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Abstract

We consider in this work stochastic differential equation (SDE) model for particles in
contact with a heat bath when the memory effects are non-negligible. As a result of the
fluctuation-dissipation theorem, the differential equations driven by fractional Brownian
noise to model memory effects should be paired with Caputo derivatives and based on
this we consider fractional stochastic differential equations (FSDEs), which should be
understood in an integral form. We establish the existence of strong solutions for such
equations. In the linear forcing regime, we compute the solutions explicitly and analyze
the asymptotic behavior, through which we verify that satisfying fluctuation-dissipation
indeed leads to the correct physical behavior. We further discuss possible extensions to
nonlinear forcing regime, while leave the rigorous analysis for future works.
Keywords Fractional SDE, Fluctuation-dissipation-theorem, Caputo derivative, Frac-
tional Brownian motion, Generalized Langevin equation

1 Introduction

1.1 Physical Background

For a particle in contact with a heat bath (such as a heavy particle surrounded by light
particles), the following stochastic equation is often used to describe the evolution of the
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velocity of the particle
mi = —yu =+ 1),

where dot denotes derivative on time, —vyu counts for friction and n is a Gaussian white
noise which could be understood as the distributional derivative of the Brownian motion
(or Wiener process) up to a constant factor. This equation should be understood in the
SDE form

mdu = —yudt + /2D dW,

where W is a standard Brownian motion and D, is some constant to be determined. If we
add the equation for position and consider external force, one has the Langevin equation:

t=u, mi=-VV(z)—yu+n. (1.1)

Since the friction —yu and random force n both come from interactions between the par-
ticle and the environment, they should be related. The ‘fluctuation-dissipation theorem’
provides a precise connection between them, such that the correlation satisfies

E(n(ti)n(t2)) = 2kTv6(t1 — t2), (1.2)

where k is the Boltzmann constant and 7" is the absolute temperature, leading to D, = kTy.
[E is the ‘ensemble average’ in physical language and it is ‘expectation’ over some underlying
probability space in mathematical language. Relation ([L2]) was formulated by Nyquist and
then justified by Callen and Welton [I, 2]. The physical meaning of this relation is that
the fluctuating forces must restore the energy dissipated by the friction so that the balance
is achieved and the temperature of the heavy particle can reach the correct value. To see
this in another view point, one may derive, either using Ito’s formula or using Green-Kubo
formula, that D, is actually the diffusion constant for position x, and D, = kT is called
the Einstein-Smoluchowski relation [3]. This relation also says that the fluctuation and
dissipation must be related.

In the ‘overdamped’ regime where the inertia can be neglected (m < 1), the Langevin
equation is reduced to the following well-known SDE:

ydx = =VV (z)dt + /2Dy dW. (1.3)
In [4, 5], the generalized Langevin equation (GLE) was proposed to model particle
motion in contact with a heat bath when the random force is no longer memoryless:
t

z=u, miu=-VV — / y(t — s)u(s)ds + R(t), (1.4)

to

Note that we are putting quotes for the physical theorems as they are critical claims from physics
compared with mathematical theorems that are rigorously justified.



where R(t) is some random force. Note that the friction v becomes a kernel now. For the
particle to achieve equilibrium at the prescribed temperature, the force R(t) and the friction
kernel v must be related. Without the external force (i.e. VV = 0), Kubo assumed that
E(u(to)R(t)) = 0,t > to and that u is a stationary process. He derived formally (though he
used the existence of the one-sided Fourier transform of v, the formal derivation still holds
if v ¢ L1[0,00) as we can understand the transform in the distribution sense or replace the
one-sided Fourier transform with Laplace transform) that

E(R(to)R(to + 1)) = mE(u(to)*)y([t]) = kT ([t]). (1.5)

There are other formal derivations as well (e.g. [6]). These derivations are not fully con-
vincing though on the mathematical rigorous level. In [5], Kubo assumed the relation
E(u(to)R(t)) = 0,t > tp arguing using causality. The issue is though R(t) does not af-
fect u(to), u(tp) can affect R(t). In [6], Felderholf obtained this relation from ‘Nyquist’s
theorem’, while no justification is given to the latter.

For a more convincing and rigorous derivation of the GLE (IL4)) and relation (L5]), one
could start from a system of interacting particles as the Kac-Zwanzig model (see [7}, 8,91 [10]).
In this model, the surrounding particles in the heat bath have harmonic interactions with
the particle under consideration, which is a good approximation if the configuration is near
equilibrium. The whole system evolves under the total Hamiltonian. If the initial data
satisfy the Gibbs measure, then after integrating out the variables for the surrounding
particles, one obtains the GLE. From this model, the random force R(t) is not necessarily
independent of x(0).

Relation (L3 is called the ‘fluctuation-dissipation theorem’ for GLE. This relation sim-
ply says the random force must balance the friction so that the system has a nontrivial
equilibrium corresponds to the prescribed temperature. Note that if the kernel v(¢) tends
to ¥d(t), the relation (L2)) can be recovered. The coefficient ‘2’ comes from the fact that

/ T B(R(to)R(to + £))dt = 2kT / Tt
0

— 0o

There are few rigorous mathematical justifications of the ‘fluctuation-dissipation theorem’,
all in the context of generalized Langevin equations. In [I1], the author tried to rephrase the
‘fluctuation-dissipation theorems’ and the related linear response theory in mathematical
language. Hairer and Majda in [12] developed a framework to justify the use the linear
response theory through the ‘fluctuation-dissipation theorem’ for studying climate models.

In the following discussion, we will simply set k7" = 1 for convenience, and the variables
k and T" might be used to denote other quantities.

1.2 The motivation of FSDE

Motivated by the discussions in [I0 13], we consider the random force given by the (dis-
tributional) derivative of fractional Brownian motion R ~ Bp. To understand this, let us



first review the basics of the fractional Brownian motion By. (See [14], [I5] for more detailed
discussions.)

The fractional Brownian motion By with Hurst parameter H € (0,1) is a Gaussian
process (i.e., the joint distribution for (Bg(t1),...,Bg(tq)) is a d-dimensional normal dis-
tribution for any (t1,...,tq) € Ri) defined on some probability space (€2, F, P) with mean
zero and covariance

1
E(BIB) = Ry(s,t) = 5 (s2H +¢2H — |t — 5", (1.6)

where E means the expectation over the underlying probability space. By definition, By has
stationary increments which are normal distributions with E((By (t) — By (s))?) = (t—s)*H.
By the Kolmogorov continuity theorem, By is Holder continuous with order H — € for any
¢ € (0,H). By has finite 1/H-variation. Besides, it is self similar: By (t) = =" By/(at)
where ‘2’ means they have the same distribution. It is non-Markovian except for H = 1/2
when it is reduced to the Brownian motion (i.e., Wiener process).

The existence of fractional Brownian motion can be proved by some explicit represen-
tations. In [14], the following representation is given

0

Bu(t) = Cy(H) (/Ot(t — sH-daw(s) +/

—00

((t— )" - <—s>H—%>dW<s>)

0
:Cl(H)/ (= 3 (AW (r + 1) — AW (), (L.7)

— 00

where W is a normal Brownian motion and C(H) is a constant to make (L)) valid. This

is also used in [16]. In [I7, [18], one uses

t
Bul(t) = 02(H)/ (t— s)H-3 (H L S f) aw(s),  (18)
0 272 2 s
where F' is the Gauss hypergeometric function. Another representation in [19] using frac-
tional integrals might be useful sometimes, which we choose to omit here.
One can show that (Bgy(t + h) — Bg(t))/h converges in distribution (i.e. under the
topology of the dual of C2°(0,00)) to By (t) where the dot represents distributional time
derivative. We check that

lim E BH(h) BH(t—I—hl)—BH(t)
h—0+,h1—0 h h1

1
= 1 —((t+h)? — (t+hy — )T —2H 4 (t — p)?H
i o gy ()T = (=) T =1T)

= H(2H — D)t*772. (1.9)



If we pick the initial time in (L.4]) as o = 0 and choose the random noise as

1

Ru() = VHEH — )20 — 1)BH(t)’ (1.10)
we then have the model
mit = —VV(z) — ﬁ /0 (t — 5)2H2y(s)ds + Ry (1)

following the ‘fluctuation-dissipation theorem’.
We will assume throughout the paper that

He (%1) , (1.11)

as they are the physically most realistic regimes [10] and consequently 2 — 2H € (0,1).
In the cases that inertia can be neglected, it is natural to consider the over-damped
equation with fractional noise:

ﬁ /0 (t = 5)**u(s)ds = —=VV(z) + Ru(t). (1.12)

Recall that the Caputo derivative starting from ¢ = 0 for a C' function is given by

a, 1 bos)
DC”_F(l—a)/O (t—s)ad' (1.13)

In [20] by two of the authors, a definition of the Caputo derivative that relies on a convolution
group was proposed so that it can be defined for a large class of locally integrable functions,
which agrees with (II3]) when the function is continuous on [0, ¢] and has a weak derivative
on (0,t]. Note that u(s) = @(s), the left hand side of Equation (LI2]) formally becomes the
Caputo derivative of z with o = 2 — 2H and the equation becomes a fractional SDE:

D272y — YV (2) + Ru(t). (1.14)

From here on, we will only consider 1D case (z € R) for convenience while the general
dimension is similar. The above discussion then motivates us to consider the fractional
stochastic differential equation (FSDE) where we relax the constraint between H and «:

Dix = =V'(z) + CuBu, (1.15)

where

Cy = (1.16)




for « € (1— H,1]. The index obtained from the ‘fluctuation-dissipation theorem’ is denoted
as o =2 —2H. We will also denote the kernel associated with the Caputo derivative as

1

10 = syt (1.17)

By [20], we may de-convolve and change the Caputo derivative to integral form as

z(t) = z(0) — ﬁ/o (t — s)a_lvl(a:(s))ds + %/0 (t — s)"l_lalBH7 (1.18)

where we formally used Ryds = CydBpg. This integral will then be understood as the
rigorous definition of the FSDE ([LI5]). The last term in (LI8)) is an integral with respect
to fractional Brownian motion, which we will make the meaning precise later.

While FSDEs have been discussed in some previous works already, the above equation
([LI8) motivated by the ‘fluctuation-dissipation theorem’ seems to be new. In [I8] [16] 21],
they discussed the FSDEs driven by fractional Brownian motions but there is no memory
effect in the dissipating term. In [22], the Caputo derivative is used but they used the usual
white noise to drive the process. According to the above formal derivation, when modeling
a particle in contact with a heat bath with memory effects, the natural noise associated
with the Caputo derivative should be the fractional noise. This means we will probably
require @ = o for the correct model from physical concerns. We admit however that it is
possible that the models with o # «o* may be used to describe some other situations instead
of the physical case we consider here.

In this work, we will study FSDE (L.I8]) and try to understand the role of the ‘fluctuation-
dissipation theorem’. For convenience, we denote

Ch

) = Fay

/ (1 — $)°LdBy(s) = / " h(8)dBu(s), (1.19)
0 0

where fi(s) = %((t —5)T)* 1 and a € (1 — H,1). We shall study the process G in the
next section.

The rest of the paper is organized as follows. In Section [2 we study the process G(t)
(CI9) for FSDE (II])) in detail, including the meaning of the stochastic integral and the
regularity property of G(t). Based on the study of G(t), in Section [B] we show the existence
and uniqueness of strong solutions for FSDE (LI8]) on the interval [0,00) provided V'(:)
is Lipschtiz continuous. In Section [, we focus on the asymptotic behavior of the strong
solutions of (LI8]), and argue that satisfying the ‘fluctuation-dissipation theorem’ leads the
correct physical behavior. In particular, in the linear regimes, (i.e. V'(-) is a linear function),
we compute the solutions exactly and show that the solution converges in distribution to a
stationary process. We discuss that when the ‘fluctuation-dissipation theorem’ is satisfied,
there is balance between the dissipation and fluctuation effect from the random forcing



and that the Gibbs measure is the final equilibrium distribution. In the nonlinear regime,
we argue formally that when the ‘fluctuation-dissipation theorem’ is satisfied, the FSDE
can be reduced from some Markovian processes in infinite dimensions. These Markovian
approaches might be useful for studying our FSDE. We can see formally from the second
approach that the final equilibrium distribution should be the Gibbs measure as well. The
rigorous study of the nonlinear regimes is left for future works.

2 The process GG as a stochastic integral

To make the meaning of the FSDE precise, we must understand the process G. In this
section, we first review the stochastic integrals with respect to fractional Brownian motions
and then study some properties of G.

2.1 Stochastical integrals driven by fractional Brownian motions

The stochastic integrals with respect to fractional Brownian motions have been thoroughly
discussed in literature [23, 24, 07, 25]. In [23, 24], the stochastic integrals are defined
pathwise using the Riemann-Stieltjes integrals by making use of certain properties of the
paths. In [I7, 25], the so-called Malliavin calculus is used to define the stochastic integrals
(Wick-Ito-Skorohod integrals, or the ‘divergence’) and the Ito’s formula is established, which
connects both definitions. For a review, one can refer to [I5], 26]. In the case that the
integrand is deterministic, those two definitions agree. By (L18]), we only need the integrals
of deterministic processes with respect to fractional Brownian motion. We shall give a brief
introduction to the theory for deterministic processes and the readers can turn to the
references listed here for general processes.

Let us fix T > 0 and define the stochastic integrals on the interval [0, T]. The definition
of integration of deterministic processes on [0, 7] starts with the step functions. Let & be
the set of all step functions on [0,7], i.e. ¢ € & is given by

Y= Zajl(tj,l,tj}(t)a (2.1)
j=1

where 1z(t) is the indicator function of set E. The integral B () is defined by

T m
BU(e) = [ pdBa(t) = Yo ay(Butt) - Bu(t-). (22)
j=1
Consider the inner product
(p1,92) 4 = E(B" (1) B (¢2)). (2.3)



It is easily verified that V1, 09 € &,

(1, p0) e = H(2H — 1) / / — T2 () oo () dudr

k(2K T
= I‘(l _(22/{) ‘Stnl()m{) /0 8_2’%(]%“%,}0)(s)(IHuRg)(S)dS’ (2‘4)

where k = H — £ and I* is the right Riemann-Liouville fractional calculus, given by ([19]):

1
/f — 5)" ldu, k>0,

(")) = T
1—/£ds/ fw)(u—s) "du. k<DO0.

This then motivates the definition of

T pT
A= e e thlo1): [ [Tl —uPilpmliptuldran <o} (25)

and
= {f € L},[0,T): /OT sT2R(I5uf f)%(s)ds < oo} . (2.6)

Clearly, 2% C A. The integral B”(yp) can then be defined for ¢ € A by approximating
them with step functions. In [27, [19], it is shown that both inner product spaces .7 and A
are not complete and therefore not Hilbert spaces. However, the space B (&) clearly has a
closure in L?(Q, P). This means some elements in the closure corresponds to distributions
that are not in Llloc [0,T]. Let 2 be the space of the closure of & under the inner product
[23) and thus 7 contains some distributions. Y1, @9 € J C I,

(1. 02) 00 = E(BY (1) B (2)) = H(2H — 1) / / w2, (1) g (u)dudr. (2.7)

The following lemma provides a convenient way to check that some deterministic processes
can be integrated by fractional Brownian motion ([28] 15]):

Lemma 1. If H > 1/2 and ¢ € LYH([0,T]), then
el < bH”‘P”Ll/H[o,T]' (2.8)

where

T T
ol = /0 /0 I — a2 (1) ) | drdr



2.2 Some basic properties of G

We can easily verify that f, € L'/*[0,T] whenever t < T, and hence the integral on [0, 7] is
well defined. Further, for any 77 > ¢, Ty > t, the integral of f; over [0,77] and [0, T3] agree
on [0, min(77,73)]. In this sense, the integral [ f;(s)dBg(s) can then be understood as in
[0,T] for any T > t.

Roughly speaking, since By is H — ¢ Holder continuous for any € € (0, H), G(t) should
be like &+ H — 1 — e Holder continuous for any € € (0, + H — 1) by the regularity of By.
We shall make this precise in this subsection.

Lemma 2. G(t) is a Gaussian process with mean zero and covariance given by

B(2H — 1,«a) "
B(a,1 — a)T'(«)

min(tq,t2)
/ dr (0 =) (1 = PP (1 = ) (0 P (29)
0

¢(t1,t2) = E(G(t1)G(t2)) =

In particular, if « = o, G(t) < BraB1_p where < means they have the same distribution,
and

V2
= 2.10
B EEDT) (2.10)
In other words, G(t) is a fractional Brownian motion with Hurst parameter 1 — H up to a
constant B if a = .

Proof. Clearly, G(t) is a Gaussian process with mean zero because any linear operation of
Gaussian process is again Gaussian.

Without loss of generality, we can assume to > t; > 0. The covariance can be computed
using the isometry (2.7

E(G(tl)G(t2)) = <ft17ft2>jf =

! . " - a— oa—
['(a)B(a 1_a)/0 /0 =72 (8 — 1) (tr — w) T dudr.

We break the integral into two parts Iy 4+ Is, where

[y s— N e

By explicit computation,

: ! o b - a—
hzf(a)B(a,l—a)/o dr(ty —r) 1/7, du(u — 7)2H2(ty — )

B(2H — 1,«a)

_ i1 _ et — p)2H 24 g,
" T(0)B(a,1—a) /0 (tr—7r)* (t2 —7) dr.




This can further be written in terms of the so-called hypergeometric functions but we choose
not to do it. Similarly,

: ! o ! - a—
I = (o) Bla.1—a) /0 du(te — u) 1A dr(r — w)2H=2(t; — r)o-t
B(2H — 1,«)

_ t1 u a—1 —u 2H -2+« u
_r(a)B(a,l_a)/o (tz —w)* " (t1 — u) du.

If « = a* =2 — 2H, the integrals can be evaluated exactly and we have

1
L4lh=——
I VR

(t%—w i t§—2H ~(ts— t1)2—2H) 7
which shows the last claim. O

The above computation shows trivially that

Corollary 1. In the case V(z) is a constant, the solution of FSDE D?>72Hz = Ry(t)
satisfies Var(x) oc t*72H . In other words, we have subdiffusion.

This agrees with the Langevin model in [I0, Theorem 2.2], though the author was
discussing the case with mass.

Lemma 3. Suppose 0 < <1 anda>b>0. Then,
a® — b < (a—b)°. (2.11)

Proof. This claim follows trivially from fob(a — )3 =lar < fé’(b — )3~ Ldr. O

Proposition 1. There exists C > 0 such that E|G(tz) — G(t1)|> < Clta — 1242972 gnd
therefore G(t) is H + o — 1 — € Hélder continuous for any € > 0.

Proof.
E|G(t2) — G(t1)]* = d(ta, t2) + ¢(t1,t1) — 2¢(t1,t2).

To be notationally convenient, let us define

B(a,1 — a)'(«)
B(2H — 1, «)

p(s,t) = d(s,1).

Without loss of generality, we assume to > t1. Applying a+b > 2v/ab whenever a > 0,b > 0,

we have t
1
Qp(tlah) > 2/ (t2 — T’)H+a_3/2(t1 o T‘)H+a_3/2d7‘
0

10



If H+«a—3/2 <0, then,

t1 9
t1,t9) > 2 bo —p2HA20=3 0. 24 (2H+20-2 _ 4 \2H420-2)
pltnt) =2 [ (2 =1) r= s (12 — 10?1420 2)

Hence,

E|G(t2) — G(t1)]* < C1 (t§H+2a—2 _ 2H+20-2

2(ts — 41)PTH72) 20y (1 — )22,

since 0 < 2H + 2o — 2 < 1, 32072 _ g2H+20=2 <
If H+a—3/2>0, then

to
ltats) + ot ) — 20(tr, ta) = / (ty — )2 2030,
t1

t1
+ / ((tg o 74)H+oz—3/2 o (tl o T)H+a_3/2)2d7‘.
0

The first integral is easily seen to be bounded by Clta — t1]|>+29=2 for some constant C.

For the second term, we have:
to 5 2
/ (s — T)H+O‘_2ds> .
t1

((tz — )T — (k- T)H+“_%)2 - (H +o-— g>2 (

Let I, = ( ff(s —r 4 e)H+2=5/2(45)2 with r < t;. Then,

11 t1 to to t1
/ TIdr < (to — tl)/ / (s — 1+ €)2H2975 dsdr = (ty — tl)/ / ...drds
0 0 t1 t1 0

ty — t ) )
B 2H + 2« (—241\(2;;—#2@ —3) <(t2 —t) 4 ¢)2HF2073 _ (2HA20=3

—(s+ 6)2H—|—2a—3’2> < Cogilts — t1)(ts — ty + €)2H+2073,

Note that 2H 4+ 2o — 4 < 0. Taking ¢ — 0 shows that the second term is bounded by
C(tQ _ t1)2H+2a—2'

The Kolmogorov continuity criteria shows that G(t) is H + a — 1 — € Holder continuous
for any € € (0, H + a — 1) almost surely, ending the proof. O

11



Lemma 4. Let {gg} be the convolution group in [20]. In particular, for § > —1

ﬁtﬁ—l, B >0,
g5 = { 6(1), B =0,
1

D here means the distributional derivative. Let a; € (1 — H,1) and co + a1 € (1 — H,1).
Then, it holds that go, * Goy = Gay+as-

Proof. 1t suffices to look at a continuous path of By. For such a path, we can mollify to
B$; = By 1. where 1 = 1n(t) with n € C°(—00,0), 0 < n < 1 and [ndt = 1. Then,
Gas * (Gay * £B) = Gay+as * = BY; by [20]. Taking e — 0 and using the Hélder continuity
of By, we arrive at the conclusion. O

3 Existence of the strong solutions

For the discussion on existence of solutions of a class of SDEs driven by fractional Brownian
motion, one may refer to [I§]. However, our FSDEs are different from those studied as we
have both the Caputo derivatives and fractional Brownian motions. We first define the
so-called strong solution:

Definition 1. Given a probability space (2, F, P) and a random variable xo on this space,
suppose By is a fractional Brownian motion over this space, which may be coupled to xy. A
Strong solution of the fractional stochastic differential equation ([LIB) with initial condition
xo on the interval [0,T) (T > 0) is a process x(t) that is continuous and adapted to the
filtration (G) with Gy = Ng=¢(o(Br(7),0 < 7 < s)Uo(xg)), Vt € [0,T), satisfying

(1) P(x(0) = zp) = 1.

(2) With probability one, we have ¥t € [0,T), Equation (LI8) holds.

We now prove that the strong solution exists and is unique given the initial data.

Theorem 1. Let H > 1/2 and o € (1 — H,1). Assume that V'(-) is Lipschitz continu-
ous. Then, there exists a unique strong solution on [0,00) to the FSDE (IR for a given
fractional Brownian motion and initial distribution in the sense of Definition [

Proof. We just consider a sample point zy and a sample path G with G being continuous.
We then construct a path that satisfies the integral equation given this sample initial data.
By Proposition [T, G(t) is continuous. Consider the sequence given by

0)

:E( = 2o,

12



and (™ n > 1 is given by

2™ (t) =z — ﬁ /0 (t — )%V (20D (s))ds + G(2).

Assume L is a Lipschitz constant for V’(-). Introducing g, = ﬁt'y_l, we find that
{g+}+>0 forms a convolution semigroup. We define

e’ = g — gD,

Explicit formula tells us that
et = =V'(0)ga+1 + G(1),
and that
"] = | = ga* (V'(a"71) = V'(@"7?))| < Lga * "], n>2.
Hence,
"] < L™ ' gm-nya * €'

Direct computation shows that supy<i<r g(n—1)a * le!| decays exponentially in n. Hence,
>, |e"| converges. It follows that ), e™ converges uniformly on any interval [0,7"] with
T € (0,00). The limit is also a continuous function. It turns out that the limit satisfies the
integral equation.

For the uniqueness, assume that both z(t) and y(¢) are solutions. Then, we take a
sample where both z(t) and y(t) are continuous. For this sample, V¢ > 0,

/0 (t=s)*7H(V'(2(s)) = V'(y(s))| ds < L(ga * |2 = y|)(t).

Applying this inequality iteratively and using the semi-group property of g, we find
|z —yl(t) < L"gna * [z — yl.

Fixing T' > 0, the right hand side goes to zero uniformly on [0, 7]. Then, we find that = =y
on [0, T for this sample path. Since both solutions are continuous almost surely, then z = y
on [0, 7] almost surely. By the arbitrariness of 7', x = y almost surely. The uniqueness then
is shown. This then completes the proof of the theorem. O

If V'(x) is only locally Lipschitz, we probably need V' to be confining, or in other words,
lim, o0 V(7) = 00 and e PV(@) ¢ L1 for any 8 > 0 for the global existence of the solution.
We are not going to pursue this issue any further in this work.

13



4 Asymptotic analysis

4.1 Linear force case

Consider that V'(z) = kz for some k > 0. By Theorem [I], the solution exists and is unique.
For each continuous sample path G(t), the equation can be solved exactly. To see this, let
T > 0. We set G(t) = G(T) when t > T. Consider the equation

k

() = 2(0) - 7 /0 (t — 5)°La(s)ds + G (1), (4.1)

As all functions are continuous, we can then take the Laplace transform (denoted by £) on
both sides. Since £(t*1) = I'(a)s™®, we find

£(w) = igf; +L@(1- =) (12)
Denote
eak(t) = Ea(—kt), (4.3)
where
00 n

Ea(z) = 2:0 Tna+1) (4.4)

is the Mittag-Leffler function. We have by the Laplace transform of e, j that

o(0) = sueas(®) + G0 + [ Glt = ean(s)ds

Recall again that the dot means derivative on time. This is valid for ¢ < 7. Since T is
arbitrary, then, we have for any ¢ > 0:

x(t) = zoeqr(t) + <G(t) + /Ot G(t— S)é%k(s)ds) = X1+ Xo. (4.5)

Since G(t) is a Gaussian process, Xo = G(t) + fot G(t — s)éq k(s)ds is Gaussian. The mean
of Xy is clearly zero. We can investigate the variance to see its asymptotic behavior.
We first of all introduce a lemma regarding the behavior of e, j:

Lemma 5. e, solves the equation Dley ) = —keqk, €qr(0) = 1. It is continuous on
[0,00) and smooth on (0,00). eq = O(t™%) ast — 00. éqi(t) < 0 and éqi(t) ~ Cto™1
when t — 04. There exist Cy > 0,Cs > 0 such that fort > 1,

Ot~ < eéqn(t)] < Cot—o 1, (4.6)
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Denoting the Heaviside step function as u(t) and g, = %to‘_l, we have

w(t)éar = —kga — kga * (u(t)éqr). (4.7)
Proof. The fact that e, j, is the solution to the IVP is well-known. One can refer to [29] 20].
Using the group technique and the inverse formula introduced in [20], we find that
u(t)ear = u(t) (1+ ga * (—ku(t)ear)) -

Taking the distributional derivative on both sides, we find that

U(t)eor = —kga — kga * (W(t)éar).

Since all distributions are locally integrable, they can be understood in the Lebesgue sense
and we have the equality.

By the series expansion of Mittag-Leffler functions (Eq. (£4])), we find the local behavior
of éq near t = 0. From the series expansion, it is seen that e, is strictly decreasing on
(0,00). The asymptotic behavior at ¢ — oo, is obtained by Tauberian analysis ([30]) using
the Laplace transforms of é, ;(t) and €, x(s) (Note L(éqx) = —ﬁ), or the asymptotic
behavior of Mittag-Leffler function directly. O

Computing the variance of Xy directly yields an integral that is hard to evaluate. To
compute the variance, we should find an alternative form of Xs. As in [10], one can compute

formally that,
= CH / —St/ ) dBy(r) = CHS—V/ e *TdBy(7).
0

—ST

Hence, L(G)(1 — sw ) =Cn 5 “7xdBp. This then motivates the following alternative
form of Xy which we will prove in another way:

Lemma 6. The process Xo can be written as

XQZ—C—kH o eak( )dBH( ) (48)

Proof. We first of all rewrite

/G $)éqr(s)ds = CH //t st—s )L dBy (7)éqk(s)ds.

As in the proof of Lemma [, we may mollify the random path. Then, we can change the
order of integration. Taking the mollifying parameter to zero, we get

Cu [T ey (ded Bl
F(a)/o/o (t )9 Le, o(s)dsd B (7).
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By the identity for é,; (Eq. (1)), we have

1 t—1
@/0 (t — S — T)a_léa’k(S)dS = —0a — Eéa’k.

This then yields

Cu a—1 Cu
S =y i) - S [ st - Bl

This then shows the claim. O

/Gt—s ak(s)ds =

To be notational convenient, let us denote
r(t) = —éqr > 0. (4.9)

By the isometry, we can compute that
_ 2H—2
o(t) = Var(Xs (1)) = H(2H — 1)L / / r(t — u)r(t — v)lu — oA 2dvdu

= rw)r)|v — w1 2dvdu. .
—k2r(1_a)/0/0<><>| M2 dvdu.(4.10)

Lemma 7. Let v € (1 — H,1). 0 = limy_,o 0(t) exists and there exist C1 > 0,Cy > 0 such
that

C1t?H=27% < 5 — g(t) < Cot?H 272, (4.11)

Proof. Note that r is positive. By the formula of r, we find

/ rdt = 1.
0

By Lemma B, there exist C7 > 0,Cy > 0 such that for ¢t > 1
Ot b <r <Gyt~ L.
Then, that o = limy_, o, o(t) exists is clear.

Consider the remainder o — o(t), which is an integral over the region R%\ [0, ] x [0, ].
Due to the symmetry, we have

E°T(1 — a)(o — o(t) =2 /too dur(u) /Ou r(v)(u — v)2H2dv.
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Consider that t is large and therefore u > ¢t > 1. Below, the variable C' denotes a generic
constant which is independent of u and t but the concrete values could change from line to
line. Denote the inside of the above integral as

u 1 U
J(u) = / r(v)(u —v)*H2dv < / r(v)(u —v)*H2dv + / Co™ u — v 2dv.
0 0 1

The first term is controlled by (u — 1)2H~2 fol r(v)dv. The second term

1/2 1
Ou2H—2—a </ Z—l—a(l _ Z)2H_2d2+/ Z—l—a(l _ Z)2H_2dz>
1/u 1/2

< Cu2H-2-0 <22—2Hl(uo¢ ~9%) 4 C’) < Cu2f—2,
«

where C = f11/2 2z717%(1 — 2)2H=24dz independent of u. Hence by the asymptotic behavior
of r,

c—o(t) <C / ()2 2 du < 2,
t

For the other direction, we just note J(u) > u?#~2 fol [r(v)|dv. O

Theorem 2. Let V = %kx? Ast — oo, z(t) in [ALD) converges in distribution to a normal
distribution, i.e., x(t) tends to a stationary Gaussian process: Too(t). The covariance (1) =
E(2so(t)xoo(t + 7)) of this stationary process satisfies

_ 2I'(2H + 1)sin(Hrm)  |w[' 727

F(0(r)) = T a) ) TRE (4.12)

where F(-) is the Fourier transform operator for tempered distributions. If a = o, the
covariance is given exactly by

(1) = %ea,k(T)- (4.13)

In particular, if @« = a*, x(t) satisfies the Gibbs measure

1
p(dx) ~ exp(—gka)dx.

Proof. By inspection of the solution (fH), it is clear that X; — 0 almost surely and in L?
as t — oo. We only have to focus on Xo.
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Since Xy is a Gaussian process with mean zero, we only have to show that Var(Xs)
converges. We compute the covariance

t t+7
o(rit) = B(Xo() Xa(t + 7)) = m /0 /0 r(t— u)r(t+ 7 — ) — oA 2dvdu

1 t  pt+T _
- m/o /0 r(u)r(v)|v — 7 — u*" " “dvdu.

Hence, as t — oo,

o(t;t) = 0(1) = m /000 /000 r(w)r()|v — 7 — w1 2dvdu.

This is valid for —oo < 7 < oo by the decay rate of r. Hence, X5 converges in distribution
to a normal distribution.

It is not hard to show that 6(7) is bounded, and therefore it is a tempered distribu-
tion. The Fourier transform exists. The following formal computation can be justified by
considering 9(7’)6_”2 and then taking the limit ¢ — 0 under the topology of the tempered
distribution.

/ e T / / r(u—7)r)|u — v)*2 2 dudvdr
—00 0 T
= / / / r(u — 7)e”“Tdr|u — v|*" 21 (v)dudv.
0 —o0 J —00

The inner most integral turns out to be

e_i““/ e“Tr(r)dr = I(—iw)e™ ™",
0

with
k
I(s) = .
(s) e
The whole thing turns out to be
o0 . k2
I(—ZW)I(ZW) /;OO E_ZWZ|Z|2H_2dZ = m(2r(2H + 1) SiH(H’]T))|w|1_2H)‘

This shows the first claim.
If a=a*=2-—2H, we find that

2sin(H)|w|' —2H
F6m) = \(gw)o‘)—‘i- /L\z
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Recall that we have the identity

o] a—1
SR (—ktY)dt = )
/0 ‘ ( ) s¢+k
It follows that
o Re((iw)* 1) (k + (—iw)®)  2ksin(am/2)|w|*!
WB L (—k[t|*)dt = 2 =
[t [ ()P b+ ()P

Hence, we find in this case

1
0(r) = %emk(T).
If follows that the final equilibrium is a normal distribution with variance 1/k and the
last claim follows. O

Remark 1. It is clear that Xo never converges in LP or almost surely, as the random force
is being present for all the time.

The variance of the first term is ~ ¢t~2% while the variance of the second term increases
to the stationary variance with rate t*#-2=%. Hence, the loss of the variance of the first
term can be balanced by the gain of the second term only if —2a0 =2H — 2 — «a or a = a*.
If « is too small, then, the effect of initial data dampens slowly, or the dissipation caused
by viscosity is small, which cannot balance the fluctuation. If « is too big, then the effect of
initial data dampens too fast due to strong dissipation. Hence, the fluctuation-dissipation
theorem must be satisfied to model a true physical system so that there is balance. We
also remark that, as we have seen, even if there is no balance between fluctuation and
dissipation, the whole process will still tends to a normal distribution, though it might not
be the correct physical equilibrium.

4.2 The general case

We have seen that for linear regimes, when o = o* is considered, the distribution converges
to the Gibbs measure with algebraic rate. For general regimes, even for this critical case
a = oF, proving that the distribution converges to a stationary process algebraically seems
hard. In the following, we propose two possible Markovian embedding approaches that may
be helpful for studying the asymptotic behavior. We believe that for general V(+), algebraic
convergence to the Gibbs measure is still true if the ‘fluctuation-dissipation theorem’ is
satisfied, i.e., o = ™.
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4.2.1 A first Markovian approach

If the kernel ~(¢) is the sum of finitely many exponentials, then, the GLE has a Markovian
representation (see [3I] for the details). In our FSDE, the kernel ~(t) = ﬁt‘a is
completely monotone. By the famous Bernstein theorem [30], any completely function on
(0,00) is the Laplace transform of a Radon measure on [0,00). In other words, the kernel
v(+) can be written as superpositions of infinitely many exponentials. Based on this fact, we
will generalize the representation in [3I] formally to our case here, though the total mass
for the measure is not finite.

To understand the idea, we first of all consider the deterministic equation
D&z =~(t) x (u(t)t) =z, x(0) = xo. (4.14)

where z(+) is some unknown continuous function and # is understood as the distributional
derivative. It is well-known that the solution of this equation is x = xgE,(t*), which is
continuous on [0,00) and smooth on (0, 00), and further > 0 [20].

The kernel 7(t) is completely monotone and v = f[opo) e Mu(d)). Tt turns out the
Radon measure p is absolutely continuous with respect to the Lebesgue measure:

~y(t) = /000 e Mu(d\) = /000 e Mp(N\)dA. (4.15)

By explicit computation, we find that

1 -1
= o 4.1
() B(a,l—oz)/\ (4.16)
where B(-,-) is the Beta function.
Consider the following system
:E:g) t>0, 33‘(0+):3§‘0,
&= =X+ /pi, &x(0) =0, (4.17)

& =lim._yg fooo e_Ae\/ﬁf)\d)\.
From the second equation, one obtains that
t
&= / Ve M9 (s)ds, (4.18)
0

which implies that &) is Lebesgue-measurable in A and £ in the third equation is well-defined.
Provided the properties of z in advance, [ peAt=ste) ||ds is convergent for t > 0. Switching
the order of integration and applying monotone convergence theorem (& is positive),

o] t 1 t
£ = li—%/o /0 pe N5 dsdo = ll_% m/o (t —s+e€) “i(s)ds = Dix. (4.19)
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The first equation tells us that
x=D¢x, t >0, (4.20)

which recovers the equation. This system then decouples the memory to a system of un-
countable Markovian functions.

Let us mention a subtlety of the system: it seems that the initial value of x is unimpor-
tant as one can reduce the system to

Ex = —XEx + /D€, t > 0. £,(0) = 0.
¢ = lim h e\ /pErdA.

=0 Jo
This seems to be solvable without considering xg. Actually, this system is not well-posed.
The reason is that the equation for £, may not be valid at ¢ = 0 and lim;_,o {(¢) # £(0) = 0.
(In the original system, £(0) = £(0+) = x(0+) is equivalent to lim;_,o D%z = 0.) We must
know limy_,0&(t) = limy—0 D%z to start the process, which is equivalent to assigning the
initial value of x.

Remark 2. Note that the new system is Markovian in the sense that if all the information
of Ex(t1) and also &£(t1+) = &(t1) are given at some t; > 0, then we can continue the system
without knowing the history. For example, we can solve that

E(t) = &a(ty)e M) /t e M=) /pé(s)ds.

t1
By the same approach, we find for t > t1 that
o0
x(t) = lim e~ e M) pe (t1)dA + Dy . (4.21)
€—> 0 ’

where the symbol D¢, x means the Caputo derivative starting from t1. We need to know all

the &x(t1) values to continue. Note that we must also specify {(t1+) = £(t1) to continue the
process. This is the same subtlety as what we discussed above for t = 0. The reason is that
we do not require Equation [@2T)) to be valid at t = t1. If we specify it to be valid at t = tq,
then limy .y, Dg'y x = 0, which is equivalent to the continuity condition E(ti+) = &(t).

Back to our FSDE (LI5]), the computation for the deterministic case then leads us to
consider:
é. - —V/(.Z'), t > 0
€ =limeor [o Exe™p!/2dA, t>0 (4.22)
Ex = =N + /PE(t) + V2AW\(t).

21



Here we assume £, (0)’s are i.i.d, normal with variance 1. This is a random DAE system,
and clearly Markovian. The issue is that we have an uncountable-dimensional stochastic
process driven by an uncountable-dimensional Wiener process (normal Brownian motion).

Clearly, as long as we have the random noise, we may not be able justify the compu-
tation as we did for the deterministic cases. However, a formal computation may still be
illustrating, through which we argue that this DAE system is equivalent to our FSDE. By
solving &) formally, we have

£(t) = lim £x(0)/pe MFIdN + lim / / p(N)e M54 i (5)dsd )
e=0% J[0,00) =07 J[0,00)
+ lim / / V2Ape XTSI, (s)dN. (4.23)
e—0 [0,00) 0

Denote the random noise as

t
R(t) = lim £4(0)y/pe MFIdN + / / V20T (s)d. (4.24)
[0,00) JO

e—0 [0,00)

In the case t > 0,7 > 0, we have

E(R()R(t+ 7)) = /

t
pe2H) Var(¢0)dA + / 22p(a)e T2 dsd
[0,00) [0,00) /O

=727 +2t)) + (1) = v(2(7 + 2t)) = (7). (4.25)

Of course, the change of order of integration and expectation is not justified rigorously, but
the computation is still interesting. Since both R(t) and Cy By are Gaussian process and
they have the same covariance, we can then identify them.

We now check the other term. Since pe~* € L'[0,00), we may change the order of
integration and have

t
lim [ ~(t —s+e€)dx(s) = Ddx,t > 0. (4.26)

e—0 0

Hence,
E=D"z+ R(t),t > 0. (4.27)

This then formally verifies that FSDE (.15 can be obtained from the Markovian DAE
system.

The same subtlety appears here. As t — 0, the integral fot v(t — s)dz(s) may not
vanish. This means the limit lim; .9 and the limit lim. .y can not be switched. Hence,
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€(0) # D%z|i—o + R(0). Formally, that lim;,o4+ £(¢) has a nonzero limit which has nothing
to do with {£,(0)} allows us to specify the initial condition x.

To study the stochastic DAE system, one may have to put some structure in the space of
infinite-dimensional Gaussian process, and then somehow figure out that the Gibbs measure
for the whole system is an invariant measure. This will then be left for future.

4.2.2 A second Markovian approach

We find that the formulation proposed in [32 B3] for the generalized Langevin equation
may be another promising direction to study the asymptotic behavior of our FSDE. (This
formulation is the continuous version of the Kac-Zwanzig model mentioned in [§, O] [10].)
Formally, if one takes the m — 0 limit for the special kernel, our FSDE can be obtained. This
limit for the classical Langevin equation (Eq. (L)) is called the Smoluchowski-Kramers
approximation [34] and the limit for generalized Langevin equation has not been studied yet
to our best knowledge. We will summarize the formulation here with some modifications
that are better suited to our case and then give a brief discussion.

Assume that the heat bath is modeled by infinitely many free phonons and the cor-
responding scalar field ¢ is given by the massless Klein-Gordon equation, which is the
standard wave equation,

(=07 + A)p = 0. (4.28)

The Lagrangian density of this equation reads
1
L= —58”908u<,0, (4.29)

where 1 goes over the time-spatial coordinate in relativity. This then motivates the Hamil-
tonian of the heat bath
1

Ha=3 [ (VP + fr)da, (430)

where m = 0 should be regarded as a new variable.
This Hamiltonian motivates that the correct space for the heat bath is V = H(R") ®
L?(R™) with the inner product given by

()= [ (Vi Vor+ ham)de¥f = (Ff) €V.g = () €V, (431)

Note that Gaussian measures can be constructed over this Hilbert space. Vf, g € V and &
is an V-valued random variable satisfying a Gaussian measure ,ugo indexed by ¢g € V and
5 >0, then,

E((f, & — do) (€ — b0, 9)) = B[, g). (4.32)
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Formally, one can understand the Gaussian measure as centered at ¢g = (g, 7o) and

s
_§<¢ - ¢07 qb - ¢0> d@,
where Cg is a normalization constant and d¢ is like a ‘Lebesgue measure’ in the Hilbert
space. To be convenient, later we use pg, to mean '“ém'
The coupling between the particle we consider with the heat bath is given by

Hy = /n p(x)p(q — z)dz = /n p(@)p(z — q)dz,

where p is a radially symmetric function which can be understood as the coupling strength.
In literature [32) B3], p is assumed to be in L?, so that the coupling strength is finite. The
cases where p is not square integrable must be taken as the ideal limit under certain regimes.
If p € L?, the interaction Hamiltonian then can be approximated by the dipole expansion:

1, (06) = G

2
Hr=q- Vpdz + q_/ |p?|dzx. (4.33)
R” 2 R

The second term is some correction added to make the model clean so that the GLE can
be derived from this model.
The total Hamiltonian is then given by

1 1 q>
He L1V +2 / (nl2 + |Vol)dz+q- [ Vpds+ L / 19| da
2m 2 Rn Rn 2 Rn

2m 2

where limy oo V(¢q) = oo and exp(—pV(-)) € L'(R") for any 8 > 0. At this point, it is
convenient to find o; € H 1 so that O;aj = pd;;. This can be constructed easily in Fourier
space

1 1
- L2V + —/R Voo + qpl? + |[72ldw.  (4.34)

. np(k)k’
aj(k) - ’L|k‘|2

(4.35)
Note that p is also radially symmetric so that [nkif(|k|)dk = [ |k|*f(|k|)dk. Denote
a = (a;). Then,

Veo+agp=V(e+q-a). (4.36)

The system of equations then are given by

. oH oM

= — = m7 ) — —— — —V/ — v + e dl’, 437

=3, p/m, p 9 (9) - (p+q-a)p (4.37)
. 0H . oH

p=5-=m W——E—A(w—l—q-a). (4.38)



Introducing u = p/m, the Hamiltonian system admits an invariant measure proportional to
exp(—?H), which is the Gibbs measure

2
dy = 71 <exp ( . % . V(q)>dqdu> X i g (4.39)

where Z is a normalization constant. Conditioning on ¢, the measure for (¢, 7) is a Gaussian
measure ji_q. in V. If we average out the heat bath variables, the marginal distribution of
for the particle is exactly,

mu2

wa(dgdu) = Zzl exp <_T — V(q)) dqdu, (4.40)

with Z4 being a normalization constant.
From here on, we consider only n = 1 (general dimension is similar but the notations
are messier) and assume that the initial distribution is given by

dptli—o = p%(q, 1) X fi—gua- (4.41)

This means we allow the measure the the particle to be arbitrary but the heat bath is
Gaussian conditioning on the particle position, i.e. (¢ + ¢(0)c, ) is mean zero Gaussian
conditioning on ¢(0).

Let ¢ = < 14 +g(t)oz > The second group of equation can be written in the vector

form

8t¢:A¢+<q0a>, A:(aoz é) (4.42)

Then,

t .
¢ = eAt¢0 _|_/ e-A(t—S) ( q004 > ds. (443)
0

Define £ = (,0) (« is a scalar since n = 1). Then

/R Ou(p + qa)pdz = (,€), (4.44)

where (-,-) is the inner product (A31]) for n = 1. By taking the Fourier transform, it can
be shown then that

(e (8 Yase) = - [t st (4.45)
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where
() = / e dk. (4.46)
R

Since p € L*(R), () is an even function and continuous and v(0) = [ |p|?dz.
Hence, we obtain

G=u, mi=—V(qg)— /0 At — $)i(s) + R(2), (4.47)
where

R(t) = — (Duipo, e €) . (4.48)

Recall ¢9 = (¢ + q(0)cr, ) satisfies the mean zero Gaussian distribution conditioning on
q(0), R(t) is also a mean zero Gaussian process. It can then be verified easily by Equation

[#32) that
E(R(t)R(s)) = (|t — s]), (4.49)

regardless of the value ¢(0). It follows that R(t) is a stationary process. Note that R(t) and
¢(0) are not independent! Different from [32] where the GLE is in a different form and the
convolution is between a kernel and ¢ instead of ¢, we impose the initial condition ([€4I]) so
that the random force R(t) satisfies the usual ‘fluctuation-dissipation theorem’ (LH]).

By the results in [32] B3], we can summarize the following claim for n = 1:

Proposition 2. Suppose R(t) is a 1D stationary Gaussian process with mean zero and
E(R(t)R(s)) = ([t — s]). (4.50)

If 7y is the Fourier transform of an L'(R) even nonnegative function, then there exists a
coupling between q(0) = qo and R(t) so that the equation

= u, mi=—V'(q)— /0 2 (t = 8)d(s)ds + R(#) (4.51)

admits the Gibbs measure [LA0) as the invariant measure.
For any initial distribution ,uOA that is absolutely continuous with respect to pa and any
coupling between qo and R(t), p'y converges weakly to the Gibbs measure 4.

The first claim follows from the discussion above. One can construct a heat bath so that
the coupling is given by (£4I]) and (£48).

For the second claim, one must show that the Hamiltonian system is ergodic. According
to [32], the special coupling (£41]) and (4£.48]) guarantees that the joint distribution converges
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weakly to the joint Gibbs measure (£39). For an arbitrary coupling between gy and R(t), we
must check what happens for a given gg. Conditioning on ¢y, the random noise according
to (48] has the same distribution with R(t), and thus the conditional distribution for
i (-lgo) = P((q(t),u(t)) € - | o) is the same for any coupling. % (+|go) converges weakly to
the Gibbs measure p 4. If 19 is absolutely continuous with respect to the Gibbs measure,
one can then have uniform estimates on the joint distribution.

Note that our final goal would be to consider the case y(t) x [t|~* and m — 0. For
kernel [t|=%, p ¢ L?(R). One can therefore mollify v by

Ve(t) = e x (1), (4.52)
so that the smoothness gives decay in Fourier side and we have p. € L%(R).

Remark 3. In this sense, what matters is the smoothness of y(-) instead of its tail behavior
as t — oo. FEwven if the kernel v is not integrable but as long as it is smooth, the above
construction works.

Formally, if final equilibrium is preserved with ¢ — 0 limit, then the Gibbs measure is
the equilibrium measure for the GLE with kernel [¢|~®. Then, formally, the m — 0 limit
yields that the Gibbs measure proportional to exp(—V(q)) is the final equilibrium measure
of our FSDE (LI8]). Regarding the limit m — 0, one should be careful. The limit equation
for a general kernel v may not be a good initial value problem. The initial value problem

/O 2t — 8)i(s)ds = —V'(q) + R(E), (0) = qo

admits no continuous solution if v(¢) is bounded. Hence, the possible approach is to show
first that convergence to Gibbs measure is valid for the GLE when ~(¢) o [¢|7® and then
show the m — 0 limit can pass to the final equilibrium measures.
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