and the KKT con-
dition MTX* =0 given by (18) to split the term — (5% —
5, MT(XF - X°)).

By Assumption 4, f is strongly convex with constant 1 ¢ such
that

(VAXF) = VAX), XP = X7) > myp | XP = X5, @4)

which gives a lower bound for the left-hand side of (43). Below
we derive an upper bound for the right-hand side of (43). It is
known that

— %<ﬁk _/B*aﬁk _ﬂk71> o 2C<Zk _ Zkfl’Zk _ Z*>

1, . . 1 - 1 i
==|IB¥ " = BIF — =N18° = BFHIE - =1IBY - BIF
C C C
Ea AR A P VAR AR e VAR
45)

For the rest three terms, observe that for two matrices A and
B, (A, B) < (n/2)||A]|% + (1/2n)||B||% for all n > 0, as well
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as || AB||r < 0max(A)||B||r where 0y,ax(A) denotes the max-
imum singular value of the matrix A. With these inequalities,
we obtain

S(MTER MT(XF = X)) + o(MTE*, 2* — 27)

+ (B — g*, MTE")

4
C k *12 Co-max(M*) k12
< I XF-X —nax  E
<2y R
2
CN2\ K |2 COmax (Mg ) k12
—\Z¥ - Z —x I E
+ 22 5+ e S
2
13 k ®1(12 O'max(M*) k|2
— — e \E
+ 5 18% = B71% + 25 £ %
c c
< Xk - X3+ SR 2F - 2|
4 2
Ui * _
+ o 185 = Bl + B (46)
where
g = Co-r%lax(M*) Car2nax(M+) O—rQnax(M*) > O,
dm 2m2 2n3

and 71, 12 and 73 are positive constants. Note that to derive the

last inequality of (46), we use the fact that || E*||p < ||E*1||p

as shown in the proof of Theorem 1. Also note that in the analysis

of the classical ADMM, the error term is absent and the left-hand

side of (46) is 0, which significantly simplifies the proof.
Substituting (44)—(46) into (43) yields

* 1 *
llZ* - 2% + < I8* — B3

— * 1 - *
<251 = 20+ <184 - B

_ 1ok _
— el Z* - 25— 28t - 8

i * Cn2 *
+ (S g ) IXE = X+ S22 - 2

n * -
+ o 185 = 8711 + s B (47

or equivalently

* 1 *
(L+ )l 2" = Z*|% + (1+5)E|Iﬁ’“ - 5%

_ . Lo ke .
< |2 = 2N+ S84 -

_ 1 _
— el Z* - 25— 28t - R

M * Cn2 %
+ (S =g ) IXE =X+ (o) 125 - 213

(4%)

n3 0 * —
(L4 D)0 - B+ B

for any constant 4.

Step 2: We again emphasize that in the analysis of the classical
ADMM, (48) is also a key inequality, with 71, 12, 173 and s being
all zero. In that case, the linear convergence rate is an immediate
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result. But for COCA, we still need to manipulate (48). To do so,

we establish upper bounds for || Z¥ — Z*||% and || 3% — 5*||% as
follows.
From Z* := (1/2)MT X" and Z* := (1/2)MT X*, we can
bound || Z¥ — Z*||2 with | X* — X*||2 a
* 1 *
125 = 275 = ZIMEXT = X%
M .
< maxE1 +) ”Xk _ X*H%‘ (49)
For || 8% — B*||%, recall (42) to write
1M (8% = 845 = VF(XF) = VF(X)
+ My (ZF — Z+1) - gM,MTEk - §M+MIE’“*1||2F.

(50)

Applying | A + B|% < ul| A% + /(1 — 1)|[BI[% forall >
1, we obtain an upper bound of (50) as

IM_ (8" = B3 < n(ullVF(XF) —
- /i oM (24

VX

- Z"Y|IE)

2 (lgar sz

M MTEF 1” ) (51)

+

72—1”2

for all > 1, 73 > 1 and 72 > 1. With particular note, in
the analysis of the classical ADMM, the bound corresponding
to (51) is |[M_(B* — 8|3 < plVAX?) = VAX)E +
w/(— 1)||eMy (Z% — ZF=1)||2, because of the absence of the
error terms. For simplicity, below we choose v; = v = 2 and
keep p as it is. By Assumption 4, f has Lipschitz continuous
gradients with constant M such that

IVF(X*) = V(X)) |p < Mg || X* = X 5. (52)
Using (52)and || E¥||p < [|E*Y|F < Tkt = /nap®tto
further bound (51) as
IM_(8* — B")|I%
* 2 -
< 2u||VF(X*) = V(X)) o1 leMy (2% = 2%
- leM_MTE |3+ ||eM. MTEF
\ 2uc?op (M), -
< 2pMF|IX" = XU |f + S 2 - 2 g
n02a2
pg ( max(M+) liliax(M—)) ka' (53)

Since the dual variable A° is initialized in the column space
of M _, there exists 3° € R?"*P staying in the column space of
M7 such that A° = M_3°. Then, by the dual update (22), every
B is in the column space of M’ Meanwhile, there must exist
a finite optimal dual variable 5* in the column space of M” as
shown by [23]. Thus, the left-hand side of (53) is lower-bounded
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by

1M (8% = B)IF > o3

min (

M2)|1B% = 817,

where 6y, (M- ) is the minimum non-zero singular value of M_.
Combining (53) and (54) yields the upper bound of || 3¥ — 3*||2,
as

(54)

20 M?
R

2/*1'0 GI‘Qnax (M-i—)

(/J‘ - 1) mm(M*)

nc?a? 4

2k
W( Tpmax (M4) + O (M) "
(55)

18* ~ IX* — X*|1%

1Z% - 25 %

Substituting (55) into (48), using || E* || < /nap®~! and
reorganizing terms, we have

min

1 _
e
_ . Lok .

T
* 1 *

—(L+8)e| 2 = ZF - (1 4‘5)E||5]C - 8%

2
6771 773 0 MMf k %112

L s S Xk_x

?’LC2Oé2

CT)2 k * (12 @ é
(e -2 ((3+) i

nso’
( max(MJr) mdx(M*)) + pQ ) ka'
Further substituting (49) into (56) yields

cp (cen2 Tinax (M)
<mf T ()

73 J NM]% k *(12
—(24+2) L ) xF-Xx
<2 + C) 52A (M,) || HF

(56)

min

min

T

<oz = 2 2l - A

(U4 8)el 2~ 2%~ (14 8)2 118~ Bl
(58 min

( max(M+) (57)

TLSO[2
Th (M) + 25 ) o,
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in which we recall that 7;, 5 and 13 are any positive constant,
(4 is any constant larger than 1, and § is any constant. Fixing 7y,
12, N3 and u, we choose a particular § such that the coefficients
in the left-hand side of (57) are non-negative. To this end, 6 must
satisfy

5 < min ( — 1) mm(M—) _ %’
2M0max(M+) 2
2 -1
CUr%ax(M-‘r) + MMf
4 O in(M-)
2 (M M?2
my — % - chUmax( +) N3pM g (58)
4 8 2O-mm(Z\4 )

In the later analysis, we also need § > 0. This is attainable as
long as the COCA step size c satisfies

-1 _
¢ < min (/1’ ) mm(M )7
,un3o-max(M+)
1 2
Ui 720 max(M+) 773,U/Mf
M P2 4] it B 59
(5225 (m-mmmny) o @

Thus, throwing away the left-hand side terms of (57), we have

— * 1 — * *
o 281 = 27+ 2180 = BUllE — (L4 0)el| 2" = Z27|IF
1
= (L4 8)[18* = B'lIF + ¢p™ > 0, (60)
where we introduce a positive constant
2
nso
0=

p
Ny 0 ncla?
+ (2 + C) 252 (M) (man (M) + O (M) -
Step 3: Expanding (60) from time O to time & yields
c|z* —

* 1 %
7%+ I8 - 'l

1
<oy (2 - 21+ 21 - 5713 )
k-1

+6 3 (1 +0) 0.

k'=0

(61)

Denote &1 = min{(1+§)71,p?} and ey = max{(1 +§)*
p*}. Because § > 0 and p € (0,1), we have e5 € (0,1) and
(1+e2)/2 € (g2,1). Thus, we rewrite (61) as

* 1 *
ol z* =z |7 + 118" - B°lI%

< (cIIZO—Z*II% S ﬁF)msZsk =

/

k
1+52 * 1 *
< (52 (dzo- 2+ i - 513 )
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k-1

(14 ¢ ket
o3 (5 )
1+e\" 1
<(552) (-2 21 - 513
k-1 k'
1+€2 k 261
ro(M52) X
b 1+e9
<(1+€2)k
- 2

* 1 *
20~ 2+ L1 - 5+ 0 (1

(62)

281
1+e¢

)

Hence (62) implies that {(Z*, 3*)} converges to the optimal
solution (Z*, £*) of (8) when k goes to infinity at a Q-linear rate
(1 + £2)/2. To show the convergence of { X*} to X*, revisiting
(47) and throwing away several terms, we have

cm *
(s = ZH) X" - X1

— * 1 c— *
<2 = 27+ -8 - B
CTIQ * 73 %
12% - Z*||% + 5HB’“ — B*|1F + sl E*||%
— * 1 — *
<2 = 27+ <8 - Bl
2
0772 * 73 * nsoa
125 = 2705 + S18° = 817 + —=p* 63)
Hence, we conclude that when
4
c< (64)
m

{X*} converges to the optimal solution X* of (8) when & goes
to infinity at a R-linear rate max{ (1 + 2)/2, p°} and complete
the proof. |
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