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SUPERCONVERGENCE OF DISCONTINUOUS GALERKIN METHODS BASED
ON UPWIND-BIASED FLUXES FOR 1D LINEAR HYPERBOLIC EQUATIONS *

WAIXIANG CAO', DONGFANG L1?, YANG YANG? AND ZHIMIN ZHANG

Abstract. In this paper, we study superconvergence properties of the discontinuous Galerkin method
using upwind-biased numerical fluxes for one-dimensional linear hyperbolic equations. A (2k + 1)th
order superconvergence rate of the DG approximation at the numerical fluxes and for the cell average
is obtained under quasi-uniform meshes and some suitable initial discretization, when piecewise poly-
nomials of degree k are used. Furthermore, surprisingly, we find that the derivative and function value
approximation of the DG solution are superconvergent at a class of special points, with an order k + 1
and k+ 2, respectively. These superconvergent points can be regarded as the generalized Radau points.
All theoretical findings are confirmed by numerical experiments.
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1. INTRODUCTION

In this paper, we study and analyze the discontinuous Galerkin (DG) method for the following one-dimensional
linear hyperbolic conservation laws

us +ug =0, (z,t) € [0,27] x (0,77,
(1.1)

u(z,0) =wuo(x), x€R,

where ug is sufficiently smooth. We will consider both the periodic boundary condition u(0,t) = u(2w,t) and
the Dirichlet boundary condition u(0,t) = g(t).
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DG methods are a class of finite element methods using completely discontinuous piecewise polynomial space.
During the past several decades, it has gained more popularity in solving various differential equations (see,
e.g., [9-14]). It is well known that to guarantee the stability of DG methods, a suitable choice of numerical
fluxes is of great significance. Traditionally, purely upwind numerical fluxes are used for DG methods applied
to the linear hyperbolic equation. However, when it comes to the complex systems or the nonlinear problems,
purely upwind numerical fluxes may be difficult to construct. Therefore, study of the more general numerical
fluxes, e.g., upwind-biased fluxes, becomes very necessary and significant. Very recently, Meng et al. in [17]
studied DG methods using upwind-biased numerical fluxes for linear conservation laws. They proved an optimal
convergence order k + 1 for the semi-discrete DG schemes.

This paper is devoted to the study of superconvergence of DG methods using upwind-biased fluxes for the
hyperbolic conservation laws (1.1). Note that many superconvergence studies of DG methods for hyperbolic
equations are based on the purely upwind fluxes, see, e.g., [1-4,7,8,16,18-20]. The contribution of this paper is
to establish the superconvergence theory for upwind-biased fluxes by providing a rigorous mathematical proof,
and set a solid theoretical foundation on the fact that all upwind-biased fluxes share the same superconvergence
properties with the purely upwind fluxes in designing DG schemes for linear hyperbolic equations. By doing so,
we present a full picture for superconvergence properties of the DG method using upwind-biased fluxes, and
thus extend the superconvergence results in [6] to more general cases. Furthermore, our current work is also
part of an ongoing effort to develop superconvergence of DG methods using upwind-biased or Lax—Friedrichs
fluxes for nonlinear hyperbolic equations.

The main idea in our superconvergence analysis is to design some special correction functions. Motivated by
the successful applications of the correction idea to the DG methods for hyperbolic and parabolic equations (see,
e.g. [4-6]), we will construct a special correction function w, which vanishes or is of high order at some special
points, to correct the error between the DG solution and some particular projection of the exact solution. To this
end, the first key ingredient in our superconvergence analysis is to construct some suitable projection Pu (for
the periodic boundary condition) or Pu (for the Dirichlet boundary condition). Different from those in [4-6],
the particular projection should be globally defined so as to eliminate the error on the inter-element boundary
when the upwind-biased fluxes are concerned. The second key ingredient is to analyze the superconvergent
approximation properties of the globally defined projection. However, the nonlocality of the projection makes
the study of superconvergent approximation properties of the global projection more complicated than that
in [4-6]. The latter is the Gauss—Radau projection, which is a local operator and is superconvergent at left and
right Radau points. Based on the projection Pu or Pu, our final step is to construct a correction function w to
correct the error between DG solution and the globally defined projection Pu or Pu.

Thanks to the correction function, we establish the supercloseness between the DG solution and the specially
constructed interpolation function u; = Pu — w or Pu — w. It is this supercloseness that gives us desired
superconvergence results of the DG solution. To be more precise, we prove a (2k + 1)th order superconvergence
rate of the DG approximation at the numerical fluxes and for the cell average. As a by-product, we also prove
that the DG solution is (k+2)th order superconvergent for the error to the particular globally defined projection
Pu or Pu. An unexpected discovery is that the derivative and function value approximations of the DG solution
are superconvergent with an order k£ + 1 and k 4+ 2 at a class of special points, which can be viewed as the
generalized Radau points. As we may recall, all the results are similar to that for the purely upwind fluxes
in [6]. In some special case, the superconvergence results established in this paper are reduced to that in [6].
Even though we study the problem in one space dimension only, the extension to the 2D case can be obtained
follow the same analysis in [4] and this will be discussed in the future.

The rest of the paper is organized as follows. In Section 2, we present semi-discrete DG schemes using upwind-
biased numerical fluxes for linear conservation laws under the periodic and Dirichlet boundary conditions.
Section 3 is devoted to the superconvergence analysis for the periodic boundary condition, where we first study
the superconvergence properties of the global prejection Pu, and then design the correction function to correct
the error between DG solution and the globally defined projection Pu, and finally prove the supercloseness of
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the DG solution towards a particular interpolation function of the exact solution, which gives superconvergence
results of the DG approximation. Extensions of the analysis to the Dirichlet boundary case are carried out
in Section 4, and the same superconvergence results are obtained. In Section 5, we provide some numerical
examples to support our theoretical findings. Finally, some concluding remarks are presented in Section 6.

2. DG SCHEMES

Let 2 =[0,27] and 0 = r1 <ws <..<TypL be N + 1 distinct points on the interval (2. For all positive
integers r, we define Z, = {1,...,r} and denote by

1 .
Tj:(l‘]__, J+2> l‘j:§<l‘j_%+l‘j+%),j€ZN

the cells and cell centers, respectively. Let h; = z; Iy

1o h = h;/2 and h = max h;. We assume that the
J

mesh is quasi-uniform, i.e., there exists a constant ¢ such that

hSChj,j cZN.

Define
Vi ={v: vly, € Pr(1y), j € ZN}

to be the finite element space, where Py, denotes the space of polynomials of degree at most k with coefficients
as functions of ¢. The DG scheme for (1.1) reads as: find uj, € V}, such that for any v € Vj,

(Unt, v); — (U, Vz); —|—uh\]+1v+1 uh\]__ v, =0, (2.1)

where (u,v); = [ uvdz, ) Ui

and 1y, is the numerlcal flux. In this paper, instead of using the purely upwind flux, we adopt the upwmd biased
flux. That is, we choose

, and ’UJ ! denote the left and right limits of v at the point x; 41 , respectively,

inljyy = (Bu, + (L =0uf), . §=0,....N (2.2)

for the periodic boundary condition, and

(QU}: + (1 - Q)U}T)]_i_% , J€ ZNfla
ah|j+% = (Uh); =g(1), Jj=0, (2.3)

for the Dirichlet boundary condition. Here and in what follows, we take 6 > %
We denote
a;(u,v) = (u,v); — (u,v2); + ﬁvi|j+% - {“}Jr‘jf%

and
N
v) = Z a;(u,v),
j=1

then (2.1) can be rewritten as
aj(up,v) =0, Yv €V, VjeZLy.
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A direct calculation from integration by parts yields

N
a(v,0) = (v,v) + <9 - %) Sz, (2.4)

for flux (2.2), and

N-1 1
oo )= o)+ (0= 5) S0 + 510+ 5 (vRyvvy — o707 (25)
for flux (2.3).

3. ANALYSIS FOR THE PERIODIC BOUNDARY CONDITION

Following the superconvergence technique in [5,6], our goal here is to construct a special interpolation function
uy of u such that the DG solution is superclose to the specially designed function u;. By doing this, the
superconvergence analysis of the DG solution is reduced to the study of the superconvergent approximation
properties of u;. Therefore, in the rest of this section, we first design the special function uy, and then analyze
its superconvergence behavior.

We begin with some preliminaries.
3.1. Priliminaries

For any integer m > 0, let W™P(D) be the standard Sobolev spaces on sub-domain D C {2 equipped
with the norm || - || p,p and semi-norm | - |, ,, p. When D = 2, we omit the index D; and if p = 2, we set
wmr(D) = H™(D), || - llmp.0 = |l llm,p, and | - [ p.p = [ [m.D-

We denote by Ly, (s),s € [—1,1] the standard Legendre polynomial of degree m on the interval [—1, 1], and
(Lk41 — aLy)(s) the generalized Radau polynomial of degree k + 1 for some constant «. Noticing that when
a=1and o = —1, (Lgt1 — aLg)(s) is reduced to the standard right and left Radau polynomials separately.
For any positive «, we call (Lg+1 — aLg)(s) to be the generalized right Radau polynomial of degree k + 1 and
the zeros the generalized right Radau points of degree k 4 1. Moreover, we call the zeros of Ds(Lyy1 — aL)(s)
to be the generalized derivative right Radau points of degree k. The following lemma shows the properties of
the generalized Radau points and generalized derivative Radau points. For simplicity, we consider v > 0 only,
and the case for av < 0 can be obtained following the same line.

Lemma 3.1. Let r; < ro < ... < 141 = 1 be the standard right Radau points on the interval [—1,1], i.e
riyi € Zit1 are zeros of (Lig41 — Li)(s). Then for any positive constant «, the zeros of (Lgy1 — aLy)(s)
and Ds(Ly+1 — aLk)(s) are all simple, and there are at least k zeros of (Lxy1 — aLy)(s) and k — 1 zeros of
Dy(Li+1 — aLi)(s) in [—1,1]. Moreover, there exists exactly one zero of (Li+1 — aLg)(s) in each subinterval
[ri,riv1],2=1,..., k. The position of the left one zero is dependent on the the choice of «:

o If0 < a <1, the left one zero of (Lg+1 — aLy)(s) lies in the interval [—1,7].
o Ifa > 1, we extend the domain of Legendre polynomial from [—1,1] to the domain [—1,00), then there exists
one zero of (Lp+1 — aLy)(s) in the interval (1, 00).

Proof. We first prove that there are k zeros of (Ly41 — aLg)(s) in [—1,1] for all constant «, and each of the
interior subinterval [r;,7;+1],4 = 1,...,k contains at least one zero of Ly+1 — aLk. To this end, it is sufficient
to prove

(L1 — aLg)(ri)(Les1 — aLg)(rig1) < 0.
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We denote by ¢;,7 € Zg1 the Lagrange basis polynomials corresponding to the points r;,7 € Zg1, that is,
¢i(rj) = 645
Obviously, each ¢; € Py, and
bi(2) = cix® +o(x), veP,_,

where ¢; = 1/(]7;:;%(7“1 - rj)Hfiiil(ri —rj)). A direct calculation leads to

ciciv1 < 0.

On the other hand, noticing that Ly¢; € Pog, we have, from Gauss—Radau quadrature and orthogonal properties
of Legerdre polynomials,

L) = o [ L)oo = & [ Lia)atas,

wi J_q Wi J_1

Here w; > 0 is the weight of Gauss—Radau quadrature. Then

2

Li(ri) Li(rigy) = ——tL (/1 Lk(a:)xkda:> <0.

WiWi1 1
Since Lyy1(r;) = Li(ri),1 € Zg+1, we have
(L1 — aLi) (ri) (L1 — L) (rig1) = (1 = @)Ly (ri) Li(ris1) < 0. (3.1)

Therefore, for any «, there are at least one zero of Ly — aLy in each subinterval [r;, ri41],4 =1,... k.

When a < 1, we shall prove that there exists at least one zero of L1 — oLy in the subinterval [rg,r].
Actually, by (3.1),

(L1 — aLy)(r) (L1 — aLi) (rr1) (=1)* > 0.
Note that
(L1 — aLi)(ro) (L1 — aLi)(re1) = (1 = @?) (=1,
we have
(Lit1 — L) (ro) (L1 — aLy)(r1) <0,
which implies [—1, 7] contains at least one zero of Ly — aLy.

Now we consider the case a > 1. Noticing that
(Lk+1 — aLk)(l) =1—-a<0,
On the other hand, by the properties of Legendre polynomials, there exists a point ri1o € (1,00) such that

(L1 — aLy)(rgs2) > 0.

Then there is at least one zero of Ly11 — aLly in (1,00). Since Lgy1 — aLy € Pii1, each subinterval contains
exactly one zero of (Lyi1 — aLy)(s).

By Rolle’s theorem, there exist k zeros of Dg(Lg+1 — aLy)(s). Moreover, the zeros of Ds(Li11 — aLy)(s) are
simple, and there exists one zero of Dy(Lyy1 — aLy)(s) between two consecutive zeros of (Li11 — aLy)(s). The
proof is complete. O
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Let L; ., be the standard Legendre polynomial of degree m on the interval [;vj; 1, +%}. For smooth func-
tion u, we suppose u has the following Legendre expansion in each element 7;

(oo}
2m+1
u= Z WimLjms Wjm = W /T w(x)Lj m(x)de. (3.2)

J

m=0

Denoting 4(s) = u(z),s = (z — zj)/h; € [~1,1], we have from the integration by parts and the property of

Legendre polynomials
2m+1\ 1 v
/U,j,m = ( B) > W/ 'LL(S)D:;n(S2 — ].)mds
(_

Py

Noticing that Did = (ﬁj)i D u, then
jim| S B0 ulligr e, 0<i<m. (3.4

Here and in the following, A < B denotes that A can be bounded by B multiplied by a constant independent
of the mesh size h. The above estimate will be frequently used in our later superconvergence analysis.

We define a special global projection Pu € V}, on function u as
(Pu,v); = (u,v);, Yvé&Pr_1(r5), (3.5)
Pu=(0Pu™ + (1 —0)Pu®)|;y 1 =i, 1, j€Ly. (3.6)
It has been shown in [17] that the projection Pu is well defined and there holds
= Pullo,r, + B [lu = Pullo,co.r, S 0 [[ullis1,00- (3.7)

For any function v, we define an integral projection D! by

v(z)dx :/ v(s)ds, z €7y (3.8)
—1
where s = (x — x;)/h; € [-1,1].

To end this section, we would like to introduce a class of functions F;(x),: € Zy, which will be used in the

construction of the interpolation function. For all i, j € Zj, we define

Fo(z)| = Ljk(z), F;=PD 'F_;. (3.9)

Ti

Note that these functions Fj,i € Zj, are different from those in [6], and the latter ones are locally defined.

Lemma 3.2. Suppose A is an N x N circulant matriz with the first row (0, (—1)¥(1 — 0),0,...,0) and the
last row ((—1)k(1 — 9),0,0,...,0), where + < 6§ < 1. Then A is non-singular. Moreover, For any vectors

2
X = (z1,...,2nx)T, b= (b1,...,bn)7 satisfying AX = b, there holds

| < b < N.
\wglwlrgnl%\ i, Vi<

Here we omit the proof since the similar argument can be found in [17] (see, Lem. 2.6).
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Now we study the properties of functions Fj,7 € Zj,.

Lemma 3.3. Suppose F;,i € Zj, are functions defined by (3.9). Then there hold

ﬁi(ijr%) =0, Vj€Zn, (3.10)
and in each element 7;,j € Zn
k
El. = Y YmLim (3.11)
m=k—i

where the coefficients b;',m are some bounded constants independent of the mesh size h;.

Proof. We will show (3.10)—(3.11) by induction. First, by the properties of Legendre polynomials,

- Cits -
D71F0 ($J+%> :/x 2Ljvkdl':O:D lFO (.T;Zr%)

i1

Then
In light of (3.6), we have
Fi (2501) = PDFy (201) = DRy (w43 ) =0, V) € Zn. (3.12)
On the other hand, noticing that F; € V},, we have the following representation in each element 7;
k .
Fi|T]_ = b Ljm, i€ L.
m=0

Recalling the definition of the global projection P, we have

(Fl,’l))j = (DilFo,U)j = (Dile,k,’U)j, Yo € Pr_1.

Since .
D 'L, = W(LJ‘,m+1 —Ljm-1), Ym>1, (3.13)
we have, by choosing v = Lj ,,m <k —1,
bLo—0, Ym<k-2 b, —-— Vjez
jom = U, VM S R — 2, ikl = Top 1 J € 4LN-
Denoting
k—1
X = (0] by )y b==> (0D, + (=)™ (L= 0)bS ..., OB o + (—1)™ (1= 0)D] )"
m=0

then (3.12) can by rewritten as a linear system AX = b, where A is the same as in Lemma 3.2. By the conclusion
of Lemma 3.2, we easily obtain

bkl S max iyl S 1.
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Consequently, both (3.10) and (3.11) are valid for ¢ = 1. Suppose (3.11) is valid for all ¢ < k — 1, we now prove
that it also holds for ¢ + 1. Since

k
(Fiy1,); = (D' Fiv);= Y b5 (D7 Ly, v);, veEPyy,
=k—

T 7

we derive, by choosing v = L; ,,, m < k — 1 and using (3.13),
bt

bi
Bil=0, m<k—i—2 bifl=_trol o A g1 <m <kl
2m—1 2m+3

To estimate b;:;l, we first obtain, from the fact that F; LPy_; 1,7 < k — 1 and the orthogonal property of
Legendre polynomials,

1 _ —1 7 + —
D', ( o ) ~D'F, (q;j_%) —0, (3.14)
which yields
Fivi (wj43) = PDTF (2,3 ) = D1F: (wy04) =0, V) € Zuy.

Then by the same argument as what we did for 7 = 1, we obtain

‘b2+1| < 1r<nla<>§v Z ’bz+1| <1.

Consequently, (3.10) and (3.11) are also valid for 7 + 1. This finishes our proof. O

3.2. Construction of a special interpolation function

To construct the special interpolation function uy, we first design a correction function w, which is used to
correct the error between the DG solution and Pu. Note that the standard analysis only leads to the optimal
error estimate (see [17])

lun = Pullo < h**1.

Here we use the correction idea to achieve our goal, i.e. we design a correction function w such that

lun — Pu+wlo = [|up — urlo S BFFHT
for some [ > 0.
Since (v — Pu)LPy_1, we have
oo
(u—Pu|, =aLix+ Y wjmLim, (3.15)
m=k+1

S 2kdl, Y o .
where 4, = T(u Pu, Lj1); and u; ., is the same as in (3.2).

We construct the correction function w as follows. For any positive [, where 1 <[ < k, we define
l — . .
w(z,t) =w'(z,t) =Y wi(x,t), wilz,t)|,, = (hy)'0}it;x(t)Fi(x). (3.16)
i=1

Now we are ready to construct our special interpolation function u;. We define, for all [,1 <1 <k,

ur = ub = Pu—w'. (3.17)
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Theorem 3.4. For any given I, where 1 < | < k, suppose u € WktTH+2° and wl,ull are defined in (3.16)
and (3.17), respectively. Then

|0,00 S hk+i+1“u”k+i+1,oov 1 < i < lv (3'18)

Wi(x;1) =0, jEZn, |wi

and
a(u—uf,v) S P |ulkri2.00llvllo, Vo € Vi (3.19)

Proof. As we can see, the first identity of (3.18) is a direct consequence of (3.10) and (3.16). By (3.7),

2k+1

Oty = ——
h;

[ @i @) Liscds S B0l

Then the second inequality of (3.18) follows from (3.11), (3.16) and the fact dju; = (—1)"9%u.

Recalling the definitions of a(-,-) and Pu, we obtain

a;(u — Pu,v) = ((u— Pu),v); = 04Ujk(Ljk,v);
—hjatﬂj,k(D_le’k,Um)j = (wl,vz)j, Yv € V.

Due to the special construction of w; in (3.16),

(Opw;,v); — (Wig1,v2); = O i k(hy) ((Fy,v); — hy(Fig1,v)5)
=0k (hy) T (D7 Fyve); — (Fig,02)5) =0,

where in the second step, we have used the integration by parts and (3.14). Then

aj(wlﬂv) = ((wl)tﬂv)j - (wlavz)j = (atwlﬂv)j - (U)1,Um)j.

Consequently,
a(u —ur,v) = alu — Pu,v) + a(w',v) = (Qpwy,v), Vv € Vj,. (3.20)

Then the desired result (3.19) follows from the fact uy = —u, and (3.18). O

3.3. Approximation properties of the interpolation function uy

The result of (3.18) indicates that w is of high order as the mesh size h decreases. Consequently, the term
Pu in the formula of u; is dominant. Then the analysis of the superconvergent approximation properties of uy
is reduced to that of Pu. However, as we may recall, Pu is a global projection, which makes the analysis more
complicated. To overcome this difficulty, we first introduce a local projection Pyu € V}, of u, and then show the
supercolseness between Pu and Pju. Therefore, to achieve our ultimate goal, all we need to do is to analyze the
approximation properties of the local projection Pnu, which is an easier task.

For any coeflicients 0;, j € Zy, where 0; # %, we define a local projection Pyu € Vj, as
(Phu,v); = (u,v);, Yo & Pr_1(75), (3.21)
QjPhu ( N ) + (1 — Hj)Phu (x;t%> = qujjr% + (1 — Qj)u;%, J € Zn. (322)

X
i+

Obviously, Pyu is well defined when 60; # % Moreover, we have the following approximation properties of Ppu.
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Lemma 3.5. Suppose u € Wkt and Pyu is the special projection of u defined in (3.21) and (3.22) with
9j ;é %,j € Zy-. Then

[(u = Pou) (RS )| S P52 fullivz,000 102 (u — Pou) (RS )| S AP ]l ks2,00- (3:23)

Here R;,z € 7,1 < Zpyy1 and R;{m € 1;,m < Zy, are zeros of Lj 41— Lj . and 0y (Lj k1 —ojLj i) respectively,
where
a; =20; —1, if kiseven, «; =1/(20;—1), if kisodd. (3.24)

Proof. In light of (3.21), we obtain

k—1
Ph“|ﬁ = wimLjm + kL

m=0

where u; ,, is the same as in (3.2) and @, is a constant to be determined. To obtain @; 5, we have from (3.22)

(0 + (~1)*(1 = 0;)aj . = 0 Zum+1— ) D> (1) m

m=k m=k
=0+ (DA = 0)ujn+ Y (0 )™ (L= 6;))ujm,
m=k+1
which yields
o0
(u—Pow)| = (Ljgrr = aiLip)ujper + D (Ljm — agmLip)tjm. (3:25)
m=k+2

Here ajm = (0; + (=1)™(1 —0,))/(0; + (—=1)k(1 — 6;)). Then the desired result (3.23) follows from (3.4). O

Remark 3.6. The above lemma indicates that the function and derivative value approximations of Pnu are
superconvergent at the zeros of Lj 41 — a;Lj, and 0y(Ljk+1 — «jLj k), respectively. These results can be
regarded as the generalization of the superconvergence results of the standard Gauss-Radau projection P, u
provided in [6]. In fact, if a; =1 or #; = 1, then Pju is reduced to the standard Gauss-Radau projection P, u.

Remark 3.7. We would like to point out that the number of superconvergence points of the local projection
Ppu in each interval 7; may depend upon the choice of 6; or a;,j € Zx. As indicated from Lemma 3.1, there
are k+ 1 superconvergence points in each element 7; for the function value approximation of P,u when |a;| < 1;
and k superconvergence points when |c;| > 1. Similar results hold for the derivative approximation.

When choosing special 8;,j € Zy in (3.21)-(3.22), we can obtain the following superconvergence result for
Pyu — Pu.

Lemma 3.8. Let u € W*2>° and u have the Legendre polynomial (3.2) in each element 7j. Suppose Pu and
Pru are the projections of u defined in (3.5)~(3.6) and (3.21)(3.22) with 8 and 0; satisfying

0(hy)" oy + (=1 (1 = 0)(hj1)" agin = 0(hy)*H — (1) (1 = 0)(hys)™*, (3.26)
where o is given by (3.24). Then
| Pru — < P2 kg 2,00- (3.27)
Consequently,
|(u = Pu)(R )| S W2 [lullkszo0, 102 (w— Pu)(RS )| S B [ullkg2,00, (3.28)

where RY;, RS, are the same as in (3.23).
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Proof. Since (3.28) is a direct result of (3.23) and (3.27), we only prove (3.27) in the following.
By (3.5) and (3.21), we have (Pu — Ppu) LPj;_1, which gives

(Pu — Phu)|7j = aijJv

Here @; is a constant to be determined. By (3.6) and (3.22),

0(Pu — Pyu) (J;;_%) + (1 —6)(Pu— Ppu) (J;;_%) = by,

where
bj = 0(u— Pu) (ac;r%) + (1 —=0)(u— Pyu) (ac;;l) . (3.29)

2

Then
0a; + (1 — 0)(—1) 41 = b;. (3.30)

By denoting
X = (iy,....un)", b= (b1,...,bn)7,

(3.30) can be rewritten as a linear system AX = b, where A is the same as in Lemma 3.2. By the result of
Lemma 3.2, we derive
;] S max |by].
1<I<N

We now estimate b;. Substituting (3.25) into (3.29), we obtain
bj = 0(1 — aj)ujppr — (=1)F(1 = 0)(1 + ajp1)ujpp

+ Z — @ )ugm + (L= 0)((=1)™ = ajm(=1)")tj41,m) |
m=k+2

where o, m > k+ 2 is the same as in (3.25). In light of (3.3) and the mean value theory of integrals, we have

2k +3\ (=1L b
, _ pht1 2 _ )kt
Uj k41 ( 5 ) (2k+2)!/_1 als)(s ) tlds

1
— () DEG) [ (67 - ) s = by DE (),
-1
where (; € 7; is some point and ¢; = (@) % Plugging the above identity into the formula of b; and

using the identity (3.26), we get
bj = Ek9(1 — OZ‘)thrl (Dk—Hu(Cj) — D§+1u(<j+1))

+ Z — ) Ujm + (1= 0)(—=1)™ = jm (1) tj1,m) ,
m=k+2

By (3.4) and the fact that [DE™1u(¢;) — DE u((g1)| < hlluflkte,00,0,, where 2; = 7; UTj41 with 7y = 71,
we obtain
1Phu = Pullo,co,r; <l S B2 [ullkg2,00,0, -

The proof is complete. O

As a direct consequence of Lemmas 3.5 and 3.8, we have the following superconvergence result of the specially
designed function u;y.
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Corollary 3.9. Suppose u € W2 and u; is the special interpolation function defined by (3.17), (3.16).
There hold

(u—ﬂI)(xj+%) =0, JE€Zn, (331)
and

|(w —ur) (R )| S P52 ullks 2,00, 10 (w —ur) (RS )l S R sz 00 (3.32)

Here R;J,l < Zy41 and R;{m,m < Zj are the same as in Lemma 3.5.
Remark 3.10. As we may see from Lemmas 3.5 and 3.8, the superconvergence points of u; or P,u depend
on the lengths of all the cells. In practice, to compute the interior superconvergence points, we need to find
a;s by solving (3.26). Then the interior superconvergence points in cell 7; are the zeros of the polynomial
Ljk+1 — oLk

3.4. Superconvergence of the DG approximation

We begin with the supercloseness between u; and the DG solution uj. Choosing v = up, — ulI in (2.4) and
using (3.19), we get

5 77 lun = uilly < alun —uf un —uh) = alu — uf, u, — uj)

S B ulli 42,00 un = uillo.

By the Gronwall inequality,

1y —un) (O S I (uf —un)(, 0)] + th*+HH sup, (e, )|kt 142,00- (3.33)
T€(0,

The above inequality indicates that the initial dicretization should be carefully chosen to ensure the superclose-
ness between uy, and u}. To obtain the desired superconvergence rate k + [ + 1 for ||uj, — uzl|o, the initial value
up(+,0) should satisfy

[(uf = un)(, 0)]| S REFH s (s ) k11,00 (3.34)
T7€|0,

As a direct consequence of (3.33) and (3.18), we have the following superconvergence of u;, towards the global
projection Pu.

Corollary 3.11. Let u € W3 and uy, be the solutions of (1.1) and (2.1), respectively. Suppose the initial
discretization is taken as up(-,0) = Pug(-,0). Then

Jun = Pullo S 6642 sup [, )l (3.35)
T7€|(0,t

8.4.1. Superconvergence at the numerical fluz and for the cell-average

We denote by e, s and e, . the errors of u — uj at the numerical flux and for the cell-average, respectively.
That is,

=

Cu,f = %Z((U—ﬁh)(azﬂ%,t))? . Cue = %Z(hij/r(u—uh)(z)dxf

N 2 N
Jj=1 j=1 J

We have the following superconvergence results.
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Theorem 3.12. Suppose u € W2 +2:(0) and ur = u’} is the specially constructed interpolation function
defined in (3.17) and (3.16). Let up, be the solution of (2.1) with the initial value chosen such that (3.34)
satisfied with | = k. Then

(euf + €ue) S (L+ )R e, l[u(-, )l 2k+2,00- (3.36)
T€[0,t

Proof. Let w = wk. By (3.11) and (3.16), we have

/wz:o, Vi<k—1.

Then
/ (u—up)de = / (Pu — up)dx = / (ur —up +w)de = / (ur — up + wg)dz.

J J J J

Consequently, we obtain from Cauchy-Schwartz inequality and (3.18)

S b fur = wnllo,r, + W2 [[ul k1,00

/T (u —up)(x,t)dz

J

Then a direct calculation yields
Cu,c 5 HuI - Uh”O + h2k+1||u||2k+1,oo-

On the other hand, by (3.31) and the inverse inequality,

=

1 & N . N\2
Cu,f = N (ul - uh) (Z‘j_,'_%,t)
j=1

LN
S NZIIIUI—W
=

Thanks to the special discretization and (3.33), we obtain

=

000 | < lur = unllo-

lur —unllo S (1 + )R s [[u(; 7)ll2k+2,00-
T€[0,t

Then the desired result follows. O

8.4.2. Superconvergence at generalized Radau points

To study the supercovergence of DG solution at generalized Radau points, we first denote e, , and e, q the
maximum error of u — uy, at the generalized right Radau points R}, € Zy+1 and generalized derivative right
Radau points R?,m, m € Zy, respectively. Here R, and R}{m are the same as in Lemma 3.5. To be more precise,

Cur = max|(w = un) (R, eua = max|(u — un) ()|

Theorem 3.13. Let u € W*4> and uy, be the solution of (1.1) and (2.1), respectively. Suppose uy is defined
by (3.17), (3.16), and the initial discretization is chosen such that (3.34) is satisfied with | = 2. Then for all
(4, 1,m) € ZN X Lyy1 X Ly,

eur S (1+ 1A sup, luC, ) lkta00s €ua S (1+ R sup [ 7)l-+4,00- (3.37)
[0, [0,
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Proof. Let u; = u2. Choosing [ = 2 in (3.33) and (3.34), we obtain

R sup [[ul-, 7)|kt4,00-
T€[0,t]

lun —urllo < (1+

By the inverse inequality,

5
lun = wrllo,c0 S B % —urllo S (1+ £)hF3 sup (s 7) | kt4,00
T€[0,t

3
Jun = urll1,00 S A Hlun — urlloee S (L+)R5 2 Sl[lp] (e 7) || k+4,00-
T7€(0,t

Then (3.37) follows from (3.32) and the triangle inequality. O

3.5. Initial dicretization

As we may observe, all our superconvergence results are based on the special initial condition (3.34). To
obtain (3.34), a nature way of initial discretization is to choose u(+,0) = u4(-,0). Now we demonstrate how to
calculate ulI(x, 0),1 <1<k by ug. Since u; + u, = 0, we have for all integers i > 1,

diu(z,0) = (=1)'0'uo(x), i Pu(x,0) = (—=1)"Pdlug(x).

By (3.15),

2 1 2 1
_ k+ /82 k+

Dty p1(0 0Ly = 2y / (Do — PO o)Ly 5. (3.38)
i T

J

Now we divide the process into the following steps:

—_

. Calculate the global projection (—1)!Pdtug,i € Z; by (3.5) and (3.6).
Compute 9}t 41 and Fj,i € Z; from (3.38) and (3.9), respectively.

o

3. Choose w; = (h;)"F;0;1; 41 and wh =3 w;.
i=1
4. Figure out u4(-,0) = Pug — w'.

4. ANALYSIS FOR THE DIRICHLET BOUNDARY CONDITION

The basic idea of the superconverngence analysis for Dirichlet boundary condition is similar to that for the
periodic case, while it is easier than the latter.

We first modify the global projection Pu as follows.

(Pu,v); = (u,v)j, Yo €Pp_1(15), (4.1)
Pu| = (0Pu(z %) +(1- H)pu(x;:%)) =41, JELN-1, (4.2)
(Pu), N+l T Uyl (4.3)

with % < 0 < 1. Noticing that when # = 1, the projection Pu is reduced to the Gauss-Radau projection P, u.

The existence and optimal approximation property of Pu has been proved in [17]. Since Pu can be expressed
explicitly, we can study its superconvergent approximation property directly.
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Lemma 4.1. Let u € W*t2° and u have the Legendre expansion (3.2) in each element Tj. Suppose Pu is the
projection of u defined in (4.1)~(4.3). Then for all (I,m) € Zy+1 X Zy,

(= Pu)(R; )| S 42 ulliszoos 100 (0 — Pu)(RE,1 S B ]kt 200, (1.4)
where R;,l and R?’l s are zeros of Lj p11 — o Lj and Oy (Lj k41 — a5 Lj 1) with

(_1)k+1(1_9)“¢”€+1(

ay =1, Q; =1+ 1+Olj+1), JELN_1. (45)
O k41
Proof. To prove (4.4), it is sufficiently to show
(u—Pu)|, = (Lipsr — L) + O(RF?). (4.6)
We will prove (4.6) by induction. First, by the definition of Pu,
Pu|TN =P, u.
Consequently (see, [5]),
u— Pu=upnpi1(Lnri1 — Lng) + Z UNm(LNm — LN k)
m=k+2

In light of the estimate in (3.4), (4.4) is valid for j = N with ay = 1. Now we consider j < N — 1. We
suppose (4.6) is valid for j + 1. By (4.1)—(4.3), we obtain

k—1
Pul = tjmLjm+ 5Lk

m=0

with 4, , some constant to be determined. Using the condition (4.2), we derive

Oiuj = 0 i wjm + (1= 0) (u (%‘+%) ~ Pu (x;%))
m=k

(oo}
=0 i+ (1= Oujirpr (Liager — L) (90;%) +0 (h*?)

m=Fk

= Oujr + Ouj 1 + (1 — H)uj+17k+1(1 + Otj+1)(—1)k+1 + 0 (hk+2) .

Then for all j € Zyn_1,

~ 1—0)u;
(u = Pu)lr; = wjpt1(Ljpt1 — (1 + (—1)k+1(9u)A—;:’k+1(1 + Olj+1)) Ljx) + O(h*2)
Js

= w1 (Ljks1 — a;Ljn) + O(hM2).
Consequently, (4.6) also holds true for j — 1, which indicates that (4.6) is valid for all j € Zy. Then (4.4)
follows. 0

The correction function for the Dirichlet boundary condition is similar to that for the periodic case. We define

Fo(x)| =Lju(z), F,=PD 'F_y, Vie€Zy, (4.7)

Tj
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and suppose
[ee)
(u—Pu)|_ =t;sLix+ > wjmLjm,
m=k+1
where @), = 2L (y — Pu, L;;); and u;,,, is the same as in (3.2). Then we define by the correction function w
J

l
w(z,t) = w' (@ t) =Y wi(z,t), wilz,t)], = (hy)'0u;()F(2),
i=1

and the interpolation function
uy = ub = Pu—w'. (4.8)

In this case, (3.31) is still valid with the numerical flux chosen as (2.3). Then we take v = u} — uy, in (2.5) and
follow the same argument as in Theorem 3.4 to obtain

d
EH“ZI —unlly S |a(u —uh,uy —un)| S B fullesrra,c0llul —unllo,

and d
l 2 1 1 k4141 l
S = un)el3 S Ja(a =)o, (k= un)e)| S B ol = unell. (49)
By the same argument as the periodic case, we can also prove that all the superconvergence results for the
errors at numerical fluxes, of the cell-average, and at the generalized right Radau points with «; given by (4.5),
are valid in the Dirichlet boundary condition case. Furthermore, we have the following point-wise error estimate
for the error at the numerical flux.

Theorem 4.2. Suppose u € W2k+3:°(0Q) and u; = u¥ is the specially constructed interpolation defined by (4.8).
Let up, be the solution of (2.1) with the initial value up(-,0) = ur(-,0). Then for flux (2.3),

eu,pr = max (u— ) (254 1,1) S (L+ R sup u(,7) | 2043,00- (4.10)
JELN T€[0,t]

Proof. First, we denote

e=1u—up, §:u1—uh:Pu—wk—uh.

Choosing v = 1 in the equation a;(e,v) = 0, we have

€ip1 61 :_/Tiet:_/T,.(§+wk)t:_/n(§+wk)t'

i

Here in the last step, we have used the fact that (u — Pu) 1Py and the orthogonal property of w;,i < k — 1.
Summing up all ¢ from 1 to j yields

éjJr% — é% = —Z/(ft +wkt)~ (4.11)

Note that

>

=
Il
9]

|07007Tj f, h’2k+1||u||2k:+2,oo~

1= 07 ”wk:t

Then
éis1 S lI€llo + PP [l 24 2,00-
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Now we turn to estimating [|&||o. By (4.9), we easily obtain

1€ )l = [1€e(-, 0)llo + th**+! e [[u(; 7)ll2k+2,00-
T7€(0,t

At the initial time ¢ = 0, due to the special initial discretization uy(z,0) = us(x,0),

0 =aler,v)|,_, = al(u—ur)s,v)|,_, + al&,v)|,_,

=a((u— 'U/j)t,'U)|t:0 + (§t,v)|t:0, Yu € Vj,.
Choosing v = & in the above identity and [ = k in the second inequality of (4.9), we get

1€ 0)[lo S P2 uol|2k+3,00-

Consequently,
€00 S (L+ DR sup lul, 7) ]| 26+3,00-
T€[0,t]

Then (4.10) follows. O

Remark 4.3. As we observe from Theorems 3.12 and 4.2, the regularity imposed on u for the point-wise error
estimate is stronger (one order higher) than that for the average errors at numerical fluxes. The reason is that
we have used the superconvergence result ||(u; — up)¢]|o in our analysis instead of the estimate for ||ur — wup]|o-

5. NUMERICAL EXPERIMENTS

In this section, we use numerical examples to verify the theorems in Sections 3.4 and 4. If not otherwise
stated, the initial discretization is given by the same way as in Section 3.5. Since all previous numerical tests
in the literature (see, e.g., [19]) are performed for lower order polynomials, e.g., k = 1 and k = 2, in order not
to repeat, we only provide data for £k = 3 and k£ = 4 in our numerical experiments. Moreover, in this section,
we take # = 0.9 in the numerical experiments.

Example 1. We solve the following problem

ug + uy =0, z,t) € 10,27 0,0.1],
u(z,0) = sin(z), 5: € )[0,2[71'], e | (5.1)

with the periodic boundary condition
u(0,t) = u(27, ).

Clearly, the exact solution is
u(z,t) = sin(z — t).

We use the ninth order SSP Runge-Kutta discretization in time [15] and take At = 0.01h,i, to reduce the
time error. Non-uniform meshes of n cells are obtained by randomly and independently perturbing each node
in the x axes of a uniform mesh by up to 20%. The example is tested by using Py polynomials with k& = 3, 4.
We compute the numerical solution at ¢ = 0.1. In Table 1, we compute several errors between the numerical
approximation and the exact solution, which are given in Theorems 3.12, 3.13, and 4.2.

Table 1 demonstrates superconvergence rates of (2k 4+ 1)th order for the numerical cell average and numerical
flux (ey,c and ey r), (K + 2)th order for the numerical solution at the generalized right Radau points (e ).
Moreover, the derivative of the error is (k- 1)th order superconvergent at the generalized derivative right Radau
points (e, q). All convergent rates in Table 1 match our theoretical error bounds in Theorems 3.12 and 3.13.
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TABLE 1. Various errors with periodic boundary condition for k = 3,4, ¢t = 0.1.

Cu,c Cu,f Cu,r Cu,d
k n error order error order error order error order
40  9.70e-13 3.25e-12 - 4.97e-08 1.75e-06

80  7.97e-15  6.93 3.3le-14 6.62 1.85e-09 4.74  1.27e-07  3.78
3 160 5.40e-17 7.21  2.13e-16 7.28 7.72e-11  4.58  9.19e-09  3.79
320 5.40e-19  6.64  1.80e-18 6.88 29le-12 4.73  6.53e-10  3.81
640 3.85e-21  7.13  1.40e-20 7.01 8.93e-14 5.03 4.26e-10 3.94
40 9.04e-17 - 2.55e-16 - 1.08e-10 - 1.00e-08 -
80 1.97e-19 884  4.36e-19 9.19  1.60e-12  6.08  3.30e-10  4.92
4 160 3.21e-22 9.26 8.85e-22 8.94 2.82e-14 5.83 8.48e-12  5.28
320 8.69e-25  8.53 1.98e-24 8.81 4.34e-16 6.02  3.13e-13  4.76
640 1.48e-27  9.19  3.50e-27 9.14 6.80e-18 6.00 8.86e-15  5.14

TABLE 2. Various errors with periodic boundary condition for k = 3,4, t = 2.

Cu,c Cu,f Cu,r C€u,d
k n error order error order error order error order
40  1.13e-11 2.33e-11 4.69e-08 - 1.68e-06 -

80  8.37e-14 7.08 1.70e-13 7.09 1.86e-09 4.66 1.27e-07  3.72
3 160 6.49e-16 7.01  1.32e-15 7.01 8.16e-11  4.51 9.71le-09 3.71
320 5.15e-18  6.98  1.04e-17  6.98  3.12e-12 471  6.99¢-10  3.80
640 4.05e-20  6.99  8.19e-20 6.99 9.02e-14  5.11  4.30e-11  4.02
40  7.1le-16 - 1.46e-15 - 1.07e-10 - 9.90e-09 -
80 1.21e-18  9.20 2.46e-18 9.21  1.58e-12  6.09  3.29¢-10 4.91
4 160 2.32e-21  9.03 4.72e-21 9.03 2.85e-14 579 8.36e-12  5.30
320 4.72e-24 894  9.57e-24  8.95 4.25e-16  6.07  3.07e-13  4.77
640  9.29e-27 899  1.88e-26 8.99 6.80e-18 597  8.84e-15  5.12

Moreover, we also choose the final time ¢ = 27, and the results are given in Table 2. Similar superconvergence
rates can be observed.

Example 2. We solve the following problem

ur + ug =0, (x,t) € [0,27] x (0,0.1],
u(z,0) = sin(x), x €0, 27, (5.2)

with the Dirichlet boundary condition
u(0,t) = sin(—t).

Clearly, the exact solution is

u(z,t) = sin(z — t).
We use the fourth order SSP multi-step discretization in time [15] and take At = 0.1h2;2> to reduce the time
error. The same quantities as in Example 1 on the same kind of random meshes of n cells are computed. The
example is tested by using P polynomials with k£ = 3,4. We compute the numerical solution at ¢ = 0.1. The
computational results are given in Table 3.

From Table 3, we observe similar phenomena as in Example 1, especially, all convergent rates match those
predicted by our theory. In this sense, our theoretical error bounds are sharp.
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TABLE 3. Various errors with Dirichlet boundary condition for k = 3, 4.

Cu,c €, f/ €u,r Cu,d
k n error order error order error order error order
40  2.96e-12 - 1.00e-11 4.97e-08 1.75e-06

3 80 2.10e-14 714 79514 6.98 1.85e-09 4.75 1.27e-07  3.78
160 2.0le-16 6.71  6.35e-16  6.97  7.72e-11  4.58  9.19e-09  3.79
320  2.06e-18  6.60 4.74e-18 7.07 29le-12 473  6.53e-10  3.81
40 1.30e-14 - 3.73e-14 - 1.08e-10 - 1.00e-08 -

4 80 2.72-17 890 5.30e-17  9.46  1.60e-12  6.08  3.30e-10  4.92
160  5.08e-20  9.06  9.88e-20  9.07  2.82e-14 583  8.48e-12  5.28
320 1.02e-22 896  1.99%-22 896 4.34e-16 6.02 3.13e-13  4.76

6. CONCLUDING REMARKS

We have studied the superconvergence behavior of the DG solution for linear 1D hyperbolic equations using
upwind-biased fluxes. We prove that, with suitable initial discretization, the error between the DG solution and
the exact solution converges with the rate of (2k + 1)th order (comparing with the standard optimal global rate
of (k + 1)th order) for the cell averages and the numerical fluxes, and with rate of (k+ 2)th order at all interior
generalized right Radau points. Moreover, we prove that the derivative of the error converges with the rate of
(k 4+ 1)th order at the generalized derivative right Radau points (comparing with the standard optimal global
rate of kth order). Numerical experiments demonstrate that all aforementioned error bounds are sharp.
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