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Abstract

We show that there exists an infinite tower of fermionic symmetries in pure
d = 4, N = 1 supergravity on an asymptotically flat background. The Ward
identities associated with these symmetries are equivalent to the soft limit of the
gravitino and to the statement of supersymmetry at every angle. Additionally, we
show that these charges commute into charges associated with the (unextended)
BMS group, providing a supersymmetrization of the BMS translations.

1 Introduction

Thanks to the remarkable series of papers [1–18] there has been tremendous progress in under-
standing the physical impact of large or residual gauge freedom not only in the semiclassical treat-
ment of gravity, but also in Yang–Mills theory, Maxwell theory, string theory [19–24], and most
recently N = 1 SQED [25].

Here we provide an understanding of residual local supersymmetry of the Rarita–Schwinger
(RS) field in the simplest setting, d = 4, N = 1 supergravity. Remarkably, many of our results
have been anticipated in [26]. However, we use the methods introduced in [27] to connect the
soft gravitinos of [26] with the asymptotic Killing spinors found in [28]. The previously neglected
asymptotic Killing spinors that asymptote to angle dependent spinors at asymptotic null infinity
I are contained in local supersymmetry transformations. They supersymmetrize the supertrans-
lations of the BMS group and their Ward identities generate the soft limit of the gravitino which
may then be understood as a statement of supersymmetry at every angle in the language of [1].

We first introduce the setting of d = 4, N = 1 supergravity and derive the Noether charge
density associated with local supersymmetry transformations from the action. Subsequently we
show that there are residual gauge symmetries at I , calculate the associated algebra of charges,
and relate the Ward identity to the soft limit of gravitinos.

While preparing this article, we became aware of the independent work of Vyacheslav Lysov [29]
on this topic, which supports our conclusions.

2 Supergravity

The d = 4, N = 1 supergravity action in the 1.5 order formalism proves most convenient for our
problem. It is S = S2 + S3/2 where

S2 =
1

2κ2

∫

d4xe eµaeνbR(ω)µνab (1)

S3/2 =
i

2κ2

∫

d4xǫµνρσψµγ5γσDνψρ. (2)

The notation requires some explanation. Given a metric gµν, define the vielbein field eaµ via

gµν = eaµe
b
νηab (3)
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with η = diag(−1,+1,+1,+1) and e = det eaµ =
√
−g. The γµ-matrices are given by the contrac-

tion of the numerical matrices γa in a given Lorentz frame with the frame field eaµ. The covariant
derivative∇µ is given by

∇µψν = Dµψν + Γ
κ
µνψκ, (4)

where Dµψν = ∂µψν +ωµabγ
abψν is the spin covariant derivative. We used the explicitly four

dimensional form of S3/2 with γ5 = iγ0γ1γ2γ3, the product of the numerical matrices. Note that, in
the 1.5 order formalism, the spin connectionωµab is an a priori independent variable. By solving
its (algebraic) equation of motion, one finds

ωµab = ωµab(e) + Kµab, (5)

where the first part is defined by a function of the frame field and its derivatives. The contortion
Kµab is quadratic in the gravitino field ψµ. Their exact forms can be found in, e.g., [30], and are
inessential for the current discussion. The curvature two-form is defined via

[Dµ,Dν] =
1

8
Rµνabγ

ab. (6)

3 Noether two-form

For simplicity we assume a purely bosonic asymptotically flat background. Thus any terms pro-
portional to the torsion Tµν

a in the following will be dropped. The transformations that define
local supersymmetry are given by the gauge transformation of the RS field and a corresponding
transformation on the frame field (which we could drop in our chosen background)

δeaµ =
1

2
ǫγaψµ, δψµ = Dµǫ (7)

where ǫ is an anticommuting spinor.
It was shown [27, 31] (see also [32]) that there is a Noether charge density two-form kµν that

is associated with every local symmetry. To derive k for the transformations in (7), we use the
formalism developed in [27].

Any variation of the action may be written as

δS =

∫

d4x(−EIδφI + ∂µθ
µ(φI, δφI)) (8)

where EI are the equations of motion for the set of fields φI = {eaµ,ψµ}. For supersymmetry
variations (7), θµ is given by

θν =
1

2κ2

(

iǫµνρσDρǫγ5γσψµ
)

. (9)

Conversely, the action is only symmetric under (7) up to a total derivative term

δS =
1

2κ2

∫

d4x∂ν
(

iǫµνρσψργ5γσDµǫ
)

=

∫

d4x∂µK
µ, (10)

where we dropped terms in θ andK proportional to the variation of the spin connection δωµ since
they will not contribute to the result. These two total derivative contributions define the ordinary
Noether current jµ = θµ−Kµ. In this combination the aforementioned terms proportional to δωµ
drop out. Finally, we need to find the weakly vanishing current Sµ from Noether’s identity

EIδφI = ∆IE
I + ∂µS

µ (11)

for local variations of the form δΦI = fI(Φ)λ +
∑
i f
µ1...µi

I ∂µ1
· · · ∂µi

λ. For (7) this is

Sµ =
i

κ2
(ǫµνρσǫγ5γσDνψρ) (12)

and so
∂µk

νµ = jν − Sν = ∂µ

[ e

κ2
(ǫγνµκψκ)

]

(13)

where for the last form we made use of (42). Although we didn’t make this explicit in the calcu-
lation, it is possible to show that the torsion does not enter k.
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4 Boundary conditions and Asymptotic Killing Spinors

Following the approach of [27], we must gauge fix the local, bounded supersymmetry transfor-
mations to define the path integral measure. We use Witten gauge /ψ = 0. In Witten gauge, the
gravitino wave equation becomes /Dψν = 0 with leading asymptotic behavior in Bondi coordi-
nates (38),

ψu = ψ(0)
u (θ) ψr = ψ

(0)
r (θ) ψA = rψ

(0)
A (θ). (14)

The equation of motion fixes the subleading behavior.
The two-form takes the form

kµν =
1

2κ2
ǭ
(

γνµ /ψ+ 2γ[µψν]
)

. (15)

Demanding the charge is finite for the asymptotic Killing spinors in Witten gauge implies the
fall-off condition

2γ[uψr] = O
(

r−2
)

. (16)

The initial data in (14) is constrained by the gauge condition /ψ = 0, and the fall-off condition (16).

To wit, we may take the spinors on the sphere ψ
(0)
A as the physical data.

The gauge fixing condition leaves unfixed a discrete set of large residual supersymmetries, or
asymptotic Killing spinors. These have already been discussed from a different perspective [28]:
there is an infinite family, which are the “square root” of the BMS supertranslations.

The residual supersymmetries are parametrized by spinors solving the Dirac equation, /Dǫ = 0,
for which the transformation (7) preserves the boundary conditions discussed above. Solutions
are parametrized by spinors that asymptote to arbitrary angle-dependent spinors η(θ) on I ±,

ǫ = η(θ) +O
(

r−1
)

. (17)

The “small” subleading pieces are gauge-dependent and do not contribute to the charges.

5 Algebra

Now, define a chargeQ[η] for large supersymmetry transformations η. Q[η] can be written as

Q[η] =

∫

σ

⋆k =
1

κ2

∫

σ

dSµν ηγ
µνρψρ (18)

where σ ⊂ I is an S2 at u = −∞ on I +. Then [33–35]

[

Q[η1],Q[η2]
]

= δη1
Q[η2] =

1

κ2

∫

σ

dSµν η2γ
µνκDκη1 (19)

which can be reformulated as

δη1
Q[η2] =

1

2κ2

∫

σ

dSµν

(

η2γ
µνκDκη1 − (Dκη2)γ

µνκη1

)

(20)

where we made use of the compactness of S2 to drop a total derivative term. The remainder takes
the Nester–Witten form of the diffeomorphism charge [34, 35]. It is possible to rewrite this, see e.g.,
[36], using the linear approximation Dµ = Dµ +Ωµ + O(h2) where h is the perturbation to the
background metric gµν − gµν = hµν, D the background derivative, and Ω the linear part. The
frame field is then given by eaµ = eaµ + haµ such that hµν = eaµhνa + e

a
νhµa. We use g to raise and

lower coordinate indices and eaµ to transform to a local Lorentz frame. SinceΩµ = Ωµ
αβγαβ and

γσγαβ + γαβγσ = 2γσαβ along with the identity (42) the commutator may be written as

1

κ2

∫

σ

dSµνǫ
µνκσǫσαβρη2γ

ρη1Ωκ
αβ. (21)

We dropped a term proportional to η̄[2γ
µνκDκη1] which may be though of as a potential central

charge. Define now, as usual, ξρ = η2γ
ρη1 as the parameter of a coordinate transformation and

contract the antisymmetric tensors to get the result

6

κ2

∫

σ

dSµν ξ
[µΩκ

νκ]. (22)
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While it is almost a standard calculation, let us anyhow show that we can transform this result
into the form of BMS charges. Note that the linearized spin connection Ωκ

µν can be written as

Ωκ
µν = gσ[νδΓµ]σκ (23)

with δΓµσκ = 1
2g
µρ(∇σhκρ +∇κhσρ −∇ρhκσ). ThenΩ can be written in two ways

Ωκ
µν =

1

2
gκα∇σ

(

gσ[νhµ]α
)

=
1

2
gκα∇σHσαµν −∇σ

(

δ[µκ h
ν]σ − δ[µκ g

ν]σh
)

(24)

where we defined the quantity Hσαµν = gσνh
µα

+ gµαh
σν

− gσµh
να

− gανh
µσ

, the trace h =

hκκ, and the trace reversed metric perturbation h
µν

= hµν − 1
2g
µνh. Inspecting the expression

ξ[µΩκ
νκ] and inserting the two expressions in (24) forΩ, we find that

[

Q[η1],Q[η2]
]

= T [ξ] =
1

κ2

∫

σ

dSµν ξα∇σHσαµν (25)

which differs from the flux integral of the Barnich–Brandt Noether two-form [31] for diffeomor-
phisms by a boundary term and is thus equivalent under the integral. Note that ξµ as defined
above using the asymptotic Killing spinors (17) has a finite value at the boundary, i.e., T [ξ] consti-
tutes a BMS translation [37, 38] in tune with [1, 26, 28]. Furthermore, the bracket [Q[η], T [ξ]] = 0
as expected.

6 Ward identity

The Ward identity associated with the two-form derived above is given by [27]

〈δη(Φ1 · · ·Φn)〉 = i〈Φ1 · · ·Φn
(∫

I +

⋆j[η] −

∫

I −

⋆j[η]

)

〉 (26)

where Φ are the fields of d = 4, N = 1 supergravity. Here δΦ are local supersymmetry transfor-
mations (7) while the right hand side introduces the operator (18) into the path integral. Note that
the Noether current j[η] is related to the two-form k in (13) simply via jµ = ∂νk

µν up to equations
of motion.

Using Witten gauge γµψµ = 0 and Bondi coordinates (38), the integral over I + on the right
hand side of eq. (26) can be written as (analogously for I −)

Q[η] =
1

κ2

∫

I +

dΣµ η
[←−
Dνγ

µνκψκ + γ
µνκDνψκ

]

(27)

similarly for I −. All derivatives in this section ff. are background derivatives D. We use the
Witten gauge condition, the equations of motions γµνρDνψρ = Jµ with the supercurrent Jµ, and
the Majorana flip to write

Q[η] =
1

κ2

∫

I +

dΣµ

[

ηJµ −ψ
µ
γνDνη+ψ

ν
γµDνη

]

. (28)

The second term vanishes due to the residual gauge condition γµDµη = 0. Thus with η|I =

η(z, z̄)

Q[η] =
1

κ2

∫

I +

d2zdu η
[

Jr +
←−
Dzγuψz̄ +

←−
D z̄γuψz

]

. (29)

7 Gravitino Soft Factor

From the Ward identities on correlation functions, we extend the result to S matrix elements by
LSZ reduction following [39]. The boundary fields ψz,z̄|I in (29) can be found by a limiting pro-
cess on the asymptotic mode expansions (see (43)) as in [5–11, 25]. The result is (c±p is the gravitino
annihilation operator)

ψz =
i
√

2

8π2(1 + zz̄)

∫

dEu+
Ex̂(c

+
Ex̂e

−iEu − (c−Ex̂)
†eiEu) (30)
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and ψz̄ the same with interchanged helicities. We used u± = v∓. The spinor, u+ (u−), is right-
handed (left-handed) in a helicity basis for the γµ. Thus we may use the projectors PR (PL) to
further reduce the charge to

Q[η] =
1

κ2

∫

I +

d2zdu η
[

Jr +
←−
DzγuPLψz̄ +

←−
D z̄γuPRψz

]

. (31)

Only ψz,z̄ are dependent on the coordinate u, so we define Ψz,z̄ = limE0→0

∫
dueiE0uψz,z̄ with a

regulating factor of exp(iE0u) to extract the zero modes. η can be chosen left-handed or right-
handed to single out specific terms in Q[η]. The second and third term in the charge Q[η] can
even be localized if η consists of a function (z− zi)

−1 (or (z̄− z̄i)
−1) multiplied by a right-handed

(left-handed) spinor that is constant with respect to Dz̄ (or Dz), i.e.,

ηα̇ =
1

z−w
χα̇, or ηα =

1

z̄ − w̄
χα. (32)

More generally η = ǫ(z, z̄)χ with ǫ(z, z̄) an arbitrary function. The zero mode of the supercurrent
has trivial action on the particle vacuum,

∫
duJr|0〉 = 0, but the rest of the charge Q[η] inserts

a zero momentum gravitino and acts like soft charge Qs[η] in the terminology of [5–11, 25], i.e.,
Q[η] = Qh[η] +Qs[η] generates a spontaneously broken symmetry.

Finally, let us inspect the soft limit of scattering amplitudes Mn with n particles and one soft,
positive helicity gravitino denoted ψ+

s with soft momentum ps. Fermions come in pairs; there is
at least one more gravitino in the set {1, . . . ,n}. All particles are considered outgoing. Then

lim
ps→0

Mn+1(. . . ,ψ+
s ) =

n∑

i=1

S
ψ+

i Mn(. . . ,DΦi, . . .) (33)

where Sψ
+

i =
ǫ+
s
·pi

pi.ps

ǫ+i,µū
+
s γ
µv−i and D lowers the helicity of the ith external leg by 1/2

Dh+ = ψ+, Dψ− = h−, Dψ+ = Dh− = 0. (34)

In the last two cases above, the amplitude on the right hand side vanishes. Using p2 = 0, let
pµσ

µ = λpλ̄p spinor helicity variables. Since gravitinos are Majorana we have ū+
s = (λ̄s, 0) and

v−i = (0, λi) in a helicity basis. Then the polarization can be written as ǫ+i .σ = λxλ̄i
〈x,i〉 where λx

is an arbitrary reference spinor and σµ the Pauli matrices. In the last equation we employ the

usual bracket notation, see, e.g., [40]. Then Sψ
+

i may be written as [s,i]〈x,i〉
〈s,i〉〈x,s〉 , compare [41]. Thus

the positive helicity gravitino soft limit is the combination of a helicity lowering supersymmetry

transformation and the multiplication of an angle dependent factor Sψ
+

i [26].
The soft limit (33) can be related to the Ward identity (26) when employing an LSZ reduction

[39]. Using asymptotic expansions for the graviton field hµν and the gravitino field ψµ (see (43))
with in-state annihilators a±p , respectively c±p , for particles with chirality ±, the action of a super-
symmetry variation δs with large parameter η is given by

δηa
+
p = [Q[η],a+p ] = ǫ

+
p,µη̄γ

µv−p c
+
p , (35)

δηc
−
p = [Q[η], c−p ] = ǫ

+
p,µη̄γ

µv−pa
−
p (36)

where here, as above, Q[η] bosonic. The other two cases are similar and would be necessary for
a discussion of the Ward identity for a negative helicity gravitino.We match this onto the right

hand side of the soft limit above by remarking that Sψ
+

i is a special case of the coefficient of the

commutation relations above. This statement is clearer when writing Sψ
+

i with the help Bondi
coordinates

S
ψ+

i =
1 + zsz̄s√

2Es(zs − zi)
ū+
s ǫ

+
i,µγ

µv−i . (37)

We may discard the divergence in Es by multiplying (33) with
√
Es since λ̄s ∝

√
Es as well as pull

out the factor of (1 + zz̄). Then, if we let
√
Es

1/2
η = 1

zs−zi
u−
s we see that it is exactly of the form

given in (32). It follows that the S matrix statement of the Ward identity (26) is the leading soft
gravitino limit. The analogous statement for a negative helicity gravitino can be derived in the
same way.
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A Conventions

We follow the conventions of [30]. Throughout the paper, the preferred background is asymptot-
ically flat space with metric gµν, strictly bosonic, and excluding black hole spacetimes. Retarded
Bondi coordinates are given by the metric

ds2 = −du2 − 2dudr + r2dΩ2 (38)

with dΩ2 = 4
(1+~θ2)2

d~θ2. ~θ ∈ R
2 covers the sphere once. In the text, we use z = θ1 + iθ2. The frame

is defined by

e0 = du+ dr e1 = dr eA =
2r

1 + ~θ2
dθA (39)

with spin connection,

ωA1 = −ω1A =
eA

r
ωAB =

1

r
(θAeB − θBeA). (40)

The γ Clifford algebra is defined in the usual way by {γµ,γν} = 2gµν. All calculations use the
Majorana flip extensively; given two anticommuting spinors ξ, χ and a set of γ-matrices, the flip is
defined by

ξγµ1 · · ·γµrχ = trχγ
µ1 · · ·γµrξ (41)

where a convenient choice for tr is tr = −1 for r = 1, 2 mod 4 and tr = 1 for r = 0, 3 mod 4 in
d = 4.

We also use the notation γµνκ = 1
3!γ

[µγνγκ] and the identity

γµνκ = −ie−1ǫµνκσγ5γσ. (42)

Asymptotic expansions for the fields are given by

hµν(x) =
∑

σ=±

∫
d3p

(2π)32E
(ǫσ,⋆
p,µνa

σ
pe
ip.x + ǫσp,µν(a

σ
p)

†e−ip.x)

ψµ(x) =
∑

σ=±

∫
d3p

(2π)32E
(ǫσ,⋆
p,µu

σ
pc
σ
pe
ip.x + ǫσp,µv

σ
p(c

σ
p)

†e−ip.x). (43)
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