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THE MONGE-AMPERE EQUATION FOR
NON-INTEGRABLE ALMOST COMPLEX STRUCTURES

JIANCHUN CHU, VALENTINO TOSATTI, AND BEN WEINKOVE

ABSTRACT. We show existence and uniqueness of solutions to the Monge-
Ampere equation on compact almost complex manifolds with non-integrable
almost complex structure.

1. INTRODUCTION

Yau’s Theorem for compact Kéhler manifolds [55] states that one can
prescribe the volume form of a Kéhler metric within a given Kéhler class.
This result, proved forty years ago, occupies a central place in the theory of
Kahler manifolds, with wide-ranging applications in geometry and mathe-
matical physics.

More precisely, Yau’s Theorem is as follows. Let (M?",w, J) be a compact
Kéahler manifold of complex dimension n, where w denotes the Kéhler form
and J the complex structure. Then given a smooth volume form ef'w™ on

M there exists a unique smooth function ¢ satisfying
(w+V=190p)" = '™,

(1.1) w+ \/—_18590 >0, supyp=0.
M

as long as I satisfies the necessary normalization condition that |’ M efun =
f @™ The equation (L)) is known as the complex Monge-Ampere equation
for Kéhler manifolds.

There has been great interest in extending Yau’s Theorem to non-Kéhler
settings. Recall that a Kéhler metric is a positive definite real (1,1) form
w, namely a Hermitian metric, which satisfies

dw = 0.

One extension of Yau’s Theorem, initiated by Cherrier [7] in the 1980s, is to
remove this closedness condition. This was carried out in full generality in
[45] where it was shown that (I.I]) has a unique solution for w Hermitian, up
to adding a (unique) constant to F' (see also [44], 23], as well as [3 8] [13] 28],
291 (311, 1341, (391, 48|, [56], 57] for later developments). A different recent extension
on complex manifolds [40], confirming a conjecture of Gauduchon [20], is
that one can prescribe the volume form of a Gauduchon metric (satisfying
20(w™ ') = 0). In this case, (II)) is replaced by a Monge-Ampere type

equation for (n — 1)-plurisubharmonic functions [25] [16], 17, 37, 149 [50].
1
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Within this circle of ideas remain some open conjectures, such as a version
of Yau’s Theorem for balanced metrics (satisfying d(w"™1) = 0) [16, 49,
50]. This is related to the some questions about the Strominger system of
mathematical physics, see e.g. [I8 130l B3] and the references therein.

A different type of extension of Yau’s Theorem is to the case when J is a
non-integrable almost complex structure, and this is subject of the current
paper. Around twenty years ago, Gromov posed the following problem to P.
Delande [I1]: let (M?",w) be a compact symplectic manifold, J an almost
complex structure compatible with w and F' a smooth function on M with
f M efun = i) yw". Can one find a smooth function ¢ on M such that
w ~+ d(Jdyp) is a symplectic form taming J and satisfying

(1.2) (w+ d(Jdp))" = el'w?

However, Delande [11] showed that when n = 2 the answer to this question
is negative, and this was later extended to all dimensions by Wang-Zhu [52].
The key ingredient of their results is the construction of a smooth function
o such that w+d(Jdpg) is on the boundary of the set of taming symplectic
forms (so its (1, 1) part is semipositive definite but not strictly positive), and
yet (w+d(Jdgo))™ > 0. This is possible because in this case the (2,0)+(0, 2)
part of d(Jdpp) contributes a strictly positive amount.

This indicates that the problem with Gromov’s suggestion is that the 2-
form d(Jdyp) is in general not of type (1,1) with respect to J, due to the fact
that J may not be integrable (in fact, d(Jdf) is of type (1, 1) for all functions
f if and only if J is integrable). Its (1,1) part (up to an unimportant factor
of 2) will be denoted by

VETOBp = 3 (d(Tdp)) ),

which agrees with the standard notation when J is integrable (see also sec-
tion 2] for more explanations).

We show that an analogue of Gromov’s problem does hold after replacing
d(Jdy) with /=100¢. In fact we do not even require the manifold to be
symplectic. We obtain the following result for almost complex manifolds
equipped with an almost Hermitian metric w.

Our main theorem is the following:

Theorem 1.1. Let (M,w,J) be a compact almost Hermitian manifold of
real dimension 2n. Given a smooth function F there exists a unique pair
(¢,b) where p € C*°(M) and b € R, solving

(w4 V=180p)" = eF oy,

(1.3) w++v—=100¢ >0, supy =0.
M

Namely, this says that the main result of [45] holds even when J is a
non-integrable almost complex structure. The equation (I3]) was first con-
sidered by Harvey-Lawson [26] and Pli§ [35] in the setting of the Dirich-
let problem for J-pseudoconvex domains (see Remark 5 below). We note
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here that there has been a renewed interest recently in the theory of J-
plurisubharmonic functions on almost complex manifolds, i.e. functions ¢
for which /=180y > 0 (see e.g. [10} 24} 26, 27, 132, [35] 36]), and our main
theorem fits well into this picture.

The key ingredients for proving Theorem [L]are the following new a priori
estimates:

Theorem 1.2. Let (M,w,J) be a compact almost Hermitian manifold of
real dimension 2n. Given smooth functions F' and o satisfying

(w+ V=100p)" = e"w",
(1.4) w+V=100p >0, supp =0,
M

then there are uniform C* a priori estimates on ¢ depending only on (M,w, J)
and bounds for F.

We make now a few remarks about our results:

1. We can also interpret the Monge-Ampere equation (L3)) in terms of Ricci
curvature forms. More precisely, we can associate to an almost Hermitian
metric w a canonical connection (see e.g. [51]), whose curvature form can
be expressed as a skew-Hermitian matrix of 2-forms {Q;} (1<i,j<n)in
any local unitary frame, and defining

Ric(w) :==v—1 Z Q
i=1

we obtain a globally defined closed real 2-form, which is cohomologous to
the first Chern class 2mei (M, J) in H?(M,R). If ¢ is a smooth function
with @ := w+v/—199¢ > 0 then (L.3)) holds for some constant b if and only
if
1

(1.5) Ric(w) = Ric(w) — id(JdF),

as follows easily from [51] (3.16)]. Note however that in general there are
representatives of the first Chern class 2c; (M, J) in H?(M,R) which cannot

be written in the form Ric(w) — 2d(JdF) for any w and F, even when J is
integrable (cf. [44], Corollary 2]).

2. Suppose now that (M?" w,J) is a compact symplectic manifold with J
an almost complex structure tamed by w. In this case w®b is an almost
Hermitian metric. Given a smooth function F' we obtain a pair (¢, b) solving

(WY 4 /Z189p)" = ef'Tbum,

(1.6) w4+ /21009 > 0, supp = 0.
M
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If we define 0 = w+ %d(J dp), then a simple calculation (cf. [IT], Proposition
5]) shows that @ is a symplectic form taming J and

(L.7) @ > (W) 4+ V=1000)" = e,

3. A different extension of Yau’s Theorem to the symplectic setting was pro-
posed by Donaldson [14]. He considered a symplectic 4-manifold (M, w, J)
with J a tamed almost complex structure, and conjectured that, given a
smooth function F', and given a symplectic form & cohomologous to w, com-
patible with J and solving
% = eFu?,

then @ should have uniform C°° a priori estimates. Donaldson showed
that this conjecture and various extensions of it would have consequences
for symplectic topology. This problem is fundamentally different from our
setup, since here the difference & — w is not given by a simple operator
applied to a function ¢. Donaldson’s conjecture remains open in general,
but it is known to hold in some special cases [54} 511 [46], [47), [15] [5].

4. One can also consider the parabolic Monge-Ampere equation
iy (w+ V/—100¢;)" B
ot wn
where we require that w + v/—199¢; > 0. Analogously to the result proved
by Cao [6] in the Kahler case and Gill [22] in the Hermitian case, we expect
that the techniques developed in this paper can be used to show that a
smooth solution ¢; exists for all ¢ > 0, and after suitable normalization
converges smoothly to the solution of (L3]).
Similarly, we can consider the equation
) — tRic(w) B + /=10 )™
ot wn
where now we require that w — tRic(w)™V) 4 /=108¢; > 0. This is in fact
equivalent to the evolution equation for almost Hermitian forms
awt
ot
which is the Kahler-Ricci flow if J is integrable and wg is Kéhler, and the
Chern-Ricci flow [22], [48] if J is integrable. Again, using the techniques
developed in this paper one should be able to characterize the maximal
existence time of this flow, exactly as in [41] [48].

= log

F, oo =0,

= —Ric(w)™Y,  wy=w,

5. We now discuss the proof of our main results, and relate this to the work of
Plis [35] who, as noted above, investigated this problem on J-pseudoconvex
domains (Harvey-Lawson [26] obtained weak solutions in the viscosity sense,
and in a more general setting). We prove the a priori estimates of Theorem
in four steps: the zero order estimate for ¢, the first order estimate, the
real Hessian bound and then higher order estimates.
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For the zero order estimate we adapt an approach of Székelyhidi [39],
which in turn uses ideas of Blocki [2] [3]. The idea is to work locally near
the infimum of ¢ and use a modification of the Alexandrov-Bakelman-Pucci
maximum principle. Székelyhidi’s argument holds for a large class of equa-
tions, but assuming an integrable complex structure. We show that the extra
terms arising from the non-integrability can be controlled. This argument
is contained in Section [Bl

The next step is to bound the first derivatives of ¢, and we carry this out
in Section[dl We use a maximum principle argument, adapted from Plis [35].
In particular we compute using a unitary frame ey, ...,e,, which turns out
to be quite convenient for this problem. The difference with [35] is that, as
would be expected in the compact case, we need to replace Pli§’s auxiliary
global plurisubharmonic function with a certain choice of “barrier function”
involving ¢ itself.

The heart of the paper is Section B where we prove a bound on the real
Hessian of ¢. Here, the argument diverges substantially from the study
of other similar nonlinear PDEs on complex manifolds where the approach
is to bound first the complex Hessian of ¢ (see e.g. [4, 23] for instances
where a real Hessian bound is obtained for the complex Monge-Ampere
equation, with J integrable, after having first obtained a complex Hessian
bound). There are difficulties in carrying out the analogous computation for
the complex Hessian here, because of some linear third order terms which,
roughly speaking, involve three “barred” or “unbarred” partial derivatives
of ¢ and cannot be controlled by the usual squares of third order terms.
Instead, we use an important idea of Pli§ [35], which is to directly bound
the real Hessian of ¢. Since we had some difficulties understanding all the
calculations of [35] (in particular, how to obtain the first displayed equation
of page 981 from the previous lines) we take a different approach, which turns
out to be substantially more intricate. We apply the maximum principle
to a quantity involving the largest eigenvalue Ay (cf. [53], 39, 40]) of the
real Hessian of ¢. This gives us some good third order terms which are
sufficient, after a series of rather technical lemmas, to push the argument
through. One source of complication is the need to rule out the case when
the largest eigenvector of the real Hessian of ¢ is in a direction where the
complex Hessian is very small (see Lemma [5.6] below).

Once we have the real Hessian of ¢ bounded, it is then straightforward
to obtain the higher order estimates by applying directly an Evans-Krylov
type result from [43] and then some standard bootstrapping arguments. In
Section [l we describe how to obtain the main result Theorem [[1] using a
continuity argument similar to that of [44].

Before we start with the proofs of the main results, we describe first some
basic results, and notation, on almost complex manifolds.
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2. BASIC RESULTS AND NOTATION

Let M?" be a compact manifold of real dimension 2n (without boundary)
equipped with an almost complex structure J, namely an endomorphism of
the tangent bundle satisfying J?> = —Id. The complexified tangent space
TCM can be decomposed as a direct sum of the two eigenspaces 719 M1
and T(©V M of J, corresponding to eigenvalues v/—1 and —v/—1 respectively.
Similarly, extending J to 1-forms « by (Ja)(X) = —a(JX), we obtain a
decomposition of TCM* into the v/—1 and —+/—1 eigenspaces, spanned by
the (0,1) and (1,0) forms respectively. Thus, with the obvious definitions,
any complex differential form of degree k can be expressed uniquely as a
linear combination of (p, q) forms with p + g = k.

An almost Hermitian metric g on (M?",J) is a Riemannian metric satis-
fying

9(JX,JY)=g9(X,Y), for all X,Y € TM.
Such metrics always exist in abundance on almost complex manifolds. The
metric g defines a positive definite real (1,1) form w, given by

w(X,Y)=9g(JX,Y).
Conversely, such an w defines an almost Hermitian metric g by
9(X,Y) =w(X,JY).
As we have already done in the introduction, we abuse terminology by re-

ferring to the positive definite (1,1) form w as an almost Hermitian metric.
The exterior derivative acting on (p,q) forms splits as

d=0+0+T+T,
where T changes the bidegree by (2,—1) and T by (—1,2) (these are essen-
tially given by the Nijenhuis tensor) and so we can define

V—100¢ := /—10(0¢p).

It is immediate to see that this is indeed a real (1,1) form. A simple calcu-
lation shows that

V=100p = %(d(,]dgp))ﬂvl%
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We also have (see e.g. [26, (2.5)]) that for any two (1,0) vector fields V, W,
(2.1) (009)(V, W) = VIV () — [V, W]V ().
We extend the action of J to p-forms by
(Ja)(X1,...,X,) == (~1)Pa(J X1, ..., JX,),

which satisfies J2 = (—1)P. If * is the Hodge star operator of the Riemannian
metric g defined by w then the actions of x and J on p-forms commute (see
e.g. [2I, Lemma 1.10.1]). We will say that w is Gauduchon if

(2.2) d*(Jd*w) =0,

where d* is the adjoint of d with respect to g. A short calculation shows
that (2.2)) is equivalent to

(2.3) d(Jd(w™ 1)) =0,

so we see that when J is integrable this condition reduces to the well-known
one.

Theorem 2.1 (Gauduchon [19]). Let (M*",w,J),n > 2, be a compact al-
most Hermitian manifold. Then there exists a smooth function u, unique up
to addition of a constant, such that the conformal almost Hermitian metric
e“w is Gauduchon.

For convenience, we will give a brief sketch of the proof of this result in
the proof of Theorem

Let now (M?",w,J) be almost Hermitian, and f a smooth function on
M. We define the canonical Laplacian of f by

nw" P AV=190f  nw" ' Ad(Jdf)
wn N 2™

If A denotes the usual Laplace-Beltrami operator of g then we have the

relation

(2.5) Af =2A° f + 7(df),

where 7 is the “torsion vector field” of (w,J) (the dual of its Lee form), see
e.g. [42, Lemma 3.2].

For the “openness” part of the continuity method, we will need the fol-
lowing result:

Theorem 2.2 (Gauduchon [19]). Let (M*",w,J),n > 2, be a compact al-
most Hermitian manifold. Fix a nonnegative integer k, and 0 < o < 1.
Given a function h € C**(M), there exists a function f € C**2%(M) solv-
mng

(2.6) ACf=h,
if and only if

(2.7) / hem—Dugn =0,
M

(2.4) ACf =
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where u 1s as in Theorem [21l In this case the solution [ is unique up to
addition of a constant.

Proof. Although this result is not explicitly stated there, the proof is con-
tained in [19]. For the convenience of the reader we give a brief sketch,
referring to [19] for details. Let A* be the formal L? adjoint of A®, which
is given by

A*f = 5 d (T (f),

where f € C°°(X,R). This is an elliptic second order real differential op-
erator, whose index, like the index of A®, is zero. Since the kernel of A€
consists just of constants, it follows that dimg ker A* = 1. The strong max-
imum principle implies that the only smooth real function in the image of
A which has constant sign is the zero function, and this implies that every
function in the kernel of A* has constant sign. Thus we can choose a smooth
function f # 0 with A*f = 0 and f > 0, and then another application of the
strong maximum principle shows that in fact f > 0. Therefore we can write
f = e for some u € C®°(X,R), and the fact that A*f = 0 exactly
says that e"w is Gauduchon.

The theorem now follows from the Fredholm alternative, since (2.7]) means
that h is orthogonal to ker A*, which is then equivalent to h being in the
image of AC. O

For later use, we have the following result.

Proposition 2.3. Let (M?",w, J) be a compact almost Hermitian manifold,
with w its associated real (1,1) form. Then there is a constant C > 0
depending only on (M,w, J) such that every smooth function ¢ on M which
satisfies

(2.8) w4 V—100p >0, supy =0,
M
also satisfies
(2.9) / (—p)w™ < C.
M

Proof. Applying Theorem [Z1] we obtain a smooth function u such that the
almost Hermitian metric w’ = e%w is Gauduchon. Let A’C be the canonical
Laplacian of w’, which is an elliptic second order differential operator with
the kernel consisting of just constants. Standard linear PDE theory (see e.g.
[T, Appendix A]) shows that there exists a Green function G for A’C which
satisfies G(z,y) > —C, ||G(z,")||11 (r,g) < C, for a constant C' > 0, and

_ 1 W' — 1C x W'
p(z) = T /Mso /MA o(Y)G(z,y)w™ (y),

for all smooth functions ¢ and all z € M. On the other hand we have
n

(2.10) / AC o™ = E/ WA d(Jdy) = —/ (d(Jdw™ 1)) =0,
M 2 /M 2 Jm
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since w’ is Gauduchon. For the “integration by parts” step above, we have
used the elementary pointwise equality

aA(JB) = (=1)"(Ja) A B,

which holds for any (2n — p)-form « and p-form £.

Therefore, we are free to add a large uniform constant to G(z,y) to make
it nonnegative, while preserving the same Green formula. If ¢ satisfies (2.8))
then we have

A/CQD — e_uAC(,D > _ne—u’

and so we immediately deduce that [, (—¢)w™ < C, from which ([23) fol-
lows. 0

We end this section with a remark about the use of the maximum princi-
ple. Consider a function f € C?(M). Then

(2.11) V=190 f(x9) <0 if f has a local maximum at zo,

and the reverse inequality holds at a local minimum. Indeed, the only dif-
ference from the integrable case is a first order term which vanishes at xg.

3. ZERO ORDER ESTIMATE

Here we follow the argument given in [39, Proposition 10] when J is
integrable, which is a modification and improvement of an earlier argument
by Blocki [2] 3].

Proposition 3.1. Let ¢ solve the Monge-Ampére equation (1.7)). Then
there exists a constant C, depending only on (M,w,J) and bounds for F
such that

o] < C.

Proof. Since sup,; ¢ = 0, it suffices to derive a uniform lower bound for
I := infp; . Let p € M be a point where this infimum is achieved, and
choose local coordinates {z!,..., 22"} centered at p defined on an open set
containing the unit ball B C R?" in its interior. On B let

2n
(3.1) v(x) = px) +e ) (')
i=1
where € > 0 will be chosen later. Then
v(0)=1= 1%fv,
infv > v(0) +¢.
OB

We define a set P by
P={x e B ||Dv(x)| <e/2, and v(y) > v(z) + Dv(z) - (y — x), Yy € B}.
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Note that 0 € P, and that D?v(z) > 0 as well as [Dy(z)| < 3e for all
z € P. Now at any x € B the symmetric bilinear form H(v)(X,Y) :=
(v—100v)(X, JY) is equal to

1
(3.2) H(v) = 5(D*)” + E(v),
where (D?v)” is the J-invariant part of D?v(z),
1
(D?v)’ (x) := 5(D% +JT . D% J)(z),

and F(v) is an error matrix which depends linearly on Dv(z) (see e.g. [43,
p.443]). Therefore, using the fact that det(A + B) > det A 4+ det B for
symmetric nonnegative definite matrices A, B, we have for all x € P,

(3.3)  det(D%v)(x) < 22" Ldet((D?v)!)(z) = 2L det(H (v) — E(v))(z).
(or, one can argue as in [2]). Moreover,
(D%p)’ (z) > (D*v)’(x) — Ce Id > —Cke 1d,
and using that |Dy(z)| < 5¢/2, together with (3.2]), we obtain
H(p)(z) > —Ce 1d,

for a uniform constant C'. Therefore at any x € P we have
— 1
w+V—100¢p > 3@

provided ¢ is sufficiently small (this fixes the value of ¢), but the Monge-
Ampere equation (4] then gives us
w+ \/—18590 < Cw.

From this, using again (3I)) and |Dv(x)| < €/2, we conclude that for all
x € P we have

0< (H(v) = E(v))(x) < C1d,

and (B3) gives
det(D%v)(z) < C.

Applying the modified Alexandrov-Bakelman-Pucci maximum principle in
[39, Proposition 11] we obtain

e¥m < an/ det(D?v),
P
for a constant Cs,, which depends only on the dimension of M, and so
e L C|P|,

where |P| denotes the Lebesgue measure of P. But for any x € P we also
have

o(z) <v(0)+ S =T+
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and we may assume that I + 5 <0, so

fP(_U)g c
[T+5] " [T+3]

1P| <

using Proposition 23], and so
C

g
(”5(%%

which gives us the desired uniform lower bound for I. O

We remark that it is also possible to prove the zero order estimate in our
case by the method of Moser iteration [55], much like in [45] (where J is
integrable), but the calculations are longer. The Moser iteration method was
also used by Delande [12] for the equation suggested by Gromov (as discussed
in the introduction), but in that case the argument is more similar to that
of the Kéhler case.

4. FIRST ORDER ESTIMATE

In this section, we prove a first order a priori estimate for ¢, which uses
the zero order estimate of Section Bl This part of the argument is similar
to [35, Lemma 3.3], except that here we replace Plis’s auxiliary plurisubhar-
monic function by a barrier function involving the solution ¢.

Proposition 4.1. Let ¢ solve the Monge-Ampére equation (1.7)). Then
there exists a constant C, depending only on (M,g,J) and bounds for F
such that

0]y < C.

Proof. We will prove this estimate by applying the maximum principle to
the quantity Q = e/(¥) ]&p\g, for a function f = f(p) to be determined later.
We will show that at the maximum point of @, |0y|, is uniformly bounded
from above.

First we discuss coordinates. Let {e1,...,e,} be a local frame for 700 M
and let {#',...,6"} be a dual coframe. We write 9;5 = 9(ei, ;). The (1,1)

form w is given by '

w= \/—_Lqﬁﬁi N
where here and henceforth, as should be clear from the context, we are
summing over repeated indices (on occasion, for clarity, we will include the
summation). We define

O =w+V—100¢,
and write 9i7 for the associated metric, defined by w = v—lgi;@i N
Equation (21]) immediately implies that
V=109 = V=1(ei;(9) — e, ] OV ()0 AT,
and hence

(4.1) G5 = 95 + eigj(p) — e, 8]0V ().
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We now assume for the rest of this section that our local frame {eq,...,e,}
is unitary with respect to g, so that 95 = ;5. Therefore in these coordinates,
\&plg = > 1 Prey, where we are writing ¢, = ep(p) and ¢r =er(p) .

Fix a point zg at which @ achieves its maximum on M. Then, after
making a unitary transformation, we may and do assume that g7 is diagonal
at xg.

Define a second order elliptic operator

L= g (ee; — les &) O).
Compute at xg, using (211,

0> L(Q)
= g {eiw(e!10¢ly) — len @) OV (e |03) }
(4.2) = §"{|0plzeiEi(e!) + ef eiwi(|00]}) + 2Re(es (e e (|90]7)

— |0pl3les @) OV () — efles, @) OV (10415) }
= 10¢laL(e’) + e L(19¢l;) + 2Re( ei(e))ai(|0el)-
We now compute each of these three terms in turn. First
(4.3)
L(el) = G {eie( el) = [ei, E.](Ovl)(ef)}
= 9“{6 |902|2 + eff”|90l|2 + eff ei€i(¢p ) eff,[ei,éi](o’l)(‘p)}
= e ((f')? + [")10plZ + nel f'— el 1 Z

where we have used (4.1]) for the last line.
Next,

(4.4)
L(|0¢]3) Zg“{ezez orer) — e @) O (prep) }

= Zé“{leiek ) + [e@r (o) + preieiek () — prles @) Ver(p)
p

+ preier(p) — prlei, @) @Ver(p) )

To deal with the terms involving three derivatives of ¢, we use the equation
(L4), which we can rewrite in our coordinates as

log det(g;5) = F.
Applying e, we obtain gﬁek(gﬁ) = F}, which at the point z gives us

(ws) gif<ekeia-<so> — exlei, &) OV (p)) = Fy
g

~ii(€kei€i(90) — € [ei,éi](o’l)(gp)) = FE‘
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Hence

(46)
> i {preiEn(p) — erlei, @) Ve (p)}
B

= Z Flon{eerei(p) — eiler, il(9) — euler,ai] OV (@) + e, e, @] *V)(p) }
= Zg To{Ereii(p) — [er, eilei(e) — eifen, @) — eles, 2]V (p)

+ o, [en @] O] (0)}
= Z rby + Zgﬁsﬁk{ — €i[ex ei](p) + [6, [k, €il] () — eilew, @] ()
k k

+ [Ek7 [ehéi](O’l)]((p)}
> 3 vl ~ Clogly S (Fren(e)| + () Ol 35"

where for the last inequality, we have used the fact that commutators of first
order operators, such as [eg, ¢;], are first order operators.
Similarly,

Zgﬁ{sogeiaea ) — pglen @] Vex()}
(4.7)
Z%Fk 0|a<,o|g2~“ [Bien(9)] + leser()]) — Clogl; Z”’

Using these last two inequalities in ([£4]), and combining with Young’s
inequality, we obtain for € € (0,1/2] (to be determined later),

L(|0pl2) > (1 -« Zg (leier()* + lei@r(v)[?)

Cs_l\(‘)cplz Z 3" + 2Re (Z 90ka> .
i k

(4.8)

We now deal with the third term on the right hand side of (£.2l),

2Re(je; (! )e;(|0p]2))

4.9
49 _ 2Re (Z glel f’goigogéiek(go)) + 2Re (Z gel f’goigokaék(so)> -

k k
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For the first of these terms, we have

(4.10)

2Re (Z Qiieff/sﬁwﬁiek(@))
k

= 2Re{ Z Qﬁeff'%@z(ekéi(@ ler, 2] D (p) — [ekfi](l’o)(‘ﬂ))}
k

> 2Re{ D §"e! foiop(@ — o)} — Cel |f]|0g]? Zflﬁl%'l
k :

> 2¢! f|0¢|2 — 2¢7 f/10¢)% — ced ()00 2|00]Z — Ce el |0y Z

For the second term of (&9),

Re (Z gigeff/sﬁi@kéiék(@))

k
(1 -e) Y gl feen(p)? — (1 +20)e! ()%100]2|0¢]2,

(4.11)

using the fact that for any real numbers a and b, and ¢ € (0,1/2],
2ab > —(1 — €)a® — (1 + 2¢)b°.
Combining (3), (EI0), ELIT),

2Re(j"es(e! )2 (10013)
(4.12) 2 2€ff/|690|52; —2¢! f|0pl; — (1+ 3e)e! (f /)2|590|2|8<,0|§

el |0l Z% (1-¢ Zg el [es20(0)

We now put together (4.2), (£3), (4.8]), (£12) to obtain, at xo,

0= el (f" = 3e(f)?)|0¢|200]2 + e/ (—f — Coc™)|0y|2 Z”’
(4.13)

k

+ 2¢/Re (Z 90ka> +(2+ n)eff/!&@\?] - 2eff’\3cp!§,

for a uniform constant Cy. We now choose the function f = f(p) and
constant € > 0 as follows. Define
e_A(p_l) AeA(QO(wO)_l)

flp) = T €T G
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for a large constant A to be determined shortly. Note that since sup,; ¢ = 0,
the constant ¢ is small. Compute, at xg,
Ae—Alp(z0)—1)
fr=38e(f) = ——F——

CF—Cpet = <1 _ %) ¢~ Alplzo)-1).

In particular, note that f’ is negative. Choosing A = 12Cj we obtain lower
bounds, at xg,

f//_3€(f/)2 26«—1’ —f/—C()E_l ZC_I,

for a uniform constant C' > 0. In [@I3)), after dividing by e/, and increasing
C' if necessary, we obtain

C7Yop|0¢)2 + CHop? Z% Clop|? —

Dividing by ]&p\g (which we may assume is larger than 1, without loss of
generality), we obtain uniform upper bounds for Y, g and \&plg at .

Combining the upper bound of ), g G with the equation det§ = ef’, we

obtain a uniform upper bound for g;; for each i. Then
0elz = leil> = §73" leil> < Clogl; < ¢’
i i
as required. This completes the proof of the proposition. O

Before we end this section, we state the following lemma which we will
need later. It is an immediate consequence of the previous proposition, and
the estimate (L)), (but taking now € = 1/2).

Lemma 4.2. For a uniform constant C,

L(|0¢]2) Zg” leier ()2 + eier (i CZ Gl —

5. SECOND ORDER ESTIMATE

In this section we prove:

Proposition 5.1. Let ¢ solve the Monge-Ampére equation (1.7)). Then
there exists a constant C, depending only on (M,g,J) and bounds for F
such that

V2ply < C

where V2 denotes the real Hessian of ¢ with respect to the metric g (using
its Levi-Civita connection).



16 J. CHU, V. TOSATTI, AND B. WEINKOVE

Proof. We first make the preliminary observation that
(5.1) V2ply < CM(Vg) +C,

everywhere on M, where A\ (V2p) is the largest eigenvalue of the real Hes-
sian V2 (with respect to the metric g). Indeed, if we write A\;(VZ2p) >
X (V20) > ... = Aon(V?yp) for all the eigenvalues, then

1
2n 2
V2lg = (Z Ai) < C(JA] + [Azn)-
a=1

On the other hand (2.5]) gives

2n
(5.2) D X =Ap =2A% + r(dp) > —2n + 7(dp) > ~C,

a=1
using Proposition Il This inequality implies that A1 > —C, and so
M| <A+ C,
and it also implies that
|)\2n| < C)\l -+ C,
and (5.1) follows. Therefore it suffices to bound A;(V2¢p) from above. To
achieve this we apply the maximum principle to the quantity

Q = log \i (V) + h(|0g];) + e~ 4%,

on the set {x € M | A\{(V?p(x)) > 0}, which we may assume is nonempty,
without loss of generality. Here h is given by

(5.3) h(s) = — log(1 + sup [9g[2 — s),
2 M

and A > 11is a constant to be determined (which will be uniform, in the sense
that it will depend only on the background data). Observe that h(|dy|?) is
uniformly bounded, and we have

1 1
5.4 = >
(54) 2 2+ 2supy; |02

0, and h” =2(h')?,

where we evaluate h and its derivatives at [p|2.

Note that @ is a continuous function on its domain, and goes to —oc on
its boundary (if this is nonempty), and hence achieves a maximum at a point
xg € M with A\ (V2p(zg)) > 0. However, Q is not smooth in general, since
the eigenspace associated to Ay may have dimension strictly larger than 1.
We deal with this using a perturbation argument, as in [39} 40].

First we discuss the choice of coordinate system in a neighborhood of
xo. Let V4 be a unit vector (with respect to g) corresponding to the largest
eigenvalue \; of V2, so that at o,

V2p(Vi, V1) = A1
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Since ¢ is almost Hermitian, it follows easily that we can find a coordinate

system x!, 22, ..., 2% centered at xg, such that in the frame 01, ..., d, the
almost complex structure J is standard at xy (i.e. JOy = 0o, etc.) and the
vectors Oi,...,0s, are g-orthonormal at xg. Furthermore, after making a

quadratic change of coordinates, we assume that the first derivatives of g
vanish at zg:

(5.5) O0v9aplzy =0, forall o, 5,y =1,...,2n.

If at zg we let
(5.6)
_ L _ L

1
RG> NG NG

then these form a frame of (1,0) vectors at xp, and we have that 97 =
g(ei,€;) = d;; (i.e. the frame is g-unitary). By performing a further linear
change of coordinates at xp, which commutes with J, we may assume that
at zo we have g = 0;; and (gﬁ) is diagonal with

(81_\/__182)’ €9 (63—\/—_184), N (a2n—1_\/__162n)7

91T 2 Go3 = 2 Gnm-
This does not affect condition (5.5]), or the fact that J is standard at zp, and
since ¢ is almost Hermitian we see that the (new) real vectors 01,..., 0,
are still g-orthonormal at xg.

We extend eq, ..., e, smoothly to a g-unitary frame of (1,0) vectors in a
neighborhood of xy. The coordinate system and the local unitary frame are
now fixed. Extend V7 to an orthonormal basis Vi,..., Vs, of eigenvectors
of V2 (with respect to g) at xg, corresponding to eigenvalues \;(V2y) >
X(V20) > ... = Aan(V2p). Write {VO‘B}(%"ZI for the components of the
vector V3 at g, with respect to the coordinates zb, ..., x® described above.
We extend Vi, Vs,..., Vs, to be vector fields in a neighborhood of xzy by
taking the components to be constant. Note that we do not assert that the
V; are eigenvectors for V2¢ outside .

We apply a perturbation argument. We define near xg a smooth section
B = (Bag) of T*M ®@T*M by setting its value in our coordinates zl, .
at xp to be

Bag = das = VIV,
and extending it to be constant in these coordinates nearby xg. At xg,
2n
B(Vi,Vi) = Y BagVaVh =0,
a,f=1
and B(Y,Y) =1 for any unit vector Y g-orthogonal to V.

It is convenient to work with endomorphisms of T'M instead of symmetric
sections of "M ® T M. We define a local endomorphism ® = (©°) of TM
by

(5.7) % = g* V250 — g Byp.
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Now instead of \;(V2yp), we consider A\;(®), the largest eigenvalue of the
endomorphism &.

Note that B,s is nonnegative definite and hence A\1(®) < A\1(V2p) in a
neighborhood of zy while, by definition of B and Vi, A1(®) = A\ (V2y) at .
Moreover, at xg, the eigenspace of ® corresponding to the largest eigenvalue
now has dimension 1, and hence Ay = A;(®) is smooth in a neighborhood of
Zg-

We can now consider the perturbed quantity Q defined in a neighborhood
of xy by

Q = log A\ (D) + h(|0g|2) + e,

which still obtains a local maximum at zg. Vi,..., Vs, are eigenvectors for
® at xp, corresponding to eigenvalues A1(®) > Aa(P) > ... = Aop(®). In
what follows we write A, for A, (®).

The first and second derivatives of A\ at xo are given by the following
lemma.

Lemma 5.2. At xy, we have

o 0\ o
5.8) 5 8
(5. \oBs M Z VaVvLVILVY + Ve VEVIVY,
1 = ana AhT . )
0P 58<I> 5 i A=Ay
where Greek indices o, 3,... go from 1 to 2n, unless otherwise indicated.

Proof. Consider the constant orthogonal matrix V = (VO‘B), where V% were
defined above. It has the property that VT ®V is diagonal at xy. Define
0 = (0%) = VT®V, which has the same eigenvalues as ®. Since © is
diagonal at xg, with Ay distinct from all the other eigenvalues, we have the
following well-known formulas (see e.g. [38]):

oM (09)
= 61,0
gov, — o
92\ (0) 01018,10 51661,,6
AT gy OOl g5, 20O
90" ,00°%, S v L W

Hence, by the chain rule, we compute at x,

8)‘1((1)) . a)‘l((a) o a)‘l((a) 86”# _ ay/B _ yrayB
o, ~ ove, — oev, aae, Owow Vi =Vavh
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Similarly,

Pa(e) _ #PMn(e) 007, 087,
087,087, 007,000, 08°, 9P,

61,01,0 5160100\ « o
— <(1 — by (1 — 5177)M> Vavav,ve

AL — Ay A=y
a8 17 /8 Ve VB VYV
— (1= ) ViV s
AL — Ay A=y
as required. O

As in the previous section, we denote by L the operator

L= §7(ejej — e, 2] V).

We first prove a lower bound for L(A1). In what follows, we assume without
loss of generality that A\; >> 1 at xg. We also note that from (4] and the
arithmetic-geometric mean inequality,

(5.9) Z

for a uniform ¢ > 0.
Lemma 5.3. At xy, we have
~ SOVQV D ~qT -
>2) 3 aleloran)l +9””gqq|V1(9pa)l2

(5.10) a>1
— 25" [Vi, e:]Vii() — 25" Vi, il Viei() — Cha Z

where we are writing
6
Pap = Vg,  Pvavy = 03V V% = Vi(Va, Vp).
Proof. Using (5.5]), (5.8) and the fact that g is diagonal at zo,

(5.11)
L(A) = 5277 ei(@7)e
— gﬁ)\?ﬁﬁ/

ei(®%) + f]ﬁ)\?ﬁeﬁi(@aﬁ) — gy’ [ei,Ei](O’l)(q)aﬁ)
eilpr5)i(0ap) + 5N eilag) + §AT pypeiti(9™T)

— 7N Bgeiei(9™) — 57N [eq, 2] OV (gap)

>2%5 ~m|el @Vavl |2

a>1

—ox Z

+ g e@i(eviv) — 3 e @O (prn)
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Next, we claim that
(5.12)
Fieieilpviv) — 3@l (pnv) =
= §"ViVi(3z) — 26" V1, ei]ViEi() — 25 [V, @] Viei(p) — CAy Z gt

Given this, the lemma follows, since in our coordinates, our equation (.4))
is

log det g = logdet g + F.
Hence, recalling that gz = g(ei, €j) = 0;; near xo,

§i(35) = Vi(F),

and applying Vi again,
(5.13) 7 ViVi(3iz) = FP5NVA (Gpg) | + VIVA(F),

and then (5.10) follows from (5.11), (512) and (5.9).
We now give the proof of (5.12)). We have

(5.14) eEi(ovin) = G e ViVi(p) — G eiE (Vi Vi)(p),
since, for any «, 3,

ovavy = VaVa(e) — (Vv V) (p).
First we deal with the second term of (5.14]). We claim that

(5.15) g eZeZ(Vvl Vl ‘ C)\l Z ~”

For simplicity of notation let W = Vy;Vj. Then at xy we have, using

ED),
eieiW(p) = eiWei(p) + eifei, Wl(p)
= Weii(p) + [es, Wei(p) + eilei, W)
=W(gz) + Wlei, &)V () + [es, We
Applying W to (4] we have

|
@
_|_
D

of
=
S

§'W () = W (F),
and (B.I5) now follows from (5.1]) and (5.9]).

Next we note that
—37le1, 2] OV (pving) = — g [eq, @] CVVIVA(9) + e, ] OV (Vi Vi) ()
> gu[e ](0 1)V1V1 (,0 C)\lz~“
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for a uniform constant C, and so combining this with (5.14]), (5.15)),

Fe@i(pviv) — 7lei &) N (eving)

In what follows, we write E for a term (which may change from line to line)
which can be bounded by CA; )", g §''. We have

§iz{€iEiV1V1( ) — [eq, &) “PWivi(e )}

= §"{eViEi(0) — eilVi@lVilp) — Vilen 2] "V Vi(p)} + B

= §" {(Vie@Vi () + [ei, ViEiVi(p) — Vi, BileaVi(9) = ViVile @] OV ()} + B
— 5 {Vie,ViEi(p) — Viei[Vi, @il () + [ei, VileiVi () — Vi, @leiVi ()

- VlVl[ei,ei](O’l (¢ } + F
= 7 {ViVie@i(p) — VilVi, eilei(y) — VieilVi, &)() + [eq, VilE: Vi ()
~ Vi, 8leVay) — ViVilei &)@V ()} + E
= Vi (eiEi(p) — en, @] OV (p)) — 25" Vi, e Vi) — 207 Vi, @il Viei() + E.

Recalling ([@.1]), and combining this with (5.16]), we obtain (5.12I). O

We use the above lemma to obtain a lower bound for L(Q) at zo:

Lemma 5.4. For any € with 0 < ¢ < 1/2, we have at xy,

0> L(Q)
i lei(ovavi) 2 | 3799 |Vi(gyg)|?
> (2- a8
( @Z;’Murw@+ N
€; zz
G171 - (14 ellatenn)l? “W B Zg (lesex(@)? + leier()?)

~ii - C ~ii i1
n'g \eirawwzr%(Ae ASD—;)Zg + A2 A e )

i

— Ape 4%
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Proof. Compute, using Lemma [£.3] Lemma and the inequalities (5.4))
and (B.9),

0> L(Q)
L()\; Glei(A) 2 i
= 200 THlIL L ngog) + 15 ol
1
— A~ L(p) + Aze—f‘@gﬁ\em)rz
22 ~ii lei( (lDVaVI gpﬁgqﬁ‘vl(gpa)P . gii‘ei(‘levl)’z
2
(5.18) = M- ) A M
G VL, ei)Vigi() + G Vi, & Viei(y)
A1

+ 5 Zg“ leier(9)? + leien () *) + B " |eil Op| 2]
+ (Ae_ASD — Z gZZ + A2e_A“D§ﬁ\ei(<p)]2 — Ane=4¢
i

We deal with the bad third order terms on the second line. At xy we can

write
Vlaez E Vza as

for some complex numbers v;, which are umformly bounded, hence

2n
V1, el Viei(p) + Vi, il Vies (o) < C ) [VaVies(e)),

a=1
and
VaViei(p) = eiVaVi(p) + Vo[V, el (@) + [Vas €] Vi(p)
= ei(pvani) + (Vv V1)) + Val[Vi, el () + [Va, €l Vi(p),

and so
2§ﬁ[V1, eVigi(e) + 37 Vi, &l Viei(p)
A
Cg ’62 SDV1V1 +CZ g ‘el (IDVQVI +ngzz
a>1
< Eg es CPvlvl + S5 ~i7 SDVavl + Z~u +C Zmz )\1
a>1 1 ) a>1
< Eg ’62 (PV1V1 + Z ~ii |€i (IDVQVI + Z ~i7
a>1

where we used (IBE) Thus the lemma follows from (G.I8)). O
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We need to deal with the “bad” negative term
gii|ei(90V1V1)|2
A
in (5I7). We split up into different cases. The constant ¢ > 0 will be
different in each case.

(5.19) —(1+¢)

Case 1. Assume that, at x,
(a) g7 < A%e24¢G,5, or
(b) we have

/ =
T 20 el +le@lo)) > 6loup gl A% 3 g
k

In this case we just choose ¢ = % We use the fact that, at xg, the first

derivative of Q vanishes. Hence, using the elementary inequality |a + b|? <
4lal* + |b]?, for a,b € C,

3 ~i7 e 2 3~ﬁ 3
3ol B, A%i(w)—h'eiuaw@n?
2 X 2
(520) > — (Sup |8(,0| 2Ago Z ~ i

2(h)5" i Dl .

Hence from (5.I7)), discarding some positive terms, we obtain at xo,

0> —6(sup 10]2) A2e=242 N " g (B — 2(0)?)g"es| 022

+— Zg“ (leser(@)? + ler(@)?) + (Ae™4 — €)Y G — Ane=4¢

But from (5.4, we have h” = 2(h/)2. In case (a) note that from the equation
(L4)) we have a uniform upper bound for g; (for each i) and a uniform lower
bound away from zero. Then we have

h/ ~i1 —
0> 5 > G (leier(9)? + leier(@)*) = Ca,
k

for a uniform constant C4 (depending on the uniform constant A), and so
(5.21) > (eier(@)* + [e@r(p)*) < Ca.

ik
But at zg we can define the complex covariant derivatives .z, and @e,e, in
the obvious way, which satisfy

Peier — eiék(‘p) = _(veiék)((p)7 Peier — eiek(‘p) = _(Veiek)(('p)7
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and these differences are uniformly bounded thanks to Proposition K1l
Therefore

(5.22) D (peier]” + ez |*) < Ca,
ik

and recalling (5.0)), we see that

(5.23) > Vil < Ca,
o,

and so A1(zg) is uniformly bounded. Thanks to Propositions B.1] and E.]
this shows that @ is bounded from above at xg, and hence everywhere.
On the other hand, in case (b), we obtain

W ~i7 = ~ i3 -
0>+ > " (leien(@)? + leir(@)P) + (A= Co) > " — Ane™ 4%,
k i

for a uniform Cy. Then as long as
(5.24) A>Cy+1,

we again see that () is bounded from above at zg. This completes Case 1.

Case 2. Neither (a) nor (b) of Case 1 hold.

This is the difficult case, and it will take up the rest of this section. Let
I={ie{l,....n} | gzlao) = APe 24°W@0) g = (x0)}.
We have n ¢ I (since A > 1), and 1 € I (otherwise we are in part (a) of
Case 1). So for example when n = 2 we have I = {1}.
We will use four lemmas to complete the proof. The first deals with the
relatively harmless part of the bad term (G.19]).
Lemma 5.5. Assuming that A is larger than 6nsup,, \&plg, we have

(525) 1 —1—6 Z g |€2 SDV1V1 > Z ~ii h/ Z ~m|el|a(’p|2|2

el 7 iel



THE MONGE-AMPERE EQUATION 25

Proof. Using the fact that the first derivative of @ vanishes at z, as in

(5.:20), we compute

1+€ Zg ‘ez SDV1V1

el
=—(1+¢) ZgﬂAe—A%i(so) — Wei(|ogly)P
iel
Gag) > —Blup|opD)Ate 2 S0 G — 2P Y e ol
el i€l
Gn(supyy |0pl)5"™ i
> - T 2 el
iel
> _Z~u_ Zgll|el|a(p|2|2
i el

where in the last line we used the assumption A > 6nsup;, ]84,0\2 0

The next lemma shows that, roughly speaking, and modulo terms of order
O()\l_l), the largest eigenvector V; lies in the directions where the Hermitian
metric (g;;) at g is not too small. More precisely, we define in our coordinate
patch a (1,0) vector field by

é1 = —(V1 —v—=1J11).

5=

We write at xg,

n n
(5.27) €1 = Z Vg€qs Z v, |? =
q=1 q=1

for complex numbers v, ..., v,, where the second equation follows from the
fact that €; is g-unit at x¢. Then we have:

Lemma 5.6. For a uniform constant C4 depending on A, we have
C
val < 5% forall g ¢ 1,
1

where the vy are given by (5.27).

Proof. To prove the claim, we see from
/ x
T2 el + (o)) < Ssup A% 3
k
that

- Z > G (eien(9)* + leier(p) ) < On(sup [0p]3) A%e 2425,
kgl M



26 J. CHU, V. TOSATTI, AND B. WEINKOVE

Hence by the definition of I,

_ 24n AP e—4Ay
628 XY@ + lealo)?) < 2T o,
k igl M
For convenience, write I = {1,2,...,j} for some j with 1 < j < n. Then,
arguing exactly as in (B.21)), (5.22)), (5.23), the estimate (IBZQE) implies that
2n 2n

(5:29) Y. D IVasel <Ca,

a=2j+1 =1

where we write C'4 for a uniform constant depending on A (recall that A is
yet to be determined, but will be chosen uniformly).

In terms of the matrix ®%4, defined by (5.7, the inequality (5.29)) implies
that at xg,

|9%5] < Ca, whenever 2j +1 < a<2n, 1 <8< 2n.

Since Vi = (V)%™ is a unit eigenvector for ® with eigenvalue A\; we have
®(V1) = M1 V1 and hence

1 2n CA
= | = o VP <—, for2j+1<a<2n.

The lemma then follows easily from the definition of the e;. O

The goal for our last two lemmas is to obtain a lower bound for the first
three terms on the right hand side of (5.I7)), excluding those bounded by
Lemma The first of these two lemmas is a technical intermediate step.

We make use of real numbers o, pis, . . ., o, defined by
(5.30) JVi = Z,uaVa, Z,u?x =1, at xg,
a>1 a>1

where we recall that at xg the vector JV} is g-unit and g-orthogonal to V;.

Lemma 5.7. For any v > 0, at xg,

_ii lei(ov, v R\ g’ !ez wvv
2_6 Z ZZ’ 'l aVl + 1+€ Z 1V1
a>1 )\1 /\1 ) /\1 igl 1
~“ /\1 2 ~i7 ~ )|2
> Z |€z(90vavl Pl +2) ) 5% a1
€1 a>1 qel gl
§lei (v, 29”9‘”
e P o S T
igl 1 qel igl

__Zm 1_€< )(Al ZAaﬂa>ZZg Iezsovavl

a>1 ¢l a>1

)
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assuming without loss of generality that at xg, A1 = C’AZ€ for a uniform
Ca > 0 depending on A. Here we are writing gy5 := g(ér,é1).

Proof. We first claim that
(5.31) ei(pvivi) = \/izV_qvl(gié) — V=LY paei(eviv,) + B,
a>1

where E denotes a term sa‘msfymg |E| < CAy for a uniform C. Defining
¥y, In the obvious way, we have at xo,

(5.32) eilpviv) = V2ei(pyz,) — V—lei(ovim),
since €, = %(Vl ++v—1JV1). Next,
(5.33) ei(pyz,) = eiViei(p) — ei(Vier)(p) = ereiVi(p) + E,

since the error terms arising from switching the order of operators give terms
involving only two derivatives of ¢.
With vq,...,v, € C as in (5.27]), we have at z,

elem g TgeqeiVi(p E 7gVieigq(p

(5.34)
- Z”_qu gig) + E
q
Recalling (5.30)),
ei(pvian) = eiViJVi(e) — el(Vy (JV1))(¢) = JVieVi(p) + E
(5.35) = Y maVaeiVi(p) + E = paci(pviv,) + E.
a>1 a>1

Combining (5.32), (5:33), (5.34) and (5.35]) proves the claim (5.3T).

Hence, for a uniform C,

(5.36)
1_|_€ Zg ‘ez (PV1V1 _3 Zg ’ez (PV1V1
€1 i€l 1
FINVZ Y TVilGig) = V=1 Xasy Hai(pviva) + EP?
e T
igl 1
Zg |el QDV1V1
i€l

Z ~“|\/_qu] qul(gzq) \/__12001 ,uaei(‘PViVa)P

+(1-¢)
AT

igl

CA ZZQ |VY1 gzq _|_ Z~m

¢l q¢l
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using Lemma [5.0l
For v > 0, we bound

(5.37)

1) Z ~zl|\/_zqej Vi (Gig) — V=1 0o1 taci(oviv,)?

2
/\1
2

<(1—s)(1+’yz ZVqugzq +(1—€< )Zg

il A qel il

il

Z Ha € SDV1 Va

a>1

But we also have, by the Cauchy-Schwarz inequality,

2

D wVild)| < | D valda | | Do Vi@) P | = (e, E) | Y 5 Vildi

qel q=1 qel qel
and
i es(van)?
€i\ PV,
> naci(pvav)| < (Z()\l - Aa)ui) (Z #)
a>1 a>1 a>1 1 «
(-2 ) (2 lei(ovari)I?
(67 ats" Al _ )\a bl
a>1 a>1

recalling that we have ) __; p2 = 1. So the conclusion is that

Z ~“|\/72q61 qul(gzq) \/__12a>1 ,Uaei(@VlVa)P

(1—¢) 5
il Al
(5.38) < (1—e)(1+7)3 ;ZZ "V )|
qel gl
+(1-¢) ( ) (Al ZAaua) ZZ 7 ‘e’ W‘*Vl ’ :
a>1 ] a>1 1

Also, using (4.1]), we see that at xp we have

Ggq < 917 < C +eer(p) < O\,

for any ¢, using that A\; may be assumed to be large. Therefore, if A\ >
for the constant Cy of (5.36]), and if also A\; > C’, then we have

o|Q

2 < gqé_
eX3
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Therefore we obtain the inequality

gppgqq“/l gpq 222 ~4i ~ qq|‘/1 glq |

el gl
) q o
Ca g 1\Yiq
NI Bl e
q¢l i¢l

Combining (5.36]), (5.38) and (5.39) completes the proof of the lemma. O

We use this to prove the final lemma:

Lemma 5.8. At xg we have

saleilevan)l® | 3797 Vi(Gp G Jes( sovlvl
DI vyt Wit (4ed ——F—
a>1 /\1 (/\1 o /\a) )\1 €1 1
C -
2 —2A / ~ 22 ~
> —6e A% ea(p)|? — G(h) ; gleiloglyl® = = > 5",
1 1

for a uniform constant C > 0, assuming without loss of generality that at
ro we have A\ =

Proof. It suffices to show that, at xq,

(5.40)
_iileilovav)® | 37759 Vi(Gpg Feileviv) 90v1v1
2-¢)) §" CLEvARE (1+e) Y LIREANIT
a>1 )\1()\1 o )\a) )\1 11
Z J' ]e, (PV1V1 _ Q Zgﬁ’
i€l < 7

since, using d@]wo =0,

g !61 <va G Ae—
—3e) T =3 ) g7 e ei(p) — Weilogl)l?
i€l il
2 —65142 2A§0 ”’e ( h/ Z ~ZZ’62’8(10‘2‘2

i€l
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We now prove (5.40). At xy we have
(5.41)
0<gy7= (51751) = g(é1,&1) + &@réi(p) — [61, )%V (p)
= 14 S AVA(9) + TV () + VTV, Til() — [or, 810V ()

1

+ V=11, Vi) () — [é1, 6] @D (o)
< % (/\1 + Z/\a,u?x) +C,

a>1
using that at xy we have, recalling (5.7)) and (5.30]),
evivi = g(@(VA), Vi) = A1, osviavs = g(@(JVA), JVI)+B(JV1, JVi) = > Aapl+1.
a>1

The proof splits into two cases.

Case (i). Assume that at z¢ we have

1
(5.42) 3 <A1 +) Awi) > (1 —¢)gy7 > 0.
a>1
Then Lemma [B.7] gives
_ii lei(pv, v1 337 V1(Gpq g e sovv
2-¢) Y 7" L 4 —(1+e))
a>1 )\1 /\1 ) /\1 i1
3" (2= _ii a1 V1(Gig)[*
Z Z (Ai|61(90vav1 |2> + ZZZQ qq)\i
idl A 1 qel igl 1
e; q7q
cae s T 1 (34 Dt ) ST L e
i1 a>1 qel igl
~i7 €; -
__Z 1_€< )(}\1 Z)‘Oé:u’a>zzg | QDVV1|7
a>1 igl a>1 Al

and we can now choose

_ A1 — Za>1 )‘a/hzx
/\1 + Za>l /\a,llg

so that the second and fourth term on the right hand side cancel each other,
while the first term dominates the last one, and this establishes (5.40).

> 0,
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Case (ii). Assume on the other hand that at xy we have

1 ) i
a>1
Then (5.41) gives
- 1 -
917 < B} </\1 + Z/\a,u?x) +C < (1~ 5)91{ +C,
a>1
and so
C
A4 g-= < —.
(5.44) 97 <

In general, (5.41]) implies that
M+ Y Aapl = —C,

a>1
and so
0< A — Y Aapd <2\ +C < (24222,
a>1
as long as 2\, > C/e2.

We now choose
1
Y= _62’

where ¢ still has to be chosen. This gives

(1—e)< ><A1 ZAQMQ) 1—e)<1+%>(1+e2)m

a>1
= 2(1 — 6) (1 —1—62)2)\1 < (2 — 6))\1,

if e < 6, and from Lemma 5.7 we get

_iileilovav)® | 3759 Vi (G g'es 90V1V1 )2
2-2) ) §I s (1+e) TIREMVIL
a>1 )\1()\1 B )\a) )\1 €1
222%1 qq‘vl 3 Zg |el SDV1V1
qel gl €1
1Y . 2§ii§‘ﬁ _ C -
-9 (1 3) o i@l - £ Y4
€ ; Al €~
qel gl 7

But thanks to (5.44]) we have

1\ . 1\ C
-9 (1+3)ir<a-a(1+3) S <5
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and so
.7 lei(oy, v 3”757 V1(gpq J' !61 SOVV
2—6 Z ’l’l aVl + 1_|_€ Z 1V1
a>1 )\1 )\1 ) )\1 i1
> <)\1 _ _> ZZ ~1i ~ qq| 1 gzq — 3e Z g ‘ez SDV1V1 Z ~ii
qel ¢l
Z g |ez ‘;DV1V1 _ g Zgﬁ’
ngI )
provided A\; > 8—3 at . O

We now complete the proof of Proposition 5.1l Combining Lemmas [5.4]
and 5.8, and recalling that h” = 2(h/)2, we have

02—66142 —2Ap ~ “|€2( |2—6€ h/ Z~“|€2|890|2|2
€1

, i
(W)Y G leslopl2? + Zg"ﬂeiek(«mﬁ+|ez-€k<so>|2>

el

C
h//~u‘ei‘8(p’2’2 (A —Ap M1

)Z~ii+A2 —Ap~ u’el( )‘ _ Ane—Ae

><A6—Aw >Z~"+ > ealo)f +lemlo))

+ (A%e4% — e A2e24%) g |el-(<,0)|2 — Ane™ 4%,

as long as € < %, where C is uniform constant. We now make our choices
of A and e. First choose

A=6C] +1,
and, at the expense of increasing 1, we may assume that

A > max(Cy + 1,6nsup |8‘P|§)
M

which we needed earlier in (5.24]) and Lemma Next pick

eAe(ro) 1
€= < =,
6 6
so that
Ae—Aeteo) _ G1 _ —Apla) 5 1 g2o-Avlan) _ g g2-2A0(@0) _ g
g

Note that now that the values of € and A have been fixed, we may indeed
assume without loss of generality that at xg we have A\ > 8% and \; > Ca
We conclude that at zg we have

~ii W ~i7 =
Z + 5 3" (leier(p) + leier(e)?) < C.
k



THE MONGE-AMPERE EQUATION 33

From this it follows that at xy we have ), 3 < C, and so >ixlleier(p )2+

leier(¢)|?) < C, which (as in (5.21)), (5:22)), (5.23)) implies that ), 4 ‘Viggp‘
C, and so \1(zg) < C, and hence Q(x¢) < C, as desired.

6. COMPLETION OF THE PROOFS OF THE MAIN THEOREMS

In this section, we complete the proofs of the main results stated in the
introduction.

Proof of Theorem[1.2. Thanks to Propositions B.1] and 5.1, we can obtain
a priori C*® estimates from the main result of [43], for some 0 < o < 1
(and in fact for all 0 < o < 1 by [9]). Higher order estimates follow after

differentiating the equation and applying the usual bootstrapping method.
O

Our main result now follows easily:

Proof of Theorem [I1. Now we have Theorem [[.2] we can follow closely the
arguments of [44]. Indeed, we will see that the (1,1) form /—190¢ =
%(d(J de))Y has the right properties for this part of the proof to go through
essentially unchanged from the integrable case. We include the brief argu-
ments for the sake of completeness. Consider the family of equations

(6.1) (W + V=100 = e Horgn w4+ /=108 > 0,

for t € [0, 1], where b; € R. For a fixed a € (0,1), we define 7 to be the set
of t € [0,1] such that (6.1)) admits a solution (i, b;) € C>*(M) x R. Clearly
0 € 7. We will show that 7 is open and closed, since this will show that
1 € T, and then adding a constant to ¢ we will obtain a solution of (I.3]).

To prove that 7 is open, fix t € T, and write & := w + v/—199y;. From
Theorem 2.1 there exists a smooth @ such that e is Gauduchon, and we
may assume that [, e A€ (n=Dign — 1. Define a map ¥ by

W) = log CIVTONT 4, ( | i v=Tame)" )

which takes 1) € C3%(M) with [;, ¥e D" = 0 and & + /=190y > 0
to a C1*(M) function h satisfying [}, ehe(=1ign — 1. For t close to t we
wish to solve

(6.2) U(thy) = (t —t)F — log </ e(t_f)Fe(”_l)ﬁdJ”> .
M

Observe that ¥(0) = 0, and that the linearization of ¥ at ¢ = 0 is given by
the canonical Laplacian (see (Z4]) of @,

(6.3) n— A,

since [}, V=190 A e~ Dign=1 = ( (which follows from integration by
parts, as in (Z10), and the fact that e%0 is Gauduchon). By Theorem 2.2]
the operator (6.3)) is an invertible map of the tangent spaces, and so by the
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Inverse Function Theorem we obtain vy solving (6.2) for ¢ close to t. Then
¢ = p; + 1y solves ([6.0)) for ¢ close to ¢, for b; € R, showing that 7 is open.

To prove that 7T is closed we will apply Theorem Suppose p; €
C3%(M) solves (6.0). Then, as above, we can differentiate the equation and
bootstrap to obtain that ¢; is smooth. Applying the maximum principle
@II) to ¢ in (GI) we obtain the bound |b;] < sup,,|F|. We may add
a t-dependent constant to ¢; solving (6.1)) so that sup,;¢: = 0. Now we
apply Theorem to ¢4 to obtain C*® (in fact, C™) estimates which are
independent of ¢. This shows that 7T is closed. Hence we have proved the
existence of a C*®, and hence smooth, solution of (L3)).

It remains to prove uniqueness. Assume that we have two solutions (¢, b)
and (', b") of ([L3]). Writing 8 = ¢ — ¢’, we have

(w+V=100¢' + /—1006)" bt
(w4 V=199 B '

Applying (ZI1) at the extrema of § we obtain b = ¢’. Then
(w+V—=100¢)" = (w + V—199¢")"

and so
n—1
V—1096 N Z(w +V=100¢)" A (w +V/=180¢")" 17" = 0.
i=0

The strong maximum principle (together with the fact that sup,; ¢ = sup,; ¢’ =
0) implies that # = 0, namely ¢ = ¢’. This completes the proof. O
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