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Abstract

This paper proves the nonlinear asymptotic stability of the Lane-Emden solutions
for spherically symmetric motions of viscous gaseous stars if the adiabatic constant -
lies in the stability range (4/3,2). It is shown that for small perturbations of a Lane-
Emden solution with same mass, there exists a unique global (in time) strong solution
to the vacuum free boundary problem of the compressible Navier-Stokes-Poisson sys-
tem with spherical symmetry for viscous stars, and the solution captures the precise
physical behavior that the sound speed is C''/2-Hélder continuous across the vacuum
boundary provided that « lies in (4/3,2). The key is to establish the global-in-time
regularity uniformly up to the vacuum boundary, which ensures the large time asymp-
totic uniform convergence of the evolving vacuum boundary, density and velocity to
those of the Lane-Emden solution with detailed convergence rates, and detailed large
time behaviors of solutions near the vacuum boundary. In particular, it is shown that
every spherical surface moving with the fluid converges to the sphere enclosing the
same mass inside the domain of the Lane-Emden solution with a uniform convergence
rate and the large time asymptotic states for the vacuum free boundary problem (1.1.2)
are determined by the initial mass distribution and the total mass. To overcome the
difficulty caused by the degeneracy and singular behavior near the vacuum free bound-
ary and coordinates singularity at the symmetry center, the main ingredients of the
analysis consist of combinations of some new weighted nonlinear functionals (involv-
ing both lower-order and higher-order derivatives) and space-time weighted energy
estimates. The constructions of these weighted nonlinear functionals and space-time
weights depend crucially on the structures of the Lane-Emden solution, the balance of
pressure and gravitation, and the dissipation. Finally, the uniform boundedness of the
acceleration of the vacuum boundary is also proved.

Permanent address

Nonlinear asymptotic stability; Lane-Emden solutions; Vacuum free boundary



Contents

1 Introduction 2
1.1 Problem . . . . . . . . . 2

1.2 Motivations and goals . . . . . . .. ... L 4

1.3 Review of related works . . . . . . . . ... .. 8

2 Lagrangian formulation and main results 9
2.1 Lagrangian formulation . . . . . . ... ..o 9
2.2 Main theorems and remarks . . . . . .. ... ... L. 12

3 Proof of main results 15
3.1 A theorem with detailed estimates . . . . . . . . .. .. ... ... .. .... 15
3.2 Outline and main steps of the proofs . . . . . .. ... ... ... ... .. 17
3.3 Preliminaries . . . . . . . . 20
3.4 Lower-order estimates . . . . . . . .. ... 25
3.5 Higher-order estimates . . . . . . . . . ... ... 46
3.5.1 Part I: global existence and decay of strong solutions . . . . ... .. 46

3.5.2 Part II: faster decay . . . . . . . . ... 52

3.5.3 Part III: further regularity . . . . . . . ... ... ... ... ..... 58

4 Proof of Theorem 2.3 59

1 Introduction

1.1 Problem

In the fundamental hydrodynamical setting (cf. [1]), the evolving boundary of a viscous
gaseous star (the interface of fluids and vacuum states) can be modeled by the following free
boundary problem of the compressible Navier-Stokes-Poisson equations:

pt + div(pu) =0 in Q(t),

(pu); + div(pu ® u) + dive = —pV, ¥ in Q(t),

o n £0), (1.1.1)
p=0 and Gn=0 on I'(t) := 00(t),

V(I'(t)) =u-n,

(p,u) = (po, o) on 2 :=Q(0).

Here (x,t) € R? x [0,00), p, u, & and ¥ denote, respectively, the space and time variable,
density, velocity, stress tensor and gravitational potential; Q(¢t) C R3, T'(t), V(I'(#)) and n
represent, respectively, the changing volume occupied by a fluid at time ¢, moving interface
of fluids and vacuum states, normal velocity of I'(¢) and exterior unit normal vector to I'(t).

The gravitational potential is described by

U(x,t) = —G/ Py, 1) dy satisfying AV =4rGp in Q(t)
Q

(t) x —y|



with the gravitational constant G taken to be unity for convenience. The stress tensor is
given by

2
G = p[g — )\1 (Vu + Vut — §(d1vu)[3) — )\g(diVu)Ig,

where I3 is the 3 x 3 identical matrix, p is the pressure of the gas, A\; > 0 is the shear
viscosity, Ay > 0 is the bulk viscosity, and Vu® denotes the transpose of Vu. We consider
the polytropic gases for which the equation of state is given by

p=plp) = Kp’,

where K > 0 is a constant set to be unity for convenience, v > 1 is the adiabatic exponent.

For a non-rotating gaseous star, it is important to consider spherically symmetric motions
since the stable equilibrium configurations, which minimize the energy among all possible
configurations (cf. [21]), are spherically symmetric, called Lane-Emden solutions. In this
work, we are concerned with the three-dimensional spherically symmetric solutions to the
free boundary problem (1.1.1) and its nonlinear asymptotic stability toward the Lane-Emden
solutions. The aim is to prove the global-in-time regularity uniformly up to the vacuum
boundary of solutions when 4/3 < v < 2 (the stable index) capturing an interesting behavior
called the physical vacuum (cf. [2, 4, 14, 15, 23, 24, 42]) which states that the sound speed
c = /p(p) is CY?-Holder continuous near the vacuum boundary, as long as the initial
datum is a suitably small perturbation of the Lane-Emden solution with the same total
mass. Furthermore, we establish the large time asymptotic convergence of the global strong
solution, in particular, the convergence of the vacuum boundary and the density, to the the
Lane-Emden solutions with the detailed convergence rate as the time goes to infinity.

In the spherically symmetric setting, that is, {2(¢) is a ball with the changing radius R(?),

p(x,t) = p(r,t) and u(x,t) =u(r,t)x/r with r =|x| € (0, R(t));

system (1.1.1) can then be rewritten as

(r*p)e + (r*pu), = 0 in (0, R(t)),

p(us + uu,) + pr + 47Tp7‘_2/0 p(s,t)s’ds = i ((T’TZL)T) in (0, R(t)),

p>0 in [0, R(2)), (1.1.2)
p=0 and %)\1 (ur—%) + A (ur—|—2%> =0 for r = R(t),

R(t) = u(R(t),t) with R(0) = Ry, u(0,t) =0,

(P u) = (po, uo) on (0, Ro),

where p = 4X;1/3 + Ay > 0 is the viscosity constant. (1.1.2),, state that r = R(¢) is the
vacuum free boundary at which the normal stress Gn = 0 reduces to
4

p— =M <ur—g)—)\2 (ur+2g> =0 for r= R(t), t>0;
3 r r



(1.1.2), describes that the free boundary issues from r = Ry and moves with the fluid velocity,
and the center of the symmetry does not move. The initial domain is taken to be a ball
{0 <r < Ry}, and the initial density is assumed to satisfy the following condition:

po(r) >0 for 0 <r <Ry, po(Ry)=0 and — oo < (pgfl)r <0 at r= Rp; (1.1.3)
SO
pi M (r) ~ Ry — r as r close to Ry, (1.1.4)

that is, the initial sound speed is C'/2-Hélder continuous across the vacuum boundary. The
unknowns here are p, u and R(t).

The requirement (1.1.3) for the initial density near the vacuum boundary is motivated
by that of the Lane-Emden solution, p, (cf. [1, 22]) which solves

o-(p7) + 47T7"_2ﬁ/ p(s)s*ds = 0. (1.1.5)
0

The solutions to (1.1.5) can be characterized by the values of v (cf. [22]) for given finite
total mass M > 0, if v € (6/5,2), there exists at least one compactly supported solution.
For v € (4/3,2), every solution is compactly supported and unique. If v = 6/5, the unique
solution admits an explicit expression, and it has infinite support. On the other hand, for
v € (1,6/5), there are no solutions with finite total mass. For v > 6/5, let R be the radius
of the stationary star giving by the Lane-Emden solution, then it holds (cf. [22, 31])

P’ (r) ~ R—rasr close to R. (1.1.6)

1.2 Motivations and goals

The problem of nonlinear asymptotic stability of Lane-Emden solutions is of fundamental
importance in both astrophysics and the theory of nonlinear PDEs. It is believed by astro-
physicists that Lane-Emden solutions are stable for 4/3 < 7 < 2 since they minimize the
total energy among all the possible configurations. The main aim of this paper is to justify
rigorously the precise sense of this stability. In fact, we prove for the viscous gaseous star
with 4/3 < v < 2, the Lane-Emden solution is strongly stable in the sense that it is asymp-
totically nonlinear stable. The first step for this purpose is to prove the global existence
of strong solutions. However, due to the high degeneracy of system (1.1.2) caused by the
behavior (1.1.3) near the vacuum boundary, it is a very challenging problem even for the
local-in-time existence theory. Indeed, the local-in-time well-posedness of smooth solutions
to vacuum free boundary problems with the behavior that the sound speed is C'/2-Holder
continuous across vacuum boundaries was only established recently for compressible inviscid
flows (cf. [3, 4, 14, 15]) (see also [29] for a local-in-time well-posedness theory in a new func-
tional space for the three-dimensional compressible Euler-Poisson equations in spherically
symmetric motions). For the vacuum free boundary problem (1.1.2) of the compressible
Navier-Stokes-Poisson equations featuring the behavior (1.1.3) near the vacuum boundary,
a local-in-time well-posedness theory of strong solutions was established in [12]. In order to
obtain the nonlinear asymptotic stability of Lane-Emden solutions, it turns out that suitable
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estimates for higher order derivatives uniformly up to the vacuum boundary are necessary.
Indeed, this turns out to be essential to prove the convergence of the evolving vacuum
boundary and the uniform convergence of the density to those of Lane-Emden solutions, in
addition to the uniform convergence of the velocity. We show the global-in-time regularity
of solutions when 4/3 < 7 < 2 capturing the behavior (1.1.4) (or (1.1.6)) when the initial
data are small perturbations of and have the same total mass as the stationary solution, p,
given by (1.1.5). It should be remarked that the regularity estimates near boundaries are
notoriously difficult. This is particularly so for the vacuum boundary problem (1.1.2) due
to the high degeneracy caused by the singular behavior of (1.1.3) near vacuum states.

Our nonlinear asymptotic stability results can be stated more precisely as follows. Sup-
pose that the initial datum (po, ug, Ro) is a small perturbation of the Lane-Emden solution
(p,0, R) in a suitable sense (see Theorem 3.1) and has the same total mass,

Ry R
/ 2 po(r)dr = / r2p(r)dr,
0 0

then there is a unique global-in-time strong solution (p,u, R(t)) (0 < ¢t < +00) to (1.1.2)
which is regular uniformly up to the vacuum boundary r = R(t). Moreover, let r(z,t) be
the radius of the ball inside Bp(0) satisfying:

r(z,t) = u(r(z,t),t) and r(x,0) =ro(x) for 0 <z <R, (1.2.1)
ro(z) x 3
/ s%po(s)ds = / s’p(s)ds for 0 <z < R. (1.2.2)
0 0
Then
tlir& H (1”(3:715) -, p(’l"(l’,t),t) o ﬁ(l‘), u(?“(:v,t),t)) HL;O([O,R]) =0 (123>

with some detailed convergence rates. Notice that (1.2.1) means that the sphere r = r(z,t)
with the initial position 7 = r¢(z) is moving with the fluid and (1.2.2) means that the initial
mass inside the ball B, ,(0) is the same as that of the Lane-Emden solution inside the ball
B.(0) for 0 < x < R. It follows from the conservation of mass that the mass inside the
ball B, (4 (0) at the instant ¢ is the same as that of the Lane-Emden solution inside the ball
B,(0) for 0 < z < R. In particular, the vacuum boundary is given by

R(t) =7(R,1).

The convergence of r(x,t) to z in (1.2.3) means that every spherical surface moving with the
fluid converges to that inside the domain of Lane-Emden solution enclosing the same mass,
in particular, the evolving vacuum boundary R(t) converges to the vacuum boundary R as
time goes to infinity. This also gives the large time asymptotic convergence of every particle
moving with the fluid since the motion is radial. Moreover, the convergence (1.2.3) means
that the large time asymptotic states for the free boundary problem (1.1.2) are determined
completely by the initial mass distribution and total mass. Besides the above mentioned
convergence (1.2.3), we also establish convergence rates of higher norms involving deriva-
tives, and show that the vacuum boundary R(t) has the regularity of W*>°(]0, 00)) under a
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compatibility condition of the initial data with the boundary condition which implies that
the acceleration of the vacuum boundary is uniformly bounded for ¢t € [0,00). (Indeed,
one may check from the proof that every particle moving with the fluid has the bounded
acceleration for ¢ € [0,00).) These results give a rather clear and complete characterization
of the behavior of solutions both in large time and near the vacuum boundary.

One of the crucial points of this paper is that we can obtain the decay estimate of the
unweighted norm of |7, (z,t) — 1{[12(j0,5) and the uniform boundedness of |r, — 1|, which
are consequences of our uniform higher-order estimates and are the key to the proof of the
convergence of the vacuum boundary and density. In particular, in the derivation of the
decay estimate of the L2-norm of r,(z,t) — 1, the multipliers,

/ox () (r*(y, t) — y°)ydy and /Ox P () (y, hu(r(y, 1), t))ydy for 0< B <~ —1,

play essential role in the construction of nonlinear functionals. It should be noted that the
first multiplier is motivated by the virial equations in the study of stellar dynamics and
equilibriums (cf. [20, 39]) and is used to detect the detailed balance between the pressure
and self-gravitation. To the best of our knowledge, those multipliers have not been used in
previous literatures.

The results obtained in the present work are among few results of global strong solutions
to vacuum free boundary problems of compressible fluids capturing the singular behavior
of (1.1.3), which is difficult and challenging due to the degeneracy caused by the physi-
cal vacuum and coordinates singularity at the center of the symmetry. We overcome this
difficulty by establishing higher-order estimates involving the second-order derivatives of
the velocity field, together with decay estimates of lower-order norms. This is achieved by
combining some new weighted nonlinear functionals (involving both lower-order and higher-
order derivatives) and space-time weighted energy estimates. The constructions of these
weighted nonlinear functionals and space-time weights depend crucially on the structure of
Lane-Emden solutions (in particular, the behavior (1.1.6) near the vacuum boundary), the
balance between the pressure and self-gravitation, and the dissipation. In what follows, we
highlight the main ideas and methods used in this article to achieve the estimates mentioned
above.

The original free boundary problem (1.1.2) is reduced to an initial boundary value prob-
lem on a fixed domain = € [0, R] by the Lagrangian particle trajectory formulation (1.2.1)
and (1.2.2) with R being the radius of the Lane-Emden solution so that the domain of the
Lane-Emden solution becomes the reference domain. In this formulation, essentially the
basic unknown is the particle trajectory r(z,t) defined in (1.2.1) and (1.2.2) (more precisely,
the radius of each evolving surface inside the evolving domain, which is called the parti-
cle trajectory for simplicity here and from now on), by which the density and velocity are
determined. For problem (1.1.2), this formulation is preferred because one can use it to
trace each particle in the evolving domain, in particular, the evolving vacuum boundary.
For higher-order estimates, due to the degeneracy of (1.1.3), the dissipation of the viscosity
alone is not enough for the global-in-time estimates, and we have to make full use of the
balance between the pressure and gravitation. To see this, we decompose the gradient of
the pressure as two parts, the first part is to balance the gravitation and the second part is
an anti-derivative of the viscosity along the particle trajectory with a degenerate weight. It



should be noted that the degeneracy of this weight causes the major difficulty to obtain the
higher-order estimates. Our main idea to overcome this difficulty is to introduce a quantity

G(z.1) =In (%> |

which is the entropy relative to the Lane-Emden solution. This is a nonlinear transformation
which changes the original nonlinear equation of r to an equation whose principal part is
linear in G (see (3.2.7)). The approach has many advantages for higher-order estimates.
First, the interplay among the viscosity, pressure and gravitational force can be seen easily
as follows: in Lagrangian coordinates (z,t) for z € [0, R], the viscosity term becomes G,
and the gradient of the pressure is decomposed as

—( - >7x¢p—7( v )Wﬁvgx, where ¢(z) =273 /x dmp(s)sds.

r2r, r2r, 0

(¢(x) is the mean density of the Lane-Emden solution inside the ball B,(0).) The first part
of this decomposition is used to balance the gravitational force and the second part is the
t-antiderivative of the viscosity multiplied by a weight which is equivalent to p”(z). This
weight is degenerate on the boundary, but strictly positive in the interior. The degeneracy
near the vacuum boundary is one of main obstacles in higher-order estimates, which is
overcome by choosing suitable weights and multipliers, and a delicate use of the Hardy and
weighted Sobolev inequalities. Indeed, in terms of G, the principal part of (3.2.7) is

2\
:uga:t—"/y( 2 ) ﬁygacy

r2r,
which is linear in G, and with a degenerate damping. This structure leads to desirable
estimates on G and their derivatives. It should be noted in this formulation, the pressure
term is treated as a principal term, instead of a lower-order term, for higher-order estimates.
Another advantage for this formulation is that we can get faster decay estimates by choosing
a multiplier in the form of

r2p 2P, with PB(x,t) :7( ° ) PGy + {( * ) — <§>4] TOp.

r2r, r2r, r

Here 3 is the sum of the gradient of the pressure and gravitational force and B3; represents
the t-derivative in Lagrangian coordinates of 3. This multiplier is important for getting the
key new decay estimate of

R
/ P Pri, (2, t)dz and hence || (p(r(z,t),t) — p(x), u(r(z,),)) || re(o.m)-
0

The basic strategy of this work is to use a bootstrap argument to derive the uniform
boundedness of a nonlinear functional involving the solution and its first- and second-order
derivatives, €(t) defined in (2.2.2). To this end, the a priori assumption is the smallness of

sup |rz(z,t) — 1| and sup |vi(z,t)|, where v(z,t) = u(r(z,t),t).
z€[0,R) z€[0,R)



The usual method in closing this type of a priori assumption is to use energy estimates and
the Sobolev embedding, for example,

[re(z,t) — 1||2Lgo([o,R]) <C (H%(%t) - 1”%3([0,1?2}) + ||Txac(x’t)||ig([0,l_%])) ‘

However, due to the possible growth in time of the L?-norm of r,, (see (3.1.6)), the uniform
bound for r,, is valid only for an interval of # away from the vacuum boundary » = R (see
(3.1.2), where we set R = 1 for convenience). Therefore, it is difficult to obtain the smallness
of |r, —1| by the L?-norm of its derivative, r,,. Indeed, we bound |r, — 1| by a combination of
the local L%-estimate of 7., in the region way from the vacuum boundary and the pointwise
estimate away from the origin. In fact, away from the vacuum boundary, the L?-estimate of
T2z is obtained by the weighted L?-estimate of G,, while the pointwise estimate away from
the origin depends crucially on decreasing property of Lane-Emden solutions. Similarly, it
is hard to obtain the smallness of |v,| by the Sobolev embedding via the L?-estimate of its
derivative which may in general grow in time, so additional cares are required. Away from
the vacuum, we use the weighted L?-estimates for G, and G,; with the weight p*~'/2 (see
(3.3.16)), while away from the origin, it can be estimated by the L?-estimate of G,; with
the weight = (cf. (3.3.20)) and (3.3.30)). This strategy reflects the subtlety in the study of
vacuum free boundary problems for the three-dimensional spherically symmetric motions:
one has to deal with the singular behavior of solutions both near the vacuum boundary and
the center of the symmetry. Indeed, this subtlety was also noted in the local-in-time well-
posedness theory in [12] for (1.1.2), in which a higher-order energy functional was constructed
which consists of two parts, called the Eulerian energy near the origin expressed in Eulerian
coordinates and the Lagrangian energy described in Lagrangian mass coordinates away from
the origin. In this paper, we find a uniform way to establish higher-order estimates by using
Lagrangian coordinates only through choosing suitable weights and cutoff functions which
take care of both the origin and the vacuum boundary simultaneously.

1.3 Review of related works

There have been extensive works on the studies of the Euler-Poisson and the Navier-Stoke-
Poisson equations with vacuum, especially in recent years. We will concentrate on those
closely related to the stability of vacuum dynamics. The stability problem has been impor-
tant in the theory of gaseous stars which has been studied extensively by astrophysicists (cf.
[1, 41, 19]). The linear stability of Lane-Emden solutions was studied in [22]. A conditional
nonlinear Lyapnov type stability theory of stationary solutions for v > 4/3 was established in
[36] using a variational approach, by assuming the existence of global solutions of the Cauchy
problem for the three-dimensional compressible Euler-Poisson equations (the same type of
nonlinear stability results for rotating stars were given by [27, 28]. For v € (6/5,4/3), the
nonlinear dynamical instability of Lane-Emden solutions was proved by [17] and [16] in the
framework of free boundary problems for Euler-Poisson systems and Navier-Stokes-Poisson
equations, respectively. A nonlinear instability for v = 6/5 was proved by [13]. For v = 4/3,
an instability was identified in [5] that a small perturbation can cause part of the mass to
go off to infinity for inviscid flows.

It should be noted that the stability result in [36] is in the framework of initial value
problems in the entire R3-space and involves only a Lyapnov functional which is essentially



equivalent to a LP-norm of difference of solutions, and the vacuum boundary cannot be
traced. Another interesting work is on the vacuum free boundary problem of modified
compressible Navier-Stokes-Poisson equations with spherical symmetry (cf. [10]), where the
existence of a global weak solution was proved for a reduced initial boundary value problem
after using the Lagrangian mass coordinates, under some constraints on the ratio of the
coefficients of the shear viscosity and bulk viscosity. In contrast to the strong stability result
in (1.2.3), for the global weak solutions obtained in [10], only the uniform convergence of
the velocity u(r,t) is proved, due to the lack of regularity near the vacuum boundary. The
ideas and techniques developed in this paper can be applied to this modified compressible
Navier-Stokes-Poisson equations to obtain a strong stability result as in (1.2.3). Indeed, our
global-in-time regularity gives not only the decay estimates for the weighted norms

1772 t) = Doy and [zl 2oy

as in [10], but also the decay estimates of the unweighted norms of

|7 (,t) — 1||L§([O,R])a HU:CHLgO([O,R})

and some uniform estimates on the second derivatives valid up to the vacuum boundary,
which are crucial to the nonlinear asymptotic stability for this modified model. Furthermore,
our theory holds without the restrictions on the viscosity coefficients as in [10]. This will be
reported in a forthcoming paper (cf. [30]).

We conclude the introduction by noting that there are also other prior results on free
boundary problems involving vacuum for compressible Navier-Stokes equations besides the
ones aforementioned. For the one-dimensional motions, there are many results concerning
global weak solutions to free boundary problems of the Navier-Stokes equations, one may
refer to [32, 35, 26, 9, 18, 7, 43, 44, 18, 45] and references therein. As for the spherically
symmetric motions, global existence and stability of weak solutions were obtained in [33, 34]
to compressible Navier-Stokes equations for gases surrounding a solid ball (a hard core)
without self-gravitation. However, those results are restricted to cut-off domains excluding
a neighborhood of the origin. It should be noted that for a modified system of Navier-Stokes
equations, a global existence of weak solutions with spherical symmetry containing the origin
was established in [11] for which the density does not vanish on the boundary. For a class of
free boundary problems of compressible Navier-Stokes-Poisson equations away from vacuum
states, the readers may refer to [37, 38] for the local-in-time well-posedness results and [40]
for linearized stability results of stationary solutions.

2 Lagrangian formulation and main results

2.1 Lagrangian formulation

First, we recall some properties of Lane-Emden solutions. For v € (4/3,2), it is known that
for any given finite positive total mass, there exists a unique solution to equation (1.1.5)
whose support is compact (cf. [22]). Without abusing notations, x will denote the distance
from the origin for the Lane-Emden solution. Therefore, for any M € (0, 00), there exists a



unique function p(z) such that

R
po :=p(0) >0, p(z) >0 for z€ (0, R), p(R)=0, M:/ 4mp(s)s*ds; (2.1.1)
0

—00 < py <0 for z€ (0, R) and p(z) < py for z € (0, R);

(p"), = —x¢p, where ¢ :=z7° /x 47p(s)s*ds € [M/I:Z?’, 47rﬁ0/3] : (2.1.2)
0

for a certain finite positive constant R (indeed, R is determined by M and 7). Note that

—1 —1
(), = %p‘l (p), = —2 0.

It then follows from (2.1.1) and (2.1.2) that p satisfies the physical vacuum condition, that
is,
p(z)~R—x as x close to R.

More precisely, there exists a constant C' depending on M and v such that

CH'(R-z)<pNz)<C(R—2z), z€ (0, R). (2.1.3)

We adopt a particle trajectory Lagrangian formulation for (1.1.2) as follows. Let x be
the reference variable and define the Lagrangian variable r(x,t) by

ri(z,t) = u(r(z,t),t) for t >0 and r(z,0) =ry(z), z€l:=(0,R).

Here ro() is the initial position which maps I — [0, Ry] satisfying

ro(z) x _
/ po(s)s*ds :/ p(s)s’ds, z €, (2.1.4)
0 0
so that
po(ro(x))ra(x)rh(z) = p(x)2®, z € 1. (2.1.5)
(Indeed, (2.1.4) means that the initial mass in the ball with the radius ro(z) is the same as
that of the Lane-Emden solution in the ball with the radius . Then smoothness of ro(z) at

r=R is equivalent to that the initial density po has the same behavior near Ry as that of
p near R.) The choice of ry can be described by

ro(z) =97 (¢(x), 0<a <R (2.1.6)

where ¢ and 1 are one-to-one mappings, defined by

€:(0,R)— (0,M): /0JC s’p(s)ds and ¢ : (0,Rg) — (0, M) : 2+ /OZ s%po(s)ds.
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Moreover 7o(z) is an increasing function and the initial total mass has to be the same as
that for p, that is,

Ro ro(R) R
/ 47 po(s)s’ds = / 47 po(s)s*ds = / 47p(s)s*ds = M, (2.1.7)
0 0 0

to ensure that rq is a diffeomorphism from I to [0, Rp]. In view of (1.1.2),, we see

(z:t) ro(x)
/ p(s,t)s%ds = / po(s)s’ds, =€ 1. (2.1.8)
0 0
Define the Lagrangian density and velocity respectively by
P, 1) = p(r(z,0),8) and v(@, ) = u(r(z, 1), 1),

Then the Lagrangian version of (1.1.2), , can be written on the reference domain I as

(r2f)t—|—r2f%:0 in I x (0,71,
gl ' ro(z) 2 (2.1.9)
for + (e +47Tf7’_2/ po(s)s*ds = Lad ((rzv)x> in I x(0,T].
x 0 T Ty T
Solving (2.1.9), gives that
flx, ) (z, t)re(x,t) = po(ro(x))ri(x)re.(z), =€ I
Therefore,
2*p(x)
t) = f 1
f(@.?) r2(z, t)r(x, 1) or TE5
due to (2.1.5). So, (1.1.2) can be written on the reference domain I = (0, R) as
2 2 -\ 2 o 2
p() v+ K‘”—ﬁ) } + 52 [ dmpdy = (“;’)””) in 1% (0,7],

r r2ry) |, )y r2ry /), 2.110)
v(0,t) =0, B(R,t)=0 on (0,77, (2.1.
(r, v)(x,0) = (ro(z), uo(ro(x))) on [ x {t=0},

where ‘B is the normal stress at the boundary given by
4 4 2
D2 S W (AN IR VA (AR L [ W (9) MW GO (2.1.11)
3 . T T T 3 ry \1/a T2

To obtain the higher-order estimates, we define

G.=Inr,+2In (C) .

T
This transformation between G and r is one-to-one, and we can solve for r in terms of G by

T 1/3
r(z,t) = (3/ y? exp [G(y, 1)) dy) for x €I and t>0. (2.1.12)
0
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Then equation (2.1.10), and the normal stress at the boundary, B, can also be written in
the form of

2 2=\ 7 2 Y 4
%ﬁ“t - (fzrp) o — [(rfr ) - (%) ]xd)ﬁ—ugm (2.1.13)

B = ,U/gt - 4)\11)/7".

We will work on (2.1.10) and (2.1.13) alternatively. (2.1.10) is used for the lower-order
estimates, while (2.1.13) is important for the higher-order estimates. (2.1.10) and (2.1.13)
can be understood as either for r or G through (2.1.12). The adoption of this point of view
is helpful to establishing both lower-order and higher-order estimates.

and

2.2 Main theorems and remarks

Throughout the rest of this paper, ¢ and C' will be used to denote generic positive constants
which are independent of time ¢ but may depend on 7, A1, A2, M and the bounds of p such
as p(0) and p(R/2); and we will use the following notations:

[ = /l Il i= 1 ey and |- lles i= |- gy with p=1,00.
A strong solution to problem (2.1.10) is defined as follows.

Definition 2.1 v € C ([0,T7]; H2

loc

(0. R))) 1€ (0,T): W==(1)) with
r(z,t) =ro(z) + /Otv(a:,s)ds for (z,t) € I x[0,T] (2.2.1)

satisfying the initial condition (2.1.10); is called a strong solution of problem (2.1.10) in
[0, 7], if

1) ry(z,t) >0 for (x,t) € I x [0,T];

2) P (u,, at), € C(O.TRIAD), 52 (%) (),
B € C([0,T]; H(I)) with B is defined in (2.1.11);

3) p'?v € C1([0,T]; L2(1));

4)v(0,t) = 0 and B(R,t) = 0 hold in the sense of WY>°-trace and H*'-trace, respectively,
fort e [0,T];

5) (2.1.10), holds for (z,t) € I x [0,T, a.e..

e C([0,T); L*(I)) and

xT

Let a € [0,7 — 1) be any fixed constant. Denote

&) = | — 1, va) (Ol + || 3G 0)|| + 102G 1) (229)

() = €(t) + |26, 1))

12



Then the functional €(¢) contains the L*-norms of all terms in equation (2.1.13). It will be
shown that the finiteness of &(t) for all ¢ > 0 ensures the global existence of strong solutions.
Assuming the compatibility condition of the initial data with the boundary conditions:

v(0,0) =0 and B(R,0) =0, (2.2.3)

we then have the following theorem of the global existence of strong solutions, which also
gives the strong Lyaprov stability of the Lane-Emden solution:

Theorem 2.2 Lety € (4/3, 2) and p be the Lane-Emden solution satisfying (2.1.1)-(2.1.2).
Assume that (2.2.3) holds and the initial density py satisfies (1.1.3) and (2.1.7). There exists
a constant § > 0 such that if

€(0) <0,

then the problem (2.1.10) admits a unique strong solution in I x [0,00) with
¢&(t) < Ce€(0), t>0,
for some constant C' independent of t.

For any t > 0, since ro(x,t) > 0 for 2 € I, r(x,t) defines a diffeomorphism from the
reference domain [ to the changing domain {0 <r < R(¢)} with the boundary

R(t)=r(R,t). (2.2.4)

It also induces a diffeomorphism from the initial domain, Brg,(0), to the evolving domain,
Br)(0), for all t > 0:

x # 0 € Bg,(0) — r (rg " (|x]), t) ;—| € Br(0),

where ;! is the inverse map of ry defined in (2.1.6). Here
Bp,(0) := {x € R® : |x| < Ro} and Bp)(0) := {x € R*: |x| < R(t)}.
Denote the inverse of the map r(z,t) by R, for ¢ > 0 so that
if r=r(zt) for 0<r<R(t), then x=TRyr).

For the strong solution (r,v) obtained in Theorem 2.2, we set for 0 < r < R(t) and ¢ > 0,

p(r,t) = 2 (e ) and u(r,t) =wv(z,t) with = = R(r). (2.2.5)
Then the triple (p(r,t),u(r,t), R(t)) (t > 0) defines a global strong solution to the free
boundary problem (1.1.2). Furthermore, we have the strong nonlinear asymptotic stability

of the Lane-Emden solution as follows.
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Theorem 2.3 Under the assumptions in Theorem 2.2. Then the triple (p,u, R(t)) defined
by (2.2.4) and (2.2.5) is the unique global strong solution to the free boundary problem (1.1.1)
satisfying R € Wh([0, 4+00)). Moreover, the solution satisfies the following estimates.

i) For any 0 < 0 <min{2(y — 1)/(37), (4 —2v)/v}, there exists a positive constant C(6)
independent of t such that for allt > 0,

1

sup |r(z,t) — x| < C(0)(1 + t)*ﬁ/%Jrg ¢(0), (2.2.6)
0<z<R

sup  |u(r,t)] < C(O)(1 + )" 7 T5/€(0), (2.2.7)
0<r<R(t)

sup | (up, v0) ()| < CO)(1+ 1)~ 5 +3/€(0), (2.2.8)
0<r<R(t)

_ 2=y, 60 y+1-—~6

sup |p(r(z,1),t) — pla)| < CO)(1+1) 7 2% \/€0), (2.2.9)
0<z<R
i) Suppose that §(0) < oo for some o € [0,y — 1). Let 6 be any constant satisfying 0 < 6 <
min{2(y — 1)/(37),2(y — 1 —a)/v,(4 — 27)/v}. Set K =0 when a =0 and Kk = a/y — 0
when a > 0. Then there exists a positive constant C(0) such that for all t >0,

S () < CO+ 0~ ) VR(0) + 320)], (2.2.10)
S (s 0] <O+ )16 5(0) + §2(0)) (22.11)

Sup 7727 (@) [p(r(z,1), 1) — pla)]]

< C(0)(1 + 1)~ min{F (55 04x). (257 -0+5%)} | /T20) + 52(0)]. (2.2.12)

Furthermore, if ||xp~2Guu (-, 0)|| + |v:(R, 0)] < oo, then R € W2*([0, +00)) and

[R(0)] < (R, 0)] + C(€(0))"* ((3(0))1/4 + Hxﬁ*%gm(-,o)””?) , 120 (2.2.13)

Remark 2.4 The estimate in (2.2.12) yields the uniform convergence with rates of the den-
sity to (1.1.1) to that of the Lane-Emden solution for both large time and near the vacuum
boundary since vy < 2.

Remark 2.5 The initial perturbation here includes three parts: the deviation of the initial
domain from that of the Lane-Emden solution, the difference of initial density from that of
the Lane-Emden solution, and the velocity. Since the Lane-Emden solution is completely
determined by the total mass M, our nonlinear asymptotic stability result shows that the
time asymptotic state of the free boundary problem is determined by the total mass which is
conserved in the time evolution.
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Remark 2.6 We make comments on the finiteness of functionals € and § att = 0 in terms
of the initial data po(r) and ug(r). Note that

G(z,0) =1In <%), x el

and near the vacuum boundary the Lane Emden solution, p, behaves as
plz) ~ (R—2)Y0 Y Fz)~(R—2)20"D a5 o - R

If the initial density, po, obeys the same behavior near the vacuum boundary as the Lame-
Emden solution, p, then

772G, (2,0)| < C(R — )76 and |p""5G,(2,0)| < O(R —2) %0 for z€l.
So, |7 —1/2gx(7 )| and ||p71-012G, (-, H are finite for « € [0,y — 1). The finiteness of
prl/ngt H is a requirement on the initial velocity v(x,0) (and thus ug).

Remark 2.7 The condition ||zp~"/?Guu(-,0)|| + v (R,0)| < 0o in i) of Theorem 2.3 to en-
sure R € W2([0,4+00)) (uniform boundedness of the acceleration of the vacuum boundary)
18 a higher-order compatibility condition of the initial data with the vacuum boundary. In-
deed, one may check from the proof that every particle moving with the fluid has the bounded
acceleration for t € [0,00) if it does so initially.

3 Proof of main results

3.1 A theorem with detailed estimates

For the convenience of presentation, we set R = 1 and
I=(0,R)=(0,1).

Indeed, we will prove the following results for the global strong solutions obtained in Theorem
2.2, which gives not only the nonlinear asymptotic stability results stated in Theorem 2.3,
but also detailed behavior of the solutions both in large time and near the vacuum boundary
and the origin.

Theorem 3.1 Let v be the global strong solution to the problem (2.1.10) with r given by
(2.2.1) as obtained in Theorem 2.2.
i) Let 6 and § be any constants satisfying

0<6<min{2(y—1)/(3y), (4—2v)/v} and § € (0,1).
Then there exist positive constants C(0) and C’(Q (5) independent of t such that for allt > 0,

| =)0l
+(1+ tﬁ%—@) 10, 20) ()2 + (L+1) 7 = 56 (- 1) 2
+ (1+ t) (H (xpwt,v :cvx) (,1) i 2)

FUE) T (e - 1,5 — 180 t)H2 < C(6)€(0) (3.1.1)

ﬁvT_T(r T,y — T) H 1—|—t

ﬁ% (r—az,xr, —x) (1)
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and

2

5o 1.l V¢ 1k
(1+1) (\ (et p =t ) G| Lo (G G ,t>||L2([o,1_5]>)
< C(0,8)€(0). (3.1.2)

it) Suppose that the assumptions in i) of Theorem 2.3 hold and 6 € (0,1). Then there
ezist positive constants C(0) and C(0,9) such that for all t > 0,

2

B+ (L0 7 GaC )P (1 gy O owe) SO0 3G |
(1 +t)%(271‘9+3“) (vm,g,xﬁg%l%, 2p? G, ﬁ%0t> (1) :
+ 1+ 0R ) [ (n 2) |||+ 1+ 0FE ) v, o)l
< C(9) [3(0) + F(0)] (3.13)
and
100 || (21,7 1) (o[

(1+1) (m L 1) ( J)HLWQO’I_&D

%( ol —0+3n) . Z - . 2
L1 41) (-1 2-1) () -

E(25 o0 T Y el D2
+(1+1) ( ) M <TI’ :B’Um’ x>x( t) L2([0,1-4)) 16z Gee) 7t)||L2([071_5D
< C(6,6) [3(0) + 3°(0)] . (3.1.4)

Moreover, if |2p~ %G (-,0)| < oo, then
/xQﬁvft(x, t)dx +/ /(vft + 2202, )dads < C(F(0) + |22 G (-, 0)]%). (3.1.5)
0

iii) Suppose that ||Gy(-,0)||* is finite and 0 < 6 < min{2(y — 1)/(37), (4 — 2v)/v}. Then
there ezist positive constants C' and C(0) independent of t such that for all t > 0,

1GNP+ ([ (s /), (O] < CLIG( 0|2 + C(B)E(0)(1 + t) 705 (3.1.6)
and
l(we, /), (D2 < CO) (IG.(, 0) 7 + €(0)) (1 + )~ F +Hol+aa), (3.1.7)

Remark 3.2 It should be noted that ||G.(-,t)|| and ||rz(-,t)|| may grow in time, while
|V2z (-, )] and ||(v/2).(-,t)|| decays provided that ||G.(-,0)|| is finite. (Indeed, the finiteness
of |G (-, 0)|| can be verified, for example, the initial density, po, is a compact perturbation of
the Lame-Emden solution, p.)

Remark 3.3 We will prove (3.1.2) and (3.1.4) when § = 1/2 for the simplicity of the
presentation. The proof works for any ¢ € (0,1).
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3.2 Outline and main steps of the proofs

The main steps for the proofs of Theorems 2.2 and 3.1 are outlined in this subsection. The
local existence and uniqueness of strong solutions to (2.1.10) can be obtained as in [12]. In
order to prove the global existence of the strong solution, we need to obtain the uniform-in-
time a priori estimates on any given time interval [0, T] satisfying

sup €(t) < 0.
te[0,7)

To this end, we use a bootstrap argument by making the following a priori assumptions. Let
v be a strong solution to (2.1.10) on [0, 7] with

r(z,t) =ro(z) + /tv(x,r)dT, (x,t) €0, 1] x [0,T7.
0

The basic a priori assumption is that there exist suitably small fixed constants ey € (0,1/2]
and ¢, € (0, 1] such that for (z,t) € I x [0,7],

lre — 1| < e and |v,] < €. (3.2.1)
It follows from (3.2.1) and the boundary condition v(0,¢) = 0 (so 7(0,¢) = 0) that

lre — 1|+ |r/z — 1] < 2¢ for (z,t) €0, 1] x [0,T7, (3.2.2)

vz + |v/x] < 2€; for (x,t) €0, 1] x [0,T]. (3.2.3)
In particular, it holds that

1/2<r,, r/fx <3/2 for (x,t) €l x][0,T]. (3.2.4)

To prove Theorem 2.2, one of the key issues is to estimate ||r, — 1|z~ and ||v,|| pe.
|72 — 1]| = can be achieved by a combination of the local L*-estimate for r,, away from the
vacuum boundary, |74z |72 1/9), and the pointwise estimate away from the origin, [|r, —
1| oo (f1/2,1))- The bound for r,, can be obtained by the L*-estimates of G,, given by (3.5.1),
while [|r; — 1| oo (12,1 18 estimated by noting the fact that the viscosity term can be written
as the space-time derivative of G so that one can integrate equation (2.1.13) with respect to
both = and t to get the desired estimates (see Lemma 3.14, where the monotonicity of the
Lane-Emden density plays an important role). Similarly, we estimate ||v, ||z~ by considering
two cases. Away from the vacuum boundary, the desired estimate can follow from the
estimate

2 2 2
Hﬁy_l/z (Uﬂvv U/x>m ('7 t)” <C Hﬁy_lﬂgrt('v t)H +C ||I6Ay_1/2gﬂﬂ('? t)”
and the estimate on ||(zv,,v)||; and away from the origin, we use (3.3.20):
2
2vellpoe < Cllzve|| ([2Gell + lvall + [lv/2[])

and (3.3.30):
1(ves v/2) (SO < C (s + [[0]]* + l2Garl )
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to get the desired estimates.
We define a new functional £ as follows:

E(t) = I(r — 2,2y = )OI + (0 2ve) COI + 10 = DD e,

+Hp R H + 726w 1) (3.2.5)

(Indeed, & is equivalent to € under the a priori assumption (3.2.1), which will be verifed
in Lemma 3.10.) It suffices to show the higher-order energy functional £(t) is bounded
uniformly by the initial data, i.e.,

E(t) < CE0) forall tel0,T)].

For our purpose, the key elements in the analysis are the weighted estimates by applying
various multipliers to the following equation:

) [(E2)], ),

which is equivalent to (2.1.10),. Here B is defined in (2.1.11). Lemma 3.11 yields the bound
for the basic energy

prl/Q t)H2+ Hmw (r/e—1,r, — H +/ I|(v, v, )( || ds.

In Lemma 3.12, a bound is obtained for

|z (r/z — 1,75 — 1) (-, 1) +/ pr”/Q (r/x—1,r, — 1) ( H ds,

which refines the weighted estimate of ||zp"/? (r/x — 1,7, — 1) || obtained in the basic energy
estimates. We also show the decay estimates for the basic energy by establishing a bound
for

(1) (le 2o 0l + 1972 0 = e =) (0)]) + / (14 35) (0 202), )] ds.

Here the multiplier 3 — 2 plays an important role. With those estimates, we are able to

bound |r, — 1| away from the origin in Lemma 3.14. A bound for

(14 (o 0 + 7 ) COI) + [0+ 8) )9l ds

is given in Lemma 3.15. Further decay estimates are given in Lemma 3.16, which is im-
portant to the derivation of the decay for ||r — x|/~ in (3.1.1). This in particular implies
the convergence of the evolving boundary r = R(t) to that of the Lane-Emden stationary
solution. Lemma 3.16 also shows that rates of time decay in various norms depend on the
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behavior of the initial data near the vacuum boundary. It should be noticed that these
further decay estimates are derived from the following two multipliers:

/ p P (y)(r®* —y*),dy and / P (y)(r*v),dy for 0< B <~y—1.
0 0

A crucial point for higher-order estimates is to link the pressure and viscosity together
by introducing the quantity G. In this way, one may write (2.1.10), as

2\ 7 2 2\ 4
4G+ (;f;) Go = 5 vi - [(5@) - (;) } rop. (3.2.7)

The lower-order estimates give only the estimates related to G and its t-derivatives, G; and
Gy, but not to the terms involving z-derivatives (the derivatives in the normal direction
to the boundary in the original Eulerian coordinates). One may obtain the higher-order
estimates and the sup-norm estimates (3.2.2) and (3.2.3) by obtaining the weighted L2-
estimate on terms involving the z-derivative of G such as G, and G,;. It should be noted
that the principal part of (3.2.7) is an ODE for G,, with a degenerate damping because the
coefficient appearing in front of G, is non-negative. With the lower-order estimates obtained
already, we can derive in Lemma 3.17 the uniform bound for

and the decay estimates for

120 )|+ 11(Gar Gor) G0 32012 -

This completes the proof of the uniform-in-time bounds for the higher-order energy functional
E(t), which also verifies the a priori assumptions (3.2.2) and (3.2.3) due to the equivalence
of £(t) and €&(t), and consequently, the global existence of the strong solution is obtained.
With the decay estimates for the lower-order norms in Lemma 3.16 and the higher-order
estimates in Lemma 3.17, we prove the decay estimates of

I(re =1, /2 = 1) COI7, 10, 0) (DT and [(r =) )}
in Lemma 3.18, with which part i) of Theorem 3.1 is proved.

The second part of the higher-order estimates will be given in section 3.5.2, in which the
faster decay estimates are given under the assumption of the finiteness of §(0). In Lemma

3.19, we prove the bound for Hﬁ” 1=a/2g (. H and the decay estimates for

|76, 0" and Hx( PG P G) ()

A key ingredient in the proof is to use the new multiplier #2p”~?%,, where

Bla,t) =1 (2—) G + K 5 > - (—) }mp,
r2r, r2r, r
the sum of the gradient of the pressure and gravitation force. The decay for
[(77Ge, 27G.) Co)|* and [0

is derived in Lemma 3.20. With those estimates, we finish the proof of ii) of Theorem 3.1
by Lemma 3.21. Part 7i7) of Theorem 3.1 on the further regularity of solutions is proved in
section 3.5.3.
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3.3 Preliminaries

The main goal of this subsection is to give some preliminary inequalities which will be
used later, and prove the equivalence of the functionals &(¢) and £(t) under the a priori
assumptions (3.2.2) and (3.2.3).

Lemma 3.4 (Weighted Sobolev Embedding) Let d denote the distance function to the
boundary OI. Then the weighted Sobolev space H}(I), given by

Hy(I) := {dF € L*(I): /d2 (IF]? + |Ff?) do < oo} :
I
satisfies the embedding:
Hi(I) — L*(I). (3.3.1)

The proof of this lemma can be found in [8], Section 8. We will use the following general
version of the Hardy inequality whose proof can be found also in [8].

Lemma 3.5 (Hardy Inequality) Let k > 1 be a given real number and g be a function
satisfying

1/2
/ (5 4 g2) di < oo,
0

1/2 1/2
/ 2F2¢%dr < c/ zk (92 + gg) dzx,
0 0

where ¢ 1s a generic constant independent of g.

then it holds that

As a consequence, one has

1 1
// (1—2)"2¢%dx < c/ (1—2)* (¢° + ¢2) du, (3.3.2)
1/2 0

provided that the right-hand side is finite.
In what follows, we show how to use G and its derivatives to control r and v and their
derivatives by identifying the principal parts of G, G;, G, G, and G,;. Note that

6= (o-n+2(-1)+0 (h—1p+ |2 -1f), (333)

[( ) ()2 G 6. 34
o= (n22) ¢ (1) 2 (5-1) () 53
gﬁ:wﬁ{(g—1>vm+z<;-1> ©),

[ ()63 020

T

Then we have the following lemmas.
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Lemma 3.6 Suppose (3.2.2) holds for a suitable small ¢y. Then,

[(va, v/2)|I” < c||Gell” + e v, (3.3.7)
2

H(Tm—l,g—lﬂ‘ §c||g||2—|—c|]r—x||2, (3.3.8)

[(rar /o), < NGl + ¢ e — .r — ), (339)

2 2 2
[(ve, v/2),[I” < cllGull” + c [ (zve, v)|

3.3.10
(e, v/2) e (1Gell” + (e — 2,7 = 2)|7). | )

Proof. We prove (3.3.7) first . Let x1 € [0, 1] be a non-increasing smooth function satisfying
x1=1 on [0,1/4], x1 =0 on [1/2,1] and xj <0.

Note that

1
um+23:gt—(——1>vm—2(f—1>E
x Ty r x

|2 VN 2 v\ 2
/Xl Uw+2_’ dx = /Xl {05—1-6(—) }dm+2/|x’1x| (—) dz,
X €T T

where one has used the integration by parts and the fact x} < 0. Thus,
2 2
/Xl {vi—l—G <E> } d:l:+2/|x’1|x <E> dx
x x

2 2
g/xl vz—l—ZE‘ dx§2/X1gt2dx+ce§/X1 {vz—k(E) ]dx;
T T

which implies that

2 A / vy? 2
— — < .O.
/Xl {vx—l—G(x) ]d:z:+4/[x1|$ <x> dx_4/xlgtda:, (3.3.11)

provided that (3.2.2) holds for a suitably small number €. This gives the bounds away from
the boundary. Away from the origin, it is easy to see that

/(1 ) [vg + (%)1 iz :/(1 ) {ri (6. - 2%)2 + (%)1 iz

1
Sc/gfdx—l—c/ vide.
1/4
So, we finally obtain

A !
/ [vi + (—) } dr < c/gfdx + c/ vidz, (3.3.12)
T 1/4
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which yields (3.3.7). Clearly, (3.3.8) follows from similar arguments.
For G, defined in (3.3.4), a similar way as the derivation of (3.3.11) and (3.3.12) shows

that
9 T 2 , T
x1 |7, +10 ‘ (—) de +4 [ |x)|x ’ <—>
xr/ z T/ z

T 2 ! T

/(rix—l—‘(—) )d:r; gc/ggdx—i-c/ (—)

T/ x 1/4 T/ x
1 , 9 )
Sc/gidxjtc/ x2[<——1> —i—(rx—l)}dac.
1/4 z
For G,; given by (3.3.6), it follows from the Cauchy inequality and (3.2.2) that
1 2 2 2 2
Lz g|(er2d) [ et (24 |G)]) el G DI (2 1G)S):
2 T/ T/ x/ e T/
In a similar way as to the derivation of (3.3.12), we can obtain, noting (3.3.14), that
2
/ (vfm + ‘(ﬁ) ) dx
T/ x
1 2 2 2
Sc/ G2,dx + c/ <E> dz + ¢ (vx, E) / (rfm + ‘<£> ) dz
1/4 T/ x i L T/ x
1 N2
§c/ G2.dx + c/ (z*v2 +v%) dz + ¢ ‘ (vx, —) H /gidx
1/4 L/ ALee
1

. [ [ o]

This finishes the proof of (3.3.7)-(3.3.10). O

2
dr < 4/xlg§dx (3.3.13)

and

2

dx

(3.3.14)

+c

Lemma 3.7 Let § > 0 be any fized constant. Suppose that (3.2.2) holds for a suitable small
€9, then

18° (ras ), P + |20 (rf2, | < e[|7°Ga) 2, (3.3.15)
19 e/, 1 < ellGeal” + | (v )| 0% 17 (33.16)
R N A ) [ (33.17)
17° (vay 0/2)||* + |27~ 020|* < e %G| (3.3.18)
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Proof. In the derivation of (3.3.13), one can replace x; by p?° to obtain
/p% (@z +10| (%) 2) dr 4 82 /x%p%—ﬁ—l) (£)
T/ x Y T/ x
which verifies (3.3.15). Similarly, it can be shown that
J7 (i 10]), [ a5 [0 () |
T/ x Y T/ x
U [[2 rN (2
§4/p2‘5gitdx+cH(vx, )| /p” (riz +1(%) ) da,
T Lo T/

which yields (3.3.16) immediately due to (3.3.15). Clearly, (3.3.17) and (3.3.18) are conse-
quences of (3.3.15) and (3.3.16) . This finishes the proof of Lemma 3.7. O

2
dr < 4 / PG dx

dx

Lemma 3.8 Suppose that (3.2.2) holds for a suitable small €y, then for any a € (0, 1],

0] 70 < 20| [Joall, (3.3.19)
2
[7v2]| 700 < e lzve |l (|2Gel| + vz + [Jv/]]) (3.3.20)
v\ |2 1 v\ |2 v v
[ 200 D #2052 0320
T/ L= (0,a) a T/ 1L2([0,a]) T/ 1L2([0,a]) T/ 211L2([0,a])

Proof. Clearly, (3.3.19) follows from the boundary condition v(0,¢) = 0 and the Hélder
inequality. For zv,, notice that

2 x
(2 -2t [ (2 62) = b2l (212D
T 0 Ty ry/, - Ty ), T
and
Uy v v
+(2) | =l (@ -23) | <o + 2] (7)
T = r/x T/
Thus,
207 < cllavell (12Gell + [zl + llo/2])) ,
which verifies (3.3.20). (3.3.21) follows from simple calculations. O
Lemma 3.9 Let 0 be a fized positive constant. Then for any a € (0, 1],
Ir = 2|7 < 2| = 2| [l = 1] (3.3.22)
35 2 2 521 2 =0 2 326 3.3.23
T I < ||l=2°G||” + ||#°0*GG.|| . » (3.3.23)
2 1 2
1] 150
Z L>([0,a]) @ z L2([0,a])
r r
) H (rm 1, 1) ‘(rm —) (3.3.24)
x L2(]0,a]) X/ x11L2(]0,a])
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Proof. Recall that r9(0) = 0 and v(0,¢) = 0. It follows that r(0,¢) = 0 and thus (3.3.22)
holds. Notice that for any € [0, 1], one has from (2.1.2) that

2672 _ ‘ /2 =6 /2 =6
x3p292—2/0 [y:ang} [y32pg}ydy

x 5 [* x
:3/ yZﬁQ(SgZdy . 2; / y4¢ﬁ25—(7—1)g2dy + 2/ y3ﬁ25ggydy‘
0 0

0

Then,
Hx:aﬁ%QQHLOO +/y4,525(71)92dy
SC/yzﬁ%gzdwaC/y?’ﬁ% GG, dy,
which yields (3.3.23). (3.3.24) follows from a simple calculation. O

The following lemma is on the equivalence of the functionals £(t) and &(t) and is the key
to the verification of the a priori assumptions (3.2.2) and (3.2.3).

Lemma 3.10 Suppose that (3.2.2) and (3.2.3) hold for suitably small numbers ¢y and €.
Then,

H(%—lé—la%%) <'7t)H; < CE(t), (3.3.25)

cE(t) < €(t) < CE(D). (3.3.26)

Proof. The proof of (3.3.25) consists of two steps, in which the L>°-bounds on the intervals
I, =10,1/2] and I, = [1/2,1] will be shown, respectively. Once (3.3.25) is proved, (3.3.26)
follows then from the definitions of £(¢) and &(t) by noticing that v(0,¢) = 0.

Step 1 (away from the boundary). Taking § = — 1 in (3.3.15) yields that

2 2
s /2), gy < C |77 o), || < €26t

This, together with the weighted Sobolev embedding (3.3.1), implies that

(=1 %=1 )

which gives

2

<lefem1E-) ol sefprisalt

L2(I1)

2 2

r r
=1l 1) (ot gH =1l 1) (ot < CEW).
[(e-r2-1) |, <e|(m-ri-1)cn],,  <cew
As for v, it follows from (3.3.16) and (3.2.3) that
1 2 1 2 1 2
pri5 (Um,U/l’)x (7t) <c ﬁyjﬁgzt('at) +c ﬁ,}liﬁgmﬂ?t) < Cg(t)’ (3327>
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hence,
(s, v/2), () 2y < CEC).
Similar to (3.3.27), one can obtain
10 0/2) (i < CE) (3.3.28)

Step 2 (away from the origin). It follows from the definition of £ and the Sobolev
embedding that

”(T:c - 1)('?0“%*([2) < E(t),

1(r/x = D)0z < cll(r =) (D)l g g,y < (1)
It remains to show the L*-bounds for v, and v/x away from the origin. Since

c1rd(x,0I) < xp" Hx) < cpd(x, OI)

for some positive constants ¢; and ¢y, it follows from (3.3.1) that

6.2 < ¢ [ 22500G + G < € [ (6 + G2 (3.3.29)
In view of (3.3.7), (3.3.5) and the definition of £(t), one has that

(v 0/2) O <CUG? + [|v]?)

SC’/x [02 4+ (v/z)* 4+ G2 (z,t) + C|jv||* < CE®); (3:3:30)

which implies, with the aid of (3.3.19) and (3.3.20), that

“(UI’ U/CC)(-, t)“ioo(lg) <2 ||($Ua:,v)(',t)||ioo < Cg(t)
This finishes the proof of (3.3.25). O

3.4 Lower-order estimates
In this and the next subsections, we derive the a priori estimates for the strong solution in

the time interval [0, 7] satisfying

sup €(t) < o0
t€[0,T]

under the assumption (3.2.2) and (3.2.3). We start with the lower-order estimates in this
subsection. First, we estimate the basic energy, for which the condition v > 4/3 is crucial.

Lemma 3.11 Suppose that (3.2.2) holds for a suitably small positive number €y. Then,

2

Ha:p%v(.,t) + (3y —4) Hmp% (_—1 Ty — H +a/ (v, zv,) (-, 5)||* ds

<o(Jerteto oot (5 1)) )

holds for 0 <t < T, where 0 = min {2X\;/3, Ao}.

(3.4.1)
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Proof. Define a weighted nonlinear functional density as

1 1 oa\o2 1\ a2
S gy <_> 2 <_> - 3.4.2
n(x,t) 5 PY +£L‘p[7_1 " - + o) ( )
It then follows from (3.2.6) and the boundary conditions (2.1.10), and (2.1.1) that
d v
pr n(z,t)dx B (r*v) de+4X [ r v( ) dr. (3.4.3)
r
By the Taylor expansion, the quantity [-] in 7 can be rewritten as
4 — 3y r 2 3y—4 r 2 2 ~
2 )+ B PG -] 2
7_1—1—( ) o) T { - + (r )| +Q
where Cj represents the cubic terms which can be bounded by
~ 3 2
Q| §0(|7‘m—1|3+‘£—1‘ > < ce (|7“z ,>
x
due to (3.2.4) and (3.2.2). This implies that for v € (4/3, 2],
1 2-2 1\ 2 4— 4
B R e PTG
vy—1\r Ty r r v—1 4 x
provided that ¢; is less than a constant depending on 3y — 4. Set
. 4 — 4-3y
n(x,t) :=n(z,t) — z?p’. (3.4.4)
v—1
Then the above calculations imply that
1 3y—4 2
n(a,t) = Satp’ + PYTa:QﬁV [2 <f _ 1) 4 (r — 1)2] , (3.4.5)
x
Lo o 2 r 2 2
n(x,t) < FT PV +ex p’ (E - 1) + (ry = 1)7] . (3.4.6)
Clearly, (3.4.3) and (2.1.11) show that
d oy |2 1 )
pr n(x,t)de = — 5)\1/” <;>z dx — )\2/? |(r*v) | da (3.4.7)
Note that
4 9 2 2 2 2
T <E> = r—vi + r,v* — 2rvv, and M = —v2 + 4r,0* + drov,
Ty INT/ g T Tl
We obtain
d r? 9
p n(x,t)de < =30 [ |—v; + 2r,v°| dx, (3.4.8)
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where 0 = min {2A;/3, \2}; and

/ @ tdx+3a/ /[—v + 2rv ]dmdsg/n(x,())dx, te0,T). (3.4.9)

This, together with (3.4.5), (3.4.6) and (3.2.4), implies (3.4.1). O

In the following Lemma, we will construct a nonlinear functional with a weight motivated
by the virial equations to refine the weighted estimate of ||zp"/? (r/x — 1,7, — 1) || in Lemma
3.11 by improving the estimates near the vacuum, and gives the decay estimates for the basic
energy.

Lemma 3.12 Under the same assumptions as in Lemma 3.11, it holds that for 0 <t < T,

s ool o [ Gl

(3.4.10)
o (| (2 1)+ o)
and
(1+1) Hxﬁév(-,t) i + 3y —4)(1+1) Hxﬁ% (% —1,r, — 1) (-,t) i
U0 1= D0+ [ 14 ) (o) ds (3411)

<o ([ (3 -1 )]+ fteco).

where 0 = min {2X;/3, Aa}.

Proof. The proof consists of two steps. With the basic energy estimate obtained in the
previous lemma, we can achieve the estimate for z(r, — 1,7/x — 1) by a moment argument
in Step 1. It should be pointed out the double integral obtained in Step 1 will play a crucial
role in the derivation of higher-order estimates later. In Step 2, we show the time decay
estimates for the basic energy.

Step 1. Set
r r? N 5 ro oz
770 = 4)\1@1 < ) + 3)\2(1)2 <—2TI) , Mo :=—= X 770 +x ﬁ?} (— - —2) y (3412)
Ty x xr
where
Pi(z);i=Inz+2z"'—1 and Py(2):=2—Inz—1. (3.4.13)

By virtue of (3.2.6), (2.1.10), and (2.1.1), we can obtain by direct calculations that

jt no(x, t)dx + /p { {f—i (r* — :U?’)L - <£;x)7 (r® — x3)x} dx
- /x2ﬁ”2 (1 +2f—2> dz. (3.4.14)
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Noting that the quantity {-} on the left-hand side of (3.4.14) can be rewritten as
2 Y 2 v—1 2 5 4
23 2) 32 —(f) rx+4(f) rx—7(£> 4t
r2r, r2r, r r r r
we can then show, using a similar way as to the derivation of (3.4.5), that

Jrlze-a] -(5) -t

> w /x%ﬂ [2 (% - 1)2 + (1 — 1)2] dz, (3.4.15)

when (3.2.2) holds for a small €. It follows from (3.4.14) and (3.4.15) that

d 33y —4) 9 T 2 9 9
7 no(x,t)dx + 1 /x P2 ( 1> + (re —1)7| do C/v dx. (3.4.16)

This implies, with the aid of (3.4.9) and (3.2.4), that

/no(x,t)d:c -+ M /Ot/a:Qﬁ'Y [2 (% — 1)2 + (ry — 1)2} dzds

(3.4.17)
<C [ -+ m)(z. ).

It remains to analyze 7. By the Taylor expansion and (3.2.2), one may get that

B 1 r 2 r? 2 3 r 2 r? 2
77021 4)\1 - -1 +3)\2 E’I"x—l 210‘ 2 o -1 + E’I"x—l s

where o = min {2X;/3, Ao}; and

r 2 7”2 2
Mo < 2 [4)\1 (— — 1) +3) (—2% — 1)
xTr, x

provided that €; in (3.2.2) is suitably small. Notice that

T 2 r3 2 ror? 2
(o)< (2 ) (e
T x3 Ty T2

<C {(f - 1)2 + (1 — 1)2] . (3.4.18)

X

and also

. r 2 1~
(rx—l)QSC’no%—C(E—l) < Co i,
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We then achieve, with the help of (3.4.17) and (3.4.9), that

U/ﬁ{g_l> (—dew%% 4/ /2ﬂ{ _12 (3.4.19)

+ (ry — 1) } dxds < C’/(n + 1) (z,0)dx.
This, together with (3.4.6) and (3.4.18), implies (3.4.10).

Step 2. We are ready to show the time decay of the basic energy. Let n be given by
(3.4.4). It follows from (3.4.8) that

t 2
(1+t)/ (x, t)da:+30/ (1+s)/(:—vi+27’xv2) dxds
/ :Ude—i—// (x,s)dxds.

In view of (3.4.6), (3.4.1) and (3.4.10), one has that

//‘x3M®<Q//2M@+C//T [——12+m—nﬂmw

<C [ (m-+ n)(a 01
So, it holds that
¢ 2
(1+1) /n(:p,t)dx + 30/ (1+ s)/ (—vz + QTJ;UZ) dxds < C’/(no +n)(z,0)dz. (3.4.20)
0 Tz
This, together with (3.4.6) and (3.4.18), implies

2
(1+1)

‘xp?v H By —=4)(1+1) Hx;ﬂ (— —1,r, — 1) (+,1)

+{KO+$W%%J&@W%SC(W(;—meJ)

g Hxﬁ%v<-,0)

)
Since xp? "1 is equivalent to the distance function, dist(x, dI), it then follows from the Sobolev
embedding (3.3.1), (2.1.3) and the Holder inequality that

/ (r — 2)2(z, t)da < / 270D (r— 2 + (r — 1) (2, t)da

2y—2
Y

§(/x2 ((r — 2 + (rp — 1?) (m,t)dx) ' (/m%’* ((r — @)+ (re — 1)?) dm)
<4075 ([l (2 = 1= 1) [+ Jartoco) ). (3.4.21)

This finishes the proof of (3.4.11). O
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Remark 3.13 The construction of functionals [ nodx and [ in the proof of Lemma 3.12
is motivated by the virial equations for stellar dynamics (cf. [1, 39]). Indeed, (3.4.10) can
be proved by taking inner product of (3.2.6) with r® — 3.

With the estimates obtained so far, we are able to derive a pointwise bound for |r/x — 1]
and |r, — 1| away from the origin, by realizing that the viscosity term is G,; so that equation
(2.1.10), can be integrated with respect to both x and ¢. It should be noted that the
monotonicity of the Lane-Emden density which decreases in the radial direction outward
plays an important role for this estimate.

Lemma 3.14 Let I, = [1/2,1]. For a suitably small constant €y in (3.2.2), it holds that for
(z,1) € I x [0, 7],

|x_17‘(x,t) — 1’ + |rp(z,t) — 1|

.
<C (prév(.,o)H + || (zo — 170 — 1) H + 170w = lgoeiry ) -

(3.4.22)

Proof. The proof consists two steps.
Step 1 (bound for r/z — 1). Notice that

w(r—z)* = / ly(r(y,t) = 9)*], dy < ||Ir —|* + 2 ||r — @[l [l=(r, = D] -
0
This, together with (3.4.10), yields that for z € I,
2
+ Hx (2= 170, - 1)
T

Step 2 (bound for r, —1). Integrating equation (3.2.6) over [z, 1] and using the boundary
conditions (2.1.10), and (2.1.1), one gets

1 2 ZN\7 1,4 1
_(Y)? z=p ¥, v

Z =B + - : 4.24

/x p(r) vedy (T2 T:c) /x o (p7), dy B 4)\1/30 <T>ydy, (3 )

where B, defined by (2.1.11), can be rewritten as

.
‘——1
a

Y < 8a(r— 2 <C <Hxﬁév(.,0)

2) | (3.4.23)

4
B=p(nrg), — <§)\1 - 2)\2) (In7),.

So, (3.4.24) is equivalent to

x2 ﬁ Y 1 7y2 1 7y2 1 y4
utnr) = (52) - ( pr—gvdy)t 2 [y [ L),
4 1
+ (5)\1 — 2/\2) (Inr), + 4)\1/ (In r)yt dy.

Integrate it with respect to the temporal variable to obtain

t 2 =\7
uln (T_x): / (_ﬁ) ds+ L.
Tox 0 Ty
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where

which 1mphes that

1 1 t 2 =\7
Ty = T0z €XP {—Ql} exp {—2} , where A = / (:z:_2£> ds. (3.4.25)
K H 0 \" Tz

On the other hand, direct calculations show, by virtue of (3.4.25), that

2 =\ " 2~ \7
o (52) - () ml oo 22}
=Ty " Tox 2 K
t 2 = \7
eXp{ZQl} = 1+/ A (x—2£> exp{—ZS} dr.
M 0o M \T°Tox n

It then follows from (3.4.25) that

ol [2EL) ol e[ [Eerbe] "
xexp{ 21}exp{ // 1P dyds}

where
£ =£—- / / dyds

In view of (3.4.1) and (3.4.23), one can get that for x > 1/2,
1/2 1/2
|1£] <C (/a:vade/pda:) +C (/az%uﬁ(r&x))dx/pdw)
t r
+C/ /UQdyds—{—C'H;—l <Ce
0

LOO(IQX[O,TD
= Jlartot o + o (T = 1 -1)]

It therefore follows from (3.4.26) and (3.4.23) that

re <Tos {1+(1+Ce)/0t {——/ / y—4 dyds}d ]IM
(1+Ce)exp{1// 9—4( )dyds}
<ros (14 Ce) [exp{ / / NG dyds}
v [poni [ [mnale]”
31
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where ¢ = ¢+ [|ro; — 1| oo f,) - Observe that (p7), < 0. So, one can derive from (3.4.23) that

Ty <roz (1 + Ce) [exp // (1—=Ce)( dyds}
1/
+(1+Ce)/ %p’y Xp{ // (1—-Ce)( dyds}d}

7
1
<roz (1 + Ce) {exp{

Srox (1 +O€)

Similarly,
re > Top (1 —Cle).

These two estimates, together with (3.4.23), imply (3.4.22). O

The following lemma gives the decay estimates for the weighted norms of both the time
and spatial derivatives of v.

Lemma 3.15 Let (3.2.2) and (3.2.3) be true. Then it holds that, for 0 <t <T,

) (b o) O+ [0+ 9 ) o) s

<C (’ (v,xv$,$ﬁ_%gxtaxw_§gx> H T H < — LT = 1>H >

Proof. Multiplying equation (3.2.6) by r?
respect to t, we obtain

3: v U, 22 5 \" xt
r2r, roore /)], r?ra) l, T (3.4.28)

=2 B0 + (?) | +2r0 B, +ax (%)x] .

(3.4.27)

and differentiating the resulting equation with

xt

Let

1 2 =\7 2
m(z,t) 2:§x2’5vf + <%%) [(27 — 1)rev? +2(y — )rvv, + %%04

3 4 4
—p’ [(4% — Sx—4rx) v+ 2%1}%} )
r r r
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Following the estimates for 7 defined in (3.4.4), we can show that, for v € (4/3,2],

1 3y —4 2
m(z,t) > =2’ pvl + 7—3:2/37 2 (2) + 2|, (3.4.30)
2 4 x
1 2
m(x,t) < §x2m}§ + ca’p? [<B> + U§:| , (3.4.31)
x

provided that (3.2.2) holds with €y being suitably small. It yields from (3.4.28), (2.1.10),
and (2.1.1) that

i m(x,t)dx +/ [%t (T2Ut)x — A7ty (;) } dr =T+ Jo, (3.4.32)
xt

v
J, = —/ [%(QTvvt)x — 8)\; (;)xrvvt} dux,
~ ? p\’ 2 2 p\’
wmrn) [ (2] ro] war vz -n [(57) o] vt
2 =\7,2 3 4 4
+1/ S Ugdz_/ﬁy 23 Y o (B
2 2 7ry) Tal, 7 ), )y

The second term on the left-hand side of (3.4.32) can be estimated as follows. Notice that

4. r /v r?v -
By = x4 +>\2(r ey g,

2
3 s e

where
B ::%Al [(;)2 - (7%)2] Y [2 (;)2 + (:—2)2] . (3.4.33)
Thus,
/ B (), — 4t (5) Jda
— / {g A (E) {L (r0;), — 37“21),5} + AZKT:—;&'Z} dr — T3 (3.4.34)

r Ty

2
230/ {r—vfw + QTIUE] dr — T3,
r

xT

where 0 = min {2\,/3, Ao} and
_ ,U2
Ty = — /‘B (r2vt)zdx — 4N /TZUt (ﬁ) dx.
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(3.4.32) implies that

d 2
yn m(z,t)dr + 30/ (:—vfx + QTIUE) dr <3y + Tz + J3.

For J; and T3, it follows from (3.2.4), (3.2.3) and the Cauchy inequality that

2
J1+3T3< a/ (r—vm + 2r$vt) dr + Co™! / (%02 +v*) d.
T

T

Similarly, J5 can be bounded by
J, < Cg / (33'21)2 + 1)2) dz.

So, we arrive at the following estimate

2

d
g7 m(z,t)dx + 20/ (:—vfz + QTIU,?) dr < C’/ (%02 +0*) du, (3.4.35)

xT

provided that (3.2.3) holds for €; < 1. This, together with (3.4.9), implies that

/nlxtdﬂc—i-a// 2?07, + v7 d:z:ds</n1(x O)dm—l—C’/ (x,0)d (3.4.36)

(1—|—t)/nl(x,t)d:c+a/Ot(l—l—s)/(:c%fm—l—vf) dxds

¢ ¢
§/n1($70)d93+/ /Ul(iﬂ,s)dmds—l—C/ (1+S)/(.¢E2v§—|—vz) dxds
/m x Oda:—l—C/ /v dxds+C’/(1+s)/(m2v£+v2)dxds.

Here (3.4.31) has been used. This, together with (3.4.11), (3.4.36) and (3.4.31), implies

and

o) (o)) + /Otu +5) (v 2z, ) () [P ds

ol 2 To 2
p2 (v, xv,) (,O)H +Hx (——1,7"01,—1)“ ) :
x

(1+1) (Hmpé H +)

(3.4.37)

(T
Observe that

(14 t)v*(x,t) < v*(2,0) +/0 (14 s) [20°(z, s) + v2(, s)] ds.

Integrate the above inequality with respect to the spatial variable to give

(1+t)/v2(x,t)dw < /vQ(x,O)dm+/0t(1+s)/ [20°(z, s) + v2(, s)] dzds.
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Similarly, it holds that

(1 +t)/x2u§(a:,t)d:c < /:p%2(x,0)d:c+/ot(1 +s)/ [22%0% (2, s) + 2*v2(x, 5)] dzds.

This, together with (3.4.11) and (3.4.37), implies that

"+ (v, 202) ("t)l\z) +/O (L + ) l[(vr, 2oz, ) (-, 8)|” ds

)
The term xp"/?v;(x, 0) is determined by the initial data ro(z) and v(x,0) through the equa-
tion. Indeed, it follows from (3.2.7) that

(52 -[(22)] 5o

<C pr 126G .4( || +C Hxﬁy_igx( , ‘ +C H 2542 <; — 1,705 — 1) H2

(1+1) (Hﬂ?ﬁwt(wt) (3.4.38)

_1 2 2 To
<c (prwt(.,()) F@20) (O + [ (22— 1m0 1)

2
o200 =

This finishes the proof of (3.4.27). O

Next, we derive further time decay estimates based on Lemmas 3.11, 3.12 and 3.15 by
using two multipliers

| o w6 =y and [y for 0< <y
0 0

The key is to deal with the behavior of solutions near both the boundary and geometrical
singularity at the origin simultaneously. The improved decay estimates obtained in this
lemma are important to the derivation of the decay of |7 — x[/z(;) in (3.1.1) which in
particular implies the convergence of the evolving boundary r = R(t) to that of the Lane-
Emden stationary solution.

Lemma 3.16 Suppose that (3.2.2) and (3.2.3) hold. Then for any 6 € (0,2(y —1)/(3v)),
there exists a constant C'(0) independent of t such that

|
<l — )B4 (1455 (H(rﬁzvt,v,xm) »
+At[
—l—/o [(14—5)2%1—9 (v, vy, vs, TV, ('7“5)”2‘1‘(14—5)237;1—%

< C(9) (\

3(y=1)
A+8)5 N@re—2) OIP+Q+8) 7

ﬁT T(T—l',xTx—

¥0 _y—1 H

2 o
p2 (r—x,xr, —x) (-, 1)

2
}ds

2
(v 700,022 2G.) (-,O)H + llroe — 1\@00), te0,T). (3.4.39)

0y+2 2

i (r—z,ary, —x) (-, 5)

P2 (r—a,ary — ) (-, 5)

+(1+ s)%l_g ‘
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Proof. For any given 6 € (0, 2(v —1)/(37)), we set

0 0 1
B::fy—l—l Li= = K:zg—b, V:I§(1+§—L>,

2’ 2’ vy

so that 5
0<f<y—1and 0<t< —.

2y

The proof of this lemma consists of the following five steps.
Step 1. In this step, we prove that

/[(1 )5 + 1) 2258 [(f . 1)2 + (e — 1)2] (z,t)dx

T

—l—/ot(l—l—s)”/ﬁ (%02 +0? da:ds—l—// QJY'B[——l) + (ry —

scnm—lnimwz/<1+s>”|Ki|ds+cZ/ ILi|ds,
i=1 70 i=1 70

where

and

_ . . z,
1’4 5.2 T 8, 2
K, :/ﬁV (ﬁ) [p r v—/ p 7 (r v)ydy} dzx,
T 0
v x
K; :4)\1/ <;> [(/ p_ﬁ(r%)ydy) — ,0_’87“211} dzx.
@ 0

(3.4.40)

1)2} dxds

(3.4.41)

(3.4.42)

(3.4.43)

To this end, we multiply (3.2.6) by the multiplier [ p~?(y)(r® — y*),dy and integrate
the resulting equation with respect to the spatial variable to obtain, after the integration by

parts and using (2.1.10), and (2.1.1), that

Jre{fie-a] - (2) o)

+ //35 [% (r3 — xs)x — 4\ <;)x (r3 — :U?’)] dr = iLl
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Noticing that

2
/xQﬁ‘B {(1 - 1) + (re — 1)2] (z,0)dx
T
SCWM—%WM—@ﬁan—@wﬂM§0M%;mé
0 (=1 -6
due to (2.1.3) and ry(0) = 0, one can obtain, following the derivation of (3.4.19), that

t 2
2 g (T 1\ _1\2 26| (T _ _1)?
/SL‘ p [(x 1) + (r, — 1) 1 (x,t)d:z:+/0 /:c p [<x 1) +(ry — 1) } dxds
3 t
< Clroe — Ul + CZ/ |Lilds. (3.4.44)
i=1 70

Next, multiplying equation (3.2.6) by [ p?(y)(r*v),dy and integrating the product with
respect to spatial variable, one obtains that, by integrating by parts based on (2.1.10), and
(2.1.1),

() -(2) ]
L /pﬁ [ (r20), do — Do (;) [ = XS:K

Following the derivation of (3.4.8), one can then obtain

d r? >
- 5B | )2 2 < ,
o ne(x,t)dx + 30’/p [vax + 2r,v } dx < ;KZ,
where
8 I 5 o 2 48| (T 2 2
molw,t) = 7 () = 5a%p0? ) matp | (S 1)+ (= 1P

Here and thereafter, f ~ ¢ means that C~1g < f < Cg with a generic positive constant C.
Multiplying the equation above by (1 + t)” and integrating the product with respect to the
temporal variable lead to

(1+ t)”/ﬁp“f‘ﬁ {(g - 1)2 + (rp — 1)2] (z,t)dr + /Ot(l + s)”/p—ﬂ (z*v2 + v*) dads

3 t t 9
< Cllroe — 1|20 +OZ/ (1 +S)V|Ki|ds+c/ /gﬂmﬁ {(g - 1) + (1 — 1)2} dds,
i=1 Y0 0
(3.4.45)

due to the fact 5/y < 1. So, estimate (3.4.41) follows by a suitable combination of (3.4.45)
and (3.4.44).
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Step 2. In this step, we show that
2w r 2
/[(1+t) P4+ (1+t)+p "] 2? {(——1) + (ry —1)](x,t)dx

+ (1 + ) /a:pv xtdw—i—// [(1+s)" +p] x°p”

{ : Y - } de/ /[(1+8)2”+ (14 5)°p7%] (2202 + 0?) dds
L H T S oY KRR AL oy 1S
(3.4.46)

where L; and K; (i =1,2,3) are given by (3.4.42) and (3.4.43), respectively.
To prove (3.4.46), one can integrate the product of (1 + ¢)* and (3.4.8) with respect to
the temporal variable to get

(1+ t)2”/ {ﬁm? + a2 {(% - 1)2 (s — 1)2} } (2, )

t
—i—/ (1+s)2”/(x211§+v )dxds<Cpr2v H +C |roe — 1|3
0

+C/Ot(1+s)/vzdxds+o/0t(1+s)5L/ 225 {(g - 1) +(r — 1)2} dzds,

since 8/v < 1. Integrate the product of (1 + ¢)* and (3.4.16) with respect to the temporal
variable to give

(1+ t)“/:c? {(g — 1)2 + (ry — 1)2] (z,t)dx
+ /Ot(l + 5)" /502;7’y [(g — 1)2 + (ry — 1)2] dxds

< Clroe — 150 + C/(l + s)/v2d:cds

+ c/u +5)7! /gﬂ {(% - 1)2 +(ry — 1)2} (2, t)dads.

The last term on the right-hand side of the inequality above is estimated as follows. It follows
from the Holder inequality and the Young inequality that

/:ﬁ [(2 - 1)2 + (ry — 1)2} dr < (/prv—B {(g B 1>2 o 1)2} dxy;
" (/‘”2’35 {(% 1) 4 (- N} dx)”
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and

/Ot(l 4 s)fmim /xQ {(2 - 1)2 4 (ry— 1)2] drds
< C’/Ot/ﬁpv—ﬁ [(2 — 1)2 + (ry — 1)2} drds

¢ i 9
+ C/ (14 s)P7="V55ds sup /pr_B {(Z - 1) + (ry — 1)2} (x,s)dx
0

s€[0,t] x

<278 Gp /;ﬂp—ﬁ {(g - 1)2 + (1 — 1)2] (z, 5)dz

s€[0,t]

vy
t 2
+ O/o /m2ﬁ7_6 {(2 — 1) + (ry — 1)1 dxds.
In a similar way as to deriving (3.4.41), we then have, noting (3.4.11), that
2
(1+t)* / {932,0112 + 2%p7 {(% - 1) + (ry — 1)2} } (x,t)dx
K 2 | (T 2 2 ' 2 2,2 2
+ 1+ [z 5—1 + (r, = D7 (z,t)dx+ | (14 5) (2°v] + v°) dads
0
t r 2 5 1 2
—l—/ (1+ s)”/:z?pV {(E - 1) + (r, — 1) } dzxds < C ”a:ﬁiv(-,())
0

2
#Clr =1t s [ [ (5 =1)" 4 0= 1) oyt

s€[0,t x

+ C/Ot/prV—ﬁ {(% - 1)2 +(ry — 1)2} dzds.

Make a summation of k x (3.4.41) and (3.4.47) with suitable large k to give (3.4.46).
Step 3. We claim that

(3.4.47)

/ L+ 0+ (14 0)5 4 (80 2 W - 1>2 +(re — 1@ (2, t)dz

X

+ /Ot/ [(1 + 5)#_9 +(1+ 3)23;1‘35*(7*1*579)} (%02 + v*) dads
+ /0 t / ()77 4 5070 g2 [(5 1) - 1)2} dds

+ (1+ t)%l_e/xzﬁvg(x,t)dw < CQ(0), (3.4.48)

where and in the following

2
Q) i= || (v 2vs 2 3Gt 257G, ) (L O)||” + o = 13
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To prove this claim, it remains to estimate K; and L; in (3.4.46). First, it follows from
(2.1.3) that for any given constants § € (0,1] and 8 € (0,7 — 1),

[ reajese [ (-5) bramaele

v—1 _ T
§0m5—0[(7 )-8

Let w € (0,1/2) be a small constant to be determined at the end of this step. It follows from
the Cauchy inequality, (3.4.27), the Hélder inequality and (3.4.49) that

t
/ (1+ s)’|K1|ds
0
2

t t T
SCwl/ (1+3)/v§dxds+w/ (1—1—5)”/ (/ ﬁﬂy(\v|+\yvy|)dy> dxds, (3.4.50)
0 0 0
¢ 1
SC’le(O)—i-Cw/ (1+5)V/ 5P (02 + lyu, ) dyds,
0 0

since
T 2 1 T
/ ( / p—ﬁy<|v|+|yvy|>dy) o< [ 5o + )y [ ( / p—ﬁdey) dr
0 0 0
1
<c / 53 (ol + yvy ) dy.
0

Similarly, one can obtain

t
/ |L1‘d8
0
t t T r 2
§Cw‘1/ /vfda:ds —|—ou/ /p2 </ T (‘; - 1‘ + |ry — 1]) dy) dxds (3.4.51)
0 0 0

<Cw™'Q(0) + Cw /t/xQﬁ’Y—’B [(g — 1)2 + (ry — 1)2} dxds,
0

since

/ P’ (/ ﬁ‘v—ﬁdy> dr < C / P e = © / 70 iz < ¢
0

K5 can be rewritten as

1—w _ LU4 z __3 9
K, — - (p )y r*vdydx
0 /%o
1 e r
1—w x 0
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Note that

B 1-w .CL'4 T
|K21| = ’—/ ﬁY (_4) / ﬁ_ﬁ_(’y—l)ygb,rﬁvdydx
7 Jo ™/ +Jo

1—w r T 1/2 1 1/2
SC’/ plx (|r$—1|+‘——1‘> 2 </ y6dy> dx (/ dey)
0 Z 0 0

AN
Q
(y
8
Do
et
2
| — |
~
SH B
|
[S—y
N~
(V)
+
=
8
|
—_
o
—_
QL
5
~
=
(&)
N\
o\
>
S
no
QU
<
~~_
=
[N}

ol 1 2 1
4 Cwit-1 {(1 + t)—”/ 22p P (|7°x — 12+ ‘2 - 1‘ ) dr + (1+ t)”/ (v? + xzvi)dz} :
1-w 0

due to

1 x 2
/ 5+ ( / p—ﬂ<rv|2+|yvy|2>dy) da
1— 0

1 x 1 1
s( / A / ﬁ—wdyd:c) / (1ol + [yo, )y < C / (o + [yv, [2)dy.
1—w 0 0 0

Then, one gets, using (3.4.10), that
t —
/ (1+8)"|Kalds < Cw™'Q(0) +C <w WD 4 wﬁ)
0

t 1 t 2
X [/ (1+ 8)2”/ (v? + %) dxds +/ /x2,5’7_5 (\rw -1+ ’1 - 1‘ ) dxds] .
0 0 0 xr

Similarly, L, can be rewritten as

Lo = e 7Y ZL'_4 : 58 3 dyd
2 = P\ 0(/) ), (r* = y°)dydx
0 T
1 ZE4 T
[ (%) e - [t - | do =t
1 T 0

—Ww

(3.4.52)
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Note that

and

gw/gﬂﬁv—ﬁ {(% . 1)2 ¥ (r — 1)2} dz + Cw! /:w 7B (r — x)2dx
+C (/xzﬁ*—ﬁ {(% - 1)2 + (ry — 1)2] dx) v
([ (el o))

gc/ (wp' ™ +w ' p) 22 {(% = 1)2 +(rp— 1)2] dz,

where we have used the following simple estimates due to (3.3.2) and (2.1.3):

1/2

1 1
/ PP (r — x)2da gC’/ p PO [(r — 2)? + (r, — 1)7]
1-w

1/2

1
gC/ P’ [(r—x)Q—i-mQ(rx—l)Q}
1/2
1 . 2
[ (el
z T
/ w*/ )y [ my2(lry—1|2+]§—1
0
2
/ _de/ v p (|rm—1|2+ 1—1‘ )dx
x
r 2
/ 2‘”(|r$—1|2+‘——1‘)d:v.
x
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2
) dydx




Thus, it follows from these and (3.4.10) that
t 13 r 2
/ |Ls|ds < C(w)Q(0) + Cw/ /xQﬁY’B (]rx — 1P+ ’— — 1’ ) dxds.
0 0 x
Rewrite K3 as
1-w v T 5 )
Ky = — 4\ (5 p dyd
== [ (), [ @), b
1 T
— 4)\1/ (E> [ﬁ_ﬂr% — (/ ﬁ‘%r%%dy)} dr =: K31 + Kas.
1-w Tz 0

K3, can be bounded by

1—w x
| Ka1| = ‘4é)\1/ <E) / p PO Dy rPudyda
Y 0 z Jo

r

1-w T
<c [ doud e toba ([ letdy) do
0 0

1w 1 1/2
SC/ (lzvg] + |v]) </ v2dy) dr < C/(v2 + 2%v?)dr,
0 0

and K35 can be bounded by

(3.4.53)

1 1 x
Kl <C [ 572 rou] + Wbl + <|xvz|+|v|>(/ p-ﬂ<|v|+|yvy|>dy)dx
1-w I-w 0

1

1
S O R A A
1—w

1—w

1

1
fwt / (levl + [oP)dz + w / 531 + lyo,1P)dy.
1—w 0

due to (3.4.49). Since < v — 1, the Hardy inequality (3.3.2) implies that

1 1
/ p P |?dx < C/ p P00 (2 ) de < C’/(v2 +v2)dz.
1w 1/2

These, together with (3.4.11), yield

t
/ (1+ s)’|Ks|ds
0

t t 1
<Cw™* / (1+s) /(xgvi + v?)dzds + C’w/ (1+ s)”/ P (|zve|* + [v]?)deds (3.4.54)
0 0 1-w

<C(w)Q(0) + Cw /t(l + s)”/ 5 (|ve* + |v]?)dads.
0 1-w
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Similarly, Lj is rewritten as

Ly = —4) /Olw (;) /0 (677), (° = y*)dydz
4\ /1; (;) {p—ﬁ(ﬁ ~ ) - (/0 580 — y3)ydy)] dz =: Ly + L.

Clearly, L3; and L3y can be bounded by
|Ls1| < C’/(v2 + 2%02)dr + C’/ﬁ’y(r — z)%dz.

and

1

(leva] + o) ( T 1|dy) iz,

0

1
Lol <C [ 57 ol + ol —alde + € [
1—w 1

—w

The second term in L3y is bounded by

1 x
[ Gevdston ([ 52, = 1idy) do
1—w 0

1
SC’wé(l—kt)Q”/ (|lzve[* + |[v]?)dz
1—w
N LB 1 1 x
+Cw2(1+1t)” 7“/ ﬁ_ByQ(ry— l)zdy/ / p P dydx
0 1-w JO
1 1 1 B8 1
<cut [ [ (eu oo+ (75 [y, < 1pa).
1—w 0

due to (3.4.49). The first term in L3y can be bounded as follows. Since f < v — 1, it follows
from (2.1.3) and the Hardy inequality (3.3.2) that for v > 4/3,

1
[ 77 el + ol — alds
l1-w
A 1 1
<Cw2o-1 {(1 + t)“/ pl(v2+0*)de+ (1+ t)‘”/ p 7 Mr — x)?dx
1-w 1-w
A 1 1
<Cw?6-D {(1 + t)”/ p P (v2+0%) da + / P (r—2)? +2®(r, — 1)%] da
1-w 1/2
1
p P [(r—a)?+2°(r, — 1)%] dx} :

+(1 +t)‘h+”5—w/

1/2
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where h = min {$/8, (v —1— 3)/4} (it should be noted that 8+ h < v — 1), and we have
used the estimate

1 1
J R e T NG P
1-w 1/2

h4+2—~

< (/1/12 78 [(r — 2)% + 2%(rs — 1)7] dx) '

« (/1 5 [(r — ) + 2(ry — 1)7] d:c) '

1/2

Consequently, taking into account of (3.4.1), (3.4.10) and (3.4.49), one gets that

[ sl e+ o ot vt o] [ [ [ [as o+ aesrs

X (|zvg|* + |v]*)dads + sup/p_ﬁ [(r —2)* 4+ 2*(r, — 1)%] da (3.4.55)
[0.]

/ / [(r—z)* 4+ 2*(r, — 1)?] dx]

We finally derive from (3.4.46) and (3.4.50)-(3.4.55), by choosing w € (0, 1/2) suitably small,
that

/[(1+t)2”p”+(1+t) +p "] 2{<f—1>2+( —1)}( t)dx

+(1+t)2”/:cpv xtdx+// [(1+ )"+ p "] 2*p" {(——1>2+(TI—1)2]dxds
+/0t/ [(1+8)* + (14 5)"p 7] (%02 + v°) dzds < CQ(0).

Due to (3.4.40), this completes the proof of (3.4.48).

Step 5. Multiply equation (3.4.35) by (1+ t)%—e and integrate the product to deduce
that

(1+6) /[ﬁvf+ﬁ”(v —|—Iv)}d$+/Ot(1+s)2771_9/(x2v2 +v2) dds < CQ(0).

In a similar way to the derivation of (3.4.21) and (3.4.38), one can show

3(y—1)
Y +9

/(r — ) (x, t)de < C(1+1)” Q(0)

and

/(v + 2%0?) (x, t)dx<C(1+t)
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3.5 Higher-order estimates
3.5.1 Part I: global existence and decay of strong solutions

In this subsubsection, we prove the global existence and large time decay of the strong
solution for suitably small &(0).

Lemma 3.17 Suppose that (3.2.2) and (3.2.3) hold. Then there exist positive constants C
and C(0) independent of t such that for any 6 € (0, 2(yv —1)/(37)),

2

H( 775G, b 2th (-t / H 1915,%,%) (-, 8)|| ds

< C(£(0)+ H?‘o:r - 1HL°°) : (3.5.1)
A+ (\ P )| 416 G (- >|liQ([o,;]))

+/0 (1+97 {”(“3”%) G + [ (9o Govro 7) (9 ;([0,;])] @

< C0) (£(0) + [[roe — 1|7), t€[0,T]. (3.5.2)

Proof. We show the weighted estimate for G, in the first step. With the space-time estimate
of G, at hand, the estimate for v, away from the boundary can be proved. Finally, we use
equation (3.2.7) and these estimates to obtain the L?-estimates for G,;.

Step 1. We claim that

t
/ P G2dx + / / (P771G2 + 771G, + vl + (v/x)?) dads < CE(0). (3.5.3)
0

Multiplying equation (3.2.7) by p??7'G, and integrating the product with respect to the
spatial variable, one gets, using the Cauchy-Schwarz inequality, that

O 7/ 2?2 \7 30100
dr + — Y d
th/p g‘”x+2 r2r, Gl

; (3.5.4)
gc/vfdx - C/xQﬁY {(f — 1) + (rp — 1)2] dz.
T
It follows from this, (3.4.10) and (3.4.27) that
t
/ P G + / / P 1G2dwds < CE(0). (3.5.5)
0

Multiplying the square of (3.2.7) by p7~! and integrating the product with respect to the

spatial and temporal variables, we have, using (3.5.5), (3.4.10) and (3.4.27), that

t t t
/ /ﬁ_lggsdxds SC’/ /p?”_lggdxdsqLC/ /v?dxds
0 0 0

t (3.5.6)
+ C/O /x2ﬁv [(% — 1)2 + (ry — 1)2} drds < CE(0);
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which, together with (3.3.7) and (3.4.1), gives that

/Ot/ (02 + [v/z|?) dads < c/ot/ (G2 +v?) dxds < CE(0), (3.5.7)

where we have used the following estimate due to Lemma 3.4,

/gfdx§0/(xﬁ7_1)2 (gf+g§t) deC’/(U + 2% )dx+0/ p?0~VG2 du.

(3.5.8)
So, the claim (3.5.3) follows from (3.5.5)-(3.5.7).
Step 2. In this step, we prove that
t y—1 3/4 1/2
/ (1455 * / (G2 +G2,)dx + / (v + |v/z|?) dx | ds
0 0 0
3/4
+ A0 GZdx < C [£(0) + [0 — 1]|7oc] - (3.5.9)
0
Let ¢ be a non-increasing function defined on [0, 1] satisfying
Y=1 on [0,3/4], ¥ =0 on [7/8,1] and || < 32. (3.5.10)

In a similar way to the derivation of (3.5.4), we can get

,
912 _3y-1 2

b [ [o(50) prci

SC/vfdx—i-C'/xZﬁVl E_1> —I—(T,D—l)g] dr.

Multiplying the above by (1+¢)~Y/7=% and integrating the product, we have, using (3.4.39)
and (3.5.5), that

(1+t)w“/1_6/1ﬁgid:c+/ (1+3)7w1_9/zﬁgzdxds
<C [E(0) + Iros — 1]12] +0/ /Ww *G2dads < C [£(0) + [[ros — 1] -

which implies
L 3/4 t V1 3/4
(1+t) 7~ gﬁd:H/ (1+s)7 ° Godrds < C[E(0) + ||lros — 1]|7] - (3-5.11)
0

0 0

Following the arguments for (3.5.6) in Step 1 by squaring (3.2.7), one can obtain that

/t(1+ / G2 dzds < C [E(0) + |[ros — 1|7 ] - (3.5.12)
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Similar to (3.3.11) and (3.5.8), it holds that
¢ - 1/2 ¢ - 3/4
/ (1+ s)v_e/ (v + (v/2)?) duds §4/ (14s)7 ° G2dxds
0 0 0 0
<C [£(0) + [Iros — Ll ] -

This, together with (3.5.11) and (3.5.12), gives (3.5.9).
Step 3. In this step, we show that

g i 2
(1+1¢)> pvidx + ~(x,t)de

/ / (1+5) ?1*" <v$t + ) dzds < C(0) [E(0) + [[roe — 1]|7] -

Differentiating (3.2.6) with respect to ¢ yields
AN T\3 v T vV Uy T\5 v
p(2) =20 (%) Zu—s K—ﬁ) (2— T —)] +4(2) 2,
T T x T, r Ty x r T
Vg v v? v?
—p (—’*+2—t) —u<—§+2—2) .
Tz r). r2 r2 ).

Let ¢ be a non-increasing function defined on [0, 1] satisfying

=1 on [0,1/8], ¥ =0 on [1/2,1] and |¢'| < 32.

(3.5.13)

Multiplying equation (3.5.14) by 1v, and integrating the product with respect to the spatial
variable, one has, using the integration by parts and boundary condition (2.1.1), that

d Uy v
pr ,01/)< > vfdx+u/(r—:+27t) (), dx = Jy + Jo + Js,

where

The 2nd term on the left-hand side of (3.5.15) can be estimated as follows:

/(? L ) (bvy), dz

/w wtdm+2/ﬂvt%dm+/w (%H )Utdx
Z/w%dx - / (%) vidr — 0/01/2 (2%02, +v7) d

/w [ wt} dz — 0/01/2 (z202, + v7) dx.
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Then,

d 2 1/2
pw( > vfd:r%—u/@b{h Tvt]d <C/ (%02, +vf +0*) dx + Jo + Js.
dt Ty r? 0

It therefore follows from the Cauchy-Schwarz inequality that

d 2, M Va | Talf
p p¢< )Utdx—i-a/ib{z—i- = dx

1/2
gC/ (®02, + v} + (v/2)? + v2) dx.
0

(3.5.16)

This, together with (3.4.27) and (3.5.9), implies that

Y1 1/8 1/8 2
(1+ t)“/_e/ pvidz +/ / (1+s) T_e (vfct —t2> dxds

<C(0) [£(0) + [[ror — 117 -

Using (3.4.27) again, we conclude that

(1+t)__9/pvtdx+/ / (1+s)5 ° (%ﬁ >dxds < C0) [E(0) + [Iros — 1]|7] -

It follows from (3.2.7), (3.5.5), (3.4.10), (3.4.39) and (3.5.11) that
[ i@ nde < c [ pite i c [ 76N
2| (T 2 2
—i—C/:Up{(——l) +(re — 1) } (z,)dz < C [£(0) + 70, — 1]3]

X

and
A+05 " | Ghle,de < C[E(0) + [Iro, — 1]
0
Collecting all these estimates proves (3.5.13). So, this lemma follows from Steps 1-3. O
Proof of Theorem 2.2. It should be noticed that the uniqueness of strong solutions
follows from the same argument as in [12]. So, the global well-posedness theorem, Theorem
2.2, can be shown by Lemma 3.17, together with the equivalence of £(t) and &(¢) shown

in (3.3.26) and the lower-order estimates obtained in subsection 3.4, through the standard
continuation argument . O

To complete the proof of part i) of Theorem 3.1, it suffices to show the following Lemma.
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Lemma 3.18 For the global strong solution obtained in Theorem 2.2, it holds that

(1+6)5 " (‘ (m I 1) (-,t)”2 + ’
2(v-1)

X
2v—1_ ¢ 2 9 2
+ (1) = 2 (v, 200) (D) e + (L) (= 2)( D)1
2—y_ 6 _~y+1—~0

+ (167 66 ()7 < C0) [E(0) + llroe — 7], T € [0,00),

<T$ - 17 g_ 17 U:mE) (7t)‘

T

(o)

(3.5.17)
for any 0 < @ <min{2(y —1)/(37v), (4—2v)/~}.
Proof. First, we prove that
2= QL*WQ
166G Ol < COA+1) T 5 [£(0) + [lros — 1]2] - (3.5.18)

It follows from (3.3.23), the Hélder inequality, (3.5.1), (3.3.3) and (3.4.39) that
||:E3/2ﬁg<>t)Hioo + /a:4p3_792(:p,t)da: < Hxﬁy/Qg(at)Hz + ||$3ﬁQng<'>t)HL1

1/2 1/2
<c / PFG(w, t)dr + ( / x3p3—27g2(x,t>dx> ( / x3,527_1g§(x,t)dx) (3.5.19)

2=y, 6 _y+1—~6

<C1+t) 7 2 F [E(0) + [lro — 1)2.]

where in the last inequality we have used the following estimate due to (3.3.3), (3.4.39) and
0<6<(4=2y)/7,

3(y=1) 2y

R P )
/x2ﬁ3_2792(x,t)dx < (/xQﬁW;_ergQ(x,t)dm) 2y-1-7 </x2ﬁ792(x,t)dx>2 1-%

2=, 0 y+1—~0

<SC(L+t) 7 70 E [E(0) + |lroe — L7w] -

This gives the desired bound near the boundary. For the origin, it follows from the weighted
Sobolev embedding (3.3.1), (3.5.2) and (3.4.11) that

1/2 1/2 1/2
/ G*(x,t)dx SC’/ z? (g2 + gﬁ) dr < C’/ z? (5792 + gﬁ) dx
0 0 0
<O+8)"5 P [E0) + llros — L7=]
which implies immediately that
2 12 e 2
IGC O e (0,1]) < c/O (G + G da < C(L+1)" 5 T [E0) + [[ro, — 1]3] - (3:5.20)

Then, (3.5.18) follows from (3.5.19) and (3.5.20).
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Let a € (0,1) be a constant and x be a non-increasing function defined on [0, 1] satisfying
x=1 on [0,a/2], =0 on [3a/4,1] and x' <0 on [0,1].
Following the same argument for (3.3.13), we have

/X (rix + |(r/x)m|2)) dr < C’/Xgidx, (3.5.21)

where C'is a constant independent of a. Then the arguments for (3.5.2) yield
[ /) dn < Clap)1+ 07T (8O + e~ 1], (3522

Since it follows from a similar argument as in the proof of Lemma 3.6 and (3.5.20) that

2

T =1
c— 1 = —1) (-t <O+t 7 g . — 1]
(=1 =) 60y S COHOTT O+~ 1] 523)
Then,
|1 Z=n) e <OQH T F e~ 1EL] . (3520
' (o)) : >
Recall (3.4.39), which implies that
y=1_ 3(v=1) r 2
A+ Nl =) GO+ A+ e (5 -1) (1
<C[£(0) + ||Iros — 1|30 - (3.5.25)
It follows from this and (3.5.24) that
2 ~y—1
‘ (-1, z- 1) (~,t)H <CO+8) 75 [€(0) + ros — 122 (3.5.26)

As a consequence of (3.3.22), (3.5.25) and (3.5.26) , one then gets that

2(y—1
vy

)

[(r = 2) (. B)llfe < CO+DTT 7 [E0) + [lror — 1] -

To deal with v, one notes, due to (3.3.25) and Lemma 3.11-Lemma 3.17, that
r v 2
x_la__la :1:7_> '7t
(=25 =t 0

which, together with (3.3.20), (3.3.19) and (3.4.39), yields that

< CE(t) < CLEO) + ros — 12-]

L

21,0
(v, 20) (-, )| 700 < C(L+1)" 2 T2 [£(0) + [|ros — Ll|700] -
In a similar way to the derivation of (3.5.24), we can derive from (3.3.7), (3.3.10) (3.4.39),
(3.5.1) and (3.5.2) that

(o 2o

2

#'([0.3])

<CO+6)" T [E0) + [[roe — 1]x] . O
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3.5.2 Part II: faster decay

In this subsection, we prove part i) of Theorem 3.1 under the assumption
5(0) < 0. (3.5.27)
Let a € [0, — 1) be any fixed constant. For any
0<0<min{2(y—-1)/3), 2(vy-1-a)/y, 4—29)/7},
we set
k=a/y—60 when >0, k=0 when a=0. (3.5.28)

The estimates in this subsection are for the global strong solution of (2.1.10) as stated in
Theorem 2.2, in which the constant C' may depend on « and 6, but not on ¢.

To obtain the faster time decay estimates of the higher-order norms, we rewrite equation
(3.2.7) in the form of

225\" 2\ I\ 4 2
Pat)i= (52) 6o+ () = ()] oon =S~ ni (35.20)

This equation is convenient for us to derive the time decay estimates for ||zp"/>~1B| in
Lemma 3.19, which in turn gives the decay of ||zp*/271G,||.

Lemma 3.19 Under the same assumptions as in i) of Theorem 2.3, it holds that

= 0l 2
A+ 77 G DI + 0+ 0% 55 e (50716, 5376a) (1)

2
ds

t 2y—1_6_3
G| + / () 550 (2977 G, ) (9)
0 T

+ /Ot {(1 +5)" <ﬁ%*19x37 ﬁg%lgx) (~,s)H2 + ‘ 21 ds
< CF(0) + CF(0), te]0,00). (3.5.30)

ﬁgvili%gw('a s)

Proof. The proof consists of three steps.
Step 1. We claim that

t v )
/ (1+ s)“/ {;337‘293 + P26 v+ (—) } dxds
0 e

(3.5.31)
H1+ o [ @ w0 < C3(0).
First, in a similar way to the derivation of (3.5.5)-(3.5.7), one can show that
¢ 2
/ PG dx + / / lﬁf’”*gi +p7T2GE, + 02+ (%) ] dzds < CF(0), (3.5.32)
0
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which yields (3.5.31) for a = 0.
When a > 0, following the argument for (3.5.5), we can show by (3.4.39) that

¢
/ﬁ2'y2ag§dx+/ /ﬁ‘”zagidxds < CF(0), (3.5.33)
0

due to 0 < 0 < 2(y—1—a)/v. Indeed, one may multiply (3.2.7) by p*77272G, and integrate
the resulting equation to obtain that

ﬁi —2y—2—a 22 / By—2—a 2
< c(/ Pt + /mQﬁ”(lm — 1P 4|5 —1da),
T

which, together with (3.4.39), yields (3.5.33). In a similar way to deriving (3.5.4), one gets

Hd [ o550 1/ 22\ 500
2dt /p Grde + 2 21, P Gadr
2
SC/vfd:c - C’/azzﬁ’V {(f — 1> + (ry — 1)2} dr.
T

Multiplying the above inequality by (1 + ¢)* with x = a/y — 6, integrating the product and
using (3.4.39) lead to

t
(1+ t)“/p27_2gi(m,t)dm —I—/ (1+ s)"/p?”_zggdxds
: ’ (3.5.34)
SC/ (1+s)"! /ﬁ272gg(x,s)dxds + CF(0).
0
It follows from (3.5.33), Hélder and Young’s inequalities that

t
/(1+3)“1/,52“’2Q§(x,3)dxd3
0

t =~ %
S/ (14 s)"t (/ ﬁ272agidx) (/ ,5372°‘Q§dw> ds (3.5.35)
0

t t
<C / (1+ 5)" V375 ds sup / PGk + C / / PG drds < CF(0),
0 0

[0,¢]

if > 0. Consequently, (3.5.34) and (3.5.35) yield that

t
(146" / PG (x, t)dw + / (14 s)" / P72 G dxds < CF(0), (3.5.36)
0

for
a>0, k=a/y—0 and 0 <O <min{2(y—1—a)/vy, 2(y—1)/37}.
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We multiply the square of (3.2.7) by (1+¢)"p?~2 and integrate the product with respect to
the spatial and temporal variables to obtain, using (3.5.36) and (3.4.39), that

t
/ / (1+5) 772G  dxds < CF(0). (3.5.37)
0

Repeating the arguments in (3.5.7)-(3.5.8) yields that

/Ot /(1 + )" (v2 + [v/z|?) deds < CF(0).

This completes the proof of (3.5.31) for a > 0.
Step 2. In this step, we prove that

2y—1

t
(1+t)23§1‘3+3“/x2ﬁ37‘29§dx+/ (1+s)3v—§+3”/x2p27—2g§sdxds
0

< CF(0), where §(0) := F(0) + (F(0))*.
Multiplying (3.5.29) by z%p"~?%; and integrating the resulting equation give that

1d x?
§E/$2W2‘B2dx = /1’2/772‘%5/3%(196 —M/$2ﬁ’y2q3tgmd$-

Note that

(3.5.38)

2

T
%t:f)/ﬁ,y(Q
rer

y
) gxt +(‘]317

where

xr
Thus, one has

2\ 7 2\ 7 4
woor () | o) - ()] e
Ld

2\
2 y—2m2 2 2y—2( L 2
s | T ‘Bd:erm/fL’p” (@) e

2 -2y—1 2 \" a2 2 —y—1 a? 2 —y—2
= | x°p77 thﬁvtdij x“p” ‘Blﬁvtdx—u x°p" P 1Gdx;
which implies
1d

2 y—202 Ky 2 _2~v—9 1’272 2 202 2
o7 zp’ ‘,de—k?/xﬁ” (TQTI) xtdmgc/(wﬁ Pi +v7) do

< C/ (%02 +0%) PP 2G2dx + C/ (%02 + v 4+ v}) da.

Combining this with (3.5.31) shows that

ld 2 ~v—2m2 /fY/ 2 9y-2 z? \7 2
th/x P+ 2 P r2r. wedx
<C (Jovlfin + Cllolls) [ 777200+ C [ (@202 402+ ) o (3:5.39)

<OFO)(1+ )" (JavalPm + 0]22) + C / (2202 + 0 + o) da.
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Then it follows from (3.3.20), (3.3.19) and the fact that % — 235> 0 that

2
1d 24’}/ 2 wy 225202 z? \7 2
- d y el d
2dt m Tt 2 TP 7“27’1, ot

[4

+ C’S(O)/ [(1 + t) -5-3k (%02 +v ) + vt] dz.

Multiplying the inequality above by (1 +t) % ~5+3%

t
(1+t)2w2713+3”/x2ﬁ7_2‘l§2dx+/ (1+5) 2vlg+§”/x2p27_2gﬁsdzds
0

SC’/#W‘Q‘BQ(% 0)dz + CF(0) /0 (1+ s)“/ (G2, + 02 + (v/z)?) dads

and integrating the product give that

2y—

t
—l—C[S(O)—l—l]/ (1+s) 71_9/(1:2115%4—@24—@3) dxds
0

t
+0/ (1+s)2“2~/ 257202 dds.
0

Since
/:cp”’Q‘Bda:<C/ 37292d:r+0/xp [——1) —i—(rm—l)z]dx
x
and 3 1 0 1
—/i————<n11n{/£ - —6’},
2 2y 2 vy

it follows from (3.5.31) and (3.4.39) that

2y—1 t —1 ~
(1+1)75 —2tsn / 25722 dx+/ (1+s)5 _g+§”/x2p27_29§sdxds < CF(0).
0

This, together with (3.4.39), implies (3.5.38).
Step 3. Multiplying the square of (3.2.7) by 22572 and integrating the product with
respect to the spatial variable, one gets, by (3.5.38) and (3.4.39), that

/:U PG (x,t)dr < C (/ 3”’2g§da:+/x pvidz
Jr/aﬁﬁ7 {(g — 1)2 + (rp — 1)2} dx> < CF(0)(1+1) 5 taan,

As a consequence of (3.3.7), (3.5.8), (3.4.39) and (3.5.38), one concludes that

t 1 2 t -
/ (1+ 8)2% ngg”/ (vi + ’%‘ ) drds < c/ (1+ s)zgvngrg”/ (G7 + %) dads
0 0

t 1 -
< / (1+ s)%f%%” / (v* + 2202 + 22?07 VG2 dovds < CF(0). O
0

-2
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Lemma 3.20 Under the same assumptions as in i) of Theorem 2.3, it holds that

t
9% 2 -1 K 2
(1405 GG (Ol + [ 0+ TG 9) o g 0
-1 2
+ (1 —|—t) Al p?vt H / (1+s) Toatan <st,E> (-,9)|| ds
T
< CF(0), te[0,00). (3.5.40)
Proof. Let ¢ be a non-increasing function defined on [0, 1] satisfying
Yp=1 on [0,1/2], ¥ =0 on [3/4,1] and || < 32.
Following the derivation of (3.5.39), one can obtain
2\
=232 ny _oy—2 [ T 2 g
s [ orwedn s B [a () gde
<CFO)(1+t)™" (HU,EHLOO([Q%]) + HU/x”Loo([O,%])) - C'/ (v 4+ v*/2* + 0} da.
In view of (3.3.21), we see
ol o) + N/l o)
2 2 1z 1 r3/4 2 2
Sc/(vi—k‘g )da:—l—{/(i ° >dx} [/ <v§x+‘<g) >dm]
T T 0 T/ x
2 |V 2, |V s —3v—2 (2 2 s
<c vx—i—‘—‘ dx + v+ |—| ) dx PG + G2 dx|
T T
where one has used the following estimate
J QU)o [ (G ) o
0 Lo 0 o (3.5.41)
<c [5G+ @) da
which follows from (3.3.16). Similar to (3.5.38), one can obtain, by (3.5.30), that
210y, [P, ¢ a5, (M2, -
(14 )55 4+in %m+/u+@4w [ G2 deds < CF(0).  (3.5.42)
0 0 0

In view of (3.5.16), (3.4.39) and (3.5.30), it holds that

~y—1

2y—1 ¢ ~
(1+t)‘“_g+3”/pvtdx+/ (1+s) 5 —S+§n/< 2 + v /2?) deds < CF(0). (3.5.43)
0

Finally, with the aid of (3.4.11), (3.5.42) and (3.5.43), one can multiply the square of (3.2.7)
by p?~2 and integrate the product with respect to the spatial variable to get

2
/ 22m<g/%2¢m+c/pwm+c/ Kf—g-um—nﬂw
xXr
—1 0 9, ~



Lemma 3.21 Under the same assumptions as in i) of Theorem 2.3, it holds that

(115 o {H(rm_l’ 2_1) (1) ia(@,gﬁ“(“’%) (1) 2]
(105 () Sen ) () ;([071])+<1+t>i[ Ni@ow, ), 0)1}

+a+ (H( L1 ;([o,;]ﬁH(“x’%) (1) ;)
41yl () R (- 3G(-1) ; < CF(0) [0,00).  (3.5.44)

Proof. As proved in Lemma 3.18, we can show easily that

21041 3 _y 2 29-1_6.9 r v 2
1+¢ 2tk r2p2 '7t + (14+1%) & atar <Ta:7 —, Uz, _> 'Jt
(1+0)% O8] O o2, O o
2y—1_ 0,3 r v 2 ~
+(1+18)5 ot (m 1, L1, —) (-,1) < CF(0). (3.5.45)
0w Uy
This, together with (3.4.39), implies that
2y—1 2 ~
(14 )% —atin (vlﬂ) (-,t)H < C3(0).
x
We can then obtain, with the aid of (3.3.19), (3.3.20) and (3.5.30), that
Nk —§[ o3 (3.5.46)
[(2vz,0) (- )| < C(142)7 105 5(0). -
It follows from(3.3.21), (3.3.24) and (3.5.30) that
T v 2 3(2vy—1 15 ~
-1, 1, z,—) 1 < O(1 4 ) 35005 (), 5.47
[ (e =15 =t ) G0y S COFDTHETE50) (3.5.47)

One has, in view of (3.5.45) and (3.5.47), that

: < OF(0)(1 + ¢)~ ™l (57 —0)Fam 3(F57-0)+9n}

Finally, it follows from (3.5.46) and (3.5.47) that

T

T Lee

). o

Lemma 3.22 Suppose that ||xp= /%G (-, 0)|| < oo and the assumptions of ii) in Theorem
2.3 hold. Then

/:z: pvz(x,t) da:—l—/ / V2 + 2202, )deds < CF(0)+Cllzp 2 Gou(-, 0)|1%, t > 0. (3.5.48)
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Proof. Multiplying 0?(3.2.6) by r?v; and integrating the resulting equation both in x and
t, one can show that

/x pvZ(x,t) dx—l—/ / V2, + 2202, )dzds < C(F(0) + ||zp2vy(-, 0)||?). (3.5.49)

Indeed, the derivation of (3.5.49) is similar to that of (3.4.36), so we omit the details here.
It can be derived from (2.1.13) that

2520 |*(-,0) < C(E(0) + [[2p™ G -, 0)]).

This, together with (3.5.49), proves Lemma 3.22. Hence, we finish the proof of part ii) of
Theorem 3.1. O

3.5.3 Part III: further regularity

In this subsection, we further study the higher regularity of the strong solution obtained in
Theorem 2.2 and prove part #i¢) of Theorem 3.1.

Lemma 3.23 Under the assumptions in i) of Theorem 3.1, it holds that for all t > 0 and
any 0 < 6 < min{2(y —1)/(37), (4 — 27)/7}.

1Ga,OIF + oy /), (I < e[| Gal-, )P + CO)E(0)(1 + )2 72,

(44555 2)

|02, v/2), (0)]F < CO) (G-, O + €(0) (1 +1)~

Proof. In a similar way to the derivation of (3.5.5), we have

t
/g£d$+/ /pwgidxds
/92 Ydz + CE(0 —|—C// 227[— 1>2+(Tx—1)2]dxd5.

It follows from the Holder inequality that

/p2_7 [(r— z)? + (xry — :17)2} dx

2y—2 2—~

< (/ [(r = 2) + (ary — 2)°] dm) ’ (/ 7 [(r = 2)* + (a7, — 2)%] da:) '

<(1+ zf)_7 ((1 + t)—9/ [<r — :L')2 + (zry — :L‘)2] dx) o

vy

2=y

~

< ((1+05 70 [ [r—2)*+ (ary — 1) da)
(=] )
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which, together with (3.4.39) and the Young inequality, implies that

22 [ (T )
// [<x 1) + ( }d:vds
§C’/ 1+37w1 e/p“* r— ) (.tz:rx—x)2]dxds

+C(1+t) (5055 sup/(l +5) . [(r — z)® + (zry — :c)Q] (x,s)dx

[0.4]
< CE(0)(1 +t)2+07,

Due to (3.3.9) and (3.4.39), it holds that

1GNP + o/, ()P < €lIGa(-, O)| + CE0)(1 4+ £)3+05552.

As shown in (3.5.44), one has the following bound away from the boundary:

e (0, 2)

2 ~
< C§(0).

22([0:3])

Indeed, the above estimate holds if « =y —1—~60 and k = (y—1)/7—20 in (3.5.44). Away

from the origin, the same way as for (3.3.10) gives that

I(wa 0/, N2 (2,07) < € NGatllzz(pa ) + e ll(zva, v)I*
el e, v/ g 1.7y (NGel* + e — 2,7 = 2)])

This, together with (3.1.1)-(3.1.4), implies that
102 0/2), 72301
< C (160 0) + €(0) [(1+H7H
< C (1. 0)|* + €0)) (1+1)~ &

We thus conclude that

) (14 ¢) 3 (8043

i

(v, v/2), )12 < C (1Ga(-,0)]> + €(0)) (1 + 1) 5 H(+55) o

4 Proof of Theorem 2.3

Due to Theorem 3.1 and Theorem 2.2, the triple (p,u, R(t)) (t > 0) defined by (2.2.4) and
(2.2.5) gives the unique global strong solution to the free boundary problem (1.1.2). The
decay estimates 7) and 47) in Theorem 2.3, which follow from the corresponding ones in
Theorem 3.1. Clearly, (2.2.7) and (2.2.6) comes directly from (3.1.1). Note that

p(r(z,t),t) = p(x) = p(z) [exp{=G(z, 1)} = 1],
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then (2.2.9) follows from (3.1.1). In view of (3.1.1), we see

=1 v 2 2y—1_¢ v 2
(1+t)7_6 Vg — ("t) 1 —+_(1+t)T_5 — Uz ('7t) 1 < OG(O)
‘ ( x) ' ([0,3]) (:p > HLOO([Q,I])

which implies

1=1_9 (% 2

¥ — ) (- < .
A0 (e 2) )| < ce)
So that (2.2.8) is true, because of
AP BTy S C)
re(x,t) r r(z,t) =«

Similarly, the decay estimates for p, u and u, in part i) follows from (3.1.3).
The W2>-estimate of R(t) can be proved as follows. First, it follows from (3.4.27) that

o) 0o 1
/ v2(1,t)dt < C/ / (v + v2,)dzdt < C€(0).
0 0 %

One the other hand, (3.1.5) implies that

oo 00 1
[t <c [ [ k)i < CEO)+ lap i Guul0)17),
0 o Ji

Combining these two estimates with the fact that

(1) = (1,1) < 02(1,0) +2 (/OOO G0, t)dt) v (/OOO 21, t)dt) v

gives (2.2.13) immediately. This finishes the proof of Theorem 2.3. O

Remark 4.1 One may prove the boundedness of ry(x,t) for any fivzed x € [0,1] and t > 0
if |vi(z,0)| is finite by an argument similar to the above. This implies that every particle
moving with the fluid has the bounded acceleration for t € (0,00) if it does so initially.
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