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Abstract

We propose a definition of mass for characteristic hypersurfaces in
asymptotically vacuum space-times with non-vanishing cosmological con-
stant A € R*, generalising the definition of Trautman and Bondi for A = 0.
We show that our definition reduces to some standard definitions in sev-
eral situations. We establish a balance formula linking the characteristic
mass and a suitably defined renormalised volume of the null hypersurface,
generalising the positivity identity of one of us (PTC) and Paetz proved
when A = 0.

PACS: 04.20.Cv, 04.20.Ex, 04.20.Ha

Contents
Contents 1
1 Introduction 3
2 Boundary conditions 5
2.1 Bondi coordinates . . . . . ... ... o )
2.2 Fefferman-Graham expansions . . . . . . .. . ... ... ... .. 8
2.3 The next term and the geometry of A" . . . . . . .. ... .. .. 9
3 Characteristic hypersurfaces 12
3.1 Wave-map gauge . . . . . . .o i e e e 13
3.2 Characteristic surfaces, adapted null coordinates and assump-
tions on the metric . . . . . .. . ... ... ... ... 13

*Preprint UWThPh-2016-4. Supported in part by the Austrian Science Fund (FWF):
P 23719-N16. PTC is grateful to the Center for Mathematical Sciences and Applications,
Harvard, and to Monash University for hospitality and support during part of work on this
paper.

"Email piotr.chrusciel@univie.ac.at; URL http://homepage.univie.ac.at/piotr.
chrusciel

tEmail lukas.ifsitsQunivie.ac.at


http://arxiv.org/abs/1603.07018v2

Asymptotic solutions of the characteristic wave-map gauge con-

straints, A # 0 16
4.1 Matter fields . . . . .. .. ... 16
4.2 Solving equation (3.11) . . . . . . . . . ... 18
4.3 Expansion of 1/]%0 ........................... 19
4.4 Expansion of 51}20 ........................... 19
4.5 Expansion of V‘é‘O ........................... 20
4.6 Expansionof (B . . .. 20
4.7 Analyzing (3.16) . . . . . ... 21
4.8 No-logs . . . . . . . 22
Characteristic mass 22
5.1 The Trautman-Bondi mass . . . ... ... ... .. ... .... 22
5.2 The characteristic mass in Bondi-type coordinates . . . . .. .. 24
5.3 The characteristic mass in terms of characteristic data . . . . . . 25
5.4 The characteristic mass and the renormalized volume . . . . . . . 28
Coordinate mass 35
6.1 Birmingham metrics . . . . .. . ... .. oL 35
6.2 Horowitz-Myers-type metrics . . . . . .. ... ... ... ... 36
6.2.1 Themetric . . . . ... . ... .. 36
6.22 B=0,0=3 . e 38
623 B=x1,n=3 ... . ... 38
6.2.4 Negative coordinate mass . . . . . ... .. ... ... .. 38
Examples 40
7.1 Birmingham metrics . . . . ... ... ... ... ... 40
7.1.1 Mass and volume . . . . . . .. ... 41
7.1.2 The balance equation for Birmingham metrics . . . . . . 41
7.2 Horowitz-Myers type metrics . . . . . .. . . ... ... ... .. 42
7.2.1 Bondi coordinates, characteristic mass . . . . . . ... .. 43
7.2.2 Renormalized volume . . . ... ... ... ... ..... 44
Hamiltonian mass, A <0 45
8.1 Asymptotically Birmingham metrics . . . .. ... .. ... ... 46
8.2 Asymptotically HM-type metrics . . . . . . ... ... ... ... 51
8.3 Fefferman-Graham asymptotics with an ultrastatic conformal in-
finity . . . . . 53
Conclusions 57

Null geometry of Horowitz-Myers metrics and the balance equa-
tion 59

References 63



1 Introduction

While the notion of total mass of general relativistic gravitating systems with
A < 0 is well understood by now (cf., eg., [8] and references therein), the notion
of energy in the radiating regime in the presence of a positive cosmological
constant appears to be largely unexplored (see, however, [2,3,32]). The object
of this work is to contribute to filling this gap.

In this paper we address the question of properties of total mass and energy
for radiating systems when A # 0. This will be done in the spirit of the
pioneering work by Bondi et al. [5, 31], by analysing the asymptotic behavior of
the gravitational field on characteristic hypersurfaces extending to asymptotic
regions. Many formal aspects of the problem turn out to be independent of
the sign of the cosmological constant, and while we are mainly interested in
the case A > 0, we allow A < 0 wherever relevant as several results below
apply regardless of the sign of A. The case A < 0 becomes a useful test-bed
for the quantities involved in those aspects thereof which are well understood.
It should, however, be emphasised that many of our results, such as e.g. the
balance equation (5.56), are new both for A < 0 and A > 0.

It should be kept in mind that an elegant approach to the definition of energy
has been proposed in [1] for field configurations that asymptotically approach
a preferred background with Killing vectors. This provides a widely accepted
definition of asymptotic charges in the case where A < 0. The approach of [1]
does not work for non-trivial radiating fields with A > 0, where no natural
asymptotic background is known to exist. In retrospect, our work below can
be used to provide such a background, namely the metric obtained by keeping
only the leading order terms of g in Bondi coordinates, but the decay rates of
the metric to this background do not appear to be compatible with what is
needed in the Abbott-Deser prescription.

The first issue that one needs to address is that of boundary conditions
satisfied by the fields. A popular approach is to assume smooth conformal
compactifiability of the space-time, and we develop a framework which covers
such fields. We start by deriving in Section 2 below the restrictions on the free
characteristic initial data that follow from existence of smooth conformal com-
pactification. In particular, in Proposition 2.1 below we generalise to all A € R
a result established in [34] for A = 0, that existence of a smooth conformal
compactification guarantees existence of Bondi coordinates in which the metric
coefficients have full asymptotic expansions in terms of inverse powers of the
Bondi coordinate rg,. In Section 3 we review those aspects of the characteristic
Cauchy problem which are relevant for the issues at hand. In Section 4 we de-
rive the asymptotic expansions of the metric along the characteristic surfaces.
Our analysis is similar in spirit to that of [18, 28]; however, here the asymptotic
expansions have to be carried-out to higher orders because of new A-dependent
nonlinear couplings between some asymptotic expansion coefficients. We also
allow matter sources, while vacuum was assumed in [28]. In particular in Sec-
tion 4.8 we derive the conditions (4.43) on the free initial data in Bondi-type
coordinates which are necessary for absence of log terms in the metric.

The asymptotic expansions of Section 4 lead naturally, in Section 5, to the



definition of a quantity analogous to the Trautman-Bondi mass. We derive there
a key integral identity expressing this mass in terms of the free initial data and
the renormalised volume of the characteristic surface, Equation (5.56). This is
one of the main results of this work.

When A = 0, our mass identity (5.56) reduces to the one derived in [17]
(compare [33]), giving then an elementary proof of positivity of the Trautman-
Bondi energy for space-times containing globally smooth light-cones extending
smoothly to #T. (As is well known the global structure of such space-times
depends crucially upon the sign of A, see Figure 1.1.) In addition to the renor-

Figure 1.1: Globally smooth light-cones in space-times with a smooth conformal
completion at a conformal boundary .# at timelike infinity (A > 0, left) or
spacelike infinity (A < 0, right).

malised volume, boundary terms, and volume integrals involving the free data,
the new formula, for asymptotically empty metrics with A # 0, involves several
terms depending upon coefficients determined by the asymptotic behaviour of
the fields multiplied by A. One can think of this equation as a balance formula
relating the mass with the remaining quantities at hand.

To get some insight into the formula, in the remaining sections we turn
our attention to the case A < 0, where energy is much better understood. We
review the notion of coordinate mass in Section 6. We calculate the various
quantities appearing in the mass identity (5.56) for the Birmingham metrics
and the Horowitz-Myers (HM) metrics in Section 7. In Section 8 we derive
simple formulae for the Hamiltonian mass for asymptotically Birmingham and
asymptotically Horowitz-Myers metrics, in all space-times dimensions n + 1 >
4,1 and for smoothly conformally compactifiable four-dimensional space-times
with an ultrastatic conformal boundary. These formulae are used to show that
the Hamiltonian mass coincides with the characteristic mass for a family of null
hypersurfaces. In Appendix A we examine separately various contributions to
our “energy balance” equation for Horowitz-Myers metrics.

Unless explicitly indicated otherwise, we assume throughout that A # 0.

!This extends the analysis in [10] and references therein to higher dimensions with the
above boundary conditions.



2 Boundary conditions

Consider an (n + 1)-dimensional smoothly conformally compactifiable space-
time (., g), n > 2, solution of the vacuum Einstein equations with cosmological
constant A # 0. By definition, there exists a manifold (//7 ,g) with boundary
0.# and a defining function 2 for 0.# such that

g=Q72%, o ={Q=0}, dQp)#0forped. (2.1)

Again by definition, both €2 and g are smooth.

2.1 Bondi coordinates

In the asymptotically flat case, in spacetime dimension 4 and assuming A =
0, Bondi et al. have introduced a set of coordinates convenient for analysing
gravitational radiation [5]. We will refer to them as Bondi coordinates. In these
coordinates the metric takes the form

G = Goodu® — 2¢*dr du — 2r*Undz*du + r* hapdz?dz?® (2:2)

where the determinant of h 4 is r-independent.? (One further requires the fields
900, Ua, w and hap to fulfill appropriate asymptotic conditions.) When using
Bondi coordinates, we will decorate all fields and coordinates with a symbol
“Bo”. Existence of such coordinates in asymptotically vacuum space-times with
A = 0 and admitting smooth conformal completions has been established in [34],
and in [14] for polyhomogeneous .#’s.

We wish to prove existence of such coordinates, and to derive the asymptotic
behaviour of smoothly compactifiable metrics in those coordinates in a neigh-
borhood of the conformal boundary, with A € R*. It turns out that, similarly
to the A = 0 case (cf., e.g., [14, Section 4], compare [28]), smoothness imposes
restrictions on some lower-order coefficients in the asymptotic expansion of the
free data on the null hypersurfaces meeting the conformal boundary smoothly
and transversally. N

Let, thus, A € R, and let °: 0.4 — R be a smooth function defined on an
open subset of the conformal boundary 9.4, with dy°® without zeros, such that
the level sets

Se = {yo :C} - 8%

of yvo form a smooth foliation by spacelike submanifolds. Passing to a subset of
O if necessary, we can assume that 3" is defined throughout 9./ .

So far " has only been defined on the conformal boundary. Note that
the gradient of ¢ within the boundary will be necessary timelike when oM is
timelike, and spacelike when 0.7 is spacelike. Nevertheless, we will extend y°
to a function in space-time so that V is null regardless of the causal character
of the conformal boundary.

2We have used the symbol w = w(u,r, :CA) for a function which is usually denoted by S in
the literature to avoid a conflict of notation with a constant § elsewhere in the paper.



Now, at every p € S, there exists a unique vector )%p which is null, fu-
ture directed, outwards pointing, orthogonal to 7,5, and normalised to unit
length with respect to some smooth auxiliary Riemannian metric. This defines
a smooth vector field X on 0.4. We choose time-orientation so that — X, points
towards the physical space-time.

Let «, denote a maximally extended null geodesic with initial tangent —Xp
at p. Standard transversality and injectivity-radius arguments show that there
exists a neighborhood & of .# such that for every ¢ € R the union of the
(images of the) null geodesics

c/Vc = UpGSC’Vp

forms a smooth null hypersurface, with U.S, foliating &'
To obtain Bondi-type coordinates we proceed now as follows:

1. Let 22 denote local coordinates on S,, in 3 + 1 space-time dimensions
we choose the conformal representative § ap of the metric induced on S,
by ¢ to take a canonical form. For example, if Sy is diffeomorphic to a
two-dimensional sphere, we choose § 4B to be the canonical metric sap
on S2. In higher dimension one might wish to require instead that the

volume element 4/det § 4B takes a convenient form, depending upon the
geometry of the conformal boundary.

2. We extend the local coordinates z* from 0.4 to € by requiring the z4’s
to be constant along the null geodesics ,.

3. Let ¢ € 0, then g belongs to some null geodesic 7, defined above. We
define the function u by letting u(q) = °(p). In other words, u is defined
to be equal to ¢ on 4.

4. Set x := ), the conformal compactifying factor as in (2.1). Passing to a
subset of & if necessary, the functions (u, z, a:A) form a coordinate system
on €. By construction the curves s — (u,z = s,24) are null geodesics
initially normal to S.:

g(amy 8%) = 0 ’ g(amv axA)|ZB=0 = 0 . (23)

We recall the usual calculation, which uses the fact that 0, is tangent to
null geodesics, Vy,0; = k0, for some function x:

9:(9(04,02)) = g(Vo,04,0:) + §(0a, Vo, 0z)
- - 1 ~ -
= g(vaAa-’Ev am) + “9(8147890) = §aA(9(ama am)) + “9(8147 am)
= kg(0a,0z) . (2.4)

Thus
am(§(8A7 8%)) = K‘g(aA) 8%) bl

which provides a linear homogeneous ODE in z for g(d4,0,), with van-
ishing initial data at = 0. We conclude that



Equivalently, the level sets of u are null hypersurfaces generated by the
integral curves of d,.

The Bondi radial coordinate g, (the subscript “Bo” stands for “Bondi”) is
defined by setting

1 1
det gap \ 2(»-D 1 /detgap \ 2D
o (Soham )T L (Sean T 20)
det gap T \detgup

where n is the space-dimension.
The final coordinate system (upo, 7Bo, xéo) is obtained by setting, in addi-
tion to (2.6),

._ A _ A _ Orpe _ 3]
UBo = U, TR, ‘=T = 0, = a—];aTBO, 896,4 —amgo—l—am—éo .

It follows from (2.5) together with the last implication that

a(aTBo7 aT’Bo) =0= 5(8TB07 8x§0) ) g(a:cAv a:cB) = g(a:cé 0.8 ) ’

9
o TBo

which shows that, on &, the metric satisfies indeed the Bondi conditions

grBoréo =0= aTBoT’Bo ’ \/ det gméoxgo - Tn_l \/ det gméoxgo . (27)

Equation (2.6) implies that rp, has a full asymptotic expansion in terms of
powers of x:

1
Bo = + (rBo)o(u, ) + (rBo)1 (u, xM)a + ... (2.8)
where the asymptotic expansion coefficients (rp,), are functions of (u,z?).
This can be inverted to give a full asymptotic expansion

o 1 (TBO)O(U7 xA) (TBO)O(uv :EA)2 + (TBO)I(ua :EA)
r=—+ D) + 3 + ...
TBo "Bo "Bo

(Indeed, if we set y := 1/rp,, then (2.6) becomes

1
2 2(n—1)
— (Lt gAB) , (2.9)

det gap

and existence of a smooth function z = x(y) follows from the implicit function
theorem.)

Since all metric functions are smooth in (u, x4, x), they have complete
asymptotic expansions in terms of 1/rp,, with coefficients depending smoothly
upon (upo, T3, )-

As a special case of the construction above, we have proved:



PROPOSITION 2.1 Let A be a null hypersurface intersecting smoothly and transver-
sally a section S of conformal infinity in a smoothly conformally compactifiable
space-time with cosmological constant A € R. There exist adapted coordinates
(r,2) on A in which the restrictions G5 to A of the metric functions gap
take the form

Jap=1" (5AB(35C) + 0(7‘_1)> ; (2.10)

with r=2g 45 having full asymptotic expansions in terms of inverse powers of
r. These coordinates can be chosen to satisfy the Bondi conditions (2.7) near
A . In dimension 3+ 1 the metric g on S can be arbitrarily chosen, in higher

dimension 1/ det g can be arbitrarily chosen.

In what follows we wish to address two questions:
1. Assuming vacuum, can the expansion above be made more precise? and
2. How to read-off the mass from the above expansions?

For this, some preliminary results will be needed.
Since the case A = 0 has been satisfactorily covered elsewhere (cf. [13,17]
and references therein), from now on we assume

A#£0. (2.11)

2.2 Fefferman-Graham expansions

Recall that smooth conformal compactifiability of a metric satisfying the vacuum
Finstein equations implies existence of a coordinate system

(z,2%) = (x,2°, 2)

near 8.4 in which the metric admits a Fefferman-Graham expansion [20, 26]:
We can write the metric as

g = z20%(£de®+ oz, 2%)dzdz?) (2.12)

where £ is a constant related to the cosmological constant, and where the sign
in front of dz? is the negative of the sign of A. For even values of n we have

Gab(2,2°) = Gap(2%) + (G2)ab(29)2? + ... + (Gn—2)ap(2%) 2"
+(Fn)ab ()" + (Gog)ab ()" log z + o(z") . (2.13)

Here O.4 is the zero-level set of x, the tensor field
G = Gopda®da®

is a representative of the conformal class of metrics induced by g on oM (Rie-
mannian if A > 0, Lorentzian if A < 0), and for i = 1,...n — 1 the smooth
tensor fields

gi = (gi)abd‘fudwb and glog = (glog)abd‘fudwb



on 0.4 are uniquely determined by g and its derivatives, with gor11 = 0 for
2k + 1 < n. We will interchangeably write (g;)q and (gup); in what follows.
For odd values of n the expansion reads instead

gab(‘rv ‘TC) - 5ab(xc) + (§2)ab(xc)x2 +.ot (gn—l)ab(xc)xn_l
+(Gn)ap(z)x" 4+ o(2"), (2.14)

with again gor1q1 = 0 for 2k + 1 < n.
We have, both for even and odd n > 3,

1 . R .
J = _— - 7 2.1
(92)ab n_2 <Rab Z(n — 1)gab> ’ ( 5)

where ]%ab is the Ricci tensor of the metric g
As an example, if ¢ is a Birmingham metric, (6.1) below, with zero mass,

we set p p .
gr_ @ 0 r:e<——@>, (2.16)

NE

where a convenient choice of an integration constant has been made. The metric
becomes

2\ 2 2\ 2
g=xz"2" (dm2 - (1 - %) 2t ¢ (1 — %) h) . (2.17)

In any case, we are led to consider metrics of the form

g = z722(£da® + g+ Gor® + O(aP)), (2.18)

with ) )

where p = 4 in dimensions n > 5, p = 3 in dimension n = 3, and p is any
number smaller than four when n = 4 (in that last dimension O(2P) with p < 4
can in fact be replaced by O(z* Inz)).

2.3 The next term and the geometry of N

We will see below that, in a characteristic-Cauchy-problem context, the reg-
ularity properties of the space-time metric are determined by the first three
coefficients in the expansion (2.10). This raises the question, whether or not
conformal smoothness implies that some of those coefficients are zero. The aim
of this section is to show that the next-to-leading term in the expansion (2.10)
will not vanish in general. This will be done by relating this term to the trace-
free part of the extrinsic curvature, within the conformal boundary, of a section
N of O.M .

Consider, thus a null hypersurface 4" with field of future-directed null tan-
gents L such that the closure .4 in .# of 4 intersects 0.4 transversally in a



smooth spacelike submanifold . Let B denote the “null extrinsic curvature”
of N,

B(X,Y) = g(VxL,Y), (2.20)
defined for X, Y tangent to .#". We will invoke the Fefferman-Graham expan-
sions, and the law of conformal transformations of the objects involved.

In what follows we use the notation of [7, Appendix A]. From that last
reference we have

=0 1 _

FAB == _§V0819AB . (221)
Hence, when L = 0,

Bap = ¢g(Val,0B)=—-9g(Va0p,L) =—g(Va0p,0,)

1, _
= —gulg=—90T%s =~ = 5519AB
= XA4B, (2.22)
with x as in (3.8) below.
Let
g=0%

be the unphysical conformally rescaled metric. Let & = d.4 be the conformal
boundary, which in vacuum is spacelike if A > 0 and timelike if A < 0. In what
follows we will assume that A < 0; the argument applies to the case A > 0 after
obvious modifications.

Let N be the inwards- directed g-unit normal to .7. Let ¥ be a smooth
spacelike hypersurface in M meeting . orthogonally at A . Let T denote a
future-directed g-unit normal to .%. Let L be a smooth-up-to-boundary field
of tangents of generators of .#". There exists a strictly positive function w so
that )

L=w(T—N)at . (2.23)
Here .4 is thought to lie to the past of . and is thus the boundary of the past
domain of dependence of .% in the unphysical, conformally rescaled space-time
(and hence also in the physical space-time).

Let x be a defining function for .#, and let the conformal factor be ) = .
Using rpo &~ 1/ (compare (2.8)) as the parameter along the generators in the
physical space-time, with L = 0y, we see that the function w in (2.23) can be
chosen so that

L=0L, (2.24)
and note that with this choice the vector field L extends smoothly across the
conformal boundary {x = 0}. Letting yap denote the corresponding “unphys-
ical x-tensor” of 4", we have

Xap = DBap= —ﬁ(ﬁAaB, L)
= —0? 9(V 0B + Q(VAQOB—I-VBQOA gAaVQ), )

= —g(Vaop+ Q(VAQ&B + VpQos — gaVQ), L)

= XAB Tt ﬁL(Q)gAB . (2.25)

10



On the other hand, on A it holds that
Xasly = —§(Vadp,w(T - N)) =w(Kap — Hap), (2.26)

where H is the extrinsic curvature tensor of .# in (.#,§), and K is that of ..
The Fefferman-Graham expansion shows that the trace-free part of H van-
ishes at .#, so that

XaB| g = wf(AB\{m:o}- (2.27)

For further reference we note that the trace-free part of H is in fact O(z2) when
a) # is locally conformally flat, or when b)

Rap is proportional to g 4. (2.28)

In order to determine K we use the coordinates of (2.12)-(2.13). In these
coordinates let .¥ be given by the equation

2 = f(z,2?) = fo(z?) + 2 f1(z?) + O(a?), (2.29)

with smooth functions fy, fi (in fact, f; vanishes if . meets the boundary
orthogonally, but this is not needed for our conclusions below), then

T = ea (da® — D fodz? — frdz + O(x)),
where & is determined by the condition §(T',T) = ¢ € {#1}:
~ 200 20A 2 AB
&’ =e(g —29 Oafo+g 0afodfo+ fi+O0(x)). (2.30)

We emphasise that if the intersection of . with .# is a smooth spacelike sub-
manifold of .7, as assumed here, then both & and &' are smooth.
We will denote by e4 the tangential lift of 04 to the graph of f:

eq =04+ 8Af80 =: eAﬂau.
For small z the metric § := 2?¢ behaves as
G —es0g = (dax? + Gop(z¢)dada®) . (2.31)
The Christoffel symbols fgﬁ/ of the asymptotic metric § read
re, =rgls, =r¢, T, =TI, =0.

This can be used to determine the asymptotic behaviour of K AB:

Kip = —§(V@AeB,T):—(eA(eB”)—I-fZBeA"eBB)TH
= —ea 2( 0405fy — 1630 %5 4+ 219 , — 0c foT'S )o
= —ea "( 0a0pfo — 4o fo+1"ap + 2(Ug 4 — 0c fol'54) 1) fo
=949 5 fo

+(I5 — f(%aofo)aAfof)Bf()) + O(x)

= Kap+O0(), (2.32)

11



where . )
Kap = KaBle=0 - (2.33)

Using (2.25) and (2.27) we obtain

DR,
I —P0an) + Olw). (2.34)

oap = wo(Kap —
where wp := w|y—0.
We conclude that on characteristic hypersurfaces smoothly meeting . we
have o045 = O(1) for large r, with

0|x=0 being non-zero in general.
As an example, consider the case A < 0 with
a metric gup|z—0 which is static up to a conformal factor. (2.35)

We can then rescale the metric, and adjust the z-coordinate accordingly, so
that Gup|z—o is in fact z°-independent. A further, 2°-independent, rescaling can
be done so that ggg is constant. We can further choose manifestly static local
coordinates, where by definition gag|,—0 = 0 (this can be done globally when
Gaodx? is exact, which will certainly be the case if N s simply connected).
Setting X = 9y and using

80Gab = LoyGab = VaXp + VX, = —2I0, |

we see that all the fgb’s vanish, and in fact fgb = 0. With these choices we will
have

KA~ Gap (2.36)
if and only if
. o P2°Dcfo -
D49 Bfo — Tclfo gap =0. (2.37)

We conclude that under (2.35) and (2.37) we have
oap =01 — lo|> = O0(r™%) (2.38)

for large r.
We also see that the (2.36) is a necessary and sufficient condition for (2.38)
in any case.

3 Characteristic hypersurfaces

Throughout this section we allow arbitrary space-time dimension n + 1 > 4.

As a first step towards understanding the mass of characteristic hypersur-
faces, a review of the characteristic Cauchy problem for the Einstein equations
is in order.

12



3.1 Wave-map gauge

Let, thus .4 be a characteristic hypersurface. Following [7], we split the Ein-
stein equations along .4 into constraint and evolution equations using the gen-
eralized wave-map gauge [7,21], which is characterized by the vanishing of the
generalized wave-gauge vector:

H*=0, (3.1)

which is defined as

H* :=T*—V?*, where V*:=T*"4+W*, I':.= gaﬁfg‘{ﬁ, M= gaﬁfg‘{ﬁ.

(3.2)
Here I are the Christoffel symbols of an auxiliary target space metric §, which
can be chosen as convenient for the problem at hand. The gauge source func-
tions WA = W’\(:L'”,g“,,) can be freely specified and are allowed to depend
upon the coordinates chosen and the metric itself, but not upon derivatives
thereof. In (3.2) and in what follows we decorate objects associated with the
target metric g with the hat symbol “~”.

3.2 Characteristic surfaces, adapted null coordinates and as-
sumptions on the metric

It is convenient to use coordinates adapted to the characteristic surface, called
adapted null coordinates (2° = u, z* = r, a:A), A €{2,...,n}. The coordinate
r > rg > 0, where we allow a boundary or a vertex at a value r = ry possibly
different from zero, parametrizes the null geodesics issuing from {ry} and gener-
ating the null hypersurface, which coincides with the set {u = 0}. The 24’s are
local coordinates on the level sets {u = 0,r = const.}. The trace of the metric
on the characteristic surface can then be written as (we will interchangeably
use 20 and u)

g =g, dz!'dx" = Too(du)? + 2updudr + 2vpdudz™ + g, (3.3)
where we use the notation
Vo ' =Gors VA:=TJoas 0= yABd:EAd:EB . (3.4)

Here and throughout an overline denotes the restriction of a space-time object
to A .

Under the hypotheses of Proposition 2.1, for r large we can write
Gap =hapr® + (Gap) 17+ (Gaply + 00, (3.5)

where we use the symbol h to denote the standard metric on the boundary
manifold, and (G45) ; = (Gup)_; (%), i € N, are some smooth tensors on
that manifold. We also require that O(r~!) terms remain O(r~!) under z°-
differentiation, and become O(r~2) under r-differentiation; similarly for O(r=").

The restriction of the inverse metric to .4 takes the form

7" = 20°0,0, + 70,0, + 23"0,04 + g P45, (3.6)
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where 4% is the inverse of § 45 and

O g0 = i, TA= A = 0B g = () (A — Too) -

)
(3.7)
The null second fundamental form of .4 is intrinsically defined and does

not depend on transverse derivatives of the metric, see (2.20). In adapted null
coordinates it reads (compare (2.22))

1
—0,04B - (3.8)

XAB:2

The expansion, also called divergence, of the characteristic surface will be de-
noted by

mi=xa"=7"" x5, (3.9)

while the trace-free part of the null second fundamental form

1
oaB =x48 - §T(5AB (3.10)
is called the shear of .
The constraint equations for the characteristic problem will be referred to
as Finstein wave-map gauge constraints. In space-time dimension n + 1 > 3
they read [7]

1 _
O —K) 7+ —7" = —|of' = 87Ty, (3.11)
1 1
O+ =r+r)0 = -V, (3.12)
2 2
§ —9 _
(O +7)€a = 2Vpol —2—=0ar = 20ar — 167T,a, (3.13)
1 — 1 )
(ar + —u0v°> VA = (VA - gBCrgc> : (3.14)
2 2
1 . )
O +7+R)C = S —Vagt - R
+8m (4 PTap — T) +2A (3.15)
=:5
1 —=rr 1 Evdd
<0r+57+ﬂ>g = 5=V, (3.16)

where
o] =045, PP =7 s, =7, T=0"Tw. (317

All objects associated with the one-parameter family of Riemannian metrics ¢
are decorated with the check symbol “””. The boundary conditions needed to
integrate (3.11)-(3.16) starting from a light-cone vertex ro = 0 follow from the
requirement of smoothness of the metric there, see [7, Section 4.5].
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The function « is defined through the equation
Vo, 0r = KO, (3.18)

T

and reflects the freedom to choose the coordinate r» which parametrizes the null
geodesic generators of 4", The “auxiliary” fields £ 4 and ¢ have been introduced
to transform (3.11)-(3.16) into first-order equations. The field £4 = —2T 4
represents connection coefficients, while the field ( is the divergence of the family
of suitably normalized null generators normal to the spheres of constant radius r
and transverse to the characteristic surface. In coordinates adapted to the light-
cone as in [7] the space-time formula for ¢ reads (compare [7, Equations (10.32)
and (10.36)]; note, however, that there is a term 7g'!/2 missing at the right-
hand side of the second equality in (10.36) there)

C:=(20, + 2k 4+ 7)g" + 2T =228 g+ 77" (3.19)

To integrate the wave-map gauge constraints (3.11)-(3.16) one also needs
the components V"', which are determined by the wave-map gauge (3.1)-(3.2).
We have, in adapted null coordinates [7, Appendix A, Equations (A.29)-(A.31)],

=0 _ w0 —
T =g¥T,, = * (1 gn—-1), (3.20)
_ — 11—
T' = g’\’TiM = —ogt+g'hp <§50911 — o — TVo)
1

+1954PV pug — 57/ 7' %998 , (3.21)
—A A
I = )‘“F)\H = 04 (T — Voaogll) + VogAB(aong + 01vp — OBWy)

— 0Byt T4, (3.22)

Now, from the restriction to .4 of (3.1) and together with the first equation of
(3.2) one finds that the choice of the target metric only redefines the fields f‘u
and W" entering in the definition of V"' = fu +W" without changing V" itself.
Therefore only V" enters in the Einstein wave-map gauge constraint equations,
and so only the explicit form of those fields is relevant in the equations of
interest to us.

An adapted coordinate system on a characteristic surface .4 will be called
Bondi type if the coordinates satisfy Bondi conditions on .4, but not necessarily
away from .4, reserving the name Bondi coordinates for coordinate systems
which satisfy Bondi’s condition everywhere.

We will start by deriving the asymptotic expansions of all relevant fields
in Bondi-type coordinates on the characteristic surface; it appears that the
calculations are simplest in those coordinates. We have [29, Equation (5.5)]

PP =rpo, D0gB° =0, gl =0, FnZogty =0, (3.23)
where @ is defined by 7 = 20, log ¢, as well as

V%O = TBOI/]%O , (3.24)
—A

Vio = _CD (FBO) VAI/O + I/BO (87‘130 + TBO) I/SO, (3.25)
VTBO = VBOVAVBO - (87"130 + VBoaTBoVO ) gBo (326)

15



As mentioned previously the Einstein wave-map gauge constraints form a hier-
archical system of ODEs along the null generators of the characteristic surface
which can be solved step-by-step.

4 Asymptotic solutions of the characteristic wave-
map gauge constraints, A # 0

Throughout this section we assume that the space-dimension n = 3.

In [28] asymptotic solutions of the Einstein wave-map gauge constraints
(3.11)-(3.16) with A = 0 have been obtained in the form of polyhomogeneous
expansions of the solution at infinity, i.e., expansions in terms of inverse powers
of r and of powers of log r. Our aim is to obtain similar expansions when A # 0,
with the goal to find a formula for the characteristic mass.

We will assume that for large r

04" = (047)yrpd + (074 7) g 150 + Olrgg) | (4.1)
which is compatible with, and more general than, Proposition 2.1. Here oB°
is the shear of .4 in Bondi coordinates, with 048 := gB¢sB°(94,0¢). As
already mentioned, wherever needed in the calculations that follow we will
assume that differentiation of error terms O(r®) with respect to angles preserves
the O(r®) behaviour, while differentiation with respect to r produces terms
which are O(r®~1).

(It follows from our calculations below that the hypothesis (4.1) is equivalent
to

oab = (UAB)2 2 4 (O'AB)3 r3 40>, (4.2)

where 7 is an affine coordinate along the generators of .4".)

4.1 Matter fields

We start by analyzing the influence of the matter fields on the asymptotic
expansion of the metric in Bondi-type coordinates. Our aim is to determine a
decay rate of the energy-momentum tensor which is compatible with finite total
mass. The decay rates for various components of the energy-momentum tensor
will be chosen so that they do not affect the leading-order behavior, as arising
in the vacuum case, of the solutions of the equations in which they appear.

For the convenience of the reader we repeat here the relevant equations in
Bondi-type gauge (see [29, Equations (5.11)-(5.15)] with the contribution from
the cosmological constant A added here):

1 _
I{BO o §TBO <|O_B0|2 + 87TT7].37.O) _ 0’
r =B
(O, + (|0 + 87T, )y = 0,

(Oyg. +720)ER — 2V 5o ROB + 0478 + rpoda (0 + 8%771,37?) = —167T, 4,
8T’Boyéo + (@A + ggo)y(])?)o =0,
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|£Bo|2

(Org, +7°° + <\ Boj2 1 grTo0))CBe + RBe — 5L 4 ¥,¢f, =

Sr(@A Ty —T™°) + 24,

SBO
g 4+ (7B 7B — 203, Var,) = 0.

In Bondi-type coordinates, the relation

2
7_Bo _

TBo

is independent of the cosmological constant and of matter fields.
It follows from (4.3), which can be solved algebraically for xP°, that a term

O(rgg™) in Tf’ with a,, > 2 produces an O(r Ol”“) term in xkP° (see also
the discussion in Section 4.2 and Equation (4. 21))

_B _
Trro = O(TB(?M)? Qpp > 2 — RBO - (’%B )Vacuum + O( arr+1) (49)

Next, from (4.4) we find

V]%o - (V]%o)vacuum + O( ocm—i-2) . (410)

In the fﬁo—constraint equation (4.5), the assumption
—B
Tog =002 ™), 44 apa, 47 apr, (4.11)

leads to
€80 = (E8°)vacuum + O(rp24 %) + O(rgdm*?) (4.12)

where the values a4 = 4 and «, = 4 have been excluded to avoid here a sup-
plementary annoying discussion of logarithmic terms (note that the logarithmic
terms will be discussed in detail in the sections that follow):

apga=44oro,=4 —
61120 = (SE Jvacuum + O(r _aTA+2) +O(r _arr+2) + O(ng logrp,) . (4.13)

From now on we assume (4.11). To preserve the vacuum asymptotics 520 =
O(r]gi) we will moreover require

Qrr >3, Qpa>3. (4.14)

(Anticipating, we have excluded the case o, = 3, which introduces 1/rp, terms
in V%O, which lead subsequently to logarithmically divergent terms in Véo. We
further note that a4 = 3 will produce an additional (£5°);-term that would

not integrate away in mrp and would remain as a supplementary (T?X)g—term
in our final mass identity (5.56) below.)
Integration of (4.6) gives

Véo - (Véo)vacuum + O(T];()XTA—H) + O( Olrr-l-l)

= 8% = (1V8°)vacuum + O(rg2™4 %) + O(rgr ™). (4.15)
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Finally, the asymptotic behavior ¢5° = O(rgl) together with (4.7) and (4.8)
show that: a term O(rg™¥) in SBe with ag < 2 would change the leading order
behavior of (B°; ag = 2 would change the leading order term of ¢(P°; ag = 3
would lead to a logarithmic term in ¢B°. This leads to

SBe = O(rg®), as >3, ap #5,
— ¢ = (%) saeuum + 0(r335+l) +O(rga™ ) + O(rgd™ ™), (4.16)
Tho = (T80 vacuum + O(rg® ™) + O(rpg™ ™) + O(rgg ™), (4.17)

(rpe ™)

and note that a factor r3, in the O terms in (P° arises from the

47T7’B0T CBO term in (4.7), taking into account the 2Arp,/3 leading behavior
of ¢Be.

We conclude that the leading order of all quantities of interest will be pre-
served if we assume that

Qppr >3, appg >3, ag > 3. (4.18)

Keeping in mind our main assumptions, that all fields can be expanded in terms
of inverse powers of rp, to the order needed to perform our expansions, possibly
with some logarithmic coefficients, we will allow below matter fields for which
(4.18) holds.

In what follows we will actually assume

T, =O0(r5y), Tra=005)), FaeTap—T =0(5)).  (419)
Note that the third equation in (4.19) is less restrictive than (4.18), allowing a
logarithmic term in the asymptotic expansion of (B°. This term however will be
of the order logrp,/ 7’}230 and will not influence our result for the characteristic
mass. It is accounted for in the correction term in (4.36) below. An analog
statement holds for the fall-off behavior and the correction term in (5.16) below
in affine coordinates.

When solving the wave-map gauge constraints we keep in mind that we
eventually want to determine the expansion coefficient (y}?@)l, as needed to
calculate the mass. This determines how far the intermediate asymptotic ex-
pansions need to be carried-out.

4.2 Solving equation (3.11)

The first equation of (3.23) implies 75° = 27’80 and using this one directly finds
from (3.11) in Bondi-type coordinates, cf. (4.3),

1 _
KB = 57Bo <]UB°\2 + 87TTTBTO> . (4.20)

Note for further reference that this means
1
(KBO)n = 5 |:‘O-BO 2—1—1 + 877( )n-i—l] (421)

for the expansion coefficients of kB°, where we have assumed that n is positive.
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4.3 Expansion of 13,

Inserting (3.24) and (4.20) into (3.12) in Bondi-type coordinates yields, cf. (4.4),

{OTBO + % (\030\2 + 8WT§TO)} v, =0, (4.22)

and from (4.1) we have

Bo|2 Bo|2 Bo|2
B o™ | 1o, [ 7
B2 = a 4+ 7 2+ 7 S +0(rg]) . (4.23)
¢} o e]

Using this and (4.19) we find the solution of (4.22)
Bo = (8o (145 [I0 B +sTi0] a2

1 —Bo _ -
rgllomB 4 sm @] ) vous .

where (V%O)O is a global integration function.

4.4 Expansion of ¢5°
Using d4752° = 0, (3.13) in Bondi-type coordinates takes the form

(Brg, +75°) €5° = 2V 5o B4 P — 20,455 — 16775, (4.25)

cf. (4.5). Using again (4.19), (4.23) as well as [28, Equations (3.24)-(3.26)] (as
revisited to include matter fields)

VpoPu®? = @) P13, + EP) P rd, + 005)). (4.26)
where

=Bo - o —=Bo - 0 le 0 2, RBo
E)F = Vs (0%0%), . EP)Y =V (07075 Valo ™ [ +4nV AT,

(4.27)
the solution of (4.25) reads
—bo e} y=minle} 10 T f6)
fgo = 2(:}3 )f)TBo -2 [VB( P B) — 8n (T, B )3] g2 £
"Bo
+Cx(4£ )TBO + O(TBO) ) (428)

where the coeflicients C@B ) = CI(fB )(a:c) are global integration functions.
It follows from Propos1tion 2.1 that existence of a smooth conformal com-
pletion at infinity requires the relation

Vi (0%47), = 87(Thy); - (4.29)
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4.5 Expansion of vj,

Equation (3.14) in Bondi-type coordinates does not depend upon A and reads,
cf. (4.6),
OrpoVite = — (V! + &6i0) 157 (4.30)

Now, the transformation from the affine parameter r, described in Section
3.2, to B, is given by (see [17, Equation (51) there])

TBo =1 — T2/2 + O(r™1). (4.31)
This implies that gg‘f is of the form
gnd = WP + (Ghl)  rpd + O(rgl) (4.32)

Using the form (4.24) of v/ , keeping in mind the relation v3, = 1/ and the
form (4.28) of £5°, we find the solution of (4.30)

v = (vio)o + 1V () i)
1 . _
[ Oa)g 7% (), + 5 @80, Vo ()| 75

PR [V (o), — Sr(TTR)s] 272

3 2
"Bo

_% [gilAB (_@A ( BOA) + 87‘(’( )3)

+2/(GA8), Va (0504), + hAPCED — (GA2), Vs (13,)5

P (80), Vi ()y + ()y HP V5 (1B,), ] 5o

+o(rgy) (4.33)
where (Véo)o is a global integration function.

Note that the coefficient of the logarithmic term vanishes when (4.29) holds.

4.6 Expansion of (®°

Inserting 72° = 2rg! and (4.20) into (3.15) in Bondi-type coordinates yields,
cf. (4.7),

2 7’
(s + == + S2(lo™ P + 82T)) )¢ =
TBo 2
“Bo |£BO|2 ~ A _ABmBo —Bo
—R"° + 5 Valo +8m(gps Lap — 1) +2A. (4.34)

In order to solve this equation we start by defining
(PO = (R + a¢™, (4.35)

where (}° ©, is the solution of (4.34) in the case A = 0. Its asymptotic expansion
is known: [28, Equation (3.40)] gives the formula in general coordinates for
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general R, while [29, Equation (5.23)] the one in Bondi-type coordinates with
R = 2) and reads

R

B B -2 -2

2o ===+ (€a20)5 TRo + 0(750) (4.36)
(o)

where (g}?go)z is a global integration function and R denotes the leading order

coefficient of the asymptotic expansion of R in terms of r, which coincides with

the Ricci scalar of the boundary metric lim, o 727 A deAde . The expansion

of 6¢B° on the other hand can be calculated by subtracting (4.34) from the
corresponding equation in the case A = 0, leading to

(Orgy + 770 4+ KP°) 5¢P0 =24 (4.37)

This equation can be solved by using (4.19), (4.20) as well as (4.23) and we end
up with

o 2A A o —=Bo 1, A o —Bo, 1 log (rBo)
5 = rmo— g [l0™ 4 87T s + 3 [10™ + 87| =5
) Bo
! 52 2 4oz (4.38)
Bo

where (6§¢B°)s is again a global integration function. Summing up the solution
of (4.34) in Bondi-type coordinates reads

2A . 2A
CBO = —7TBo — R—l-—(/iBo)g ng
3 3
2N, g, logreo Boy, _
+?(K/B )4 2 + ( 2 ) +O(TBO2)

"Bo "Bo
2A . A —B _
= ?T‘Bo - <R + g |:|O'BO|421 + SW(TT:)4]> TB;
IOg TBo (4B0)2
2

A Bo |2 7Bo
= 87 (T }
+ 3 |:’0' ’5 + 7T( rr )5 7‘]230 3.

+ o(rgf) , (4.39)

and we have combined both integration functions (6¢®°)y and (C/]%io)g into

(CBO)Q'
In view of the analysis of Section 2, existence of a smooth conformal com-
pletion leads to the condition

(%), =0 < [P +8a(T);=0. (4.40)

4.7 Analyzing (3.16)

Inserting (3.26) into (3.16) in Bondi-type coordinates and keeping in mind that,
by (4.22), Oy, V3, = —KB° one finds, cf. (4.8),

g + (T80 71 (¢ — 2] Varg,) = 0 (4.41)
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for (3.16) in Bondi-type coordinates, which is an algebraic equation for g, .
Inserting the asymptotic expansions (4.24), (4.33) and (4.39) we found for v,

I/‘SO and (PB° respectively we obtain the asymptotic expansion

. A . R A, a A po. logrs,
I, = —57‘1230 + (V}%O)OVA (yéo)orgo + (5 + 3 (K,B )3) _ g(/-;B MTE

() [T () + (80, 9 ()] = 560 ) v

+o(rgl), (4.42)
Wher(oa, as before, R is the Ricci scalar of the boundary metric lim,_, o 7~ 2G 4 gdzdz®
and V4 is the associated covariant derivative.

Note that the coefficient of the logarithmic term in (4.39) vanishes if (4.40)
holds.

4.8 No-logs

Consider characteristic initial data on .4 such that the functions nggﬁ% have
a full asymptotic expansion in terms of inverse powers of rg,. From what has
been said it follows that the equations

Vi (07%47), = 87(Tra)y = 0= |0 + 87(T,))s, (4.43)

(see (4.29) and (4.40)) provide a necessary condition for conformal smoothness
of the associated space-time. It is likely that an analysis along the lines of [18],
using [22,23,30], will prove that these equations are also sufficient in space-
times with conformally well-behaved matter fields (cf. [23-25]), but we have
not investigated this.

When one, or both, of Equations (4.43) fails, the characteristic initial data
set will have a full polyhomogeneous expansion at infinity. One expects that
the evolved metric will similarly have a polyhomogeneous expansion, but no
evolution theorems guaranteeing this are available so far even in vacuum.

As such, the no-logs conditions (4.43) require the data to be transformed to
Bondi coordinates, if not already so given. When A = 0, a coordinate-invariant
version of the no-logs conditions has been established by Paetz in [28]. It would
be of interest to find the equivalent of his conditions for A € R*.

5 Characteristic mass

Throughout this section we assume that the space-time dimension is n+1 = 4.

5.1 The Trautman-Bondi mass

In [5,31,35], assuming A = 0 and in space-dimension n = 3, it was proposed
how to define the mass of a null hypersurface .4 at a given moment of “retarded
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time” w at the cross-section .4 where it intersects null infinity .#*. This mass,
usually referred to as the Trautman-Bondi mass, is defined as

1
mrTp = — / Mdl“iz’ (5.1)
47 N

where? dpj, = 1/ det h apdxz?dx?, and where M denotes the mass aspect function
M: ¥ >R (compare, e.g., [5,31]),

M = < (900); - (5.2)

| =

The definition uses Bondi coordinates, as seen in Section 2.1, and recall that
(959)k denotes the coefficient in front of 1 /7‘%0 in an asymptotic expansion of
g5 for large 7, in particular

Bo (906, —1
goo = —1+———=+o(rg,).
Bo

Our aim is to obtain an analogue of the Trautman-Bondi mass in space-times
with A # 0. We seek to derive a formula which applies to a class of space-times
which includes vacuum space-times with a smooth conformal completion at
null infinity .# T, such that the characteristic surface intersects .# ™ in a smooth
cross-section A’

From our point of view, the key justification of (5.2) as providing a good
candidate for the integrand for a total mass is the fact that M is one of the non-
local integration function which arise when solving the characteristic equations
when A = 0. It turns out that this remains true for A # 0.

Consider, thus, characteristic data in Bondi-type coordinates, defined per-
haps only for large values of rp,. The space-time metric on .4 = {uB° = 0}
can then be written as

7 = govdub, + 20  dupedrp, + QVEOduBdeSO + g . (5.3)
Now, Bondi et al. assume

TBISE}OO v, =0, rBle}oo v, =1, TBloigloo (nggﬁ%) = hap. (5.4)
It follows from Proposition 2.1 that the last equation in (5.4) is justified under
the hypotheses there. However, it is not clear at all whether the first two can
be assumed to hold for all retarded times in general: When A < 0 this is part of
asymptotic conditions which are usually imposed in this context, but which one
might not want to impose in some situations. However, when A > 0 there is
little doubt that all three conditions in (5.4) can be simultaneously satisfied for
all times by a restricted class of metrics only. For this reason we have allowed

3Bondi et al. introduced this formalism in the asymptotically flat case, where iLAB = saB,
the standard metric on S2. In anticipation of other boundary topologies, e.g. a torus, we will
use the symbol h to denote the chosen metric on the relevant manifold.
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general fields ( ) and ( BO)O (xP) when solving the constraint equations so
far.

Nevertheless, it is easy to see that the first two equations (5.4) are deter-
mined by the propagation of the coordinates u and z# away from the initial
data surface .47, and can always be imposed on the .4 as long as one does
not assume that they hold at later times. In particular, the first two equations
in (5.4) imply no loss of generality as long as no evolution equations are used.
Since we only work at .4, and use only the constraint equations, we will assume
(5.4) from now on.

5.2 The characteristic mass in Bondi-type coordinates

The asymptotic expansion of gBO needed to obtain the mass aspect function

can be calculated using the third equation in (3.7) in Bondi-type coordinates
EOB(;) - gAByéoygo - ( BO) ggdo (55)
and we note again (cf. (4.32)) that 47 is of the form
gab = hABrBO + (gﬁf) T’BO + O(T’BO). (5.6)

Using this and (4.42) leads us to

gAB) (VBO)O (Vgo)o TBo
(o) 20z (vEo), + (755)y (V) |
— (vBo)y " | (o) @) + 2 (9H) 2 (), ]

log 7o
TBo

—B B 0 \—2 /= 2
900 <hAB VBo Bo)o - (VBO)O (QETO)_2>7”BO
+
+

- (VI%O)0_2 (ggo)log 1

+( () [2han (), +2 (33%)_, (), + (35%), (), ]

— (VBo)y | (o) @)y + 2 @)y (), + 2 (35) o () })rB;

—i—o(rg;) , (5.7)
where we can directly read off an expression for the mass aspect function M:

M = (§0B§)1
((h)o [2has (), + 2 (3%5) , 0£), + (335), )]

_ ()o@ + 2 (@0) - (1), +2(75) (V§0)3> . (58)

(Vo)

N = DN
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Now, using that v3° = 1/v3, (cf. (3.7)) and (4.24), we have
o = s (17 (o~ OBu)arid ) +0052)
= OBy (1 g [l + snTE ]2
5[l 8T st ) + O 59)

Inserting this and the expansion coefficients of gf;, and Véo we calculated before
M reads

M = (V§0)0 []QMB (V1]330)3 + (EE?B)_1 (Vgo)z + % (gi%h (Vgo)o}

(08" 5 (5 (€20 9 (), [l 4 57T,

. 1A —Bo
T )y~ () 3 0B+ 8n(TE)] )
1 —Bo. T
3 [l + 87T, Va () - (5.10)

We return, now, to the definition of the characteristic mass, (5.1), and
assume in the remainder of the present work that the boundary conditions on
Vgo and I/éo, introduced in (5.4), hold. With these boundary conditions, and
using the fact that the divergence terms in (5.10) will integrate out to zero, we
find

1 B A B
- o dius e o dus
mTB 167 /(C )2 Hi, + 1271 i (VO )3 K,
1 B A Bo |2 —=Bo
= — Nodu; — — © T dp; . (5.11
o | (i =i [ [lr 87T, diy 511

5.3 The characteristic mass in terms of characteristic data

To continue, we want to relate the fields occurring in Bondi-type coordinates
to their representation in coordinates where r is an affine parameter along
the radial null outgoing geodesics of . We start with (¢P°)y and follow the
argumentation in [17, leading to Equation (51) there|, which we repeat here for
the convenience of the reader.

First, we have

TBo =T — % +0(r ™). (5.12)
Next, the transformation formulae for 7 and ¢ (compare (3.19)) read:
2
Bo(rBo) = aigoT(r(rBo)) =, (5.13)
(Bo = o(gB)AB (TBO)TABg + 7Bo(gBo) BoTBo

_ 2(§B0)AB<8TBO ox' Oxd s org, O0%r >
ok dxf 0B or Oxfy 0xE,
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. or Orpo arBo_ij
Orge Oxt Oxi
org, Or Or

Org, Or Or —o

_ ogAB 5 1 2gAB
I Tor oxfy, OxE e oxfy, OxE \:1,1/
Orgo 4B 9TBo ¢ —AB OrBo o ¢
2 T 2 —
+ or ¢+2g 92 AB t297 7 xaB 8xcl/V
=T
Org, Or Org, Or Org, Or
g or E?xgo £ g OxA E?xgo g 0zx¢ 8x§O A
_|_2§AB 87’80 827" g or aT‘BO aTBO gAB
or E?xéoaxgo Orge OxA OxB

or or _

— a];OC +2 8];0 Agr+O(rgd), (5.14)

where Ay is the Laplace operator of the two-dimensional metric g4 Bdwéodxgo.
To continue we need the asymptotic expansion of ¢ and therefore solve the
respective constraint equation (3.15). Note that we have already done this in
Bondi-type coordinates, but we also need the result in affine coordinates.
We begin with the same procedure as in Section 4.6 and define

¢ :=Ca=0 + ¢, (5.15)

where (p—¢ is the solution of (3.15) in the case A = 0. Its asymptotic expansion
is known and reads [28, Equation (3.40)]

Crmo =~ (Camo)y % +0lr ), (5.16)

with ((a=0), being a global integration function. We assume that the relevant
fields satisfy analog fall-off behavior in affine coordinate r as we assumed in
Bondi-type coordinate rp, (cf. Equations (4.1) and (4.19)). The equation for
0C reads

(Or + 74+ K)6C =2A. (5.17)

From now on we choose the coordinate r so that k = 0. We start by solving
the Raychaudhuri equation (3.11) in this gauge and obtain the expansion of 7

2 7, 2[lofi +8(T0),] + 73
7 T 3
roor 2r
+2 ol 4+ 8n(Trr)5) + 272 [|o]f + 87 (Trr),] + 73
4rd

+0(r7%), (5.18)

where 7 is a global integration function and |o|2 are the expansion coefficients
of |o|?:

2 2
o] = % + k;i +0(r79). (5.19)
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Using (5.18) we find from (5.17)

2r 1 7'22 — 2713 31973 — 7'23 — 274 logr
o = Al ——--=
¢ < 3 3 + 3r + 3 r2
)
+§ +o(r7?), (5.20)

where (s is again a global integration function. Summing, and combining the
two integration functions ({a—g)2 and d¢y into (2 the solution of (3.15) gives

.2
¢ = %r Ary <R+M>r—l

3 3 3

A (3ror3 — 73 — 274) logr G _9
+ 3 2 + 2 +o(r ). (5.21)

Using this and the asymptotic expansion of Azr (compare [17, Equation (51)])

Ai’LTQ
272

Agr = +0(r3) (5.22)

and expressing (5.14) in terms of 7, one obtains

R
(P2 = G+on+Amn

2
o Bo
s (IR (7). 24 8n(T 5.23
31~ . + 7o} +87(Ty),] | | (5.23)
o A al i3l
bes = 5 (2n[lol} +87(T0)| —lo2 - 87(T0r);) - (5.24)

Inserting (5.23) into (5.10) and using the boundary conditions on 3  and v4.,
introduced in (5.4), we find

1 R 1.
M = 1 (Cg—l- ETQ—FAETQ) — §VA (l/g’o)o

A o —Bo ool
s (lo% B+ 8x TR, - m[Jolt + 85T ) 525)

We now calculate the expansions of |o|? and |05°|? to insert explicit expres-
sions for the coefficients occurring in M. Further we want to relate the relevant
coefficients of the energy-momentum tensor in Bondi-type coordinates to their
representation in affine coordinates. For |o|? one obviously has

2 2
’0,’2 _ |:4|14+ |:l5 —|—O(7’_6)
B A B A
_ (o4 )34(03 )2 (04 )if)(UB )3 L0078, (5.26)
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and performing a coordinate transformation and replacing the dependence on
r with rg, we obtain

B2 = (04%), (054), 19 (047)y (08%)5 — (047), (08%), 72
"Bo "B
+0(r5)
2 2 _ 9|52
- @ | lols = 2lolire 52|J|472 +0(r5?). (5.27)
"Bo "Bo

By assumption, or by smooth conformal compactifiability we can write TT],B:
in the form

—Bo —Bo

=Bo (T T _
Tf)r _ ( TZ’ )4 + ( 7;)7“ )5 + O(TB(?) ) (528)
"Bo "Bo

Performing a coordinate transformation we find an analog expansion for T, in
affine coordinates and replacing again the dependence on r with rg, we obtain

_ T T.). —2(T
T?TO _ (rzr)4 I ( rr)5 T5 ( Tr)4 T2 + O(Tg(?) ) (529)
Bo Bo

Therefore we end up with the following formula for the mass aspect expressed
through characteristic data

1 R e Bo
M = Z<<2+572+A’°‘T2>_5V (v5°),

+% <372 [\g\z +87T(TW)4} - [yayg + 87 (TTT)SD . (5.30)

Using again the definition of the characteristic mass and bearing in mind that
the divergence terms will vanish after integration over .4 we find

1 R
mrB = 16n y G2+ 5T dpj,
+48—7T Y (37'2 |:|0'|4 + 87T(Trr)4:| - |:|0|5 + 87 (Trr)5]> d:uh . (5'31)

5.4 The characteristic mass and the renormalized volume

We are ready to prove our final formula for the characteristic mass, which will
be in terms of geometric fields defined on a characteristic surface parametrized
by an affine parameter r ranging from rg to infinity. In the case of a light-cone
we take g = 0, but we allow non-zero ry to cover other situations of interest.
We first note the asymptotic expansion of /detg,pz for large r, which is
obtained by using the considerations in [28, leading to equation (3.13) there]
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and our result for the expansion of 7, (5.18):

T4 — 2 [‘O"Z + SW(TW)4]

— s T2
Vdetg g =r*\/dethap|1— =
etgup=r e AB< . + 12

273 loff + 87(Trv)s) = [0} +8(T);]

613

+ + O(r_4)> .(5.32)

Using this, dug = \/det g4 gdr?dz?® and the expansion (5.21) of ¢ we find

2A .
/o Cdpg = ?7«3/0 dp;, —Arz/o TQdu;L—r/o Rdy;,
N N N N

A _ _
_glogr/o <[|a|§+8w(m)5] —2[|a|i+8w(T,,)4}T2>d%
N

o A
—l-/o [Cz-i—RTg]d,u;L—E °T23d,uil
N N
A

5/,

<1972 [yayz + 87T(TM)4} —2 [\a\g + 8W(TTT)5] ) dpj, +o(1). (5.33)

From (3.15) with x = 0 and the Gauss-Bonnet theorem we have,
o 1
[ 0 iy = —am)+ [ (G168 )augvon [ dng. 530
N N N

where X(,/V ) is the Euler characteristic of N . The integral in the last term of
that equation is the area of the constant-r sections of 4", and we define the
volume function V(r) to be its integral

V(r) = / ;O d‘;ff)dfz / ;O /j dyiydF . (5.35)

REMARK 5.1 We note that V (r) is uniquely defined up to the choice ¢ of the
origin of r and up to scaling on each generator.

When cross-sections of .# are negatively curved compact manifolds, the
asymptotic conditions imposed in our construction define the scaling uniquely.

When cross-sections of .# are flat compact manifolds, the asymptotic con-
ditions imposed in our construction define the scaling up to a constant. This
freedom can be gotten rid of by requiring the h-volume of the cross-section to
take some convenient value, e.g. one or (27)2.

When cross-sections of .# are two-dimensional spheres, the asymptotic con-
ditions imposed in our construction define the scaling uniquely up to the action
of the group of conformal transformations of S2. This freedom reflects the fact
that in this case mTp is not a mass but the time-component of a covector.
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A redefinition of ry affects the explicit formula for V' as a function of r, and
hence the numerical value of the “renormalized volume”, to be defined shortly.
When .4 is a globally smooth light-cone, or is a smooth hypersurface emitted
from a submanifold of codimension larger than one, then the origin of the affine
parameter g = 0 is determined by the location of the “emitting” submanifold,
which gets rid of the last ambiguity. O

Using 0,/detgap = 7/det g4p we find
dv(r) 1 9
W [ (3R s) g 530

which we can integrate in r starting from r = rg

0, /j Cdpig = —Amx(N)

r—00

= h_}m/ Cdpg + 4mx (AN r0+/ / < |£|2—|—S> dpgdr . (5.37)
r—7ro

We leave the symbol lim,_,,, in the last equation to accommodate a vertex at
r = rg, where ( is singular, but note that light-surfaces emanating from smooth
space co-dimension-two submanifolds will also be of interest to us. One needs
to make sure to use appropriate boundary conditions for the lower bound of the
integration depending on what kind of characteristic surface is studied. In the
case of a light-cone, i.e. a null-hypersurface emanating from a point at ro = 0,
the necessary boundary conditions follow from regularity at the tip of the cone
as has been discussed in [7, Section 4.5].

When the first term in the last line vanishes, we can infer non-negativity of
the left-hand side by assuming the dominant energy condition for non-vanishing
matter fields. This condition implies then [29]

lim < / Cdpg + Ay (N — 2AV(r)>

S = 8n(@*PTap —T) >0 (5.38)

which means that the right-hand side of (5.37) is manifestly non-negative. As-
suming that the right-hand side of (5.37) is finite, we see that the divergent
terms in 2AV(r) and 477)((,/1} )r need to cancel those in the expression on the
right-hand side of (5.33) exactly. To make this precise we continue by calcu-
lating an explicit expression for the volume function V(r). We start by using
again (5.32) and find

/ dpg = 2 (N) — r/ Tadpj,
+§/ <% —[|0|4+87T(T )Ddﬂﬁ
1 / < o+ 87Ty = [+ 85(Te] Y

4O (5.39)
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It follows that there exist constants so that the function V'(r) has an asymptotic
expansion of the form

1 .
Vi) = §T3Mﬁ('/1/) +Vogr® + Vour + Vigglogr + Vo + Vir ' 4 o(r ™).

We define the renormalized volume Vien as “the finite left-over in the expansion”:
Vien = V0.

One can think of V¢, as the global integration function arising from integrat-
ing the equation for dV/dr. The numerical value of Vie, is defined up to the
ambiguities pointed out in Remark 5.1.

Integrating (5.39) we obtain in fact

—2AV(r) = A

%
7N
9
oo
+
o0
=i

N
<
3
U\‘_/
—_
|
)
—
Q
Ny
_l_
o0
=i
N
<
3
S~—
ILI
3
N—
QL
=
:‘a
| I

+o(r Y, (5.40)

thus

Vien = lim
r—00

r3 . r?
Vi) = S )+ /j rodp

r 2 7 1,
+§ /j <[\0\4 + 87T(Tm~)4] — §TZ> dp;,

+é logr/j <[’O”§ + 87T(Tr7’)5:| -2 [\U\Z + 87T(TTT)4] 7'2> d,u;L] . (5.41)

Now, by (5.37) and using (5.33) and (5.40),
lim ( / Cdpg + dmx (N )r — 2AV(T)>
r—00 V%
= lim —r/ Rdp; + 4 (JV)T’ —A/ Todus
- y i, X 12/ 2 QL
A 1 2 T —2||o|? T dy;
+18 | 1972 ||o]f + 87 (1), |5 + 8m(Tr)5 i,
N

+ / ) (CQ + 1'027'2) dpj, — 2AVien

N
. o0 1
= lim / Cdpg + Amx (AN )ro +/ / <—]§\2 + S> dugdr.  (5.42)
r=ro J r=rg J N 2
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Next we rewrite (5.31) as

: R
16mmtp = / ((2 —|—R7'2>d,u;l —/a §T2d'u;‘
N N

&1, (ol o] [t T o,

and find, by (5.42) and (5.43), using [ o ]%duﬁ = drx(AN),

=70

. 00 1
16rmrp = lim / Cd,ug+47rx(</1/)r0—|—/ / <—|£|2—|—S> dpgdr
N r=rg J N 2
R

A
_/ _7—2d,ufl + 2AVien + —/ 7—23d'uh
w2 12 J 4
A

5/, <7'2 [!a!i + 87T(Trr)4} +4 [\a\g + BW(TW)5]>CZM;L (5.44)

We continue with a generalisation of the arguments leading to equation (43)
in [17]. Indeed, we allow the case ro # 0. Next, for further reference, we allow an
asymptotic behaviour for small r for light-cones emanating from a submanifold
of general space co-dimension d, and not only a light-cone. Finally, for future
reference the following calculations, up to the resulting expansion of 7, (5.53),
are performed for arbitrary space-time dimensions n + 1 > 3.

Keeping in mind the expansion (2.10) for large r, we note that

n=1_4 m -3
o { —+ 3 +0(r7), forlarge r, (5.45)

=11 0(1), for small r .

Here the behaviour for small r is the one which occurs when the set {r = 0} has
space co-dimension d (e.g., d = n for a light-cone emanating from a point). If
ro > 0 we assume that 7 is smooth up-to-boundary when the boundary r = rg
is approached.

Next, let
—1
T = n - (5.46)

This is the value of 7 for a light-cone in Minkowski space-time, and it follows
from (2.10) that this is the value approached asymptotically along null hyper-
surfaces meeting .# smoothly and transversally. Let

0T :=7—T
denote the deviation of 7 from its asymptotic value for large r, then

5r— { 3+ O(r=3), for large r;

d_Tn +0O(1), for small r. (547)

(Note that 07 is diverging at the same rate as 7 for small  when d # n.) From
the Raychaudhuri equation (3.11) with x = 0 one finds that d7 satisfies the
equation

2 _
% + < o + —) o1 = —|o|* — 8a T, . (5.48)

n—1 r
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Define

\I’ET_2(I)::T_26XP</ < o —l—%) df),
mo\n—1 7

for some 7, (possibly depending upon z4) which will be irrelevant for our final
formula (5.53) below except for the requirement that the integral converges.

Hhus 1dd 6 2
T
i (5:49)
so that (5.48) is equivalent to
1d(Pdr)
o dr
Using (5.47), we are led to the following three equivalent expressions for the

function W:

= —lof* = 82 T,,, (5.50)

exp <— /Too néjl(s,xA)ds + Cl(xA)> ; (5.51a)
W(r,at) = { exp < / O néjl(s,xA)ds + CQ(JZA)> : (5.51D)
st exp (n — /0 [57(3,#) 4 . ”] ds + Cg(xA)> , (5.51c)

for some functions C;(z4), depending upon the choice of .. In (5.51b) we have
assumed that ro > 0, while (5.51c) holds when §7(r, %) ~ (d —n)r~! for small
r, compare (5.47).

We emphasise that both ® and ¥ are auxiliary functions which are only
needed to derive (5.53) below, and there is some freedom in their definition. In
particular either of the functions C;(x4), i = 1,2, 3, can be chosen to be zero if
convenient for a specific problem at hand, and we note that the C;(z4)’s cancel
out in the final expression for 7 in any case.

We further stress that in the special case of a light-cone we have d = n and
treating the case for small r separately is not necessary. In this case (5.51b)
coincides with (5.51c).

Thus, using 07 = 7 — 7 and (5.46),

exp <_% ' <T(s,xA) _nz 1> ds> : (5.52a)

-1/

\I/(ro,xA) B

W(rad) (i—o)%exp <L /T”J <5T(s,$A) _ d;”) ds) , (5.52b)

n—1

with both (5.51a) and (5.51b) leading to (5.52a) as long as the right-hand-side
of (5.52a) converges, and with (5.52b) holding with ro = 0 when 67(r, 24) ~
(d —n)r=! for small r.

Integrating (5.50) and using (5.52a), without denoting the dependence on
coordinates z# explicitly in what follows,

T o= n-1 —7‘_2[\11(7‘)_1/
r T=ro

- lim iég <T(s) . - 1>s2] . (5.53)

/N

o (7)]? + sw:m(f)) U (F)2dF




We can directly read off the expression for m from this:

m = —lim {\If(r)_l/; (Io(P) + 8T (7 ))‘I’(fwd?}}

- [Tli_>r£.10 \I’(r)_l] x:;;% [m(@(" - L T>r2} . (5.54)

From now on we return to space-time dimension four:
n+1=4.
Returning to (5.44), inserting the result for 7, we just found, and using further
dpg = e~ I T2y, (5.55)

we obtain our final formula for the characteristic mass mTp of a null hypersur-

face N = [rg, 00) x N :

mrB = 1677/ / ( €2 + S

R A _ — 00 FT—2 g~
+ E + E <|0|4 + 87T(Trr)4) <|J|2 + 87TTM>efT' TQdT) dlu!?dr
|4 Ao
AT
_ R Ay - 2 oo rr=2 g,
—|—Th_>n20</j [( + <§ + 1—8<|0|4 + 87T(TM)4)> (; - 7'> elro 2 ]d,ug>]
A 3 A‘/ren _ A

+ 199 szd,u;L—F 2y 7o (|O‘|5 + 87 (Trr) ;) dusj, - (5.56)
To obtain this equation, it is irrelevant which form of ¥ in (5.51) we take,
provided that the same formula is consistently used throughout. For example,
if W(r) is given by (5.51a) with Cy(z?) = 0, then lim, .o, ¥(r) equals one,
independently of whether o = 0 (so that the null hypersurface is singular at
r9) or ro # 0 (in which case the set {r = ro} has space co-dimension one).

In the special case of a light-cone, where d = n = 3, R =2 and rg = 0,4
(5.56) simplifies to

- //<|£|2+S

+ [1 + 2 (Ioli + Sw(Trr)4)] (Iffl2 + SwTM) el FTJ‘”) dpgdr
A‘/ren A
192 T2d,uh+8—ﬂ_ 727‘(‘ (’0"54-871'( )5) d,uh (557)

“Recall that R = 2 when N isa two-sphere, R=0fora torus, and R <0 for higher genus
topologies of .# ~ R x .#". In the case of a smooth-light cone the cross-sections are spherical
for small r, and therefore everywhere, so R = 2.
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Assuming further a conformally smooth compactification and vacuum we have
\a\g = 0, and after some rearrangements we obtain the striking identity:

mrp = i/ w/ 2P + ool T ) dyydr
67 oy J\2 g

A 1 7 lofi
i (Vet i [ (210 am) . 6m)

with 75 < 0 given by
n o= - / jo2e I T 2y (5.59)
0

(Recall that 79 = 0 if and only if the metric to the future of ./ is, at least
locally, the de Sitter or anti-de Sitter metric [6].)

6 Coordinate mass

In this section we assume that A < 0 and we allow arbitrary space-time dimen-
sionn+ 1> 4.

There exist several well-defined notions of mass for asymptotically hyper-
bolic initial data sets (cf., e.g., [1, 11, 16, 19, 36]), which typically coincide when-
ever simultaneously defined, some of them defined so forth only in dimension
3 4 1. Our aim, in this and in the next section, is to show that the character-
istic mass coincides with those alternative definitions in some cases of interest.
To set the stage, in this section we introduce the notion of “coordinate mass”
for two classes of metrics. (Compare [19, Section V] for a similar treatment in
dimension 3 + 1.)

6.1 Birmingham metrics

Consider an (n + 1)-dimensional metric, n > 3, of the form

dr?

27 Cy A g B
e +7°hap(z™)dz?dz” | (6.1)

=:h

g=—f(r)dt* +

where h is a Riemannian Einstein metric on the compact manifold which, to
avoid a proliferation of notation, we will denote as .4#; we denote by z* the
local coordinates on .4. As discussed in [4], for any m € R and ¢ > 0 the
function

o

R 2
f= n—1(n-2) TTQ _52_27 e €{0,£1}, (6.2)

where R is the (constant) scalar curvature of h, leads to a vacuum metric,

n
R;w = 66_29“11 > (6'3)
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where the positive constant £ is related to the cosmological constant as

2A
— =c

7= =T (6.4)

Clearly, n is not allowed to equal two in (6.2), and we therefore exclude this
dimension in what follows.

The multiplicative factor two in front of m is convenient in dimension three
when £ is a unit round metric on 52, and we will keep this form regardless of
topology and dimension of N

There is a rescaling of the coordinate r = br, with b € R*, which leaves
(6.1)-(6.2) unchanged if moreover

h=bh, m=>b"m, &=0bt. (6.5)

We can use this to achieve

B = e {0,+1}, (6.6)

R
(n—1)(n—2)

which will be assumed from now on. The set {r = 0} corresponds to a singu-
larity when m # 0. Except in the case m = 0 and § = —1, by an appropriate
choice of the sign of b we can always achieve r > 0 in the regions of interest.
This will also be assumed from now on.

We define
the coordinate mass of the metric (6.1) with f given by (6.2) to be m.
Similarly, we define
the coordinate mass of any metric which asymptotes to (6.1)-(6.2) to be m.

Here, “asymptotes to” can e.g. be understood as

dR2
(fm(R) + o(R?*™™))
+R2(hap(z©) + o(1))dzdz? (6.7)

g = —(fm(R)+o(R*™)dT? +

for large R, at fixed T, with f,,, = f given by (6.2).

6.2 Horowitz-Myers-type metrics
6.2.1 The metric

Consider an (n + 1)-dimensional metric, n > 3, of the form

dr?

oM 12 hap(x©)dz?da® (6.8)

g = f(r)dy?* +

=h
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where now h is a Riemannian or pseudo-Riemannian Einstein metric on an
(n—1)-dimensional manifold N with constant scalar curvature R and, similarly
to the last section, the z’s are local coordinates on N.5 This metric can be
formally obtained from (6.1) by changing t to i1. It therefore follows from the
discussion of Section 6.1 that for m € R and ¢ € R* the function

R
f=5- = 62’ (n—1)(n—-2)"’
leads to a metric satisfying (6.3). Rescaling the coordinate r and the metric

h by a suitable constant if necessary we can without loss of generality assume
that

ee{0,+1}, B= (6.9)

B e {0,£1}.

Suppose that f has zeros, and let us denote by r( the largest zero of f. We
assume that rg is of first order, and we restrict attention to r > r¢. Imposing
a suitable y-periodicity condition on 1 € [0,y], the usual arguments imply
that the set {r = r¢} is a rotation axis in a plane on which /r — ¢ and v are
coordinates of polar type: Indeed, if we set

- L=

= F(r), with F = / (1+O0(r—rmyp)),
we find
dr? _
-t fdy? = dp® + F(F(p))dp? = dp® + (2f'(r0))* (1 + O(p*))p*dyp* ,
which defines a smooth metric near p = 0 if and only if
= Mo, (6.10)
where « is a new 2m-periodic coordinate, and
1
A=———. A1
26]“(7‘0) (6 )
In the case where
e=-—1,

one obtains Einstein metrics with a negative cosmological constant.

Whatever e, a conformal completion at spacelike infinity can be obtained
by introducing a new coordinate x = ¢/r, bringing ¢ to the form
Pda?
et f(lz=T)

= 27 202(— (e — Bz® + O(z"))N\2da? — (e + Bz + O(z™))dz? + h) .(6.12)

We see explicitly that the conformal class of metrics induced by x2g on the
boundary at infinity,

g = f(la™)PNdo? + —— + 22 7%h

I ={z=0}~S'xN,

is Lorentzian if h is Lorentzian and if ¢ = —1.

5To avoid a proliferation of notation we use the symbol h both for the metric on A
appearing in (6.1) and for the metric on the manifold N relevant for (6.8). Typically (/V, h)
is a compact Riemannian manifold, while (N,h) in (6.8) will be Lorentzian with N non-
compact.
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6.2.2 p[f=0,n=3
In [27] Horowitz and Myers consider the case n +1 =4, ¢ = —1,% and choose
h = —072dt?> + dy?, with ¢ being a 27r-periodic coordinate on S'. Thus

dr?

f(r)

Equation (6.12) shows that timelike infinity .# ~ R x S! x S! is conformally
flat:

2
g = ——di* + f(r)2A\2da® +

7 + r2dp?. (6.13)

22g = oo —dt? + 2(N2da? + da? + dp?) . (6.14)

Some comments about factors of ¢ are in order: if we think of r as having
dimension of length, then ¢, ¢t and 1 also have dimension of length, m has
dimension length” !, while f, z, and the z%’s (and thus ¢) are dimensionless.

A uniqueness theorem for the metrics (6.13) has been established in [37].

6.2.3 B=+1,n=3
We consider the metric (6.8) with® e = —1 and h of the form

i { do? +sin?(0) dp?, B =1;

do? +sinh?(0) dp?, B = —1. (6.15)

In regions where f is positive, one obtains a Lorentzian metric after a “double
Wick rotation”
0=il't, p=ig,

resulting in

sinh?(¢=1) dp?, B =1;

_ _T_zdt2 + d_742
9= sin?(¢1t)d¢?, B =—1.

s f(r)
Taking « and ¢ periodic one obtains again a conformal infinity diffeomorphic
to R x T2. Note that the conformal metric at the conformal boundary is not
conformally stationary anymore, as opposed to the Horowitz-Myers metrics

(6.14). We have not attempted to study the nature of the singularities of g at
sinh(¢1) = 0 or at sin(¢~'t) = 0.

+ ()P XN2do? + 12 { (6.16)

6.2.4 Negative coordinate mass

For completeness, we show that the metric (6.8) has the striking property that
its total coordinate mass is negative when m is positive; the latter is needed
for regularity of the metric. This has already been observed in [27] in space-
dimension three with a toroidal Scri. Here we check that this remains correct
in higher dimensions, for a large class of topologies of Scri.

Before continuing, we note that Lorentzian Horowitz-Myers-type metrics
with a smooth conformal compactification at infinity exist only with negative

®The case # = 0 and € = 1 leads to a signature (+———) for large r; our signature (—+-+-)
is recovered by multiplying the metric by minus one, but then one is back in the case ¢ = —1
after renaming m to —m.
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A: Indeed, to obtain the right signature for large r when € > 0 one needs to
multiply the metric by minus one. But then the resulting metric has negative
Ricci scalar, and hence solves Einstein equations with a negative cosmological
constant.

Somewhat more generally, consider those metrics of the form (6.8) for which

]Q’::H§t><]V,

where (N, h) is a compact Riemannian manifold, and where

h=—02dt> +h, (6.17)
so that
2 dr? 2 -2 3,2 | i
g = f(r)dyp* + o) +r? (—07%dt* + h) . (6.18)

The question arises, how to define the mass of such a metric.

To avoid ambiguities, let us write f,,, for the function f of (6.9).

To assign a coordinate mass to a metric (6.18), we need to check whether
metrics satisfying (6.8)-(6.9) and (6.17) can be written in the form (6.7) by
setting r = r(p):

g = fum(r)PA2da? + dr’ - ﬁ(—dtz + 02h)
" fm(r) 2
__z%dt2_% gﬁ 2_£ﬁii_
e dp)  fm(r)
+72((1 4+ O(Br~=2) + O(mr~™))\2da? + h), (6.19)
where the error terms have to be understood for large r. We will have
~ - 2 AP’ a0
g ~ —fu(p)dt:+ + p2(N%do® + h),
fr(p)

for some parameter M possibly different from m, provided that

2
P = Bl o), (L) dn) = A+ o). (6:20)
The first equation determines r as a function of p up to correction terms o(p=").
Inserting the result into the second equation determines M, provided that the
asymptotic expansion of the left-hand side is compatible with that of the right-
hand side. However, it is straightforward to check that these equations are
compatible if and only if

B=0. (6.21)
We conclude that for metrics satisfying (6.8)-(6.9) and (6.17)
the coordinate mass is only defined if 8 = 0.

Assuming (6.21), after asymptotically solving the first equation in (6.20) and
inserting the result into the second one, we find that

2
+ O(r~ @1y | (6.22)

p=r+t

rn—l
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and that the coordinate mass equals

M=-"

(6.23)

n—1"

In particular M is negative for positive m.

7 Examples

Throughout this section we allow arbitrary space-time dimension n + 1 > 4.
We show that the numerical value of the Trautman-Bondi mass, as generalised
to higher dimensions below, and which coincides with the characteristic mass
defined in Section 5 in dimension 3+ 1, is proportional to the “coordinate mass”
for the metrics considered in Section 6. This, in itself, is not surprising, since
these metrics have only the mass parameter m as free parameter, so whatever
we will calculate must be a function of m. The main conclusion here appears to
be that m7p is a linear function of m, with a strictly positive proportionality
factor. A full agreement will be obtained in the analysis of the Hamiltonian
mass in Section 8 below, where the proportionality factors will also be matched.

In what follows, we seek to write the metrics under consideration in the
form (2.2),

g = guudu® — 2¢**dr du — 22U adxdu + r% hagdz?dz® , (7.1)
—h

where the determinant of h4p is r-independent. By analogy with (5.1)-(5.2),
in space-time dimension n + 1 we set

1.
mrB = 8_71' rlinolo j(guu)n—2 dpp, - (72)

This definition is motivated by the fact that, when solving the characteristic
constraint equations on a null hypersurface, the (gyy)n—2-coefficient in the ex-
pansion of g, arises as a global integration function.

7.1 Birmingham metrics

Consider, first, the original Birmingham metrics (6.1),

o

d 2
g=—fr)dt?+ 2 42, (7.3)

f(r)

with f given by (6.2). Introducing a new coordinate u = ¢ — f:* f~1(s)ds, for
some conveniently chosen r,, brings g to the desired form

dr \? dr? 97
— L I
o = 10 (ar5)
=— ((n — 1;?” —5) f:_lz - EZ—j) du® = 2du dr + r2h, (7.4)

where € € {1} is the sign of the cosmological constant A = ¢|A|, which we
allow to be either positive or negative.
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7.1.1 Mass and volume

The coordinate r provides obviously a radial Bondi coordinate. Moreover, the
equality 0, = —Vu implies that r is also an affine parameter along the radial
null outgoing geodesics of g. When m = 0 we have the explicit formulae

Etan_il(%z , e=-—1, 5 =1,
{tanh (?) , e=1,

u=t _Eg 9 /8 = 07
—(tanh ™! (%), = -1, B
—ltan~t (%), e=1, p=-1

Equation (7.2) leads to a Bondi-Trautman—type mass
m ()
- d F— . .
mTB I /j Ky =m e (7.5)

(Here the normalisation factor 87 in (7.2) is clearly convenient only when N
is a unit round two-dimensional sphere, but this issue will be of no concern
to us here.) We conclude that the characteristic mass of null hypersurfaces
asymptotic to the level sets of ¢ is indeed proportional to the coordinate mass,
with a positive proportionality factor. We will see in Section 8.1 that the
proportionality factor is the same as the one occurring in the Hamiltonian
definition of mass, see (8.34) below.

7.1.2 The balance equation for Birmingham metrics
Consider metrics of the form

dr?

)i
g=—f(r)dt +f(r)

+ 12 hapdz?da® . (7.6)
—
=:h

Recall (7.4): setting u = t — [’ f~!(s)ds, for some conveniently chosen .,
brings ¢ to a Bondi form provided that det h is r-independent:

g = —fdu® — 2dudr +72h.
The inverse metric reads
9" = ¢ 0,0, = [0? — 20,0, + r2hF,

where hf = hAB 040p 1s the metric inverse to h.
Similarly to the previous section, the integral curves of the vector field

—Vu = 0, (7.7)

are affinely parameterized geodesics. Whenever det h is r-independent, the
function r is therefore both an area coordinate and an affine parameter along
the generators of the null hypersurfaces {u = const}.
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Recall that Ve, is defined as the limit, as r approaches infinity, of the volume
V' (r) of the light-cone minus all diverging terms in an asymptotic expansion of

2 1
- 57“3/0 d#iﬁrz/o T2dﬂil+7“/o (Iffli— §T§> dpj,
N N N

} < 00 (7.8)

1
Vien = lim {V(T)—I— 3

r—00

1
sglogr [ (ol ~ 2lofir) du
N

(for simplicity a metric vacuum to sufficiently high order has been assumed in

(7.8)).
. For the Birmingham metrics (6.13) we have T, = 0= S5 =0
R = 2, and the volume function is straightforward:

V(r) = //O\/detgABd%ds
re SN

§ = 1o,

(N (AN )3
_ :Uh( )(7‘3 _ 7‘3) — Vi, = _Nh( )y '
3 3
The mass formula (5.10) reduces to
1 Y . A‘/ren

Note that this holds for any value of r,. A natural choice would be to choose 7,
to be the location of the outermost past horizon, but we allow 7, to be arbitrary.

Specialising to the Birmingham metrics we find, in space-time dimension
n+1=4,

o o 3
16mmtg = 4mx (A )re+ li_)m wi,(A) <—2r2 (g _2m + L) - %)

= Aax (N )rut py(A) (—2r.B + 4m)

)

= Ap; (A )m, (7.9)

where we have used the Gauss-Bonnet theorem to cancel the term containing
the Euler characteristic x(./") of 4" with the term involving .

7.2 Horowitz-Myers type metrics

We pass now to the metrics (6.8) with h given by (6.17) and v replaced by M,
with A\ given by (6.11), and where « is 27-periodic:
2 2
T dr 2427 .2 27
g = —€—2dt —|-7+f€)\doz +r*h
r? dr? = 2n-2) 1 [ f2N? r? .
7 7 (fe*)nT < iz do? + %h> . (7.10)

—p2
=TBo

r-independent determinant

We want f to be positive for large r, and hence we need to assume that A < 0.
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7.2.1 Bondi coordinates, characteristic mass

Setting du = dt — ¢ f~Y2r~1dr we obtain

2r F02)2 )
g = ——d 2 dudr + 13, <—da —h)
e e P\ fo
2 72)2
a2 (A 2 (f¢ T
= 7 du 7175 (drBO> dudrBO+rBo< - da?* + TBoh . (7.11)

Note that the we have obtained Bondi coordinates only if the determinant h is
t-independent, as otherwise the replacement of ¢ by its expression in terms of u
and r introduces back r-dependence in the determinant of g4p. Equation (6.16)
clearly shows that this requires g = 0 in dimension n + 1 = 4. Nevertheless we
continue our calculations without assuming the vanishing of 3.

In space-time dimension n + 1 = 4 we find

B 562 m B B2 Pm
TBo =T T 4r 22 +0 (™ ) 7 TeTme 4TBO+27‘BO+O(TBO) ’
(7.12)
leading to
r2 242
Bo /8 B 14 -3
= Bo T4 (0] . 7.13
g ( (2 2 + TBo + 167"]230> + (TBO) ( )
Equation (7.2) gives .
mu;, (ST x N)
=-—" - 14
mTR o ; (7.14)
where p; is the measure induced on S 1'% N by the metric
- 2)\2 .
iu:1m1<f2 da® + ——h):A%m2+h. (7.15)
rreo "Bo "Bo
In all dimensions, when 3 vanishes we find
mu;, (ST x N)
=1 - 7.16

and the above remains true whether or not S vanishes in odd space-dimensions
n. We see that in these case the characteristic mass coincides with the coordi-
nate mass, up to a volume normalisation factor related to the integrals involved.
We will see in Section 8.2 that, similarly to the Birmingham metrics, in space-
time dimension four the proportionality coefficient is the same as that for the
Hamiltonian mass, see (8.51) below.

In even space-dimensions n = 2k, when [ does not vanish, a calculation
shows that the definition (7.2) gives instead the curious formula

(m + B2 p; (ST x N)
4(n — )7 ’

where ¢, € R* is a numerical coefficient depending upon k. For example, we
have

mrTp = — (7.17)

c _ 2 c _ 3 c _ o ce = 7735 (7.18)
P T o5 M T 867 T 196837 T 322102 '

1
cp = —
276

43



7.2.2 Renormalized volume

With the choice
o = 2T\, (7.19)

where A is given by (6.11), the curves obtained by letting v vary from zero to
1o while keeping t fixed and r = rg, where f(rg) = 0 with f given by (6.9),
are closed geodesics for the metric (6.8): This follows from the fact that the
manifold {r = ry} is the fixed-point set of the group of isometries generated by
the Killing vector field 9y, and is therefore totally geodesic. Those geodesics
will be referred to as core geodesics, or emission curves.

From the definition of r¢ we have

2

It is remarkable that the null surfaces issuing normally from those geodesics
are smooth away from the emission curves, and their union covers the whole
space-time.

The contravariant metric ¢g¢ associated to (7.11) equals

g = gop - 20 VTf ") 0.0, + £ 12N 202 + r203.

The vector field

—Vu =

ﬁrﬂ& (7.21)

has vanishing Lorentzian length, and a standard argument shows that its inte-
gral curves are affinely parameterized geodesics. Hence the parameter s defined
as

ds __r — 9=, (7.22)

dr— 0y/f(r) r
is an affine parameter along the generators of the null hypersurfaces {u =
const}. (An explicit expression for s in terms of elliptic integrals in space-time
dimension n + 1 = 4 can be given, which again does not appear to be very
useful.)
We are ready to calculate the renormalized volume Vie,. We have

V(s = / /D\/detgABd?de:/ /QE)\\/frdozdgo ds dr
s=0J N s=0J AN \dT‘(

r

O/ f(r

3

; ) 2 1 N (03 (o 3
= uﬁ(,/V) /(0) ridr = gﬂ;}(«/’/)(r (s')—rg).- (7.23)
Here one should keep in mind that r3(s’) needs to be reexpressed in terms of
the affine parameter s’ before removing the singular part of V(s’). For this,
integration of (7.22) gives, for large r,

o0 r CPm 304m?2
S e T — 7"0 —|— / <— - 1> d’r’ X 5 = T~ = + O T_S 9 (724)
ro E\/T 2r? 10r° ( )

—=iSx
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with 0 < s, < oo for m > 0.
It is convenient to introduce a dimensionless variable x through the formula
s =rox = (2ml*)V3z; set s, = (2ml?)Y/3x,. After inverting (7.24) one obtains

1
= §€2m (42 — 122% (z, — 1) + 122(2, — 1)? — 42 + 1222 — 122, + 3) .

(7.25)
Inserting into (7.23) leads to
1 .
View = 6€2m (=423 + 1222 — 122, + 3) p; (A)
1 o
= 6€2m (4(1 — 2.)* = 1) py (A, (7.26)
~—0.6793
where we have used
& 1
Ty = / ————=—1| dz =~ 0.568815. (7.27)
1 1— %

More information on the null geometry of Horowitz-Myers metrics, as well as
a term-by-term analysis of the balance equation, can be found in Appendix A.

8 Hamiltonian mass, A <0

Until specified otherwise, we allow arbitrary space-time dimension n + 1 > 4.
The calculations of the mass so far might appear to be ad-hoc. In particular
one wonders, why the coordinates approach of Section 6.2.4 appears to allow
only the 8 = 0 case for HM-type metrics. As such, a systematic way of obtaining
an expression for the energy of a field configuration is to use a Hamiltonian
approach. Now, both families of metrics (6.1) and (6.18), with f given by
(6.2), are asymptotic, as r — 00, to a background metric b obtained by setting
m = 0 in f (with different backgrounds for each family). When A < 0 one
can therefore use,” in each case, the formalism of [9] (as already done in [19]
for (3 + 1)-dimensional asymptotically Kottler metrics), to define the mass of
g relative to b. Indeed, the Hamiltonian analysis in [9] shows that to every
spacelike hypersuface . and b-Killing vector X one can associate a Hamiltonian

mass H(X,.”) through the formula
1
HX, o) = = / UBdS,s, (8.1)
2 Jor

where the integral over 9.% is understood as the limit of integrals over a family
of well behaved boundaries of sets which exhaust .. Here dS,3 is defined as
%J%J dz® A -~ A dz™, with o denoting contraction, and U®? is given by

1
U = U”’\gXB—i—gAO‘[”X)‘];a, (8.2)

2| det b, |

VA i 2 v, ANk

= — 0 e K 8.3
? 16m/\detgpg\gﬁv( g9 (8:3)

"When A > 0 a Hamiltonian definition of mass requires somewhat different considerations,
see [12].
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where a semicolon denotes covariant differentiation with respect to the back-
ground metric b, while

o = VIdetgpl (8.4)
T V] detbu, |’ ’

av . V/ldetgpo| av _ pov
AY = VT g b . (8.5)

8.1 Asymptotically Birmingham metrics

We wish, first, to calculate (8.1) for (n + 1) dimensional metrics with Birm-
ingham asymptotics, with a negative cosmological constant A (equivalently, in
(6.2) we take e = —1), with the Killing vector dy and with ¥ = {t = const}.
For this, it is useful to introduce the following b—orthonormal frame:

1 [ 2 1
66:77,280’ ei: ,8+€—2(9r, €A:;LA, (86)

where ¢ ; is an orthonormal (ON) frame for the metric h. To avoid ambiguities:
the contravariant form of the background metric is, by definition

n
b0, ® 0 ::—eé®e()+ei®ei+ZeA®eA. (8.7)
A=2

Here and in what follows in the current section we use
Ae€{2,3,...,n},

and we shall use hatted indices to denote the components of a tensor field in
the frame e;, defined in (8.6). The connection coefficients, defined as Ve, =

~ with V associated with b, read

..
wPspe,

Woip = T = ~ T =—3+0(r2
010 52\/64_% \/B%MQ ¢ (r™%),

r2

Wiip = Py = &+ Ebig= (1 +007)bis.  (88)

The remaining possibly non-vanishing connection coefficients, not obtained
from the above by permutations of indices, are the w iB é’s, with A # B. For
example, in space-time dimension 3 + 1, if we use a coordinate system 6, on
A in which h takes, locally, the form d6 + sinh? @ dy? for k = —1, d6? + de?
for k =0, and df? + sin? 0 dy? for k = 1, we find

_Cotrhe, ]{7:—1,
Wyas = 0, k=0, (8.9)
—cotd - p— 1,

r 9

However, the exact form above, and the one of w ABE in general, is not needed
for what follows.
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We further have

=\/B+5 =2+00"), (8.10)

(XO) (Xo)lz—X =Xi5=7> (8.11)

S

with the third equality in (8. 11) following from the Killing equations X, +
Xy, = 0; all the remaining X s and X, 0 'S are zero.
Let the tensor field e*” be defined by the formula

L (8.12)

As already mentioned, we use hatted indices to denote the components of a
tensor field in the frame ey, e.g. e denotes the coefficients of e*” with respect
to that frame:

"o, ® 0, = eﬂﬁeﬂ ®ep.

Let the 9A7S form a coframe dual to the e i’s. Then

0ON ... A0 = /| detbag|da® A ... Ada",

and so on the level sets of ¢ intersected with those of » we have
U%dS,pl,—p = Udﬁe&jeﬁj (dx® A Adz™)|, _p

afB X
N Ay Y oI

\/’detbag‘

2ul0 ;
— 702/\---/\9n|T:R-

/| det bag|

From (8.1) we thus find

Uio A
H(X,) = lim A (8.13)

B ey Vi

We wish to analyze when the above limit exists. Since every 94 comes with a
multiplicative factor of  in local coordinates on the level sets of R within .7,
again in local coordinates the integrand in (8.13) behaves as "~ 1U. Now,
~n ~a ~ Tn ~n
Tn—lmlOBXﬁ — rn—lwlO()Xo ~ 7U10()7
hence in the calculations we only need to keep track of those terms in [Ui% /+/| det bagl

which decay slower than r~™, or at that rate. Similarly one sees from (8.10)—
(8.11) that only those terms in

AGT _ /’ det gps| g7 — b

(compare (8.5)) which are O(r~"), or which are decaying slower, will give a
non-vanishing contribution to the term involving the derivatives of X in the
integral (8.13).
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We will say that a metric is asymptotically Birmingham if there exists ¢ > 0
such that in the frame (8.6) it holds

e =0 P, ep(e) =0T, det(e) — 1= 0(r7").
(8.14)
We note that we have imposed the volume-element condition to guarantee con-
vergence of mass integrals, see (8.16)-(8.17) below.
Recall that we only consider vector fields X which are b-Killing vector fields,
and therefore their tetrad components satisfy

X7+ VX" < Cr. (8.15)

We claim that (8.14) guarantee a finite total energy in vacuum. Indeed, this
follows from the standard integral identity (cf., e.g., [9]),

/ U*PdS,z =2 / VUYdS, + / U*dS,g,
{z0=0,r=R} {z0=0,Ro<r<R} {z0=0,r=Ro}

(8.16)
with
167V 43U = ( [det glg® — \/MW) b, XP
+ (7 = 7o) X+ 20 (V/]detd] — /[ detgl) X7
+V/detd] (QpX7 + Q3 VIXT) (8.17)

where Q% is a quadratic form in e, ("), and Q% is bilinear in e,(e*) and
e both with bounded coefficients. Finally,

1
8T, = /| det g <R>‘,.C - §g°‘ﬁRa552 + A52‘> , (8.18)

with 7%, defined as in (8.18) with g replaced by b.

Passing with R to infinity in (8.16), under (8.14) the right-hand side con-
verges to a finite limit in vacuum, and one finds indeed that the resulting
Hamiltonians are finite.

If the metric is not vacuum, the same argument applies if one moreover
assumes that there exists € > 0 such that

\Tr, — TH, | < CA+r) e (8.19)

We note that for the calculations of the boundary term the following, slightly
weaker, conditions suffice:

e = 0(7‘_"/2) , eﬁ(e[“)) = 0(7"_”/2) ) (8.20)

The boundary conditions (8.20) ensure that one needs to keep track only of
those terms in U'® which are linear in e’ and e;(e®”), when U'? is Taylor-
expanded around b.
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For example, if g has the same leading order terms as a Birmingham metric

(6.1)-(6.2) we find, writing f,, for f|,,_,, using (8.6)
Y. b _ Joe ] e 2
g =g"eze, = 7 (e()) + f_o (ei) + Z <€A> , (8.21)
A=2

which yields

0= —lopq =Ll 2mgz(1+0(r ))

eii:%:f 2mz2<1+0 >
eA(eéé):fo&,( 7h) = 2t (14 0(72)),
erlel) = fo0, (L) = 222 (14 0(72)) | (8.22)

with the remaining e””’s and e, (e/”)’s vanishing, so that Equations (8.20) are
satisfied for metrics with leading Birmingham asymptotics.
Rather generally, under (8.20) one obtains, using by, = diag(—1,+1,---,+1),

9o = bps — bﬂdbpﬁedé +o(r "), (8.23)
1 00 i1 —n
\/ ’det g,uu‘ = \/ ’det b,uu‘ <1 + 5 (600 - 611 - bABe > + O( )> 5 (824)

= 95, (g7 g%%)
/| det byg] \/|detgpg|
= 4g,0"0 g% e + 2egy5 (979" i
= _291%6;/% + 269()»}(@%1 + e%[l)(bom + 60]%));1%
= —2e, + 20 (0105 4 B EOF 4 IBOR - O 4 o)
= —2e4+ Qbﬁﬁ(bo[leo]’% + V%) o o(r ™)
— —26;1 o (_bﬁﬁeif% + e@ib@/% o E()()bi’%);g + O(,r,—n)
= —2ej— ei’%;;C + eﬁi;é + eéé;i +o(r ). (8.25)
This can be further rewritten as
167U% i 14

o 0 = g el A 00
[det bag] & ! atelitolr)

)

. - . s 1o =z
= ei(bABeAB) + wAiBeAB - wAmen - ;D A o(rT™)

PN 5 1 ~ o~ an
= ei(bABEAB) + ﬁ + ﬁ(bABeAB — (’I’L — 1)611>
1o 43
—=D e o(r™™), (8.26)

Here D 1 denotes the covariant derivative on (JV , h), with el4 being understood

as a vector field on A , with A, B running from 2 to n.
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We also have

| A 1 a8 A0 A r 23 A0
a0 N N SN N 0y _ ii  A00
87TA (X >;a 167 (A A >(X )?1 1672 (A A )
r AB —n
= —WbABGAB + O(T ) . (827)

Inserting all this into (8.13) one is finally led to the following simple expression
for the Hamiltonian mass of asymptotically Birmingham metrics:

. 1 8\ (rolbize’?) i
= 1 — — 4+ = — 4B 7 (n—1
MYJam Rl—?;o 167 FO{r=R} [(EQ + 7,,2> < 8,,,. (n )e
B iB| e
—I-ﬁbABEAB d 1,[1;” (8.28)

In space-time dimension n+ 1 = 4 this simplifies to the expression given in [19]:

R3 He22 He33 .
= lim —— —_— = 2t @y 2
Myam R1—I>rolo 167T€2 /yﬂ{TZR} [r or tr or c ] d 'uh (8 9)
If in addition to (8.14) we assume that
e =00, ey =0(r"") (8.30)

(this is actually the fall-off rate for Birmingham metrics), (8.28) can be rewritten
in a form similar to (8.29) in higher dimensions as well:

T ro(bpe’?) i) | m1
Myam — Rh_l)lclxj W yﬁ{r:R} [(T — (TL — 1)6 d Mh . (831)

As an example, if g is the 3 + 1-dimensional Birmingham metric (6.1), we
find

i (A )m
MHam = hT ’ (832)
where
() ::/D I (8.33)
N

We conclude that the Hamiltonian mass is proportional to m, with the same
proportionality factor as the characteristic mass of null hypersurfaces asymp-
totic to level sets of ¢, see (7.5):

mTB = MHam - (834)

When A4 = T2 (equivalently, 5 = 0) with area normalized to 47 we obtain
Miam = m. For B8 = =1 it follows from the oGausszonnet theorem that
pj, (A) = 4m|l — goo|, where g is the genus of .4, hence

MHam = |1 — goo|m . (8.35)

One recovers miam = m for N = 52, but this will be true only up to a positive
proportionality factor for .4”’s of higher genus.
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8.2 Asymptotically HM-type metrics

The aim of this section is to derive a formula analogous to (8.31) for metrics with
Horowitz—Myers-type asymptotics. For this consider, as before, the background
metric
n
bim—eg@ey e ®e+ ) e 0e,,
A=2

where now instead of (8.6) we set

) r2 1 1
66:;807 ei:\lﬁ-i-g—zam €A A eﬁziﬁaa' (8.36)
f)\\/ﬁ—Fg—z

Here ¢ ; is an ON frame for the metric i as in the first line of (7.10), and in

this section we let
A,Be{23,...,n—1}, (8.37)

similarly for hatted indices.

A metric g will be said to be asymptotically HM along ., or simply asymp-
totically HM, if there exists a coordinate system (¢,r,2) and ¢ > 0 such that
at . := {t = 0} we have

QI _ 1 1 o=y, (8.39)

and if the frame components of g with respect to the frame (8.36) satisfy
B = gt _poB — O(r /27y ep(e"P) = O(r /2. (8.39)

This is formally the same as (8.14), but both the frame and the background
metric are different. (As before, the volume element condition is added to
guarantee convergence of mass integrals.)

The identity (8.16) shows as before that conditions (8.38)-(8.39) guarantee
a finite Hamiltonian mass in vacuum. We expect that the arguments of [15] can
be adapted to this case to show that the mass is independent of the freedom of
choice of coordinates and frames satisfying our conditions above, but we have
not attempted to check this.

Similarly to the Birmingham case, our calculations of the boundary integral
will be done with (8.39) replaced by the slightly weaker conditions

P = o(r ), eu(e) =o(r), e=1+4o(r™?).  (8.40)

The connection coefficients Wisp of the background metric b read

Bty _
“oio = rﬂ:—\/Fﬁf+Zlf:_l+O(7” %),
2
B+
Wigg = T Pass
wo o o=——Ate =L =14 0(?). (8.41)



The remaining possibly non-vanishing connection coefficients, which are not
obtained from the above by permutations of indices, are the w 1B C,’s, with A #
B. As in the previous section, the exact values of the w iB é’s are not needed
in what follows. We further have,

(8.42)

T
7
ey (X0) = (X0); = Xy =X o= 1\/BrE=F+00T), (8.43)

where all the remaining X*’s and X o.p S are Zero.
Writing f, for f|,,_q, from (8.6) we see that the HM-type metrics can be

written as

—1
f S f
gﬁ:—e6®e6+f—0ei®ei+§ eA®eA+7°eﬁ®eﬁ. (8.44)

A=2

This leads to

i it i _f—fy_ 2m (1+0(72) |

e = = =
g fo fo rn
e()@:o:eAB, e =0 for p# v,
. o 2

which satisfies the decay conditions set forth above.
Quite generally, for metrics satisfying (8.40) we find as before

e=1+ 5(600 —ell - bABeAB — e"") +o(r "), (8.46)

and note that (8.38) implies that the underbraced term is also o(r~"). Equa-
tion (8.25) still applies and, taking into account (8.37), gives

167110 o R .
0 — _26;1 _ e11 i — elAA _ eln;ﬁ +600;i —|—O(7‘ n)

/Tdet bug| ? ;

— e (bABeAB n eﬁﬁ) _ eﬁ(eiﬂ) +wAiBeAB _ wAmeﬁ
IR aa 1. -
+wﬁiﬁ (erm o 611) o ;DAEIA + O(T'_n)
AB | _hn in g1 AB i1
ei<bABe +e >—€ﬁ(€ )-1— ﬁ+£_2<b‘436 —(’I’L—2)€ >
£4 —1/2 . . 1. R
+ <5—2 + €2> (e”” - en> - —DAGIA +o(r™"). (8.47)
T T

Here D Aem is understood as the covariant divergence of the vector field elde i

with respect to the metric h.
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Furthermore,
1
o 167

B S N RN 2o
= 1om (AT =A%) /B4 55 +olr)
b VR r? .
= —16-7 (bABGAB +e ) m +o(r™"). (8.48)

Inserting all the results into (8.13) we finally find the following expression
for the Hamiltonian mass for asymptotically HM metrics, where we have used
the fact that some terms integrate out to zero:

(A1l - a) (x0)

)

Lo

i P / e _ 611

m = 11m ——- e

Ham R—o0 16702 ZN{r=R} B_é; +1
r

/ 2 (b~ AB nn o L
n 1_’_% <7" ( ABear +e ) _ (n—2)ell —6””)] dn_l/i;;’ (849)

where d"~!y; is the measure element associated with the metric (7.15). In
space-time dimension n + 1 = 4 this coincides formally with (8.29)

3 22 33 s
Migay = lim LA / ro(e” +e”) _ 2¢ll dn_l,ufl- (8.50)
R—o0 167T€2 SM{r=R} or

As an example, if g is the 3+ 1-dimensional Horowitz-Myers metric, we find

i (A )m

Mt = — o (8.51)

where
i A) = lim d" ;. 8.52
h( ) R—o0 SN{r=R} h ( )

This coincides with what we found for the coordinate mass of Horowitz—Myers
metrics, where however we had to restrict ourselves to the case § = 0. We see
that no such restriction arises for the Hamiltonian mass.

8.3 Fefferman-Graham asymptotics with an ultrastatic confor-
mal infinity

In this section we assume that n = 3 and A < 0, unless explicitly indicated oth-
erwise. We consider a vacuum space-time with a smooth conformal completion,
thus both the background metric b and ¢ have a Fefferman-Graham expansion
as in (2.12) in a suitable coordinate system such that z =0 at .#:

b = a7 20%(dx® + by (z,2¢)dzda?)
g = x22(dz? + Gap(z, 2°)dxda?), (8.53)
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where (2%) = (¢,2%), and with the coordinate components bay asymptotic to
Gap as O(z3). Here we have used the same compactifying factor

Q=uz/t

to pass from g to § = Q2g as from b to b = Q2b.
For simplicity we will assume an ultrastatic form of the conformal-boundary
metric

b= by dztdx® := Bab|$:0 dzdz’ = Jablz=0 dz®dx’ =: f]ab dzdz’ = go}, (8.54)
namely
boa(0,2°) =0,  Daboo(0,2°) =0,  dobap(0,2°) =0 (8.55)

(compare the discussion after (2.35)). Note that this is compatible both with
asymptotically Birmingham and asymptotically Horowitz-Myers metrics. More
general metrics and sections of .# will be considered in future work.

Let (l;ab)n denote the coefficient of ™ in a Taylor expansion of bap At T =
0, similarly for (gus)n. (The reader is warned that these coefficients do not
translate as such to expansion coefficients in e.g. Bondi coordinates, as rgo #
1/x in general even if £ = 1, see (8.78) below.) It follows from Section 2.2 that

(bap)n = (Gap)n > n € {0,1,2} and (bgp)1 = 0. (8.56)

In the calculations below we will assume that

(bap)3 = 0. (8.57)

If this is not the case, in all the formulae below it suffices to replace (gup)3 by

(Gab)3 — (bap)3-

We wish to determine the characteristic mass of a null hypersurface asymp-
totic to a section of .# with constant 2°, and compare it with the Hamiltonian
mass Miam. Without loss of generality, after choosing a conformal gauge ap-
propriately, we can assume that by Ble—odz?dz® has constant scalar curvature
B. It then follows from (2.15) that

(boa)2 =0 <= boa=O0(z?). (8.58)

We pass now to the calculation of the Hamiltonian mass of g. Using ell =
0 = e!! and the first line of (8.26) (which applies here), we find quite generally
in dimension n, without assuming (8.55),

16U, AB 0 iy 04 i
\/ «

Returning to the three-dimensional ultrastatic case, we choose the b-orthonormal
frame e; as

s B +o(zm). (8.59)

T T

e =50, €= —7m=
v/ |bool

B, ei=—(v;+0@")0p+0(=*d), (8.60)

~I R
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where {141} ;_, , is an ON frame for bapdz?dz®. Let us denote by 67 the
coframe dual to ez, then

) VAL, i i
ol — édw, 90 — ﬂdxo 4 O(x2)d;yA7 94 = é(LA + O(x2)dxa) , (8.61)

xT xT xT

where ¢4 is a coframe dual to ;- The components gy of the metric g with

respect to this frame read

(goo)
9ii = 17 9ig — 0, 90 = -1+ ’BOO‘ 1173 + 0(1133) s (862)

(904)3 N
Go4= 220 +o(a®), gap=bap+ (G45)87° +o0(),  (3.63)
\/ 1bool

where (g, )3 denotes the t-component of (Goa)sdz?, as defined through the
formula

(Goa)zdx = (QOA)?,LA; similarly (§ap)sdz?dda® = (QAB)?,LA B,

This leads to

eAB — _bAébe’(géD)gx?’ +o(z®) = —(g45)32> + o(2?) (8.64)

el =0, 90— _ (g~oo)3 23 4 o(x?), 4 = M:ﬂg +o(z”), (8.65)
’bOO‘ A/ ‘boo’

where, of course, b;s = VAB — 5]‘;;. Note that the condition e = 1+ o(z?),

which is equivalent to the by,-tracelessness of (Jap)s3, reads

s PN pe < AB
~ Go0)3 bAP(G15)3 = _L0)s  § (Gap)s =0. (8.66)
[boo |boo|

Setting bap := l;AB|m:0, and using wé‘ﬂ,; = 0‘5‘(6,1;,;), we find
Tl =42+ 0(2%), wl i3 = b5 +0E?), w4 =0(%), (8.67)
wii =0, wlyy=0("). (8.68)
This leads to the following rewriting of (8.59):

167TU16() o
VIdetbas]

2 ik, -
— —szB(gAB)gxg—i—o(xg). (8.69)

. 1 .
ax(bABGAB) — ZbABeAB + 0(1'3)

Next, we choose X to be Jy, so that

Gflbool 5 \/ lbool ;
X:a(): - EG:XGO, X,i:_ iz +O($):X,6’ (870)
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Xli=0@%, X% =00, aAll=o@?), ali=0, (871)

3 )

A — 0 4 553, AOA — (04 4 o(x%), (8.72)
14l v VA V180l (Goo)
&1 0] . 00 2y _ _ §oo)3 2 2
87TA X%s = 1602 + o(x”) T |600|€x + o(z®). (8.73)

Hence, using (8.1)-(8.3), for any hypersurface . intersecting .# in a section
{2° = const}, after taking into account an overall minus sign because of the
change of orientation when replacing r by = = £/r + ...,

Miam = —11m—/U10\/detbABd2

:r:—)O:E
5\/!500 (~ ) B
AB(G ERWY. 2
6 < 2b AB |l~)00| > det bypd“x

301/ |boo]
= —e /AB Gip)s\ detbapd®s. (8.74)

It is clearly convenient to normalise the asymptotic time coordinate z° so that
(compare (2.17))

2 200

G0 = boolo—o = —072 = g =%, (8.75)

leading finally to

3 [ =
MHam = m—ﬂ/bAB(QAB) det bapd’x . (8.76)

Note that this coincides formally with both (8.31) and (8.49), but it was not a
priori clear to us that it should.

We wish to compare (8.74) with the characteristic mass as defined by (5.1)-
(5.2). For this, we need to determine the mass aspect function M of (5.2).
If the zero-level set of up, is asymptotic to the zero-level set of ¢, an asymp-
totic expansion of the solutions of the equations which determine the Bondi
coordinates shows that
4) , A

1 1 -~
t = upo — oz — —=(Joo)22> + O(x ot =28 + ge(bOA)Qa;?’ +0(zh).
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The above solution is obtained after imposing the condition that u is a retarded
null coordinate, hence t is an increasing function of r at fixed u, hence decreasing
in x at fixed u.

Changing coordinates, one finds

Gugouse = T 2(— 1+ £%(Goo)22® + £*(goo)sz® + O(a")) . (8.77)

It remains to replace x by a Bondi coordinate, defined through the formula

1/4
( det gap )
TBo = = )
detbap




A MATHEMATICA calculation gives

1 " e
1 7Bo (9aB)2 (948)s 0.

x 14 4rpe 4rg (8.78)

Inserting into (8.77), one finds that the mass aspect is

_(guouo)l 1 - 1AA~ RY/ AiB -
M = % = 5<£i’>(900)3 + §b B(QAB)3> = Zb B(QAB)3’ (8.79)

where we have used (8.66). Comparing (8.76) and (5.1), we conclude that

MHam = ™MTB,

as desired.

9 Conclusions

We have introduced a natural notion of total mass for characteristic hypersur-
faces in space-times with non-vanishing cosmological constant. The mass is
a natural generalisation of the Trautman-Bondi mass, as defined for A = 0.
We have proved a generalisation of the positivity identity of [17]. The iden-
tity introduces the renormalised volume as a new global quantity associated to
characteristic initial data sets. In the simplest case of light-cones in vacuum
this is the identity (5.58), which we rewrite as

A1 ™ |of?
[ — —_ —_— e d °
mTB 3 <12//¢T2< 5 3 g, + Vien

1 > 1 o Fr—2 i
= E/0 // (5\5]2 + ]a]zefr 7 d >dugdr. (9.1)

The left-hand side involves the renormalised volume together with objects which
can be determined by looking at the asymptotic behaviour of the fields. This
provides a new global positivity statment, proving indeed that the left-hand
side of (9.1) is positive. It follows from [6] that the left-hand side vanishes if
and only if the space-time is de Sitter or anti-de Sitter to the future of the
light-cone.

The balance formula (9.1) raises the question of the right definition of mass
when A # 0. Recall that we used (5.1)-(5.2) to define mp:

1 —Bo
mrs = o /j (900, s, - (9.2)

A first naive idea would be to define instead the left-hand side of (9.1) as
the mass, obtaining positivity as a corollary of (9.1). But the calculations in
Appendix A strongly suggest that a splitting of the left-hand side of (9.1) in a
renormalised-volume contribution and a mass contribution is meaningful.

The next idea would be to define the characteristic mass as

B A /1 2 o)}
Me = MTB — o <ﬁ /j7—2<7_7 du;, ) (9.3)
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leading to the more elegant identity:

A 1 > 1, 5 2 [ Fr=2g5
c— 5 _VYren — T, = r 7 o g . 4
me— 2, 1677/0 /j <2|g| o Pl B dpugdr (9.4)

Alternatively, one could add an integral expression involving 75 and |o|4 to
the definition of mtg, adjusting (9.1) accordingly. Recall that (9.2) is equivalent
to (5.11), which for a smooth conformal completion reads

1 Bo
= — dus; . 9.5
MTB = T j(( )2 dpj, (9.5)
In the asymptotically flat case and with spherical cross-sections of .#, the gauge-
invariant version of this formula is [17]

1

— dus; 9.6
and one could use this formula as a definition of characteristic mass. (Whether
or not, and in which sense, this is gauge-invariant when A # 0 remains to be
seen).  Recall that we have seen (cf. (5.31) in vacuum and with a smooth
conformal completion) that (9.5) translates instead into

mrp = 16% j(C2+T2)dM;L+16A7T/j Tolo|} dpj, (9.7)
(note that the multiplicative factor R/2 in front of 75 in our formula equals 1
for a sphere), when A # 0 and an affine parameter r is used.

As seen in Appendix A, we have 7o # 0 for asymptotically Horowitz-Myers
metrics, which suggests strongly that using 75-terms to redefine the mass is not
a good idea. Whether or not adding some 73|o|3-terms is meaningful requires
further analysis. We plan to return to this question in the future.

Yet another alternative is to define the renormalized volume as the whole
expression in brackets at the left-hand side of (9.1),

~ 1 3 ol
ren Vien := Vien + =2 2 _4 dp .
Vien — +12/j72<2 5 )i (9.8)

leading similarly to a nicer identity:

— 5_Vren — T, = 4 = T ) dpgdr . .
s = Vo = g5z [ [ (GIP + 1P g, (09)

Possibly, a mixture of the above will provide the most meaningful definitions.
Incidentally, Ve, can be obtained by replacing r in the original definition
of V(r), where r is the affine coordinate normalised as before, by

2
. T2 a 27'2|0'|4
r=7r+—+ = - —
2 72 972’

where a is any function of the angular coordinates. In other words, set

(9.10)




Then Vren is the limit, as 7 goes to infinity, of ‘7(7") minus the sum of the terms
with positive powers of 7 and the In7 term. In fact, a change of variables of the
form

L. T lofi 2mlolf  mlofi o,
r=r-4+ 5 + Q—f — 972 + 372 In7 + O(T ) (911)
gives
At 3 ~—1
V(r) = 57 + Vien + 07 ") (9-12)

One wonders about the nature of (9.11). The naive guess would be that 7 is
the Bondi coordinate. However, in our case we have (in vacuum, but allowing

los # 0)

1 2
o} 1 o2 — 1lolim 3
D 44 -7b 41742 L 0 9.13
Bo r 2 + Ar 6 7’2 + (T ) 9 ( )
with inverse transformation
r _ lolf | lolir— o3 —3
= A O . 9.14
T=TBot 4B, 673, +0(rg,) (9.14)

We see that 7 coincides with the Bondi coordinate at order zero, but differs at
the next order.

Which definition is most relevant, or indeed whether there exists a most
relevant definition at all, requires further studies.

In any case, we have shown in some well understood general cases with
A <0, as well as on specific examples, that the characteristic mass mrg defined
by (9.7) coincides with previously accepted definitions of mass.

We emphasise that both the definition of mass and the balance formula (9.1)
have a clear, geometric and gauge-independent, meaning; compare Remark 5.1.

A Null geometry of Horowitz-Myers metrics and the
balance equation

The mass identity (5.56) can be viewed as a balance formula. It is instructive to
work-out the contribution of each of the terms appearing there to the total mass
for the Horowitz-Myers metrics. For this we need to derive the asymptotics both
for small and large r of the fields appearing there. We consider the metric (6.8)
with f given by (6.9) and = 0 in space-dimension equal to three.

Choosing s(rg) = 0, where r( is the largest zero of f, from (7.22) we obtain
a small-r expansion, for r > rg:

g 2o
£\/f'(ro)

where we have assumed that f/(rg) # 0. This implies, for small s,

\/T—To—i-O((r—ro)%) for r — ro > 0 small, (A1)

r—rg = €2£,(2TO)82 +0(s1), (A.2)
7o
/ 2
f(r) = %32 +0(s%). (A.3)
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Recall that the large-s behaviour of r has been derived in (7.24)-(7.25).
As in Section 3, we denote by g the metric induced by g on the level sets of
u and 7:

g = f(r)PX\2do® 4 rdy? . (A.4)

Let 2 denote the coordinates  and ¢. In the affine parameterisation and in
the region where f is non-negative it holds that®

Vdetgap = 1IN/ f(r)= )\w(s +0(s®)) for small s, (A.5)

va = b (A.6)
“a =0 (A7)
v = 20a= Y0 (1222007 1 r7a?)
~ 2 f'(ro)s + O(s®) (f’(ro))\zgzdaz n d<,02> for small s, (A.9)
2rg 279
o= g Pan =t <2ff7;2) +r f(r)> (A.10)
— s+ O(s), for small s ;
- { 251 4 2(s. —19)s 2+ O(s73), for large s, (A.11)

with s, = (2mf)"/?z,, where z, is given by (7.27). Further

1 T
o = X - —TgABdﬂfAd:EB = ¢ /f(T‘) <82f7£7‘)/\2€2d042 + d(,02>

2
L (80 L R ) e £ a0 (A12)
2 \2ry/f(r)
= LI e Y (2P — 2a?) . (A1)
2\ 2r/f(r)
o' = g% cpds @ diP
l arf(r) -2
N YAV 0o ®da— 0, ®d A14
2<2r oy VI jGesdema sde
- %(&J{@da—a@@d@)a for small s; (A.15)
B0 (5, © da — B, ® di), for large s, '
, 2
(0 e
4\ 2ry/f(r)
(1+0(s%) for small s;
27 ) A7
{ (957”2;;—80(31)), for large s, | )

8We use the notation of [7], except that we denote here by § the tensor field denoted by g
there.
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s , Os O0s o (ds\? r\? 2
= = (&) = (7)) =% (4.18)

We will also need the following objects from [7], denoting by V the derivative
operator associated with ¢, when ¢ is viewed as a metric on the level sets of u
and 7:

. e (g VA 1 gape——— 1 gy
T = 9g8Vpus - i Voog\/m 9) _ §V09A8809AB + §V091150911 ;
dr roodr r o A\ f(r)
1% = us — Qur—— = ———F/—— — — :—17 Alg
N O NI A
1
0
v ” , (A.20)
fs _ _aS(VOE V det g) _ _Tgss o 8s§88 ] (A21)
v/ det g

From the definition of ¢ (compare [7, Equations (10.33) and (10.36)],Y and note
that k = T, = fil vanishes in affine parameterisation) we have

¢ = (205+2T, +7)7* + 20" = —7g**

()
— el<2m+ f( )) (A.22)

—rd2s7 1+ 0(s) for small s;
= =2r072 —mr=2+ 0 (r°) (A.23)
=—2s+ro—s )02 =2ms 2+ 0 (s7°), for large s.

Recall that the vacuum Raychaudhuri equation with affine parameter s,

-2
O0sT + 5 +lo*>=0, (A.24)
can be solved as
2 S
T(s) = 5 3_2\1’_1/ lo|>Ws?ds (A.25)
0
where o )
(s, 1, ) = exp < — / ST(S"/;;;’)_ d§> : (A.26)

As s tends to zero, the integral in (A.26) approaches infinity as %ln s, hence
the weight-factor U behaves as a constant times s~ /2. This, together with
the 1/(2s%)-behaviour of |o|? for small s, leads in (A.25) to the required 1/s-
behaviour of 7 for s approaching zero.

An alternative derivation of (A.22) proceeds by solving directly (3.15):

1 . } _
(@ +7)¢ = Sl = Vagh = Rt 8 (74T ap — T) +24. (A27)

“Note a missing term 7g"" /2 in the rightermost term of [7, Equation (10.36)], which however
does not affect the formula we use.
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In the current case (A.27) reads

(jra + r) ¢ = 2A. (A.28)
It follows from (A.28) that
d(¢v/det g) Vd(ietm — oA /det . (A.29)

Integrating in s, we find

(¢vAetg) () = tim (¢y/aet5) (s +m/V@F@

—3mA
20
= AM-—=3m+ g(rs —75))
27
= M —3m+ ?(r?’ —2mf?)), (A.30)

which coincides indeed with (A.22):
2r? 2Ar?
C\/det*:)\<m—€%> :)\<m+ T ) .

We are ready now to check the contribution of various terms to the mass
identity (5.56) for the Horowitz- Myers metrics (6.13). For these metrics we
have T, = 0 = R = £ = |o]} = |0|? (compare Equation (A.17)), and from
(7.14) and (5.56) we find

—2mu;l(j) = 16mmrB = hm/ Cdpg + 1A2 / TS d,uh +2AVen . (A31)
Recall that g is defined as the angular part of the metric on the light-cone,
§=gapde?da® = FA20%da? 4 r2dy? .
and that the limiting metric & defined in (7.15) is
h = Tlgglo 1725 = N2da? + dy? .

Keeping in mind that the measure associated with A is

duj, = Adady,
(A.5) and (A.23) lead to
2 2
- rg  £f(ro) ;
ﬂ%/CWQZ_ﬁX 2 )
2 2 ¢!
_ g S (ro) 1 2
= —pX—g % 30 (ro) x (2m)*) . (A.32)
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Equation (7.20) gives

0/ To 2 To N rg N 2 ’ '
We can thus rewrite (A.32) as
rllglo /j Cdpg = —3m x pj(AN)
22 272 (0 \3
= mx—" = 3mx <—> . (A34)
3(2me2)s 3 \2m
The relation A = —3/¢? and (A.31) give the balance formula
. . 1
2mlp; (AN) = 3ml? i (N ) + 6Vien + 1 / Tydp; . (A.35)
N
We note that (A.11) gives 7o = 2(s. — 19), and that (7.26) can be rewritten
as
1 .
Vien = -5 <m€2,u;l(,/1/) + 2/5 (85 — ro)gd,uﬁ> , (A.36)
N

in agreement with (A.35).
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