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Abstract

Wormbhole propagation, arising in petroleum engineering, is used to describe the distribution of acid
and the increase of porosity in carbonate reservoir under dissolution of injected acid. The important
physical features of porosity and acid concentration include their boundedness between 0 and 1, as
well as the monotone increasing for porosity. How to keep these properties in the simulation is crucial
to the robustness of the numerical algorithm. In this paper, we propose high-order bound-preserving
discontinuous Galerkin methods to keep these important physical properties. The main technique is to
introduce a new variable 7 to replace the original acid concentration and use a consistent flux pair to
deduce a ghost equation such that the positive-preserving technique can be applied on both original and
deduced equations. A high-order slope limiter is used to keep a polynomial upper bound which changes
over time for . Moreover, the high-order accuracy is attained by the flux limiter. Numerical examples are
given to demonstrate the high-order accuracy and bound-preserving property of the numerical technique.
Key Words: wormhole propagation, bound-preserving, high-order, discontinuous Galerkin method,

triangular meshes, flux limiter

1 Introduction

As an important technique of enhanced oil recovery (EOR), acid treatment has been widely practiced in
carbonate reservoir to improve the productivity of oil wells. In this technique, acid is injected into wells to
dissolve the fines deposed in wellbore and the rock near the wellbore. By doing so, the permeability and
porosity of the rock close to a well can be increased prominently, which facilitates oil flow into production
well and thereby improves the production rate of oil.
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However, the efficiency of this technique has a strong relevance with the dissolution patterns which depend
on the injection rate. With a very low injection rate, the acid only dissolves the face of wellbore since it will
be consummated all before they get into deeper region and this scenario is called face dissolution pattern.
In contrast, with a very high injection rate, the acid can be pushed uniformly into the wellbore region with
certain depth and this results is the so-called uniform dissolution pattern. In addition to the above two
extreme cases, with an appropriate injection rate, wormhole patterns can be formed as the injected acid in
the rock tends to flow through the paths with high permeability and porosity, which causes the permeability
and porosity of these path to be further increased under the dissolution of acid, and facilitate more acid
to flow through. Therefore, under optimal injection rate, maximum number of narrow channels with high
conductivity will be formed in the rocks after the acidizing process. These highly conducting channels, also
known as wormholes because of its shape, can build a good connectivity between reservoir and wellbore,
and improve the productivity of oil well enormously. Because of the important role that wormhole plays in
improving productivity, a lot of research works have been taken to investigate the formation and propagation
of wormholes.

In the early days, researchers investigated the wormhole propagation phenomenon by means of exper-
iments [11, 5]. Later, several mathematical models, such as dimensionless model, capillary tube model,
network model, and continuum models, were established to help people understand the process of wormhole
propagation. Among these models, the most popular one is the two-scale continuum model developed by
Panga et al. in [16], where the authors proposed a partial differential equations (PDE) system to describe
the formation and propagation of wormholes. There were a lot of follow-up works based on this model. In
[33], the authors analyzed the front instability of wormhole propagation theoretically and numerically. In
[15], Maheshwari et al. presented a 3D simulation for this model. A parallel simulation was conducted by
Wu et al. in [21] under a modification of flow equation. In [1], the authors studied the numerical-simulation
approach for a modified model. Later, Wei et al. extended this model from single phase to two-phase flow
in [19] and discussed the simulation results. Besides the above, many researchers designed specific numerical
schemes for this kind of models as well. In [12], the authors constructed a conservative scheme for flow and
transport based on mixed finite element method. Later, Li et al. applied finite difference methods to this
problem in [13, 14]. Recently, the discontinuous Galerkin (DG) method was applied to this model in [§].
In all the above works, some theoretical works, such as the stability and error estimates, were established
under different norms. However, to the best of our knowledge, no works has been undertaken to preserve
the boundedness of porosity and concentration of acid without loss of mass conservative. In fact, the bound-
edness of these variables is essential for the stability of numerical simulations. Firstly, the rate of change
of porosity ¢ in this model depends on the concentration of acid cy. If the exact solutions contain large
gradients or even discontinuities, the numerical approximations of c; can be negative, which further leads
to ¢ < 0 in some regions with low porosity. Secondly, the oscillations of ¢ itself near the wormhole may
also result in negative values. Both of the above two cases will bring a negative coefficient in the diffusion
term of the transport equation, leading to ill-posedness of the problems, and finally cause the blow-up of
the numerical simulations. We will demonstrate this feasibility by a numerical example in Section 6 and
show how bound-preserving technique can prevent the blow-up phenomenon. Moreover, as we will see in the
later section, many coefficients in the model appear as functions of ¢, which require ¢ to take values in the
physically relevant range [0, 1] as well. To construct high-order bound-preserving technique, we have to apply
suitable limiters to modify the numerical approximations. Therefore, we would like to use DG methods.

The DG methods become increasingly popular due to their good stability, high-order accuracy, and flex-



ibility on h-p adaptivity. In 2010, the genuinely maximum-princip le-satisfying high-order DG schemes were
constructed for conservation laws on rectangular meshes in [29] by Zhang and Shu. The basic idea is to take
the test function to be 1 in each cell to yield an equation satisfied by the cell average of the target variable r,
and prove the desired boundedness of the cell average 7. Then a slope limiter which do not affect accuracy
and mass conservation can be used to modify the variable r to obtain a new one 7 = 7+6(r—7) such that 7 has
the physically relevant bounds. In the case that the variable r only need a lower bound zero, this technique
is also called positivity-preserving technique. The physically positivity-preserving and bound-preserving
numerical schemes have been actively studied since then. In 2012, this technique has been successfully ex-
tended to triangular meshes in [30], where the general criteria for quadrature rule on triangular elements was
proposed. After that, this technique was applied to many problems including compressible Euler equations
with source terms [31], hyperbolic equations involving d-singularities [26, 27], relativistic hydrodynamics
[17], extended MHD equations [34], shallow water equations [22], etc. For convection-diffusion equations,
the genuinely second-order maximum-principle-preserving technique were introduced in [32]. Subsequently,
the extension to third-order or even higher order bound-preserving techniques for parabolic equations were
also developed in [25, 2, 4]. Besides the above, the flux limiter [24, 23, 10] can also be used to obtain the
high-order accuracy and maintain the boundedness. However, with the flux limiters we have to modify the
numerical fluxes, hence the accuracy is not easy to analyze. Recently, in [9, 3], the authors studied miscible
displacements in porous media and applied the techniques introduced in [32, 10, 23, 24] to preserve the two
bounds, 0 and 1, of the volumetric fractions. In this paper, we will construct high-order bound-preserving
DG schemes for the porosity of the rocks ¢ and the concentration of the acid cy. However, there are signif-
icant differences from most of the previous techniques. First of all, most of the problems in [24, 29] satisty
maximum-principles while the concentration of acid ¢y does not. To solve this problem, we derive a ghost
equation satisfied by ¢ = 1 —cy and apply the positivity-preserving technique to both ¢y and c. Secondly, the
high-order positivity-preserving technique in this paper is based on the flux limiter [23, 10]. The basic idea
is to combine higher order and lower order fluxes to construct a new one which can yield positive numerical
cell averages. However, for triangular meshes, first-order fluxes are not easy to construct. Therefore, we will
consider the second-order flux as the lower order one. Moreover, to obtain the equation satisfied by the cell
averages, we need to numerically approximate r = ¢c; instead of c;. By doing so, the upper bound of r
is not a constant and the traditional slope limiter may fail to work [9]. Therefore, a new bound-preserving
limiter will be introduced. A similar obstacle appeared in the design of high-order bound-preserving methods
for general relativistic hydrodynamics, see [20] for the discussion. Finally, different from [9, 3], the porosity
is increasing and less than 1. Therefore, the upper bound of r is changing during time evolution and special
techniques will be introduced to make ¢ to be physically relevant. In summary, the whole algorithm can be
separated into four parts. We first apply positivity-preserving technique to obtain positive ¢; and use which
as another source to find the velocity and pressure. Then apply the positivity-preserving technique again
to ¢ and ¢y simultaneously to obtain positive numerical cell averages by the flux limiter [23, 10]. Subse-
quently, we choose consistent flux pair [9, 3] with suitable parameters in the flux limiter in the concentration
and pressure equations to obtain the positivity of 1 — cf. Finally, we introduce suitable limiters to obtain
physically relevant numerical approximations.

The rest of the paper is organized as follows. In Section 2, we introduce the mathematical model of
wormhole propagation. In Section 3, we establish the DG scheme used in this paper. In Sections 4 and
5, we construct the second-order bound-preserving scheme and then extend it to high-order spatial and

time discretizations. Some numerical examples are given in Section 6. We will end in Section 7 with some



concluding remarks.

2 Mathematical model

Let the computational domain Q = [0, 2] x [0, 271] and simulation time J = [0, 7], the mathematical model

of the wormhole propagation is given as follows:

%f+V~U=f, (z,9) €Q, 0<t <T, (2.1)
we g e 0<t<T, (2.2)
n

0

(g:f) + V. (qu) =V. (¢DVCf) + kcav(cs - Cf) + f[C[ — fPCf7 (23)
00  akeay(cy — cs)
09 _ Qhicly(Cf — Cs) < |
ot o ; (1Y) €, 0<t<T, (2.4)

where ¢ is the porosity which is defined as the percentage of the empty space in a rock, & is the permeability
that measures the ability for a rock to allow fluid to pass through it, w is the Darcy’s velocity defined as the
volume of flow crossing a unit across-section per unit time, p is the pressure of fluid in porous media, and
w is the viscosity of fluid. f = fr — fp is the external volumetric flow rate with f; = max{f,0} being the
injection flow rate and fp = —min{f, 0} being the production flow rate. cs, ¢; and ¢y are the concentrations
of acid in the fluid phase, the fluid-solid interface and in the injected flow, respectively. D is the dispersion
tensor for the acid in porous media and k. is the local mass-transfer coefficient. a, is the interfacial area
available for reaction, ps is the density of the rock and « is the dissolving constant of the acid, defined as
grams of solid dissolved per mole of acid reacted. Moreover, in the case of first order kinetic reaction, the
concentration c, of acid in the fluid-solid interface have a simple relationship with cy:

— cr

1+ kg/ke’

Cs

where k; is the kinetic constant for reaction. The coefficients « and a, are functions of ¢ defined as

K¢ ¢(1—¢0))2 aw 1-¢
Ko o <¢0(1—¢) " ag 1—¢o’ (2:5)

respectively, where kg, aq, and ¢y are the initial values for k,a,,®. Throughout this paper, the values
i, ke, ks, o, ps are positive constants, D, f, fr, fp, cr are known functions independent of time and ¢, u, p, ¢y,
are unknown time-dependent variables.

We consider impermeable boundary conditions

u-n=0 (DVc—cu)-n=0,
where n is the unit outer normal of the boundary 0f). The initial concentration and porosity are given as
Cf($72/70) :Co(l',y), ¢(x7yv0) :¢0($,y), (xay) S Q.

Before we finish this section ,we would like to make an important reasonable hypothesis for the initial
porosity: 0 < ¢, < ¢o(z,y) < ¢* < 1.



3 The DG scheme

In this section, we will construct the DG scheme for wormhole propagation on triangular meshes. We first
demonstrate the notations to be used throughout the paper.

Consider a regular triangulation  of domain €, i.e. Jp > 0, such that diam(Bg) > p diam(K),VK €
Qy,, where By is the largest ball contained in K. For any triangle K € Qy,, we denote the three edges of K to
be ek (i = 1,2,3), with corresponding lengths ¢%- (i = 1,2, 3), unit outer normal vectors v (i = 1,2, 3) and
neighboring elements K;(i = 1,2,3). We denote I' = ¢, {€le € IK} to be the set of all cell interfaces
and 'y =T\ 09y, as all the interior ones. Set a predetermined constant unit vector vy which is not parallel
to any edge e and define n, as the unit normal vector of each edge e € I such that n. - vy > 0. For any
discontinuous function v (scalar or vector) crossing edge e, let vF denote its traces on e evaluated from K
or K; . The '4’ for each edge e’ in the cell K is determined by the inner product of v% and vg as follows:

=vg,, ifyy- 1/}} > 0,
=vg,, ifvy-vi <0.
Moreover, we define the jump and average of v (either a scalar or a vector) on the cell interface e as
ble=vf —vr, {o}e = 3(F +07).
The finite element spaces are chosen as
Vi ={v:v|g € P*(K), VK € Q,} and W), =V}, x Vj,,

where P*(K) denotes the space of polynomials of degree at most k in K. Then the semidiscrete DG scheme
for (2.1) - (2.4) can be written as: find ¢,r,p € V;, and u € W}, such that for any (,&,v € V}, and n € Wy,
the following equations hold:

(5¢) = va+ X [anidas+ (1.0, )
ecly v ¢
(a(@)u,m) = (p,V-n)+ > _ [ D ne-[nlds, (3.2)
ech V€
() = (s o05er We)+ 30 [ a7l e = er = Bi6er,o
-y ({w(u)wf} €]+ {OD(w)VE} - meles] + @[cfm) ds. (33)
<g(f7v) = (BQ(¢)cfﬂv)7 (3.4)

where

a(¢) = H7Bl(¢) _ ao(1 — @)kgke  Ba(6) = aag(1 — @)kske

k (1 - ¢0)(ks =+ kC) B ps(l - (bO)(ks + kc).

Moreover, we use a new variable r instead of ¢cy on the left hand side of (3.3), and define ¢ as the L*-

projection of % if k£ > 2, while take c; to be the interpolation of % at the three vertices in each triangle K
if k=1.



Following the idea in [9, 3|, we take a consistent flux pair @, wcy in the sense that @ = ucy when ¢; = 1.
The consistent flux pair is used in the construction of the bound-preserving techniques. The numerical fluxes
U, ucy and p in (3.1)-(3.4) are chosen as

lil|e :{u}ea ﬁ\e :{p}67 ﬁC\f|€ :{UCf}e—a[Cf]eIle, ifeeFo,
ule =0, ple =pk, ucsle=0, ifecdNNIK. (3.5)

In the DG schemes, we introduced two penalty parameters o and &. These two parameters will be chosen
by the bound-preserving technique.

4 Second-order bound-preserving schemes

In this section, we will construct second-order bound-preserving scheme with forward Euler time discretiza-
tion. High-order time discretizations will be discussed in the next section. At time level n, we assume
¢% < ¢™ < 1and 0 <r" < ¢", and would like to construct physically relevant numerical approximations at
time level n + 1, i.e. ¢" < ¢"t! <1 and 0 < 1 < g H1,

At time level n, we will first solve (3.4) for ¢}, then substitute which to the left-hand side of (3.1). With

forward Euler time discretization, (3.1), (3.3) and (3.4) can be written as

(75 %0) = v+ X [armddis 1.0 .

A
ecly V€

7""+1 _ Tn -
(, 5) = (ueg — 6DVe, V6) + S [0 mldlds + rer — ey — Ba(o)er. €
e€ly v €

-y ({¢D<u>ch}~ne[ﬂ T {(6D(W)VE} - nles] + ‘;[cfns]) ds,  (42)

eclp
) = (Baloder.o) (4.3
with all the superscript n on the right hand sides being omitted for simplicity.

Remark 4.1. After the time discretization, there are two discrete evolution equations for ¢. We use (4.3)

to find ¢"*1, then the discrete evolution for ¢ in (4.1) is treated as another source.

Because of the usage of consistent flux pair @ and ucy, we can get a ghost equation for 75 by subtracting
(4.2) from (4.1) and introducing ghost variables co =1 — ¢y, cor =1 — ¢, 72 = ¢co,

n+l _  n
(TQAtrQ,E) = (ucy — ¢DVco, VE) + ; eu/\cz “ne[llds + (frear — frea + Bi(d)cy, €)
«

-y / ({¢>D(u>w2} mle] + (6D (w)VE} - mufes] +

eclp

B [CQ][f]) ds. (4.4)
Therefore, though we solve (4.1) and (4.2) in the real computation, we analyze (4.2) and (4.4) instead of the
former pair as the two forms are equivalent.

The second-order bound-preserving scheme is built and analyzed based on (4.2), (4.4) and (4.3).
In this paper, we use the quadrature rule of order k& proposed in [28] to compute the integral in cells, and



Figure 1: Distribution of quadrature points for k =1 and k = 2.

use the corresponding k£ + 1 points Gaussian quadrature rule to evaluate integration on cell interfaces. The
quadrature rule of order k£ has the following crucial properties:

e All of the quadrature points lie in the cells with positive weights,
e The quadrature points contains k£ 4+ 1 Gaussian quadrature points in each of its edges,
e It is exact for polynomials up to degree 2k — 1,

The distribution of quadrature points in the case of k = 1 and k = 2 are shown in Figure 1. We denote

Tig, B =1,2,---,k+ 1, as the quadrature points on e} with wg being the corresponding weights, and

denote x.,, v = 1,2,---, L, as the quadrature points in cell K with @, being the corresponding weights.

Moreover, We denote wg, 8 = 1,2,--- ,k + 1, as the k 4+ 1 Gaussian quadrature weights on the reference

interval [—%, %] Based on the above notations, we define the values of o (0 =7, ¢, ¢, p, - - ) at the quadrature
i,8

points as 03} = o(x; g) along the boundary of K and o}, = o(z,) in cell K.
In (3.4), we take v = 1 in K to obtain the equation satisfied by the cell average of ¢:

Pt = @ + AtBa(¢")cy. (4.5)
We will demonstrate how to preserve the monotonicity and the upper bound of 57};’1 in the following lemma;:

Lemma 4.1. Given 0 < r™ < ¢" (0 < cf < 1) and ¢" < 1, we have ¢} < (E’}{H < 1, if the time step

satisfies

At < B3, (4.6)
where Bsg is a constant defined as
B aapksk.
% ps(1 = ¢*) (ks +ke)
Proof. Define Bs(z) = ps(l_gsg’ffﬁ;ﬁkc). Then Bs(x) is independent of time ¢ and it’s easy to check that

By(w,¢) = Bs(x) - (1 = ¢) < Bzo - (1 - ).



Applying quadrature rule in [28] to (4.5) with enough algebraic order k, we have

Pt = P + OtBa(¢")ey
3 kt1

= o+ ot [ S5 ws(Bs) (1 63 Z k(L= o5 (er)k

i=1 =1
> ¢

under the assumption 0 < ¢} <1 and ¢% < 1. Moreover, we have

3 k+1 L
= Ok Ot D0 D ws(Ba) R (1 = 65 (e i+ D by (Ba) (1 - d)) ek
i=1 B=1 ~=1
_ 3 k+1 L
<P+ O Y D ip(B Z (1= 0%)
i=1 B=1 =1
_ 3 k+1 L
< @+ O DD bgBso(l— ¢3) + Y by Bso(1 — ¢)
i=1 B=1 y=1
B 3 k+1 ) L
=G + AtBso [ > a(1—30) Z (1—¢))
i=1 =1 y=1
= ¢ + AtBao(1 — ¢).
Thus ¢ < 1 under the condition (4.6). O

The bound-preserving property for F}?Fl is relatively difficult to derive. Therefore, instead of obtaining
0 < 7t < @7t directly, we apply the positivity-preserving technique to 7t and 753" in (4.2) and (4.4),
respectively, which further yields 0 < 7""+1 < q&”“ due to the fact that r"“ + F;;l = }L(H To construct
the positivity-preserving technique, in (4.2), we take £ = 1 in K to obtain the equation satisfied by the cell
average of r

f;L('+1 = H;((T7 Cf,'U,) + Hld((ry Cf,'U/,QS) + HIS((T7 nycfv.fpa f]a¢)7 (47)
where
1 3 ,
Hi(r,cru) = gf}} - )\Z/ ucy - Vids, (4.8)
i=1" €k
3 -
1 . )
Hilnesu o) = 372y [ (D@ v+ Flnovic) s (@9)
i=1"¢K K
1
H;{(Ta CfaclafP7fI7¢) = 7,FK + Atf[C[ - chf - B](¢)Cf, (410)

3

with A = @tl being the ratio of time step and area of triangular element K, and fpcy — frcr — B1(¢)cy being

the cell average of fpcy — frer — Bi(¢)cy on K. We will demonstrate the positivity-preserving property for
f’;jl by collecting the following three lemmas.



Lemma 4.2. Given r"™ >0 (c’; > 0), we have Hj(r,cy,cr, fp, f1,¢) > 0, if the time step satisfies

At < ¢*, At < 0

6fpu = 6B1(¢)’

(4.11)

where

fru = mﬁax{(fP) Pk}

=)

Proof. We can split (4.10) as
s . 1 -n T 1—n D (N
Hy = Atfrer + (GTK — Atfpcf> + <6TK — AtBl(gZ))cf) =Ly + Ly + Ls.

It is easy to check that L; = Atfrc; > 0. We only need to consider Ly and Ls. Applying quadrature rule
in [28] with enough algebraic order k to Lo and L3, respectively, we can get

1 -
Lo = 6?:7;( — Atprf
3 k+1 3 k+1 ) ) L
Z > el + Z ol | = Ot | YD T bp(fe) il ()il + )y (Fe) ke (ep)k
i=1 =1 i=1 =1 y=1

i ( W= at(fp) i (er) ’ﬂ> ZL:w (éTK At(fp)i(cr)k )

1

e

+
==

L
g <ér§’f&t(f )il et ) Z"w <TK At(fP) kT *1>

> ™
+
—= =

- 10 10
]

s (é—At(fp)i;%:l) +wa< — OH(fP)kdy )

Thus Ly > 0 under the condition (4.11).

1

=®
Il

1
Ls = ETK AtBy(¢)cy
3 k1 3 k41 I
ZZUW +Zw7TK =Dt YN @ BiR ) en) i + Y by Bi(di)(ep)k
=18=1 =1 =1 y=1
3 k41 ) .
— Zzwﬁ (67‘}( AtBl( ) + Z Wey (TK AtBl(qSK)(cf) )
i=1 B=1 =
3 ktl ) ‘ . )
22,2, (6% ~ MBS o 1) + D <6r} - AtBlw}()r?m:l)
i—1 B=1 =
3 k4l ) 4 | . )
B Z Z ws (6 — AtBy( ?(B)(b:l) r}%ﬂ + Z (0 <6 — AtBl(%Y()qb:l) T
i=1 B=1 =
3 ktl . | . '
= ﬁ)ﬁ ( - AtB1(¢*)¢*1> T}’(ﬁ + Z w’)’ < - AtBl(¢*)¢*1) T;(.
i=1 =1 6 = 6

Thus Lz > 0 under the condition (4.11). To sum up, Hj (v, ¢y, cr, fp, f1,¢) = L1 + Lo + L3 > 0 under the
condition (4.11). N



In the following two lemmas, we only consider second order scheme, i.e. we use P! element, and apply
quadrature rule in [28] with £ = 1 in cell and the the corresponding 2 point Gaussian quadrature rule on
cell interface. Note that in this case, Wg = Fwpg.

Lemma 4.3. Given r" >0 (c} > 0), we have Hg(r,cp,u) > 0, if a satisfies

a> I%axﬂu A1y, (4.12)

B8, K

and the time step satisfies
Kl|o(Vi
At < i (- E190)
Bom 9l (lug’| + a)
where $(Vy,), m = 1,2, 3 are the values of ¢ at vertices V,, € K at time level n.

h (4.13)

Proof. Applying quadrature rule for k = 1, we can rewrite (4.8) as

1 .
Hf(fngf)\Z/_ ucy - Vids

i=1"7 €k
1 3 2 3
=3 Z wgr}’(ﬁ —)\ZngﬁK(ucf)egﬁ v
i=1 =1 i=1 =1
3 2
1 i
=3 3w (i - aew@@y vic)
i=1 =1
3
[ i 1 7, s s s
=33 s (= aes (i vileni + il - vicleni - atenid +alepi) )
i=1 =1
3 2
(2 1 7 s s 1,
=ZZwﬁ{(18 ;f—yﬁK (uil - vic(e)il = ale)il +aley) ﬁ))
i=1 =1

Since ¢y and r are both approximated by linear functions, they can be represented as a linear combination
of their values on three vertices {V1, V5, V3} of K, i.e. for any point 2%, € K,

3
Z pimer(V, = Z Hor( Z 1 ®(Vin) e (Vin), (4.14)

where 0 < pf, pf, ph <1 and pf + pb + pf =1 are the barycentric coordinates of 2, in K. Then we have

7 1 7 ,
Lﬁflfng S (uK Vicle)il = alep)il + alen)il)
3
1 g % i %, i, i
= } j SOV (Vi) — SN (uff wicle)i —alep)y +a )y Mcf<vm>>
m=1 m=1

3
i 1 1 % 1 i 2, %,
=S uif <¢<vm>2AeKa> (Vi) + Ml — i v (e

10



and

LZQ’B = }(ﬂ — *)\ez (UK VK(Cf) Wp (X( ) + Oé(cf)Z B)

1

18"

501 1. 0,8 ”
:Zigzﬂ(b (m)_2>‘€ZK< VKZ:um _O‘(Cf)7 +a2umeV)>
3

L

m=1

1 (1500 - 3 v+ ) cf<vm>+§v;<a<cf> .

Therefore Li’ﬂ , Lé’ﬁ > 0 under the conditions (4.12) and (4.13), respectively, which further yields H§, > 0. O

Lemma 4.4. Given r"™ > 0 (C}L > 0), we have Hi-(r, ct,u, @) >0, if & satisfies

__ (3+V3)A
TR (4.15)
and the time step satisfies
At < mm{M}, At < H{M} (4.16)

184 27(3+ V3)A

where ¢(Vy,), m = 1,2,3 are the values of ¢ at the vertices V,,, € K at time level n, p is the parameter used
in the definition of regqularity of Qp, and A is the largest spectral radius of D in K's.

Proof. For the diffusion part

3
1—71 i
He(r,cp,u,¢) = 37k + )\;/e}( ({D(u)VCf} Vie + — i [ ¢ne - I/K) ds.

Since D is symmetric, following [32], we can rewrite the diffusion term as a directional derivative

acf
o’
where §' = [[Dvjc| < A and I' = Dvj/|Dvj|. Define S = S'[x, Sk, = §'
i, =1 i

DVCf VK = DVK VCf = Sz

=1r ‘ |K7
on the edge €%, we can find the correspondlng points & 5 € 0K

K. For each quadrature point x

and xKﬁ € 0K such that ;%ZI’(ﬁxKé and a: xKé are the same direction with 1% and I% ., respectively. See

i,8

Figure 2 for an illustration. At the quadrature point x =z, we have

i i 1 1 7
{D(u)Ves ) - vic =2D<u;f>v<cf>K vic + 5 Di)V(epy - vic
_1 (Cf) —cr (@) 1 per@) = ()i
T2

. + S SK .
layf =238 27 a2

Si’ i S, L3 S’ S,
= ] ~i5H(cf)K QHNZB ¢75|‘(Cf)Ki -

2y’ — & T 2|23’ — &8

Tr
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Figure 2: The points chosen to evaluate directional derivative in the diffusion part.

Therefore, we can rewrite H&(r,c, u, @) as

ml =1 1 K+AZ [D@)Ver}vie + [ e - vl ) ds
6 6
s S S S ({muww it el - et
= 1ﬁ 1 i=1 B=1 L

TK BT 18 ZZ Z wa'ude) Cf m +)\ZZ“’/M <{D('U:)vcf}lﬁ VK + o gl ( )Klj B i(cf)?(ﬁ>

i=1 f=1m=1 i=1 =1

3 2 ~ ~
1 i i, i @ A
o7k + Z Z wp (18 Z i O(Vm)er (Vi) + Ml <{D(u)VCf}; Vit (el - @((Cf)kﬂ)>

pif= ! i Vin)ey (Vi) + AL S’ a s[4 Sk, of
= E;um ¢(Vin)er(Vin) + M 2aif — &Pl (cr)i + a N5 — 2] (cr)%,

. 3 2 wgs iy
2 = Z Z %’BH (.T )
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Figure 3: Triangle K; and its sine

We need to make Li’ﬁ ,La > 0. In fact

3 i, ~
; 1 . . S§ & ;
g E WB SV )er (Vi) + M | —E ) (¢))%
1 18 ¢(Vin)er(Vin) K 2H93l’6 4,3" T (cr)k

m=1
~ i\ 1,3
) & Syt 0B ) Sy B
+)‘”K 7_471 (Cf)l’(—}_)‘el %Cf(xl’()
(gK 2)@3f - 1’B||> ' 2)#8 — =32 '
3 i.8 -
i 1 i S a
=3 il | 2 0(Vin) + M = i | | s (V)
=1 18 2y — 2l Lk
- i, i3
+>\€K (ﬁ"@ﬂ B ) (Cf)f([j+>\é 7~15 i.B Cf(l'j{[j)
K 2”33& -z 2)|z%; — 2% |l

Since Sﬁ;ﬁ, S}(’B < A, to make Li’ﬁ > 0, we need
N (@ Sip 1
&= ~i 8’ Al (z B i = i ) < 7¢(Vm)-
2|5 — ol | lic 2oy — @l ) 18

It’s easy to compute that

ti _ 3+4V3

; — . 9
- xll’(ﬁ | min; sin (9%{)

[

where the 0% is the angle in triangle K; which is opposite to the edge eJ[-(i. From Figure 3 and regularity

assumption of €y, for all angle 9% in K;, we have

>dif1m(BKi) )
~ diam(K;) —

L h
sin@). = —
i g

Therefore L’i”g > 0 under the conditions (4.15) and (4.16). As for Lo, similar to (4.14), we write

~7.B Z‘um Cf
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with 0 < /ji’ <1 and Z /ﬁf =1, and use the fact that w; = ws = 5. Then

m=1

! BERERE i 5P
LQZEFK*/\@(ZZZM@" ﬂﬁH cr(Vim)

i=1 B=1m=1

,6515

18¢ KZZZLH cr(Vin)

i=1 =1 KH

3 2
o) -3 303 G )
i=1 B=1
1 33+ V3)A
<18¢(Vm) - /\2p> Cf(VM)-

Thus, Ly > 0 under the condition (4.16). Therefore we have H(r,cs,u, ¢) > 0 under the conditions (4.15)
and (4.16). O

Collecting the three lemmas above, we have the following Lemma:

Lemma 4.5. Given r™ > 0, and the parameters o and & satisfy (4.12) and (4.15), respectively. Then
Pt > 0 under the conditions (4.11), (4.13) and (4.16).

Compare the equation (4.4) with (4.2), we can observe that the equation for ry is almost the same as
that for r, except that its source term contains a positive term +B1(¢)c instead of —Bq(¢)cy, which will

benefit its positivity. Therefore, we can get a similar lemma for rj:

Lemma 4.6. Given r§ > 0, and the parameters « and & satisfy (4.12) and (4.15), respectively. Then
ot > 0 under the conditions (4.11), (4.13) and (4.16).

Combine Lemmas 4.5, 4.6 and 4.1, and use the fact that r™ + r§ = ¢™, "1 4 7271 = ¢7+1 we finally
reach our main theorem:

Theorem 4.7. Given 0 < r" < ¢" < 1, if we chose consistent fluz pair w,ucy and the penalty parameters
a and & satisfying (4.12) and (4.15), respectively, then @7 < J)’I?Ll <1land0 < F?{H < gZ_J?(H under the
conditions (4.6), (4.11), (4.13), and (4.16).

5 Bound-preserving technique for high-order schemes

In this section, we proceed to discuss the high-order bound-preserving technique.

5.1 High-order spatial discretization

In Lemmas 4.3 and 4.4, our proofs are based on P! elements. To attain high-order accuracy, we use P*(k > 2)
polynomials and apply the flux limiters following [10, 23].
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We write (4.7) as
Pl = 7 + AZ (6g s, + (1= 0 )y, ) + A5,

where

Fe;( = —/‘ ucy - l/ldS—f—/ ({D(u)Vc} VK ; [cf]> ds, 5= frer — fpcy — Bi(¢)cs (5.1)
ey ey K

are high-order flux and source, respectively, and fe% is the second-order bound-preserving flux analyzed
in Section 4. In lemma 4.2, we considered high-order approximations of the source term. Therefore, we
only discuss the modification of the high-order fluxes in this section, which is implemented by choosing an
appropriate parameter %. The cell average can be written as

3
n+1_rK+)\Zfe +)\ZQ )+At8—7:z+1+)‘zge}(ﬁ‘e%_fe%)v

where X
PP = 4 A fu 4 Ats
i=1
is the second-order cell average which was proved to be physically relevant if At is sufficiently small. To
compute fe% , we replace the high-order c; in Fei by a second-order approximation é; € [0,1]. To construct
it, we can simply apply the second-order L? projection to the high-order ™ to get #7- and high-order ¢" to
get (ﬁ” and then apply the limiter discussed at the end of this section with £ =1 to obtain 0 < 7% < (;3”

T

The ¢f can be obtained as the linear interpolation of

parameter 0, ei_ as follows:
1. For any K € Qp, set Bk, 3% = 0.
2. For each edge e, if Fe% - fe} <0, set B = B + Fe}( — fe}( , otherwise set 8% = 5% + Fe% — fe;-
i )
A8k’ A% ’
4. For any e € I'g, we can find K7, Ky € Qy, such that K1 N Ky = e. We take 0, = min{QKlye%,GK%e%}.

3. Take GK’S% = min {—

The above algorithm can guarantee the monotone increasing and bound-preserving properties for the cell
averages of ¢ and 7: if 0 < 7" < ¢" < 1, then ¢ < @7 < 1 and 0 < 7t < @7 under the appropriate
penalty parameters «, @ and sufficiently small time step At. It remains to use proper slope limiter to modify

?{H and TZH such that ¢} < d)’;;rl <land 0 < r}?“l < QS’IL(H without loss of cell average and accuracy.
As discussed in [9], the traditional slope limiter [29] cannot be applied since the bounds of ¢/, 77t are
not constants but polynomials changing overtime. In this paper, we extend the limiter introduced in [3] and
the algorithm can be described as follows: For polynomials u(z),U(x) € P¥(K) such that 0 < a4 < U and
U, <U(x) < U*, where U,,U* are two positive constants. We obtain a modified @(z) in the following way:

1. Define S = {z € K : u(z) < 0}. Take

ﬂ:u+9<%U7u), e_r;lg{m,o}. (5.2)
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2. Set v = U — 4, and repeat the above step for v to get o .
3. Take &4 = U — ¥ as the new approximation for u(x).
This limiter is proved in [3] to have the following three necessary properties:
e boundness: 0 < 4(z) < U(z),Vx € K,
e average: [, udr = [ udz,
e accuracy: ||u(z) — ()| < ChFT h = diam(K).

We use such a slope limiter in the following way: To obtain ¢} < ¢ < 1, we take u = ¢! — ¢% and
U =1— ¢% in the limiter, and then ¢7"' = @ 4 ¢%; To obtain 0 < 7 < ¢+ we take u = r7+! and

U= g?)?(“ to apply this limiter directly.

5.2 High-order time discretization

In the previous subsection, we only discussed the bound-preserving technique based on Euler forward time
discretization. The technique can be extended to high-order time integrations that are convex combinations
of Euler forwards. In this paper, we use third-order strong stability preserving (SSP) time discretization to
solve the ODE system uy = L(u):

u) =u" + AtL(u, t"),

u® :Zu” + i (u(l) + AtL(u(l)J”'H)) ,
1 2 At
u" ! :§u" + 3 (u(z) + AtL(u® " + 2)) .
Another choice is to use third-order SSP multi-step method which is also a convex combination of forward
Euler: 16 1 19
n+l _ “V/on n 4n T (44 —3 -~ n—3 yin—3
u"tt = 27(u + 3AtL(u", ")) + 27(u + 11AtL(u L),

More details can be found in [6, 7, 18].

6 Numerical experiments

In this section, we provide numerical experiments to show the performance of the high-order bound-preserving
DG scheme. In all the examples, we use third-order SSP Runge-Kutta discretization in time and P? element
in space unless otherwise stated. To construct €2, for simplicity, we first equally divide €2 into N x N
rectangles and then obtain a uniform triangular mesh by equally dividing every rectangle into two. See

Figure 4 for an illustration. However, the algorithms can be applied for any unstructured triangular meshes.

Example 6.1. We first test the accuracy of the high-order bound-preserving DG scheme. Because of the
restriction 0 < c; < 1, f = fr — fp and f1, fp > 0 of right hand side, it’s difficult to find a suitable exact
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Figure 4: Triangular mesh (N = 8)

solution. Therefore, we use periodic boundary condition and predetermine the Darcy’s velocity u = (1,1)T

in order to use spectral method to give a reference solution. Initial conditions are given as
¢s(x,y,0) = 0.5 + 0.5 cos(z) cos(y) ¢(z,y,0) = 0.5+ 0.4sin(x) sin(y),
The source functions are taken as

fI = 2¢t7 fP = _¢ta cr = 13

where ¢; is obtained in the computation. The parameters are taken as:

Q
ag = =1

D=01ul, ke=k,=ap=—
Ps

We use the uniform triangular meshes with N = 4,8 16, 32,64, respectively, over the computational
domain Q = [0,27] x [0, 27] and set At = 0.001h? to reduce the time error. Moreover, the reference solution
is obtained by spectral method on 64 x 64 equispaced grid points with fourth-order Runge-Kutta time
discretization. The computational results at 7" = 0.01 are shown in Table 1, illustrating the error and
convergence order of ¢y and ¢, with and without bound-preserving technique respectively. From the table,
we can observe optimal convergence rates. Therefore, the flux limiter and slope limiter do not degenerate

the convergence order.

Example 6.2. We take the initial conditions with large gradients

sign(sin(z) sin(y)) +
2

sign(sin(2z) sin(2y)) + 1

1—&-005
5 .05.

ci(z,y,0) = o(x,y,0) =0.9

The source functions are taken as
2
fr=0+ ?(bt) max{sin(2z) sin(2y),0}, fp = —min{sin(2z)sin(2y),0}, ¢y =0,
where ¢, is the average of ¢, over the whole computational domain. Other parameters are chosen as

on = ]{30 = ks = kc = 1, ag = 0.5, D(’U,) = 0.01.
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cf

no limiter with limiter no limiter with limiter
N | L? error | order | L? error | order | L? error | order | L? error | order
4 2.90e-1 - 9.48e-2 - 1.82e-1 - 1.11e-1 -
8 2.46e-2 3.56 1.21e-2 2.97 2.50e-2 2.87 1.50e-2 2.89
16 1.83e-3 3.74 1.16e-3 3.39 3.18e-3 2.97 1.91e-3 2.97
32 1.40e-4 3.71 1.47e-4 2.98 4.00e-4 2.99 2.39%e-4 2.99
64 1.29e-5 3.47 1.53e-5 3.26 5.00e-5 3.00 2.99e-5 3.00
N | L* error | order | L error | order | L™ error | order | L* error | order
4 1.52e-1 — 2.45e-2 — 5.01e-2 - 2.64e-2 -
8 7.08¢-3 4.42 3.61e-3 2.76 7.11e-3 2.82 3.98e-3 2.73
16 7.21e-4 3.29 6.21e-4 2.54 9.16e-4 2.96 5.20e-4 2.94
32 1.12e-4 2.69 1.33e-4 2.22 1.15e-4 2.99 6.56e-5 2.99
64 9.66e-6 3.53 1.53e-5 3.13 1.44e-5 3.00 8.22e-6 3.00

Table 1: Example 6.1: Accuracy test for ¢y and ¢ with and without bound-preserving technique.
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This example is used to demonstrate the necessity of the bound-preserving technique. The simulation
will blow up without the technique due to the negativity of ¢ in some region while the bound-preserving
scheme performs well.

We take N = 40 over the computational domain Q = [0,27] x [0,27]. Moreover, we use P! element
in this example since it is more suitable to demonstrate the stability than higher order ones, and set the
time-step as small as At = 0.001h2. All these effort is made to prevent the simulation without limiter from
blowing up.

However, numerical simulation shows that the simulation without bound-preserving technique blows
up at about T' = 0.0155. The distributions of c; before blow-up is shown in Figure 5. While with the

6. J-. 1.5 6 ( a‘Y..
M|
5 L. . 5

S .
=3 |-

3 | . l?
2 L |
(] B & B
| W} "

(a) cf at T = 0.005s (b) ¢; at T = 0.015s

1.5

-0.5

Figure 5: Evolution of ¢y without limiter

settings exactly the same, the simulation with bound-preserving technique is stable. The distribution of
cy with time evolution in this case is given in Figure 6. We can see that the numerical approximations
are high oscillatory. This is because the bound-preserving technique only preserves the bound but cannot
suppress the oscillations. Some suitable limiters such as TVD, TVB and WENO limiters can suitably smooth
the numerical approximations. Though oscillatory, the numerical simulation did not blow up. Therefore,
with the bound-preserving technique, the numerical scheme is quite stable. What’s more, we plot the
evolution of extreme value of ¢y and ¢ in () along simulation time in Figure 7 to illustrate the effectiveness
of bound-preserving technique more clearly. We can observe that without the bound-preserving limiter, the
concentration of acid ¢y can be negative and greater than 1, and the porosity ¢ can also be negative, leading
to ill-posed problems. With the bound-preserving technique, all the numerical approximations are within
the physical bounds.

Example 6.3. We simulate a single wormhole propagation experiment in rectangular rock tube, from which
we can observe the formation and propagation of a wormhole starting from a singular point. The parameters
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Figure 6: Evolution of ¢y with limiter.
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min ¢ in Q
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Figure 7: Evolution of extreme value of ¢y and ¢ in Q.
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are taken as

D=0, Ky=10""m? T =15s,

o =100kg/mol, k.=1m/s, ks =10m/s,
w=10"2Pas, f;= fpr=0, cf0=0,
ap=2m~ ', p, = 2500kg/m?, P = 0.2,

Moreover, the computational domain is Q = [0,0.2m] x [0,0.2m]. To investigate the phenomenon of wormhole
propagation, we set a singular area with high porosity ¢ = 0.4 and corresponding permeability determined
by (2.5) which is about 10~%m? on the middle of the left boundary with size 0.0lm x 0.01m. The left and
right boundary of the domain are Dirichlet conditions with pressure pg = 10000Pa and py; = —10000Pa,
respectively. The upper and lower boundaries of the domain are impermeable, i.e. u-n = 0. The acid flows
into the rock from the left boundary with a concentration of c; = 1mol/m? and drained out of it from the

right boundary.

The contour plots of the concentration of acid and porosity of the rock at different time are shown in
Figures 8-9, from which we can observe ¢y, ¢ € [0,1] and the phenomenon of wormhole propagation along
the whole simulation.

7 Concluding remarks

In this paper, we constructed high-order bound-preserving DG methods for wormhole propagation on trian-
gular meshes. We have obtained the bound-preserving and monotone-increasing properties for concentration
and porosity, respectively, with high-order accuracy. Numerical experiments have shown the accuracy and

effectiveness of the bound-preserving technique.
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