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Abstract

In this paper, we develop high-order bound-preserving (BP) discontinuous Galerkin (DG) meth-
ods for the coupled system of compressible miscible displacements on triangular meshes. We consider
the problem with multi-component fluid mixture and the (volumetric) concentration of the jth com-
ponent, ¢;, should be between 0 and 1. There are three main difficulties. Firstly, ¢; does not satisfy
a maximum-principle. Therefore, the numerical techniques introduced in (X. Zhang and C.-W. Shu,
Journal of Computational Physics, 229 (2010), 3091-3120) cannot be applied directly. The main
idea is to apply the positivity-preserving techniques to all c;-s and enforce > jci=1 simultaneously
to obtain physically relevant approximations. By doing so, we have to treat the time derivative
of the pressure dp/dt as a source in the concentration equation and choose suitable fluxes in the
pressure and concentration equations. Secondly, it is not easy to construct first-order numerical
fluxes for interior penalty DG methods on triangular meshes. One of the key points in the high-
order BP technique applied in this paper is the combination of high-order and lower-order numerical
fluxes. We will construct second-order BP schemes and use the second-order numerical fluxes as
the lower-order one. Finally, the classical slope limiter cannot be applied to ¢;. To construct the
BP technique, we will not approximate c¢; directly. Therefore, a new limiter will be introduced.
Numerical experiments will be given to demonstrate the high-order accuracy and good performance
of the numerical technique.
Key Words: compressible miscible displacements, bound-preserving, high-order, discontinuous
Galerkin method, triangular meshes, multi-component fluid, flux limiter

1 Introduction

In this paper, we are interested in constructing high-order bound-preserving discontinuous Galerkin

(DG) schemes for compressible miscible displacements in porous media on triangular meshes. We

consider the fluid mixture with N components and the governing equations over the computational

domain Q = [0, 1] x [0, 1] read
op

N K(7,y)
d(c)a +V.-u= d(c)g -V. < (o)
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qéaactj +V(u-c¢j) = V- (DV¢) =¢jq— ocizipr, (,y)€Q, 0<t<T,j=1,---,N—-1, (L.2)
where the dependent variables are the pressure in fluid mixture denoted by p, the Darcy velocity
of the mixture (volume flowing across a unit across-section per unit time) denoted by u and the
concentration of interested species measured in amount of species per unit volume denoted by
c=(ct, - ,cn)T, with c; being the concentration of the jth component. ¢ and x are the porosity
and permeability of the rock, respectively. p refer to the concentration-dependent viscosity. ¢ is
the external volumetric flow rate, and ¢; is the concentration of the fluid in the external flow. ¢;
must be specified at points where injection (¢ > 0) takes place, and is assumed to be equal to
¢; at production points (¢ < 0). The diffusion coefficient D is symmetric and arises from two
aspects: molecular diffusion, which is rather small for field-scale problems, and dispersion, which is
velocity-dependent, in the petroleum engineering literature. Its form is

D= (b(xay)(dmoll‘i‘dlong‘u|E+dtran’u‘EJ—), (1.3)

where E; a 2 X 2 matrix, represents the orthogonal projection along the velocity vector given as

Ui Uj

E:(eij(u)):< ) u = (ug,uz),

u?|
and EX = I—E is the orthogonal complement. The diffusion coefficient dj,ng measures the dispersion
in the direction of the flow and di;an shows that transverse to the flow. To ensure the stability of
the scheme, D is assumed to be strictly positive definite in almost all of the previous works. In this
paper, we assume D to be positive semidefinite. Moreover, the pressure is uniquely determined up
to a constant, thus we assume pr dxdy = 0 at t = 0. However, this assumption is not essential.
Other coefficients can be stated as follows:

N-1 N
en=1-Y ¢, dc)=0)_ zc,
=1 =1

where z; is the compressibility factor of the jth component of the fluid mixture. In this paper, we
consider homogeneous Neumann boundary conditions

un=0, (DVc—cu) -n=0,
where n is the unit outer normal of the boundary 0X2. Moreover, the initial solutions are given as

Cj(.T,y,O) = Cj[)(w>y)7 p(x,y,()) = pO(xvy)a ($7y) € .

The miscible displacements in porous media were first presented in [9, 10], where mixed fi-
nite element methods were applied. Later, the compressible problem was studied in [11] and the
optimal order estimates in L?-norm and almost optimal order estimates in L>-norm were given
in [5]. Subsequently, many new numerical methods were introduced, such as the finite difference
method [41, 42, 43|, characteristic finite element method [21], splitting positive definite mixed el-
ement method [34] and H1-Galerkin mixed method [3]. Besides the above, in [29], an accurate
and efficient simulator was developed for problems with wells. Later, the authors introduced an



Eulerian-Lagrangian localized adjoint method to solve the transport partial differential equation
for concentration, while a mixed finite element method to solve the pressure equation [28]. Re-
cently, DG methods have been popular to solve compressible miscible displacements in porous
media |7, 8, 35, 36, 17, 37, 40]. Some special numerical techniques were introduced to control the
jumps of numerical approximations as well as the nonlinearality of the convection term. Besides
the above, there were also significant works discussing the DG methods for incompressible misci-
ble displacements, see e.g. [1, 18, 20, 22, 25, 26, 30| and for general porous media flow, see e.g.
[2, 13, 12, 27| and the references therein. However, no previous works above focused on the bound-
preserving techniques. In many numerical simulations, the approximations of ¢; can be placed
out of the interval [0,1]. Especially for problems with large gradients, the value of d(c) might
be negative, leading to ill-posedness of the problem, and the numerical approximations will blow
up. We will use numerical experiments to demonstrate this point in Section 5. In [16], we have
introduced second-order bound-preserving DG methods on rectangular meshes for two-component
miscible displacements in porous media. In this paper, we will extend the idea to multi-component
miscible displacements and construct high-order bound-preserving techniques on triangular meshes.
Moreover, the idea can be extended to incompressible flows with some minor changes.

The DG method gained even greater popularity for good stability, high-order accuracy, and
flexibility on h-p adaptivity and on complex geometry. In 2010, the genuinely maximum-principle-
satisfying high-order DG and finite volume schemes were constructed in [44] by Zhang and Shu,
the extension to unstructured meshes was given in [47]. After that, the idea was applied to many
problems such as compressible Euler equations [45, 46, hyperbolic equations involving d-singularities
[38, 39, 49|, relativistic hydrodynamics [23]| and shallow water equations [31], etc. The basic idea is
to take the test function to be 1 in each cell to obtain an equation of the numerical cell average of
the target variable, say r, and prove the cell average, 7, is within the desired bounds. Then we can
apply a slope limiter to the numerical approximation and construct a new one

F=r+0(r—7), 6cl0,1]. (1.4)

If the problem has only one lower bound zero, the technique is also called positivity-preserving
technique. Thanks to the limiter, the whole algorithm were proved to be L!-stable [39, 23] for some
complicated systems. Moreover, the technique does not rely on the trouble cell detector and the
limiter keeps the high-order accuracy in regions with smooth solutions for scalar equations [44]. In
case of convection-diffusion equations, the same idea was applied to construct genuinely second-
order maximum-principle-satisfying DG method on unstructured meshes [48]. Recently, the flux
limiter [19, 32, 33] and third-order maximum-principle-preserving direct DG method [4] were also
introduced. However, it is not easy to apply the flux limiter to unstructured meshes since the lower
order fluxes are not easy to construct, and the only work available is [6] in which the technique
for hyperbolic equations was analyzed, and no previous works aimed to discuss convection-diffusion
equations. In this paper, we will extend the ideas in [32, 44| and construct high-order bound-
preserving DG methods for multi-component compressible miscible displacements. However, there
are significant differences from previous techniques. First of all, most of the problems in [32, 44]
satisfy maximum-principles while the concentration ¢; in (1.2) does not. To solve this problem, we
would like to apply the positivity-preserving technique to each c; and enforce ) ;¢ =1 Secondly,
the high-order positivity-preserving technique in this paper is based on the flux limiter [19, 32].



The basic idea is to combine higher order and lower order fluxes to construct a new one which yield
positive numerical cell averages. However, for triangular meshes, first-order fluxes are not easy to
construct. Therefore, we will consider the second-order flux as the lower order one. Finally, to
obtain the equation satisfied by the cell averages, we need to numerically approximate r; = ¢c;
instead of ¢;. By doing so, the upper bound of r; is not a constant and the limiter (1.4) may fail to
work, since such a 6 may not exist (see the counterexample in [16]). Moreover, the limiter applied in
[16] is not straightforward extendable to multi-component problems, since we cannot simply set the
upper bound of ¢; to be 1 if the fluid mixture contains more than two components. Therefore, a new
bound-preserving limiter will be introduced. In summary, the whole algorithm can be separated
into three parts. We first treat p; as another source in (1.2) to obtain the positivity of ¢; by the flux

limiter [19, 32]. Then we choose consistent fluxes (see Definition 2.1) with suitable parameter in
N—-1

the flux limiter in the concentration and pressure equations to obtain the positivity of 1 — =1 Cj-
More precisely, in our analysis, instead of solving p and ¢j, j = 1,--- ,N — 1, we rewrite (1.1)
and (1.2) into a system of ¢;, j = 1,--- , N and enforce ZZ]\LJ ¢; = 1 by choosing consistent fluxes.

Finally, we will introduce a new limiter to obtain physically relevant numerical approximations.

The paper is organized as follows: we first discuss the DG scheme in two dimension on triangular
mesh in Section 2. In Section 3, we demonstrate the bound-preserving technique for second-order
scheme. The high-order bound-preserving technique with flux limiter will be given in Section 4. In
Section 5, some numerical experiments and results will be shown. We will end in Section 6 with
concluding remarks.

2 The DG scheme

In this section, we will construct the DG scheme for compressible miscible displacements in porous
media. We first demonstrate the notations to be used throughout the paper. We consider triangular
meshes and denote 2, to be the set of cells. For any K € Qp, we denote the three edges of K to
be et (i = 1,2,3), with corresponding lengths ¢% (i = 1,2,3) and unit outer normal vectors
v; (i = 1,2,3). We also denote the neighboring triangle along e’ as K;. We use I for all the cell
interfaces, and I'g = I\ 92 for all the interior ones. For any e € T", denote |e| to be the length of e.
Let u® denote the numerical solution on the edges, evaluated from K or K;. The '+’ for each edge
eiK is determined by the inner product of v; and a predetermined constant vector vy which is not
parallel to any edge in the mesh: for each edge eé( in the cell K,

u =ug, u = ug,, ifvg-v; >0,
T = T = ifvg-v; <0
U =ug, v =uUg, vy -v; <l

Moreover, we define n, as the unit outer normal of each edge e € I'g such that n. - vy > 0 and
define the jump and average of any function v at the cell interface e as

_ 1 _
ol =vf — vz, {vke = 30 +v0).



We also denote 092y = {e € 0Q : n- 1y > 0}, where n is the unit outer normal of 90 and
00_ = 0Q\0Q. The finite element space is chosen as

Wy ={z: 2|k € P*(K), VK € Q,},

where P¥(K) denotes polynomials of degree at most k > 1 in K.
To construct the DG method, we first rewrite the system (1.1)-(1.2) into the following form

d(c)pr +V-u=gq, (2.1)
a(c)u = —Vp, (2.2)
(¢C])t+v (LICJ) —V<D(U)VCJ) :é]q_¢cjszt7 ] =12, 7N_17 (23)

where a(c) = @

Next, we would like to demonstrate the key points in this paper that are quite different from
most of the previous works.

1. Approximate r; = ¢c; instead of ¢;. We cannot simply take the test function to be 1 to obtain
the cell average of c;.

2. Treat p; in (2.3) as a source to apply the positivity-preserving techniques.
3. Apply flux limiters to the high-order scheme by combining the second- and high-order fluxes.

4. Suitably choose the parameters in the flux limiter to obtain consistent fluxes for (2.1) and
(2.3) to make 75 < ¢, where r; and ¢ are the cell averages of r;j and @, respectively.

5. Take the L?-projection of ¢ into W}, denoted as ®, and use which as the new approximation
of the porosity.

6. Construct a new limiter to maintain the cell average 7; and modify the numerical approxima-

tions of 7; such that 0 < r; < ®, which further yields ¢; = P, {%} € [0, 1], where Py is the

L2-projection projection into W is k > 2 while Pyu|g is the interpolation of u at the three
vertices of cell K.

For simplicity, if not otherwise stated, we use p,u,cj,rj, 5 = 1,2,--- , N as the numerical
approximations from now on. Then the DG scheme for (2.1) - (2.3) is to find p,r; € W) and



u e W, =Wy x W, such that for any &, € Wy, and n € Wy,

(de)p€) = (V) + 3 / - mel€)ds + (0, €), (2.4)
ecly

(a(c)u,m) = p,VnJrZ/ N neld (2.5)
ecl

(15,,¢) = (uc; — D(u)Ve;, VQ) + (5 — rjzipt, € —i—Z/uc] n.[C]ds

ecl’g

-3 [(1P@ve nid + (D@TCnle + Slelid ) ds, 20

ecly
where
T . éﬁ q > 07
Cj:Pk{ ]} Zzﬂ"], :/Kuvdx, G=93 -
3, 9<0.

In (2.4)-(2.6), p,w and wc; are the numerical fluxes. We use alternating fluxes for the diffusion term
and for any e € I'y
ﬁ’e = u+’67 ﬁ‘e = p_\e, (27)
and on 02 we take
Ple =1 |e, Ve € 00T, ple=pT|e, Ve €N .

For the convection term, for any e € I'g we take

uc; = u‘*‘c;r alcjne. (2.8)
In (2.6) and (2.8), @ and & are two positive constants to be chosen by the bound-preserving tech-
nique. Before we complete this subsection, we would like to introduce the following definition that
will be used in the bound-preserving technique.

Definition 2.1. We say the fluz uc; is consistent with & if uc; = by taking c; =1 in Q.

The numerical flux uc; in (2.8) is consistent with the flux @ in (2.7), and this is required by the
bound-preserving technique.

Remark 2.1. There are plenty of fluzes can be used following the procedures introduced in the next
section. The proofs are basically the same with some minor changes, so we only list some of them
below without more details.

e u=u",p=p", uc =u¢; —aln,.

~ A

o u=g(ut+u), p=30"+p7), ug = 5(utc] +u ;) —afgn,



3 Second-order bound-preserving scheme

In this section, we will construct second-order bound-preserving DG scheme with Euler forward
time discretization on triangular meshes. For simplicity, we only discuss the technique for cells
away from 02, while the boundary cells can be analyzed following the same lines with some minor
changes. A similar analysis for the boundary cells can be found in [16]. We use o for the numerical
approximation of o in K with cell average ox. Moreover, we use o™ as the solution o at time level
n. Now, we will demonstrate the bound-preserving technique in detail. For simplicity, we will drop
the subindex j in (2.6) and use r, ¢, ¢, z for r;, ¢;, ¢;, 2j, respectively.
In (2.6), we take ( =1 in K to obtain the equation satisfied by the cell average of r

Pt = Hi(r,u,¢) + Hi:(r,u,¢) + Hi (r,¢,q,2,p) (3.1)
where
1 3
H%(T,U,C) = TTIL(_AZ/ %'Vidsv (32)
3 i=1 "€k
1 3 &
H&(r,u,c) = STk + > / <{D(u)Vc v+ F[c]ne . ui) ds, (3.3)
i=1" ¢k K
1 .
H;((Tv é7 q, Zap) = gf?( + Atéq — T'zZp¢, (34:)

with A = % being the ratio of the time step and the area of triangle K, and ¢éq — rzp; being
the cell average of ¢qg — rzp;. We denote V;, i = 1,2,3 as the three vertices of cell K. In this
section, we will construct the bound-preserving technique in K, hence for any w € Wp, we define
w(V;) to be the limit evaluated in K. We use the (k+1)-point Gaussian quadrature to approximate
the integrals along the cell interfaces in (3.2)-(3.4), and denote z; 3, 8 = 1,2,--- ,k + 1 as the
quadrature points on eiK with wg as the corresponding weights on the reference interval [—%, %]
Moreover, we use quadratures discussed in [47] to compute the cell average 7. The quadrature
contains L = 3(Ng — 2)(k + 1) quadrature points, denoted as -, lying in the interior of K with
2Ng — 3 > k, and the quadratures points on the cell interfaces are exactly the k£ + 1 Gaussian
quadratures points. We denote the quadrature weights corresponding to the interior quadrature
points as w, and those on the cell interfaces as wg. In [47], it was shown that wg = %wgw, where
w is the quadrature weight corresponding to the first quadrature point in the Ng-point Gauss-

Lobatto quadrature on the interval [—%, %] Based on the above notations, we define the values of o

(o =r,¢,p,q,P) at the quadrature points as oi’f = o(z; 3) along the boundary of K and o). = o(z-)
in cell K. Now, we can demonstrate the bound-preserving techniques. We will consider the source

term H7, first, and discuss the high-order bound-preserving technique.

Lemma 3.1. Suppose v > 0 (¢ > 0), then Hy.(r,¢,q,%,p) > 0 under the conditions

1 ®
At < ., A< 3.5
~ bzpm 6gnm (3:5)
where 4 _
par = max((p), (p) 0) - @ = min (), qrr = max {~af,~d. 0} (3.6)



Proof. We can write Hj as

1 1 _
Hie(r,¢,q,2,p) = (67*}% - Atmpt) - (6f?< + Atéq> := Ly + Lo.

Applying the quadrature in [47], we have

L, = éf?{ AN
3 k+l 3 k+1
Zzwﬁr —i—waK — Atz ZZ BTK
i=1 =1 i=1 B=1

3 k+1

L
()i + Dk (o))

=1

=33 g ( — Atz(py) ’5) il ;IDV (é - Atz(m)%) Tic

i=1 =1

Then L; > 0 under the condition (3.5). We apply the same quadrature for Lo to obtain

3 k+1 3 k+1

Zzwﬂr —l—wa‘K ey ﬁ)éZI’(ﬁqZB-FZwWCKq'}(
~v=1

i=1 p=1 i=1 p=1

3 k+1

=33 g (érK + At ) ZW < e+ Até}q})

i=1 B=1

Notice that ¢ = r/® if ¢ < 0 while ¢ > 0 if ¢ > 0. Therefore, under the condition (3.5), each term

in the summation above is positive.

O

In the rest part of this section, we will consider second-order scheme only, i.e. k=1, N = 2,
L =0, then w = % and wg = 3wg. Now we can analyze the convection term Hf, and the result is

given below.

Lemma 3.2. Suppose r™* >0 (" > 0), if « satisfies

a> m%x{|u f),0%,

and the time step satisfies

1 1
At < min —, e o, | K|
B | W 9 (Juyy | + )

we have H, (r, u,c) > 0.

Proof. Following the same analysis for the source term, we write

1 . L
H = Z Z wgHe s, Hfg= gr}’f — My’

i=1 =1

(3.7)

c V.



We only need to show Hiz>0.
Case 1: v; =n., ie. u~ =ug, ut =ug,, ¢ =cg and ¢t = cg,. Then

1
B —§TK A (u! cf’f ul—acl’f—kac "B)

Since r and ¢ are both linear functions, we can write the function values of r and ¢ as the interpolation
of the values at vertices {Vi, Va2, V3} of K, i.e. for any point z, in K,

rhe = i (Vi) + iric(Va) + iliric(Va), e = dherc (Vi) + pherc (Vo) + iherc(Va),  (3.9)

3
with uh, >0, m =1,2,3, and Z uh =1. Then

m=1
350 .. /1 _ , , .
i5= Z bl <9rK(Vm) — )\E}(acK(Vm)> + My (o — ulK’[j : Vz)cZKﬂZ
m=1

3
(1 A .
= Z bl <<I>K(Vm) - M’Ka> cx (Vi) + M (o — ul’(ﬁ Vl)CKB.

Then we have Hf 5 > 0, if o and At satisty (3.7) and (3.8), respectively.
Case 2: V; = —ng, i.e. um =ug, u” =ug,, ¢ =ck and ¢~ = ck,. Then

1
B —§TK V4 (uK Ckﬁ Vl—acf’f—i—ac[’(ﬁ)

Applying (3.9) again, we have

i5= Z L ( Vi) — Migus? vy — /\@(wga) cx (Vi) + )\ZKacK

Then we have H 5 > 0 under the condition (3.8). O

Finally, we discuss the diffusion part. We also take k =1, N =2, L = 0 and the result is given
in the following lemma.

Lemma 3.3. Assume the minimum angle of each triangle K is uniformly bounded away from zero.
Suppose r™ >0 (c" > 0), then HE(r,u,c) > 0 under the conditions

(3+V3)A

a > —, (3.10)
2ming ; (sin (9%))
and
At < OmlK| O (B+V3)A <2 O, (3.11)

18& Kl mingg (sin (037)) ~ %

where QK,i,j 1,2,3,i # j denotes the angle between the edge ezk and ei(, and A is the largest
absolute value of the eigenvalue of D.



Figure 1: Two intersection points for the numerical flux in diffusion part on the triangular mesh.

Proof. First, we will consider the term

/e<{D(u)Vc vib+ o [] -I/Z->ds.

K

Following [48], we write

0
D(u)Ve:vi = Ve D(wwi = 5 i,

where 7
~ 7
= DOy =
Define K = nilk and i, = n;|k,. Likewise for g and ng,. For each quadrature point x; 3 on the
edge €%, we can draw a straight line from x; g with direction g, intersects 0K; at CL‘ Slmllarly,
we can draw another straight line from z; g with direction —ng intersects 0K at Z' See Figure 1
for an illustration. It is easy to verify that at x = z; g

a 1 —c
{D(U)VC-Vi}—i—T[c]ne-yi = *D(’U,K)VCK v; + D(UK )VCK yl_|_a(K27K)
i 2 0
(e} i, i,8 i, -
it STPRI AL e AP S el
= 91 .8  ~i.Bn K ~ K Kl- K
2|y — 337 2|z - 23|
|7k | a\ s (a Hnmr ip
=\—5 5~ |% T\ =7 5 | %,
<2||x;f Pl e 2350 — a3
|7 || i3 |17k, | i3
2y — &30 2|75 — 2|
We write the cell average 7 as
3 2 2 3
=Y dgr = Y s O (Vin)ex (Vin)-
i=1 =1 1=1 f=1m=1

10



we can rewrite H&(r,u,c) as

3 2 3
:;z;ﬂz:l z_:lﬁ)gu%ﬁ@x(‘/) K (Vi +)\Zﬁ Zwﬁ [{D(u)Vc l/z}—i-gl [c]ng - I/Z:|

=1 B=1

3 2 ~
= Z > wg ( Z PP ® e (Vi) e (Vi) + M [{D(u)Vc v+ %[c]ne : VZ} )
T=T; 3

T=xi B

K

3 2
=22 wslip+L,

i=1 f=1

where
3 ~ ~ ~ ~
0 — m m m a3 - K - 5 5. K;
18 2~ 2|23l — #LN Lk e 2035 — 23|
725, || (79

2|70 — 230

1 3 2

We need to make L; g > 0. In fact

3 ~ ~
L » - 17| a\
Lo = 3 Wi (Vi (Vi) + M (H BEAPE
= 22 -
@ 1722, i3 ; 7K B
+M | == aF Ck, + My ————————c(T}))
(f’K 20175, — 2, ) S|zl - a3
- 1 Hn H a
| | i
=> ubf (18<I>K(Vm) + M ( g%)) e (Vi)
= oy’ — Tk
o (RCR ]9 H TR 7
F MG | — e | G M —(;1:’).

Notice that ||7|| < A. To make L; g > 0, we need

O A [ & 7 1
a > T My (; — z”Bm(||~z,B> < —CIJK(Vm).
2”5”1( — Ty, || K 2”93[( |

It is easy to compute that
e - 6 |
$ljf” (3 — v/3) min; sin (9%)

H ~1,

11



and we conclude L; g > 0 under the conditions (3.10) and (3.11). Finally, we can apply the same
idea above to estimate L. Similar to (3.9), we write

Withogﬂi’ <1 and Zu’ﬁ—l Then

i ”77K|| i
L—er M ZZ %ﬁ”c(x ’8)

i=1 = 12”$

3
Z 78(1)K ZZ ||77K||Mf(26|| cxe(Vin)

i=1 f= 12”1‘

[y

3

3 2
> [ gn v A 3+\[A]) e (Vin)

m= i—1 f—1 2min; sin <9K

Y

=

Therefore, we have L > 0 under the condition (3.11). O
Base on the above three lemmas, we can state the following theorem.

Theorem 3.4. Suppose ™ > 0 (¢" > 0), and the paramelers o and & satisfy (3.7) and (3.10),
respectively. Then 7T > 0 under the conditions (3.5), (3.8) and (3.11).

Now, we have proved 7#; > 0 for j = 1,2,--- ,N — 1. To obtain 7y > 0, we need to subtract
(2.6) from (2.4) to obtain

(rn,, C) =(ueny — D(u)Ven, V() + (eng — rnznpe, C) + Z ucN n.[C]ds
ecly

-3 [ (D@ Vex - na) + (DETC-n e

ecly €

+ M[c;ﬂ[(]) ds. (3.12)

Here, we have used the fact that the flux for (2.6) is consistent with that in (2.4). We can observe
that the above equation is similar to (2.6). Therefore, following the same analysis above with minor
changes we have the following theorem.

Theorem 3.5. Suppose 0 < 1™ < @, and the conditions in Theorem 3.4 are satisfied. Moreover, if
the fluzes ucj and w are consistent, then L < &, under the condition

At < 1

) 3.13
— 6zupMm (3.13)

where pyr is gwen in (3.6) and z)pr = max z;.
1<j<N
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4 Bound-preserving technique for high-order scheme

In this section, we will apply the flux limiter to construct high-order bound-preserving technique.

4.1 Flux limiter

We use P* (k>2) polynomials and write (3.1) as
3
Pt =T A A B+ Ats,
i=1

where

. - a I ——

Fi=— /Z uc - vids + /Z ({D(u)Vc- vit+ E’K[C]> ds, §=¢q—rzap (4.1)
e e

are high-order flux and source, respectively. In Section 3, we have demonstrated how to treat the

source terms. Therefore, we only discuss the modification of the high-order fluxes only. We will

apply the flux limiter [19, 32] and combine the high-order flux F.: and the second-order fluxes,

which was analyzed in Section 3, denoted as fei. We define the new flux as
F;ei = fei + Qei(Fei - fei)7

where 0.: is a parameter that to be chosen. Then the cell average can be written as

3 3 3
f}?_l =T+ /\Z fei + )\Z@ei(ﬁei — fei) + Ats = fz—H + )\Z eei(ﬁei — fei),
i=1 i=1 i=1
where
3
PP =T + A fo + Ats
i=1
is the second order cell average which was proved to be positive if At is sufficiently small. Notice
that, we need the fluxes in (2.6) and (2.4) to be consistent. Therefore, we have to discuss the
fluxes for all components together. We define fiz and F; as the second- and high-order fluxes for
component j, j = 1,2,--- , N, respectively, and the cell average 7 for the jth component to be 7;.
To compute fej” we only replace the ¢; in F EJZ in (4.1) by a second-order approximation. We cannot
change u, since we want Zj\;l F ejl = Z;VZI fgl = 10,:, which due to the flux consistency requirement.
To construct the second-order ¢;, we can simply apply the second-order L? projection to the high-
order c¢;, and then apply the limiter discussed in 4.2 with & = 1 and ® as the second-order L?
projection of ¢. We can choose the parameter 6,: as follows:

1. For any K € Qy, set B = 0.

N-1 N-1 N-1
AN pj AN o EJ Fo=q 7
2. Define F,j =, — g Feﬂ oi = Ui — fei and 7, = ¢ — Z Tj.
j=1 j=1 i=1

e’L

3. Forany j=1,2,--- N, if Fejl — fg, >0, take 9%‘(761- =1, otherwise set Sx = Bk —|—ng — .

13



—n-+1
4. For those edges e’ with F] f] < 0, we set Gj = min {— )\jﬂLm, }
K

, J
5. Take Oy i = H;1<IIN9K62

6. For any e € I'g, we can find K, Ky € €, such that K1NKy = e. We take 6. = min{0k, ¢, 0k, ¢}

Following the same analyses in [6], we have f;‘“ >0,j=1,2,---,N. Thus, 0 < F}”l < ®, since
we have the relationship r”“ + r”“ + ... +T *"H = .

Remark 4.1. In (2.4)-(2.6), we do not compute rn (cn) directly. Step 2 in the above algorithm
N-— 1 J  FN
F —

et’ et T

is used to compute the fluzes in (3.12). Actually, we can simply take Fe]y = Z

— Zj\;l eji, since we only need the difference of the higher order and lower order ﬂua:es. Moreover,
step 5 is used to construct consistent fluzes (See definition 2.1).

4.2 Slope limiter

In this section, we discuss the limiters to be applied. As discussed in [16], the traditional slope
limiter (1.4) cannot be applied. In this paper, we will construct a new one. We consider problem
with 2 components first and then extend it to N-component ones. The algorithm is given as follows.

1. Define S = {z € K : r(z) < 0}. Take

R 1 _7‘1(31)<I> }
rr=r1+0(=®—-r1), 6 = max =, 0. 4.2
=" <q> 1> yes {m@(y) —r1(y)® +2)

2. Set ro = ® — 71, and repeat the above step for ro.
3. Take 71 = ® — 2 as the new approximation.

Remark 4.2. In step 1, it is easy to see that 71 > 0 which further implies ro < ®. In step 2, we
have

f2:r2+9(%q)_r2>:(1—9)r2+6%<1)§(1—0)<I>—|—9<I>:<I>,V96[0,1],

which means the property 1o < ® is inherited naturally from ro < ®, no matter which parameter 6
is chosen. This fact gives us enough space to modify 7o such that 7o > 0, as we did in step one.
Therefore, after step 3, we have 0 < 71 < ®. Besides the above, it is easy to check that the limiter
does not change the numerical cell averages, i.e., [} 7(x)dx = [ r(x)dz

Moreover, we can also prove that the limiter does not affect the accuracy.

Theorem 4.1. Let R(x) € C*(K) and r(z), ®(z) € PH(K) with0 <7 < ® and ||r(2)—R(z)||oo <
Ch**1. Assume there exist two positive constants @, and ®pr such that 0 < &, < <I>( ) < Dy,
then ||7(x) — R(z)]|co < ChF+1,

14



Proof. WLOG, we assume ¢ > 0 in (4.2) and need to show the modification in step 1 keeps the
accurate :||F(x) — r(z)]|e < Ch*1. Denote r,, = mingex r(x), ryy = maxzer r(z). Let y € K be
the point at which the maximum in (4.2) is achieved and define r, = r(y) < 0,®, = ®(y). Then

=Ty =Ty —ry Py < _m Dy

0:

<

)

7
s(I)y — T’y

T—1y ®p = T =1y Oy

which further yields

_ _ -
T Dy —r T d (-
7 — 7| =0]=® —r| < L _—™ ]f@—r\:—M(—rm)y.
) S 7T—1rym © d,, T —Tm
o 2 k+1 7 — 7
Since T is a constant and | — r,| < Ch*"" we only need to prove that ———— < C' for some
m T —Tm
positive constant C' independent of x and h. Notice that
P P
F—— =Ty gff—rgfﬂ—rm,
M (I)m
we have
P < _ P
r——7r max§ |r—=—— —"m|,|T —-Tr ,
o = " m o M
which further yields
7@ 7¢ 7¢77L
rg — 7l < max Pt —rm| [FE2 —rul '
F—Tm — F—Tm = T—Tm
: P — | Faz — rul .
Next, we will prove the boundedness of ——= , and —2£ , respectively. For the first
F—"Tm T —Tm

term, we have

oM oM v . Py
[P S — T T m T ~Tm, s
T — Tm F—Tm T —Tm d,,
while for the second term
*q)'m _ r o r <D'm _ — r q>7n _ —
|7’q>]\/[ T'M| :_T TM+T(¢’IM 1) <_7'er_7“(¢]\{ ].) <TM7T+1_ (I)m
T —Tm T —Tm T rT—Tm T I Dy

In Appendix C of [45], Zhang proved that for any non-constant polynomial of degree k, say p(x),

we have - ()
P — max p(z
’77‘ < Ck7
p — minp(x)
where C} is a constant only depends on the polynomial degree k. Thus,
7¢7ﬂ
r M
|‘1>7M |<Ck_*_1_(1)7m7
T —Tm Dy
and we finish the proof. O

Remark 4.3. There are two ways to apply this limiter in an N-component system. One way is
to compute the parameter 0; for the jth component, (j = 1,2,--- ,N) and then take 0 = max; 6;.
Another way is to modify ri,72, -+ ,rN—1 one by one such that r1 € [0,®],r2 € [0,P — ri],73 €
0, —7ry —r9),--- ,rN—1 €0, —r1 —72--- —ry_2].
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4.3 High-order time discretization

In this section, we extend the Euler forward time discretization to high-order ones which are convex
combinations of Euler forwards. In this paper, we use third-order strong stability preserving (SSP)
high-order time discretization to solve the ODE system uy = L(u):

u =u™ + AtL(u, "),

u® :Zun + % (u(l) + AtL(u(”,t”“)) ’
1 2 At
w =—ut+ (0@ AL(u® e+ S ).
3 3 9
Another choice is third-order SSP multi-step method:
16 11 12

nt+l _ ~Y/on AtL(u”. t" 4t/ n—3 AL n—3 tn_g ‘
u 27(u +3 (u",t")) + 27(u + T (u" =3, )

More details can be found in [14, 15, 24].

5 Numerical experiments

In this section, we provide numerical experiments to test the accuracy and stability of the high-order
bound-preserving DG scheme. In all the examples, we choose N = 3, and consider fluid mixture
with 3 components. Moreover, we use the third-order SSP Runge-Kutta discretization in time and
P? element in space. The computational domain is set to be = [0, 27] x [0, 27]. To construct Qy,
we first equally divide € into M x M rectangles and the triangles are obtained by equally divide
each rectangle into two. See Figure 2 for the mesh.

Figure 2: Triangular mesh (M = 10)
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Example 5.1. We set the initial conditions as

1 1 1
capo(z,y) = 6<1 + i(cosx +cosy)), co(z,y) = §(1 + cosz cosy),

czo(z,y) =1—cro(z,y) —ca0(z,y), po(z,y) = coswcosy — 1,

and the source variables are taken as

1 1 1 1
é1(x,y,t) = 6(1 + §€_W(COSZC + cosy — 5 sinx cosy — 5 siny cosx)),

1 1 1
éo(x,y,t) = §(1 + e 2 (cosz cosy — B sin? z cos® y — 5 cos? zsin?y)),
53(%%75) =1- 51(55’2/775) - 52($ay7t)7 Q(:Evy)t) = 26_%'

Other parameters are chosen as

o(z,y) = pler, 2) = k(z,y) = alz,y,c1,c2) =21 =22 =23 =1, D(u) = diag(v,).

It is easy to verify that the exact solutions are

1 1 1
c1(z,y,t) = 6(1 + 56_’%(00837 +cosy)), co(z,y,t) = §(1 + e M cosz cos y),

Cg(i’,y,t) =1- Cl(wvyvt) - 62($7y7t)a p(fb‘,y,t) = 6_2t(COS$C08y - 1)

In the numerical simulation, we choose v = 0.01, final time 7" = 0.01 and At = 0.001A? to reduce
the time error. The computational results are shown in Table 1, illustrating the L? error and
convergence orders for ¢; and ¢y with and without bound-preserving technique. From the table, we
observe optimal convergence rates. Therefore, the flux limiter and slope limiter do not degenerate
the convergence order.

Example 5.2. We choose the initial conditions as

T T 3T 3T
1) I§§7y§§7 ]-7 9527;9277
cro(x,y) = c20(z,y) =
0, otherwise. 0, otherwise.
z Yy
czo(x,y) =1—cio(z,y) —coo(z,y) and po(x,y) = 005(2) + 003(5)-

Other parameters are taken as
21 =22 = 1a23 = 10,q(x,y,t) = O,D(U) = 07

p(er, co) = k(z,y) = alx,y,c1,c2) = d(z,y) = 1.
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C1 C2

no limiter with limiter no limiter with limiter

M | L? error | order | L? error | order | L? error | order | L? error | order

) 3.02e-3 - 4.61e-3 - 2.12e-2 - 2.39e-2 -

10 | 5.00e-4 | 2.59 | 5.30e-4 | 3.12 | 3.29e-3 | 2.69 | 3.47e-3 | 2.78
20 | 8.85e-5 | 2.50 | 8.86e-5 | 2.58 | 5.34e-4 | 2.63 | 5.34e4 | 2.70
40 | 1.25e-5 | 2.82 | 1.25e-5 | 2.82 | 7.25e-5 | 2.88 | 7.25e-5 | 2.88
80 | 1.71e-6 | 2.87 | 1.71e-6 | 2.87 | 9.41e-6 | 2.95 | 9.4le-6 | 2.95

160 | 2.02e-7 | 3.09 | 2.02¢-7 | 3.09 | 1.16e-6 | 3.02 | 1.16e-6 | 3.02

Table 1: Example 5.1: Accuracy test for ¢; and ¢y with and without bound-preserving technique.

(a) T=0.1s (b) T=0.6 s

Figure 3: Example 5.2: Numerical approximations of ¢; and co
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We use this example to demonstrate the stability of the scheme. We choose D = 0, then the
diffusion term will not provide any dissipation to the scheme. We compute the components ¢; and
cz at time T = 0.1s and T = 0.6s, respectively, with M = 40 and At = 0.001h2? (h = %)' The
numerical results are shown as Figure 3. From the figure we can see that the concentrations ¢; and
co are between 0 and 1. To test the effectiveness of the bound-preserving technique, we simulate the
example without the bound-preserving limiters, and the numerical approximations blow up at about
0.003s even though we take time step size as small as At = 0.0001h%. In [16], we demonstrated
that the reason for the blow-up of the numerical approximations is the ill-posedness of the system.
This example demonstrates the necessity of the bound-preserving technique in solving compressible

miscible displacements in porous media.

Example 5.3. We investigate the displacement of 3-phase porous media flow in the five-spot ar-
rangement of injection and production wells. The computational domain is a square region taken
as quarter-of-a-five-spot pattern. The three phases are light oil ¢ (with low viscosity and high com-
pressibility), heavy oil co (with high viscosity and low compressibility) and water cs (with medium
viscosity and medium compressibility).
The initial concentrations of oil (water) are

1, e< o y<c, 0, <2 y<

2 c20(z,y) = 2

0, otherwise. 1, otherwise.

s T
2’ 2’

CI,O(%Q) - C3,O(x7y) =0.

Therefore, the lower-left part of the region is light oil enrichment area while the other part is heavy
oil enrichment area. Moreover, no water exists initially and the initial pressure is taken as 0 in
the whole computational domain. To simulate the random perturbation of porosity and permeability
around their average value, we choose the porosity and permeability as

¢(z,y) = 0.5+ 0.05sin(5z) sin(by) and k(zr,y) = 1.0+ 0.1 cos(5z) cos(5y),

respectively. Other parameters are taken as

p(er,ca,c3) = 0.4c; +2.0c2 + 1.0c3, 21 =1.2, 20=0.8, 2z3=1.0, D =diag(|ul,|ul).

The injection well is located in lower-left corner and production well is located in upper-right corner,
treated as § sources.

This example is used for petroleum production simulations. We compute the components ¢; and
2
cs at time T = 0.2,0.8 with M = 35 and At = 0.00Lh%(h = —)

c1 + co at different time are shown in figures 4a-4f, respectively. From the figure we can see that ¢y,

. The distributions of ¢1, ¢ and

co and c¢1 + ¢o are all between 0 and 1.

Example 5.4. To show the significance of the bound-preserving technique in real petroleum produc-
tion simulations, we choose the exact parameters in Example 5.3, except D = 0 in order to avoid
any dissipation to the scheme which is resulted from the diffusion term.
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This example is used for petroleum production simulations when diffusion effect is negligible. We

2
compute the components ¢; and ¢ at time T = 0.2,0.8 with M = 35 and At = 0.0012%(h = B—W)

The distributions of ¢1, co, and c3 at different time along diagonal y = x are shown in figures 5a-5f,
respectively. From the figures we can see that the concentrations cy, c2, and c3 are between 0 and 1.

However, the numerical approximations without bound-preserving limiters blow up at about
T = 0.25 if we take the same time step as before. The distribution of components along diagonal
at time T = 0.1,0.2 are shown in figures 6a-6f, from which we can observe strong oscillations and
physically irrelevant values. Further experiments show that, even though we take the time step
as small as At = 0.0001k2, the numerical approximations still blow up at about 7' = 0.26, which
implies the necessity of the bound-preserving technique.

6 Concluding remarks

In this paper, we constructed high-order bound-preserving DG methods for compressible miscible
displacements in porous media on triangular meshes. We have applied the technique to the problem
with multi-component fluid mixtures. Numerical simulations shown the accuracy and necessity of
the bound-preserving technique.
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