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Abstract

In this paper, we apply semi-Lagrangian discontinuous Galerkin (SLDG) methods for linear
hyperbolic equations in one space dimension and analyze the error between the numerical and
exact solutions under the L?-norm. In all the previous works, the theoretical analysis of the
SLDG method would suggest a suboptimal convergence rate due to the error accumulation over
time steps. However, numerical experiments demonstrate an optimal convergence rate and, if the
terminal time is large, a superconvergence rate. In this paper, we will prove optimal convergence
and optimal superconvergence rates. There are three main difficulties: 1. The error analysis on
overlapping meshes. Due to the nature of the semi-Lagrangian time discretization, we need to
introduce the background Eulerian mesh and the shifted mesh. The two meshes are staggered,
and it is not easy to construct local projections and to handle the error accumulation during time
evolution. 2. The superconvergence of time dependent terms under the L?-norm. The error of
the numerical and exact solutions can be divided into two parts, the projection error and the time
dependent superconvergence term. The projection strongly depends on the superconvergence rates.
Therefore, we need to construct a sequence of projections and improve the superconvergence rates
gradually. 3. The stopping criterion of the sequence of projections. The sequence of projections
are basically of the same form. We need to show that the projections exist up to some certain order
since the superconvergence rate cannot be infinity. Hence, we will seek some “hidden” condition for
the existence of the projections. In this paper, we will solve all the three difficulties and construct
several local projections to prove the optimal convergence and superconvergence rates. Numerical
experiments verify the theoretical findings.
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1 Introduction

In this paper, we apply semi-Lagrangian discontinuous Galerkin (SLDG) methods for linear hyper-
bolic equations in one space dimension. SLDG methods with mass conservation were first proposed
for Vlasov applications in [27, 26]. Since then, there have been a strong line of research development
for theoretical understanding [16] and applications [20, 19, 4, 5] of SLDG methods. Usually, the
convergence analysis of semi-Lagrangian methods [17, 26] suggest an error estimate of h?/7, where
h and p are the mesh size and approximation order for spatial discretization, respectively; and the
denominator with time step size 7 indicates the error accumulation over time steps. Yet, for the
SLDG method, such estimate is suboptimal [26]; furthermore, little is known on the theoretical
level on the superconvergence of the method. In this paper, we investigate the optimal convergence
and optimal superconvergence of the numerical approximations toward the exact solutions under
the L%-norm.

Superconvergence of discontinuous Galerkin methods for hyperbolic equations have been studied
intensively. We refer the reader to [1, 2, 3, 11, 8, 6, 7, 9, 10, 12, 29, 13, 14, 24, 25, 23, 31, 28, 18] for
an incomplete list of references on the superconvergence of DG methods for hyperbolic problems. It
is not easy to obtain optimal superconvergence rates for time dependent hyperbolic equations. The
first work in this direction was given in [31], where Fourier analysis was applied. In [31, 21], the
authors used piecewise polynomials of degree k, with k = 1,2, 3, as the numerical approximations
and rewrote the DG methods into finite difference schemes. By doing so, the size of amplification
matrices would depend on k, and it is extremely difficult to find the eigenvalues and eigenvectors
when k is large. Subsequently, in [29], the authors first proved k + 2-th order superconvergence
of the DG approximation towards a particular projection of the exact solution, and the same
convergence rate at the downwind-biased Radau points. Different from the technique in [31], the
energy analysis was developed in [29], and the proof works for all k. However, the superconvergence
rates at the downwind point as well as the cell average are still not optimal. Recently, correction
function technique was developed in [11] to obtain the 2k + 1-th order superconvergence. The
idea was further developed to obtain the optimal superconvergence rates for DG methods with
upwind-biased numerical fluxes [6], and for problems with singular initial data [18]. The extension
to problems in two space dimensions was also demonstrated in [8]. Moreover, the analysis for
nonlinear equations was discussed in [9]. Some recent development of the superconvergence of DG
methods can be found in the review papers [24, 10]. However, no previous works discussing fully
discretized DG methods without Fourier analysis is available.

In this paper, we consider the SLDG methods for linear hyperbolic equations, and investigate
the optimal convergence and optimal superconvergence of the error between the numerical and
exact solutions under the L?-norm, motivated by our numerical verification in Section 5. Below we
summarize the main ideas of our analysis presented in the paper.

1. Due to the special time discretization, the SLDG scheme contains two sets of meshes: the
background Eulerian mesh and the shifted mesh. After each time step, one has to perform a L?
projection of the evolved numerical approximation from the shifted mesh to the background
Eulerian mesh. In a standard semi-Lagrangian convergence analysis, the projection error
accumulates during time evolution, leading to a suboptimal convergence rate in the theoretical
analysis [17, 26]. However, numerical experiments demonstrate an optimal convergence rate.
Therefore, we have to construct a special projection such that the projection error does not
accumulate during time evolution and the rest high-order term would not affect the optimal



convergence rate. Indeed, it is not easy to prove the optimal convergence rate on overlapping
meshes. To the best knowledge of the authors, the only work with optimal convergence rate
for DG methods in this direction was given in [22], where the semi-discretized central DG
methods were discussed. No previous works discussed the superconvergence of DG methods on
overlapping meshes. However, for SLDG methods, the semi-discrete version does not exist.
Hence the idea in [22] cannot be applied directly. The basic idea for optimal convergence
contains two steps. We first assume the exact solution u(x) to be a polynomial of degree k+ 1
and construct a special local projection such that the SLDG scheme maps the projection of
u(z) on the shifted mesh to the projection of u(x) on the background Eulerian mesh, see (3.1).
In the second step, we consider a general smooth solution, and project it to a polynomial of
degree k 4+ 1 with projection error O(h*+2). The accumulation of the projection error is of
(k + 1)-th order accurate, hence it does not affect the optimal convergence rate during time
evolution.

2. The superconvergence of time dependent terms under the L?-norm. It is well known that by
using piecewise polynomials of degree k, the error between the numerical and exact solutions
under the L?-norm is at most (k + 1)-th order accurate. In [30], the authors applied Fourier
analysis and studied the case of piecewise linear functions on uniform meshes. The leading
error term is shown to be of a constant magnitude independent of time ¢. This motivates the
division of the numerical error into two parts, one being the leading time independent term
and the other being a time dependent superconvergent term, see (4.9). If the final time is large,
the superconvergence term would dominate and we can observe the desired superconvergence
rate under the L?-norm. It is not easy to obtain the optimal superconvergence rate under the
L?-norm. To the best of our knowledge, no previous results on the optimal superconvergence
for fully discretized DG methods are available. In this paper, we will construct a sequence of
projections that can be used for monomials with different degrees. More precisely, we define
projection P, such that if the exact solution u(z) = z**, then the SLDG scheme maps the
projection of u(z) on the shifted mesh to the projection of u(x) on the background Eulerian
mesh. However, in the general treatment of DG method, only one projection can be used,
hence the relationship among the projections have to be investigated.

3. The stopping criterion of the sequence of projections. Numerical experiments demonstrate
that the superconvergence rate is 2k + 1, leading to ¢ < k 4+ 1. Therefore, special stopping
criterion in the construction of the projections has to be studied. In this paper, we will prove
a special equality that serves as the stopping criterion, i.e. the projection exists if and only if
the special equality is valid. Here we would like to point out that the stopping criterion given
in the paper is quite different from those given by the correction function technique, e.g. [11].
In the correction function technique, we should apply Legendre expansion of the numerical
approximations, and demonstrate that the numerical flux due to the correction function does
not vanish after k£ + 1 steps. However, in SLDG method no numerical fluxes available, hence
we need to explore new stopping criterion.

Finally, we comment that the technique introduced in this paper has special mesh requirements.
To construct local projections on overlapping meshes, we need to assume the spatial mesh to be
uniformly distributed following [22]. Moreover, the SLDG method is a fully discretized DG scheme,
hence the projection depends on the time step 7. To avoid projection change between different time



steps, we need to assume the time mesh size to be a constant. Though the above assumptions are
essential in the theoretical analysis, numerical experiments demonstrate the same convergence and
superconvergence rates for general random meshes. Moreover, numerical experiments also indicate
that the uniform mesh assumption is reasonable as the error would accumulate randomly during
time evolution if such an assumption is missing. Some advanced techniques have to be developed
to obtain the optimal convergence and superconvergence rates for general random meshes, and this
will be discussed in the future.

The organization of this paper is as follows. In Section 2, we introduce the SLDG method.
We will proceed to prove optimal convergence and superconvergence rates in Sections 3 and 4,
respectively. Numerical experiments will be given in Section 5 to verify the theoretical results. We
will end in Section 6 with concluding remarks.

2 The SLDG method for a linear convection problem

In this paper, we consider the SLDG method for the following 1D linear convection problem with
constant speed on a bounded domain [z, x| with periodic boundary conditions

=0, t>0,
Up + Uy (2.1)
u(z,0) = up(z).
We discretize the computational domain Q = [z4, 23| into N uniform elements:
To =21 <Ty <o <Tyy1 =T, (2.2)
with I; = [;Uj_%,afj+%] denoting an element of length h = 5 for j = 1,2,--- ,N. Let A = U;1;

be the set of mesh, and 7 = t"*1 — ¢" represents the time discretization step, which is assumed to
be constant. In the framework of DG method, we consider the finite dimensional approximation
space

VE ={op 1wy, € PR(I;),5=1,2,--- N}, (2.3)

where P¥(I;) denotes the set of polynomials of degree at most k over I;.

For the purpose of carrying out theoretical analysis for a simple linear equation (2.1), we
introduce the SLDG scheme as a shifting and projection procedure [27]. In particular, to update
SLDG solution uZH € th from uy € V,f, we follow the following two steps:

1. S; (forward shifting): S;(uj(x)) = up(x — 7).
2. Pa: L? projection on each computational cell base on the mesh A.
Thus, the SLDG scheme for a linear equation (2.1) can be written as
up ™t = Pa o Sp(uf) = G(up). (2.4)

We denote I; to be the background Eulerian cell, and I j to be the upstream cell obtained by tracing
I; along characteristics from time level t" to tntl,



3 Optimal convergence

In this section, we prove the optimal convergence rate of the SLDG scheme. We assume uniform
mesh with 7 = Ah, where A\ < 1 is a constant. When 7 > h, the situation can always be decomposed
to the whole grid shifting of the DG solution on the uniform mesh, together with a SLDG scheme
with 7 < h.

3.1 Norms and notations

In this subsection, we define several norms and introduce the notations for projection that will be
used throughout the paper.

Norms. Denote [[ulo,z, to be the standard L? norm of w in cell I;. For any natural number £, we
consider the norm of the Sobolev space H(I j), defined by

2
0%u

[0}

I

ler; = Z

0<a<t

0,1

Moreover, we define the norms on the whole computational domain as

2

lalle={ > llull,,

1<j<N

For convenience, if we consider the standard L? norm, then the corresponding subscript will be
omitted. Moreover, we define the standard L° norm of u in I; as [|u[|w,z;, and define the L°° norm
on the whole computational domain as

ulloo = max, l[2]|oo,1; -

Notations. We introduce the following notations for projections.
e Pa: L? projection onto the mesh A.
e PX: the special projection onto the mesh A.

e P: the special projection on a reference interval I;. The idea of introducing the notation P
is to enable a representation of the special projection such that its uniqueness and existence
can be proved, see Lemma 3.1.

3.2 Basic idea

We first demonstrate the basic idea assuming u(z) € P**!([z,4, 13]). The key point is to show that
the leading term of the numerical error (of order h**1) will not accumulate with each time step
evolution. There are two key components to show the optimal convergence rate.



1. Find a special projection P{u. More precisely, we write the error as e = u — up, =1 — ¢,
where 7 = v — Pu and £ = uj, — PXu, with P{u being a special projection on the mesh A,
such that

PX o S;u= PaoS;o(PAu) (20 G o Pru. (3.1)

The L.H.S of the above equation is to firstly evolve the solution by applying the operator
S, followed by the special projection; while the R.H.S. of the equation is to firstly apply the
special projection P}, followed by the SLDG operator G. The equality is essential to the no
accumulation of error in time, as will be shown in (3.8). With the assumption of uniform
mesh, (3.1) gives rise to the following identity, Vv € V¥

/ Piu(z, t"o(z) do = / Sro Px(u(z,t"))v(z) doe = / S.o0PkoS_r(u(z,t" ))v(z) dz.
1 1 1

For simplicity of notation, let u(z) = u(x, "), then we have Yo € VF

T4t i+l

/ Pru(z)v(z) dx :/ PRu(z)v(z) dx +/ PRu(z)v(z) dx, (3.2)
Ij :Eji% :E].i % +T7

where Pg = S;0PX oS_ is the special projection on the shifted cells I ;’s. Please see Figure 1

for illustration of these intervals. It is easy to check that

Pi(u(z — 7)) = Sr 0 PA o S_ru(z — 7) = S; o PAu(z) = (Pau)(z — 7), (3.3)

where (PXu)(z — 1) is the right shift of PXu(x) by 7. In the rest of the paper, we always
use PXu(x — 7) to represent (PXu)(xz — 7), the shift of the projection, and use PX (u(xz — 7))
to represent the projection of u(z — 7). In general, PX(u(x — 7)) # (PXu)(z — 7). To prove
the existence and uniqueness of the special projection, we let P be the special projection on
a reference cell I,
/ Pu(z)v(x) dzx i/ Pru(z)v(z) dz,
1 I

and transform PX (on mesh A) into P (on the reference interval I;) by coordinate transfor-
mation. In particular,

/ T pru(ay(e) dr = / T Py(ule =) +u(o) — u(e = r)ota) do

-3+ Ti-3+T
— /xHi [Pu(z —7) + P(u(z) —u(z — 7))]v(z) dz
- / + [Pu(e —7) +u(@) —u(e - (@) dz (34)

where we applied (3.3) in the second step and the last step is due to the fact that u(x) —
u(z — 7) € P* with u(z) € P*"'[x,, z3). Similarly, we have

T, 1+T T, 1+T
/ * Pru(o)u(z) do = / 2 Pu(e — 7 + h) + ulz) — u(e — 7+ W)o(z) de, (3.5)

i-% i-%



where we introduced h on the right-hand side since the integral is in cell I j—1, not in cell I pi
and we need to shift one cell. From (3.2), (3.4), (3.5), we have Yo € V¥

Ij,l'H'
/ Pu(z)v(x) dx :/ > [Pu(zr — 7+ h) +u(x) —ulx — 7+ h)v(z) dr

Ij x

]'7
T,
J
-I-/
T,

+ e

1
2

A [Pu(x — 7) + u(z) — u(x — 7)|v(z) de. (3.6)

For example, in a simplified P! setting, we consider u(x) = 2 and let Pu = 12 + s1 on the
reference cell I;. Then (3.6) gives

xj_%+7
/ (riz + s1)v(z) dx :/ [(ri(z =T +h)+s51)+ (2% = (. — 7+ h)?)]v(z) dz

1; T

j—
X .
J

+/
xX .

+ e

i 1z = 7) + 51) + (& — (& — 7)))]o(z) do, Vo € PYI).

One can show that such a special projection exists and is unique with the condition that P
preserves the mass [; Pu(z)dr = [; u(x)dz. We use Mathematica to find
J J

1
r=g(h=2r), s = h?/12. (3.7)

Lemma 3.1 in the next section establishes the existence and uniqueness of such a special
projection in a general setting.

. The numerical error does not accumulate with P{u. When (3.1) holds, then after
applying SLDG operator G for n time steps, we have

G" o Piu= P% o S"u = P% o Spru, (3.8)

assuming u(z) € P*T1([z4,23)). That is to say, applying SLDG operators G n times on the special
projection, is the same as applying the special projection only once on the analytical solution Sy u.
This indicates that the numerical error does not accumulate with SLDG time steps. For a general
result on error accumulation, please see Lemma 3.5.

I I

.’L‘j_3/2+’7' xT.

Figure 1: I; is a cell of the Eulerian background mesh at ¢". I ;j is obtained from I; by tracing along
characteristics to "1, T ; intersects with I;_1 and I;.



3.3 General proof of optimal convergence rate

We first define the projection to be used in this section. Given a function f(x) € C(£2), similar to
(3.6), we define the projection Pf in cell I; such that for any v € th , we have

/zj_%JrT[Pf(x —7+h)+ f(z) - f(x — 7+ h)v(z) dx

+ /Ij_%iT[Pf(a: —7)+ f(x) = flz — 7)v(z) dov = /Ij Pf(z)v(x) dx, (3.9)

and

/Ij Pf(x) dx = /Ij f(z) dz, (3.10)

where Pf(x — 7) can be obtained by shifting the projection of f(x) to the right by 7. Likewise for
Pf(x — 7+ h). Now, we can state several lemmas demonstrating the properties of the projection
given above.

Lemma 3.1. The projection given above is well-defined i.e. the projection exists and it is unique.

Proof. We first demonstrate that the projection (3.9)-(3.10) is not over-determined. Actually, we
take v = 1 in (3.9), then the left-hand side of (3.9) turns out to be

/xj%JrT[Pf(a: B 4 f(@) - fla— 1+ B)] da

+ / J%H[Pf(x )+ @) — o —7)] de
= [ i@~ ot [T (Pr@) - @) dat [ 5@ da
— [ Pf(a) da,

where in the first step, we applied substitutions. Therefore, the condition (3.9) with v = 1 is
redundant. Next, we show the uniqueness and existence of the projection. We rewrite (3.9) as

i Ti+3
/:vj1 Pf(x — 7+ h)v(z) de + /xj%M Pf(x —71)v(z) de — /Ij Pf(x)v(z) dx
:Ej_z%+7' ‘Tﬂ_%
= / [f(x =7+ h) — f()]v(z) dx + / [f(x — 1) — f(z)]v(z) dz. (3.11)
xj_? :L"j_%+‘r

It is easy to see that (3.11) and (3.10) form a linear system. The system has a unique solution if
and only if the homogeneous system has zero solution only. Therefore, we set the right-hand sides
of (3.10) and (3.11) to be zero, and prove that Pf is also zero. To do that we assume

x. 1+T x.+l
/] * Pf(x—7+h)v(x) dw—i—/ PR —1)v(x) dw—/ Pf(z)v(z) de =0, (3.12)
. 1 xj7%+T Ij



and

/ PF(z) dz = 0. (3.13)

I;

We take v(z) = Pf(z) and apply Cauchy-Schwarz inequality and substitutions to obtain

[ Pr@ s

1
Tyt Ti+d

:/ Pf(z—7+h)Pf(x) d:v+/ Pf(z—7)Pf(x) dz
xji% xj7%+7
$j7%+T 1 2 1 2 xj+% 1 2 1 2

< [Pt P gPr@P dot [T SR - DR 4 SPS @) do
- 2 2 o 47 2 2
I=3 =3
Tl T, 17T 1

= [ SPR@P e [ PR@P £ [ P do
. 2 ., 2 .2
Jit+35 i—3 J

- [ 1Ps@) ds.
1

Therefore, the “<” in step two should be “=", and hence we have Pf(x) = Pf(x — 7 + h),

Vae (m];%,x];% +7)and Pf(z) =Pf(z—71),Vx € (l’jié —|—7’,£Cj+%). Then Pf(z) = Pf(z —7+
h) = Pf(x—7) in the complex plane. If Pf(z) is not a constant, then it has k roots in the complex
plane, denoted as zi,- -+, 2. Since Pf(x) = Pf(x — 7), then 2, = 21 + 7, , Zx = 2 + 7 are also
the roots of Pf(x). Hence {z1,--, 21} = {Z1, -+, Z}. This is a contradiction, since D, z; # >, Z;
as 7 # 0. Now we conclude that Pf(x) must be a constant. Then by (3.13), we have Pf(z) = 0,
and finish the proof. O

Moreover, it is easy to check that the projection (3.9)-(3.10) is local, which further yields the
following lemma [15].

Lemma 3.2. The projection (3.9)-(3.10) satisfies
If = Pfll, < CH | fllna,,

where the constant C' is independent of h.

In addition, we also have the following estimate of the special projection.
Lemma 3.3. The projection (3.9)-(3.10) satisfies

1Pflloe.ty < Cllf oo,

for any continuous function f in I;, and the constant C' is independent of h.
Proof. We define a special norm in P*(I;) as

T, 1+T ) . 1 ) )
[I1fl]l; = max /J 2 f(:c—T-f—h)a:Zdﬂs—F/ e f(x—T)x’d:c—/l f(z)z'de|,
xr. 1 J

0<i<k z. 14T
)

/ f(x)dx
I
(3.14)



By the proof of Lemma 3.1, it is easy to verify that |||-|||; is indeed a norm in P*(I;). By the norm
equivalence in finite dimensional spaces and scaling argument, there exists a positive constant C
independent of h, such that hl[v||w,;; < Cl|Jv]]|; for any v € P¥(1;). Hence

1P flloo,z; < CRTHIIP Al = ChTHIIAN; < Cliflloou
where the second step follows from (3.9). O

Next, we demonstrate why the projection (3.9)-(3.10) is useful, and the result is given below.

Lemma 3.4. Suppose the exact solution at time level n is f(z + 7) € P¥*1(I;_; U I;), and the

numerical solution is given as u! = P(f(z + 7)) in cell I;_; and I}, then u}"! = Pf(z) at time

level n + 1 in cell I;.

Proof. The proof would be basically the same as that given in Subsection 3.2, hence we skip most
of the details.
Define P = S; o P o S_;, then following the analysis in (3.3), (3.4) and (3.5), we have

/IH% Pf(z)v(x) do = /xﬁ% [Pf(x—7)+ f(x) = flz —7)]v(z) de,
xj7%+7 xj*%—H-

and
:vj_%+~r w]._%+7'
/ Pf(z)v(x) dCE:/ [Pf(x —7+h)+ f(z) — f(x — 7+ h)]v(z) dz.

Therefore, by (3.9), we have

T 1

Tyt j ~
/ Pf(z)v(z) dx :/ ? Pf(x)v(x) dﬂs—f—/ ok Pf(z)v(z) dx
Ij :Ej_% xj_%+7
TitT Ti+d
:/ * S,0PoS_, f(x)v(x) dm—i—/ * S,0PoS_,f(x)v(z) dx
x. % xj7%+7'
Ti+d

= /:j%” SroP(f(x+7))v(zx) de + /

. xX .
J*% J,%

Sy o P(f(x+ 7))v(z) dx,
+7

which further yields
Pf(x) = G(P(f(z +7))) = up™ (3.15)

by the definition of the SLDG scheme (2.4). O

As the general treatment of finite element methods, we split the error between the exact and
numerical solutions as e = u — up = n — &, where n = v — Pu and £ = up — Pu. In Lemma 3.4, we
considered some special exact solutions. The following lemma is used for general exact solutions.

Lemma 3.5. Suppose the exact solution at time level n is u(z) € C*+2(Q), then

lE™ M < 1l€™ | + O(h**2).

10



Proof. We first consider the error in cell I; and introduce some notations. We rewrite the exact
solution at time level n (t = t") as u(z,t") = ugi1(z) + r(x), where ugy1(x) € P*(I;_1 U L))
and r(z) = u(z) — upr1(z) with r(z) = O(K**2) in I;_; U I;. Tt is easy to see, at time level n + 1
(t = t"*1), the exact solution is u(x,t" ") = u(z — 7,t"), then

& (@) = up™t = Pu(a, ") = G(up) — Plupsa(z — 7)) = P(r(z — 7))
= G(up) = GP(uppa(2)) — P(r(z — 7))
g(¢") +GP(r(x)) — P(r(z — 7)),

where in line 2, we used Lemma 3.4. Therefore,

e @)1, < 1GE™M, + 1P @)1, + 1P — 1)1,
< Gz, + 1Pr(z — 7)1, + [1P(r(z — 1)1,
< Gz, + CRY2 (@) lso,1, 01,
< GEM) Iz, + CHFFH2,

where in the second step, we used the definition of the SLDG scheme (2.4) and the property of the
L? projection in the SLDG scheme, the third step follows from Lemma 3.3. The above inequality
further yields

=2

le @)1 = g @)IIF,

J=1

<||g(§n)HIJ + Chk+2+1/2>2

Mz

.
Il
—

N N
IGEMIT, + 2 CREFH2IGE™) |1, + > (CRFFH1/2)2

I
Mz

j:l jil j:1
N ~ ~ N
< Z 1G(E™) ||1 +2 Z Chk+2+1/2)2z ||g(£n)||%j +Z(Chk+2+1/2)2
Jj=1 j=1 j=1 =
2
S <Hg(§n)\| +Chk+2> < (anH +Chk+2) ,

where in the last step, we applied the property of the L? projection in the SLDG scheme. Finally,
take square roots on both sides of the above inequality, we finish the proof. O

Remark 3.6. In the proof of Lemma 3.5, we want r(z) = O(h**2) in I;_1UI;. This is a reasonable
assumption, and there are several ways to obtain this condition. For example, one may choose
ug+1(w) as the L? projection of u(z) over I;_1 UI; or as the truncated Taylor expansion of u(x) at

r=ux._1, etc.
i=3’

Remark 3.7. The r(z) in the proof given above may different in the estimates of different cells.
For example, if we consider the estimate of £ in cell I;, the r(z) given in I;_; might be totally
different from the one if we consider the estimate in cell 1;_;.

Finally, we can state the main result in this section.
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Theorem 3.8. Suppose u € C**2(Q) and the numerical approzimations uj, € th over a uniform
mesh. The initial discretization is given as the special projection (3.9)-(3.10). Then we have

1w = up) (@) < C(L+ )R, (3.16)
where the positive constant C' does not depend on h.

Proof. We apply Lemma 3.5 recurrently to obtain
€71 < 1€°) + Cnh*¥2 < Cth*
Therefore, by Lemma 3.2, we have

le™ | = ™| + €11 < C(1+ t)n*+L,

4 Superconvergence

In this section, we proceed to investigate the superconvergence of the SLDG scheme, i.e. the time
dependent part of the L? error is of order 2k+1. We first present the basic idea and then use a special
example to demonstrate the difficulties. Finally, we prove the (2k + 1)-th order superconvergence.
We will define several new projections as corrections of the special projection given in Section 3.
For simplicity of presentation, we denote the projection P given in (3.9)-(3.10) as P;. Moreover,
we also assume 7 = Ah with A < 1 in this section.

4.1 Basic idea

We first demonstrate the basic idea to obtain the optimal superconvergence rate. Following the
same idea in Section 3, we first consider u(z) € P?*! for simplicity. We would like to construct a
special projection P4 such that (3.1) holds for u(x) € P2*1. If such a projection exists, the error
can then be decomposed into two parts: the leading projection error (of order th) together with
the time dependent superconvergence term which may accumulate during time evolution (of order
h*+1) see Theorem 4.12. To find the special projection, we consider a sequence of monomials
oh L k42 oo 22k 1 and look for special projections denoted as P; (1 < i < k + 1) act on them,
i.e., P, is used to project zF*% to VF. Subsequently, we will show that Pz**i = Pjz*+ for
i > j. Due to the linearity of the SLDG algorithm, the special projection for u(x) € P?**+1 is
exactly Pgyq1. For a general smooth function u(z), we can write u(z) = uggy1(x) + r(z), where
ugpr1(w) € PHTYL; 1 U L) and r(z) = O(h?**2). By the same analysis in Section 3, only the
high-order term r(z) contributes to the error accumulation, leading to the optimal superconvergence
rate.

4.2 A special example

Before we provide the general proof of the optimal superconvergence, we would like to use the
special case of k = 1 to demonstrate the basic idea. In particular, when k = 1, we will show below
that the special projection satisfying (3.1) exists for v = 22, but it does not exists for u = x*
P, exists but P3 does not. Note that the existence of P; has been shown in Lemma 3.1.

, 1.e.
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Theorem 4.1. Consider k = 1, we can find a unique special projection P such that Vu € P3
PoS;(u) =Go P(u); (4.1)

together with the condition that flj Pu(zx)dx = f[ x)dx. However, we cannot find such a special
projection such that (4.1) is satisfied Yu € P2,

Proof In our proof, we always refer to Figure 1 for the notation of intervals, and also define

P = S, 0PoS_, as the projection on cell I in this section. Let w;(z) = mk+i, and assume

P(2**%) = r;z + s; on a reference cell I}, then

pui(ﬂv—T) =ri(z—7)+s, xelj

Puj(x —74+h) =ri(x —7+h)+s, x€lj_y,

following the analysis in (3.3).

e The case of i = 2 and u(x) = 23. On I,
P(CL’S) = lf’((x — 7')3 + 37(x — 7')2 + 37‘2(55 —7)+ 7'3)
= (ro(x —7) + 82) + 37(r1(x — 7) 4+ 51) + 372 (x — 7) + 7°.
Similarly, on fj_l,
P@®) = P((x —7+h)>?*+3(r —h)(x — 7+ h)*+3(r —h)*(x — 7+ h)+ (1 — h)?)
= (ro(x =74+ h) +52) +3(t = h)(ri(x — T+ h) 4+ s1) +3(r — h)*(x — 7+ h) + (1 — h)3.
Analogy to (3.6), but for u(z) = 23, we have Vv € V}}

T, 1+T
/(7"21‘4-52)1)(;10) dl‘:/ e [(ro(z — 7+ h) + s2)

I; .
J ]7%

+3(r—h)(ri(x —7+h)+s1) +3(1 —h)2(x — 7+ h) + (1 — h)3v(z) d
T
+ / a [(ro(z — 7) + 82) + 37(r1(x — 7) + 51) + 37%(x — 7) + 7o (z) du,
We use Mathematica to compute 7o and sy. We apply (3.7) and take v = 1 to find the

above identify is automatically satisfied. Therefore, the condition for v = 1 cannot provide
any information of 9 and so. Then we take v = = to obtain

2
—Jﬂ—fh 2 4.2
79 3 + 37' (4.2)
Also from the condition |’ 9 Pu(z)dz = [; u 3 x)dz, we have

/(7‘2$+52)d:§:/ dr = s3=0. (4.3)
1 1

J J

13



e The case of i = 3 and u(z) = 2. On I;,
P3(m4) = P((z — 7)4 +47(x — 7')3 +67%(x —7)% + 47'3(36 —7)+ 7'4)
= (r3(x — 7) + 53) + 47(ra(x — 7) + 89) + 672 (r1(x — 7) + 81) + 473 (x — 7) + 7.
Similarly, on I =1,
Py(zt) = (r3(x — 7+ h) 4+ s3) + 4(7 — h)(ra(z — 7 + h) + s2)
+6(7 — h)?(ri(x — 7+ h) +s1) +4(T —h)*(x — T+ h) + (1 — h)%
Analogy to (3.6), but for u(z) = x%, we have Vv € V¥

xj_L+T
/[ (rsxz + s3)v(z) do = / * [(rs(z — T+ h) +s3) +4(T — h)(ra(x — 7+ h) + s2)

J ]'_7

+6(1 —h)2(ri(x — 7+ h)+s1) +4(1 — k)3 — 7+ h)+ (7t — h)Yo(z) de

+/xj+% [(r3(x — 7) + s3) + 47 (ro(x — 7) + s2) + 672(r1(z — 7) + 51)

+473(x — 1) + mYu(2) dr,

We also use Mathematica to find the values of 3 and s3. We apply (3.7),(4.2),(4.3) and take
v = 1 in the above equation to obtain

h? —hr + 72 =0.
Clearly, this is a contradiction.

O

We can see that P, exists since the equation for v = 1 is redundant while P3 does not exist since
the equation for v = 1 yields a contradiction. We can use this observation to prove the optimal
superconvergence.

4.3 Optimal superconvergence

In this subsection, we proceed to prove the optimal superconvergence of the SLDG scheme.
We first define the projections to be used in this subsection. In cell I;, for any f € Ck(I i), we

define a sequence of projections Py1f, £ =0,2,--- , k, such that for any v € th , we have
xj,l l 4
/ 2 [Z Pg+1_if( (x—7+h)+ f(z Z f(l (x—7+h)|v(x) de
i1 i=0
Tivd i - Lo
s [ S RO 1) 4 (o) = 3 T )| vla) de (4.4)
Ti 3T Li=0 i=0
— [ Peaf@pie) ds
Ij
and
[ Pt do= [ (@) o (4.5)
I; I



where f()(z) is the ith derivative of f(x). Before we demonstrate the existence and uniqueness of
the above projections, we define P+ f(z) = f(z) — Pf(x) and would like to present the following

lemma.
Lemma 4.2. If Py, ---, P, are well-defined, then we have
/ijr% ZZ:PL () (t —h) d + /IH%_TEZ:PL ' f(i)(x)i de = 0
S £—i+1 il - 2 (—i+1 il .

Proof. For any 0 < s < /¢ — 1, the projection Psy satisfies

o Pl if Oz — 7+ o(e) de
it =T n
/ Z—, daf e = o) do = [ Phif@te) do

1+
2

Applying substitution, we have

Py if D (@)o(e +7—h) da

1—T .
/ it %Pé_l_if(z)(x)v(x +7) dx = /I Pj_i_lf(z:)v(x) dzx.
) ! j

We replace f(z) by f~*)(z) and take v(x) = 2= to obtain

/zH; i(T
I]“’liT ‘_
T 1T B
+/7 3 Z S+1 Zf(f s+z)( )(x+7)€ sdx_/ +1f ( ) =5 o
X .
J

_1
2

h)? -
) Psﬁrlfif“*‘g“) (x)(x+ 71— h)efs dx

We replace ¢ by i — £ + s + 4, then the above equation is equivalent to

T, 1 ¢ _ p\i—{+s .
J D DR Y O D

xT. 1—T 4 i—
J"rj T i s s s
+ / > ol - / L @)t e

i—% i=0—s J
Next, we replace s by £ — s in the above equation to obtain

1
[ S b W e+ ) e

Tird 7T i=s

e
+37 Tﬁs i s s s
—I—/] : 8)'ngi+1f()(x)(x+7) —/ Pl f¥(2)2® de =0,

1 .
i-3 1=s8 J

15
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for 1 < s < /. Denote the left-hand side of the above equation to be A + By, where

_ i—s . 1
As _/ Z u Pl fD@) (@ + 71— h) dx—/ e P o1 f9 (2)2* da,
+1 T j=s :1:]._'_%77—

and

w17t 2 T, 1-T
Bo= [T TP e o e [T RO e

J*% Ji%
Then by (4.7) A, + B, = 0, and
£ S
Z (_1) +1B
' S
s=1
K 5+1 B i+ (
-3 / /(@) (@ +) dw—/ P yd [ (@) da
s=1 % $j7%
_ V2 )
i+ T (_1)s+1 Fis )
N /:Jc 1 Z;Z s! (¢ )' H_lf )@+ ) z; PE s+1f (z) dx
i—g Ls=1 i=s —
[ ¢ i ¢
41T 1 s+1 Ti=s 1 i+1
- [ O @)+ 7 Z< " Pt f @] da
zj*% Li=1 s=1 s! (Z ) i1
I ¢ i
iyt i s i—s( 1)H—1 H_l 7
:/x 12 2 1 <S>(x+7) (=7) i Pt f@ z; Pl f9(x)
i-3 Li=1 s= i
x].+%77 K4 7 i . (_1)i+1 l Z+1 ®
:/ <5>($+T)S(_T)Z ’ P z+1f Z ~— Pt i1 SV (@) ¢
Ti-% Li=1 s=0 —
4
A ) (_1) 1 i
—/ f S ()P fO () da
x7—§ i=1
17 [ £ _1)i+l L _qyitt
-/ [Z( P SO = B O et | da
Ti-% i=1 . =1
xj+%—7 4 n ; Ti
+ Zszin (a:)ﬁ dx
Ti-1 i=1
T r 4 i
+ i T
= / ity ZPZJ;H_lf () ; dx
Ti-1 i=1

f .
—1)st! Tt ; T —h)!
Z ( A, = / 2 prl—i-i-lf( )(x)(i!> dr.
Finally, by using the fact that As + Bs = 0, we have (4.6) and complete the proof.
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Now, we can state several lemmas demonstrating the properties of the projections Pys.
Lemma 4.3. If P, ---, Py are well defined, then so is P11, 0 < ¢ < k.

Proof. Following the same proof in Lemma 3.1, we only need to show that the projection (4.4)-(4.5)
is not over-determined, i.e. the condition with v =1 in (4.4) is redundant. Actually, we take v = 1
n (4.4) to obtain

m]._%JrT ¢ (7_ _ h)i ¢
/ Z S Pri_if Dz —7+h)+ f(z ’)x—T—i-h) dx
i i=0 v i=
L ; ¢ .
x.+l TZ 7-l
[ S S P ) 4 @) = 3 O - ﬂ] o
T+ Li=0 im0 "
Tl
:/ ! ? P f(z) de
Titd
With suitable substitutions, we can obtain
. 1 f _ h 7 . i
L7 S R 0w - 0w o
Tj+3 7T =0
¢
T 1T Tt ; Tiy
+/J ’ Zj[PEH if O (x) = fO ()] de:/J Py f(x) — f(2) de,
Tiil =0 Tit+}

which further yields

/ z

The above identity has been given in (4.6). Therefore, Pp1; exists and it is unique. O

:1:.+l r ¢ 7_‘ ) )
PZJrl zf ( ) f(l) (Z')] dx + / e Z ? Pg+1,if(2) (ac) — f(l) ((L’)] dx = 0.

i=1

Nl

Remark 4.4. In the proof of (4.6), we took v(x) = x* (i.e. s = 0). Therefore, we need to assume
¢ < k, and this is the reason why we cannot obtain (2k+2)th order superconvergence rate.

The above lemma has a straightforward corollary, hence we skip the proof.

Corollary 4.5. The projections P, ---, Pry1 are well defined, i.e. each projection exists and is

unique.

Moreover, it is easy to check that the projection (4.4)-(4.5) is local. Therefore, we have the
following lemma [15].

Lemma 4.6. The projection (4.4)-(4.5) satisfies
I1f = Posafllr; < CHFFY fllps
for any 0 < ¢ < k, and the constant C' is independent of h.

In addition, we also have the following estimate of the special projections Py, 0 < ¢ < k.
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Lemma 4.7. The projection (4.4)-(4.5) satisfies

l
1Pes1flloot; < Cllf ooty + D CREFHH PR (@)oo g,
=1

for any function f € C***+1(I;) and 0 < ¢ < k, and the constant C is independent of h.
Proof. We can rewrite (4.4) as
m].i % +7 $j+%
/ Prif(x — 1+ h)v(z) der/ Prif(z —1)v(x) do — /

. T . —+7 T,
} 4 -3

X .
it

Py f(z)v(z) dz

<
|
[N

. 1+T . 1 ., 1
:/] 2 fle— 7+ h)o(z) da:—i—/ e =) )da;—/HQf(x)v(x) da
Ij—% xj_%+7 T %
LAt (r—h) L
+/ P, _Zf(Z)SC—T-f-h daz+/ P _if Yz —1)v(z) do
- Z; — P ( mz; R Jo(z)

T, 1

xj,l+7
/ > Pyaif(x — 714 h)v(x) daz—l—/

. Z . T Z .
-3 -3t -1

[ e @ e [ e ot de— [0 saete) da

i3 i—3 i-3

l
< S Ch (IP1-if O = 7+ W)l ple@) + 1P f O = Dl llo@)2)
=1

0
= > (1P f O @@l + 1P f O @l @) )

=1

l
< Y CHIPS i f V@) v (@),

l
< Y R D @) | lo(@) |1,

i=1
z . .
<Y CRMR| FHEED @)oo
i=1
where in the second inequality from the bottom, we applied Lemma 4.6. We also use the definition
of the special norm given in (3.14), following the same analysis in Lemma 3.3, we have

L
1Per1fllsor; < CHHI[Pesa flll; < CRTHIANG + Y0 CRM | Y (@) oo g,
i=1

L
< Cllfllsog, + D CHEFH FHD (@) oo 1.
i=1
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The next lemma shows the relationship among Py's, 1 </ < k + 1.
Lemma 4.8. If f(z) € P¥"5(I;), then Psf(z) = Ppy1f(z), forall 1 < s < k and s < £ < k.

Proof. We use mathematical induction. Suppose f(z) € P*1(I;), then f0)(z) € PFH1=(I)),
leading to Ppq_if®(z) = f@(z) for all i = 1,-- -, £. Therefore, (4.4) turns out to be

[ Rt B @) ST Wlote) do

Jj—
I
A
T .

+ m\»-‘

: [Pro1f(x —71)+ f(z) — f(x — 7)]v(z) doe = /I Py f(x)v(x) dz

+7

which is exactly (3.9). By Lemma 3.1, P f(z) = Pp1f(x) for all 1 < ¢ < k. Now we make the
following assumption:
(A) If f(x) € P¥*™(1;) then Py, f(z) = Pip1f(x) forall 1 <m <s—1and m < ¢ < k.
We want to show Psf(z) = Ppy1f(z) for all s < £ < k and f(x) € P*3(I;).

Assume f(z) € P*s(I;), then f@(2) € P*57U(I;), leading to Ppyy i f W (z) = f@(x) for all
i=s,--+,l. Therefore, (4.4) turns out to be

x. 1+T ., 1
/] * Poaf(x—1+hw(z) dx—l—/ a Prof(x —1)v(z) do

i-% -3t
ccj71+7- s—1 _ h)l s—l
+/ ? , Prpa—if V(@ —7+h) + f(x Vo —7+h)| v(x) dz
:Eji% =1 ’ i=
Tt L i :
/ [ZZ'PZJA zf( (x—1)+ f(z Zz,f) ] v(z) dx
Z; % i=1 =0
/ Pra f(x
By using assumption (A) with m = s — ¢ and the fact that £ + 1 —i > s — i, we have
T4t Tipl
Py f(x — 7+ h)v(x) de + Priif(x —71)v(z) do
Ti-% T3t
Ij,l T [s— 1 i s— 1
+/ 2 Z S_if( (x—74+h)+ f(x Z f(Z —7+4+h)| v(x) dx
wj_l i=1 =0 !
Ij+% s—1 i — Ti .
+/ M DOERRTICE f(x)—zgf(”(x—f) o(x) da
Ti—37T Li=1 ‘ i=0

= /1 Pry1 f(z)v(z) da.

J

We can see that Pyy1 and P; satisfy the same condition given in (4.4). By Corollary 4.5, we have
Psf(x) = Ppy1f(x) and finish the proof. O
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Following the analysis in Section 3, we demonstrate why the projection Pj,1 is useful, and the
result is given below.

Lemma 4.9. Suppose the exact solution at time level n is f(z + 7) € P?**}(I;_; U I;), and the
numerical solution is given as u} = Py11(f(z + 7)), then u}t! = Pyi1 f(2).

Proof. We define P, = Sy o P10 S_,. Notice the fact that f(x) — Zi:O Z.—;f(i) (x—71) € VF,
then

it~ Tit} b LR L
/ e Pry1f(x)v(x) dx :/ Z ) P fOz —7) + fla) — Z — O (z — T)] v(x) dz
x T —0 ;

j_%-i-T j_%-‘rT L i—0
ST e e+ 50 - T )| oo a
B T, 1+T 0 e T ! 0 ' ’

i—3 L1= (3

where we applied Lemma 4.8 in the second step. Similarly,

Ij,l‘f‘T B
/ Y P f()u(z) do
k

-3
z, 1+ k _
:/ : [Z Pkﬂ,if( (x —7+h)+ f(x Z (r e —7+h)

J—% =0 ! i=

By (4.4) with ¢ = k, we have

14T

/ Piiqf(z)v(x) dx :/ T P f(@)v(w) dx—l—/ *h Pyy1 f(z)v(x) do
1; T, % Zj_%—l-T

I
Tt Titd
—/ SroPyrpoS_-f(x)v(x) de + / S; 0 Pip10S_rf(x)v(x) dx
1‘]. % CE]. %+
T4t Tith
[ s Pt @ dot [ S0 (e + i) do
a:ji% mj7%+7
which further yields
Proi1f(x) = G(Pepr(f(x + 7)) = up ™
by the definition of the SLDG scheme (2.4). O

In this section, we redefine n and & as n = u — Pypqu and € = up — Pyyiu, then we still have
e =u—up =n—E&. In the above lemma, we considered some special exact solutions. The following
lemma is used for general exact solutions.

Lemma 4.10. Suppose the exact solution at time level n is u(x,t") € C**+2(Q), then
€™ < [1€7 (] + O(R*F+2).

Proof. We first introduce some notations. We rewrite the exact solution u(x,t") = ugky1 + r(z),
ugpr1 € PPPY(I;-1 U I;) and r(x) = u(z) — ugrs1(x). Then at time level n + 1, the exact solution
is u(x, ") = ugpy1(z — 7) + r(x — 7). Moreover, we assume 7(r) satisfies

HT(S)(‘T)HOO,ijluh‘ < Ch2k+2787 s = 17 27 e 72k + 1. (4'8)

20
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We consider the error in cell I},

& @) = uptt — Pu(z, t") = G(up) — Pegr(ugprr(z — 7)) = Prgr(r(z — 7))
= G(up) = GPyy1(uzpy1()) — Prya(r(z — 7))
= G(&") + G(Pry17(z)) — Peya(r(z — 7).

where in line 2, we used Lemma 4.9. Therefore,

le" (@)1, < 1GE™) Iz, + G (Prsar @Dz, + | Pisa (r(z — 7))z,
< NGEr + [[1Prear (@ — 1)z + [ Brga (r(@ — 7))
< NGE") 1, + CR2 | Prgar(@)lloo,t, 01, + OB Paga (r(2 = 7)o,

k
< 16", + Ch'/? <Hr(w)Hoo,fj_1u1j > h’“““\T(’“+Z+1)(x)!oo,fj_1u1j)

i=1

k

< Hg(gn)HIj + Chl/2 <h2k’+2 + h2k+2 + th+i+lhk+1i>
=1

= |61, 4 CR2RH2HL/2

where in the second line, we applied the property of the L? projection in the SLDG scheme, the
fourth line requires Lemma 4.7 and the fifth line follows from (4.8). The above inequality further
yields

WE

le i @)|2 = 3 (e (@)]3,

.
I
—

S (Hg(é-n)”lj +Ch2k+2+1/2>2

E

<.
Il
—

N
H (gn HI —I—QZHQ gn Ch2k+2+1/2+Z(Ch2k+2+1/2)2

Mz

Jj=1 =
N N N N

< Z 1G (™13 7,+2 Z G (&m) HI Z Ch2k+2+1/2)2 +Z Cp2k+2+1/2)2
j=1 j=1 j=1 =

= [IG(E™)I* + 2\/\\9(5”)H?(Ch2’“+2)2 +(Cn*H2)?
< (g +cn*+)”.
Take square roots on both sizes of the above equation, we have
lE™ @) < NGEM| + Ch* 2 < |le7|| + Ch*+,
where in the last step, we applied the property of the L? projection in the SLDG scheme. 0

Remark 4.11. Similar to Remark 3.6, the assumption (4.8) is reasonable, we can simply choose
Uugk+1 as the L? projection of u(x, ™) in I;_1 UI; or as the truncated Taylor expansion of u(z, ") at
T =21, etc. Moreover, similarly to Remark 3.7, the r(z) in the proof given above may different
in the estimates of different cells.
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Finally, we can state the main result in this section.

Theorem 4.12. Suppose u € C?*T2(Q) and the numerical approzimations uy, € th over a uniform
mesh. The initial discretization is given as the special projection Pyy1. Then we have

= wn)(8)| < O+ 4 Ctn2i+L, (4.9)
where the positive constant C does not depend on h ort.
Proof. We apply Lemma 4.10 recurrently to obtain

€7 < 11€°)] + Cnh?+2 < Cth?k+1,

Therefore,
]l = [ln"™|| + 1€"]| < CR**! + Cth?*+1,

where the estimate of n has been given in Lemma 4.6. O

5 Numerical experiments

In this section, we use numerical experiments to verify our theoretical findings. We solve (2.1) with
uo(x) = sin(z). We first choose uniform meshes in both space and time, and take N = 20, 30, 40,
k = 1,2 in all the tests. The results are given in Figure 2. The following observations are made:

e The projection error dominates for a long time initially, i.e. error does not grow in time until
much later.

e When the error starts to grow with time, the slope of such growth is measured to be of order
h?**1. This is verified by the table on the right of Figure 2. We can observe 2k + 1-th order
superconvergence rate if the final time is large, i.e. when the time dependent error in (4.9)
starts to dominate.

Next, we consider nonuniform meshes and study the following three cases: (1) Random mesh in
space but uniform mesh in time; (2) Random mesh in time but uniform mesh in space; (3) Random
mesh in both space and time. In all the numerical experiments, the nonuniform meshes in space
are obtained by randomly and independently perturbing each node in a uniform mesh by up to
10%. The nonuniform meshes in time are obtained by randomly and independently perturbing the
CFL number 0.4 by up to 10%. The L*-norm of the errors were given in Figures 3-5, respectively.
We can also observe 2k + 1th order superconvergence rate if the final time is large.

However, from Figures 3-5, we can observe severe oscillations of the error during time evolution
while the curves for uniform mesh are quite smooth. Therefore, the uniform mesh assumption is
reasonable in the theoretical analysis. To obtain the proof for nonuniform meshes, some advanced
techniques that can be used to handle the oscillations should be introduced. This work will be
discussed in the future.

6 Conclusions

In this paper, we proved the optimal convergence and optimal superconvergence rates for the SLDG
method for linear hyperbolic equations in one space dimension. Numerical experiments verify our
theoretical findings. The proof for nonuniform meshes will be discussed in the future.
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CFL=0.5, uniform mesh
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Figure 2: Linear advection u; + u, = 0 with initial condition u(z,0) = sin(x). Slopes of L error
vs. time for long time simulations. Uniform meshes have N = 20, 30, 40 elements.

CFL=0.5, nonuniform mesh
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Figure 3: Linear advection u; + u, = 0 with initial condition u(x,0) = sin(z). Slopes of L* error
vs. time for long time simulations. Random nonuniform meshes have N = 20, 30, 40 elements. For
random nonuniform meshes, the length of an element is randomly perturbed by 0.1Ax.
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