LONG TIME NUMERICAL SOLUTION OF THE NAVIER-STOKES
EQUATIONS BASED ON A SEQUENTIAL REGULARIZATION
FORMULATION*
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Abstract. The sequential regularization method is a reformulation of the unsteady Navier—
Stokes equations from the viewpoint of constrained dynamical systems or the approximate Helmholtz—
Hodge projection. In this paper we study the long time behavior of the sequential regularization
formulation. We give a uniform-in-time estimate between the solution of the reformulated system
and that of the Navier—Stokes equations. We also conduct an error analysis for the temporal discrete
system and show that the error bound is independent of time. A couple of long time flow examples
are computed to demonstrate this method.
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1. Introduction. Consider nonstationary Navier—Stokes equations with a non-
slip boundary condition

u; + (u-V)3u=vAu—-Vp+f,
divu = 0,

ulpo =0, ul;—g = up,

in a smooth bounded domain © € R? over a long time. In estimating the error
of numerical methods the Gronwall inequality is used in dealing with the nonlinear
convection term and the pressure p term. Then a factor exp(Ct) (C' > 0) usually
appears in the error bound. This is a difficulty in that usual analysis techniques
do not work in studying long time approximations of the Navier—Stokes equations.
Another computational difficulty of the Navier—Stokes equations is to maintain the
incompressibility constraint divu = 0 over a long time.

Various techniques have been developed to overcome some of the above difficul-
ties. The dissipative term rvAu is usually used to control the nonlinear convection
term and the pressure term. Then the Reynolds number has to be restricted to be
quite low in order to have enough dissipation. The projection method may be a widely
used method in dealing with the incompressibility constraint. However, in the case
of a no-slip boundary only normal velocity is enforced in the projection formulation.
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LONG TIME NUMERICAL SOLUTION 399

The tangential velocity is not enforced in the formulation and may cause a slip error
in a long time simulation. Another method is to write the Navier—Stokes equations
to a first-order system and then derive a new formulation based on the least squares
minimization of its residual. However, quite a few new variables are introduced in the
formulation which complicate the problem and increase the computational cost. Other
formulations are available in dealing with the above difficulties, for example, a class of
pseudocompressibility methods, which include the penalty method, the artificial com-
pressibility method, etc. (cf. [13, 2, 7, 12, 18]). But the small parameter associated
with these methods introduces extra stiffness into the system, and the incompressibil-
ity constraint is not guaranteed over a long time. In [1, 7, 12], a sequential regulariza-
tion method (SRM) is introduced and analyzed to maintain the incompressibility con-
straint and to solve the unsteady Navier—Stokes equations. In this paper we would like
to study the long time behavior of the method because, in this method, many of the
above issues are resolved or improved. The incompressibility constraint is uniformly
under control in time, while there is no extra stiffness introduced due to the approx-
imate Hodge projection (to be explained in next section) or the built-in Baumgarte
stabilization [1, 7] for the incompressibility constraint. There is no slip error since the
no-slip boundary condition is fully enforced. The pressure term is eliminated /replaced
by a damping term, and then there is no need to control it in the analysis.

The method or formulation reads: given an initial guess py and a positive constant
a, for s =1,2,3,..., find the solution (us,ps) of the following system:

(1.4) (us)t + (us - V)uy = vAug, — Vp, + 1,
(1.5) (divug); + divaus = €(ps—1 — ps),
(1.6) usloo = 0, u,li—o = uo.

The method is developed from the viewpoint of constrained dynamical systems (cf.
[5, 7]). It is a combination of the penalty method (cf. [14, 15]) and the Baumgarte
time stabilization (cf. [1, 7]) for the constraint. It may be seen as an extension of the
augmented Lagrangian method or the iterative penalty method for unsteady Navier—
Stokes equations (cf. [3]). It may also be seen as an approximate Helmholtz—Hodge
projection, which will be explained later. Unlike the penalty method the parameter
€ is not necessarily very small, and thus the reformulated system is more stable or
less stiff (see [7, 12] or the convergence estimate (3.10) later). It approximates the
incompressibility constraint better than the penalty method. Roughly speaking we
expect from (1.5) and (3.10) that the divergence of the velocity u; is of O(e®) and
the bound may be independent of the time. From the regularity point of view, the
method is a more natural formulation than the penalty formulation for the unsteady
Navier—Stokes equations (see [12] for more details). This method also decouples the
velocity and the pressure. We can eliminate ps from the system, solve an equation
only with unknown ug, and then recover p; from (1.5). When we eliminate py from
system (1.4)—(1.6), we obtain an equation only with the unknown u,. Let us omit
the iteration index s and rewrite f — Vp,_1 as f; the equation can be written in the
following form:

(1.7) u — 1Vdiv(ut +au) —vAu+ (u-Vju=f,
€
(1.8) ulpn =0, uli—o = a.

In [12], we consider (1.4)—(1.6) in a finite time interval [0,7] and obtain the
existence and regularity of the solution as well as the error estimates of the SRM.
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For some flow problems, we need to compute the solution over a very long time, for
instance, the steady state solution of driven cavity flow. It is necessary to study the
long time behavior of this formulation and extend the results in [12] over a long time.

This paper will be organized as follows. We will relate the SRM to an approxi-
mate Helmholtz—Hodge projection and give another explanation/understanding of the
method in section 2. Some preliminaries such as notations and assumptions will be
given there as well. In sections 3 and 4, we establish energy inequalities and error esti-
mates for the continuous equations and the temporal discrete equations, respectively.
A couple of long time flow examples will be computed in section 5.

2. Approximate Helmholtz—Hodge projection and the SRM. The SRM
can be explained as an approximate Helmholtz—Hodge projection. Let P
L2(Q,RY) — (VH(Q2))* denote the Helmholtz—Hodge projection onto vector fields
that are divergence-free and have zero normal component on the boundary. In prin-
ciple we may define Pu = u — V¢, where ¢ satisfies A¢ = divu, g—ﬁ = u-n, and
Jo #dx = 0. One may apply P to both sides of (1.1) and obtain

(2.1) u; + P(u-Vu-—f) =vPAu.

The dissipation in (2.1) appears degenerate due to the fact that P annihilates gradi-
ents. So the analysis of (2.1) is usually restricted to a divergence-free space. How-
ever, for the stability of numerical computation, some additional damping effects to
the divergence need to be added [9]. In this formulation, solutions formally satisfy
O¢(divu) = 0. Consequently the divergence-free condition (1.2) needs to be imposed
only on the initial data. However, when a numerical perturbation applies, weak in-
stability to the divergence-free condition may occur. In addition, the projection P
may not be easily implemented numerically. To overcome these difficulties with the
projection, we can do the following.

We introduce an approximate/desingularized projection operator P. by P.u :=
u — V¢, where ¢, satisfies A¢p. — ep. = divu and %‘ff = u-n. We can then verify

(2.2) (I - lev) Pau=u, P.u-nlpg=0.

€
Thus we can denote P71 = (I — @), which is a local operator asking no additional
boundary conditions. Now, replacing P by P, and taking the inverse operator yields

an approximate Navier—Stokes equation:
u; + P(u-Vu—f) =vPAu

or

(I— lev) u +u-Vu=vAu-+f.
€

It is then the SRM (1.7) if adding a damping term —2Vdivu to the left-
hand side of above equation (accordingly to adding —P<Vdivu = 0 to (2.1)). It
is (1.7), which will be discussed in this paper. From (1.5) the divergence of u will
not drift too much away from zero as the time goes. Therefore, this formulation has
better stability.

The divergence of the projected solution is uniformly controlled due to the fol-
lowing identity (obtained from (2.2)):

2 1
| Peul® + E||ouv7>€u||2 + 6—2\|Vdiv7>€u||2 = |lul®
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Here and in what follows we used notations ||-|| and ||-||,, as the norms for L? and H™,
respectively. Unlike the penalty method, there is no additional time step restriction.
From the definition of P and P, earlier, we can have

[(P = Pe)ul| < Ceful,

which justifies the approximation to the Navier—Stokes equation as well. The approx-
imate Helmholtz projection can also be viewed as a regularizating to the Helmholtz
projection. The Fourier symbol for P is represented by P = I — while the symbol

H£ ||27
for P. is a desingularized one:

>

o
]2 + e

e =

Simple computation shows that the symbol of its inverse is given by

e
P! I+£

which again agrees with Pt =T — de

It is known that the solution of the Navier—Stokes equation is regular up to an
arbitrary time interval in a two-dimensional domain (cf. [16, 17]). More precisely,
consider two conditions:

(2.3) uolls < Mo, [ RGP < N, divag =0,
0

(2.4) ol < Moo sup JECOI < Na [ 6P < N,
0<t<oo 0

If condition (2.3) holds, then there exists a constant M; which depends on N; such
that

(25) sup |2+ [ (lalB+ 952 + i) e <
0<t<oco 0

If conditions (2.3) and (2.4) hold, then there exists a constant M which depends on
N7 and N3 such that

(2.6) Sup (Iallz + [uel| + [1Vp[) < M.

For the sequential regularized reformulation, we have similar results for (1.7)—
(1.8); i.e., if we assume that (2.3) holds, then there exists a constant M; such that

e 1 1
(27)  sup ul]f +/ (||11t|2 + || Vdivuy||* + 5 [|Vdival|* + |u|§) ds < M.
0<t<oo 0 € €
If (2.3) and (2.4) hold, then there exists a constant M5 such that
29w (GIVdvalP IVl ¢l + od?) < Mo

0<t<oo

Since the pressure can be recovered by divu;+adivu, the same bound for pressure
follows. The key part in the proof is Lemma 3.2, which is similar to Lemma 4.1 in [12]
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but holds uniformly in time. Based on these results, we can extend the error estimation
in [12] to any time interval. Therefore, this sequential regularization formulation is
suitable for long time computations. The numerical results in the last section will
also demonstrate this claim.

Next we introduce a few operators for the treatment of the nonlinear convection
term. Let

B(u,v) = (u-V)v, B(u,v) = B(u,v) + %(divu)v7
b(u,v,w) = (B(u,v),w), E(H,V,W) = (B(U,V),W).

One can easily check

1
b(u,v,w) = i{b(u,v,w) —b(u,w,v)} Vu,v,w € H}(Q).
Therefore,
b(u,v,v) =0 Yu,v € H}(Q).

For the trilinear form b (or b), we can prove the following inequality by combination
of integration of parts, the Holder inequality, and the Sobolev inequality (see, for
instance, [17])

[al[s[[vla][wll
(2.9) [b(u, v, w)| < C ¢ [[ulla[v]]1][wll
[[ally[[v]l2fwll

Moreover, if 2 € R?, we have the following:
1 1 1
(210)  [p(u, v, w)| < Cllul|? [u]l [v]F[Iv]|3 |wll vv e H? N Hj,u € Hj,w e L?,

where the trilinear form b can be replaced by b. In what follows we will replace B by
B. Hence (1.7)—(1.8) become

1 _
(2.11) u; — EVdiV(ut + au) — vAu+ B(u,u) = f,
(212) u|39 = 07 Ll|t:0 = Ug.

We remark h2ere that we can also replace B by w X u based on the identity (u-V)u =
wXu+ V%, where w is the vorticity V x u and the second term on the right-hand
side may be absorbed into the pressure (see [10, 19]). Our analysis may be carried
out for this form as well.

3. A priori estimations. We first assume that the solution of (2.11)—(2.12)
exists and then establish an a priori estimation. We will give a basic energy estima-
tion supy ;o ull? + 5 lull?dt and a strong solution estimation supg_,. . lu? +
Jo° llu[[3dt in Theorem 3.3 and then obtain a higher-order regularity estimation
SUP< <00 [U]|3 in Theorem 3.4.

Since we consider an arbitrary long time interval [0,T], we need to improve the
solution estimates in [12] such that the choice of € and the bound of solution do not
depend on the time length T'. The following two Lemmas 3.1 and 3.2 play an essential
role in obtaining a time-independent estimation.
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LEMMA 3.1. Let X be a Banach space, let f : (0,00) — X be a vector value

function which satisfies [;° || f(t)||*dt < 400, and let o be a positive constant; then
we have

(31) [ ][ iseneoas wed [ s

(32 o [ ||f<s>||ea<s—t>ds} < sw 0

o<t<T

Proof. We apply the Cauchy—Schwarz inequality and change the integration order
to obtain

[ wremeena] ar= (7o ] [ prenszenrzan
< [Feet [ [urepeas] [ [ eosas] a
/ _at/ | £(s)||?e**dsdt
: / 1F(s)]2e> / ot gt

<& [ e
and

t 2
sup [/ ”f(s)ea(s—t)ds] < sup e —2at [/ I1£(s) ‘2 asds] [/ asd8:|
o<t<T 0 0<t<T

aw Lot [ ieersas

0<t<T &

1 )
sup oot / (sup 1£Gs >||2) e ds
o<t<T & 0 0<s<t

1
< sup 5 sup |[f(s )12
0<t<T O° 0<s<

\ /\

IN

IN

1 2
= su )|~ O
02 0<tp 1@l

LEMMA 3.2. Define an operator Au = —7lev(ut +au) —vAu, where the initial
data ug is divergence-free. Then there exist a €g and a constant C', only depending on
the domain €, «, and v, such that Ve < €y, we have

t t
(3.3) / ( | Vdivug||? + ||Vdivu||2 + ||Au||2> dt < c/ | Au|?dt,
0 0

1
(3.4) sup <2||Vdivu,g|2 + f2||Vdivu||2 + ||Au||2> < C sup |Aul?.
o<t<T \ € € 0<t<T
Proof. Define w = Au, p = —%div(ut + au), and g = divu. First we solve g from
the ODE
gt +og = —€p
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with initial condition ¢g(0) = divug = 0. The solution is

g(t) = —¢ /tp(s)eo‘(St)ds.
0
Let (u,p) satisfy the nonhomogeneous Stokes equation
—vAu+ Vp=w,
divua = g.
Then using the estimation for the nonhomogeneous Stokes equation (cf. [16]), we have
(3-5) [l + Vel < Collwl* + [ Vgll),

where the constant Cy only depends on the domain 2 and v. We now work out a few
inequalities between g and p by using Lemma 3.1:

T T t 2 €2 T
5o [ Ivor<e [ [/ ||Vp<s>ea<“>||ds} a5 [ IvelPa
0 0 0 a® Jo

t 2 2
(3.7)  sup [[Vg(t)|> <€ sup [/ IIVpea(”)dS] S% sup ||Vp(t)[*.
0<t<T o<t<T LJo Qa” 0<t<T

Now we are ready to prove the results of this lemma. Take the integration from 0 to
T for the inequality (3.5), and we have

T T
[ Gl 1901 e < o [ (1wl + 19917 a
T 2 T
<Co [ IwlPdi+ oSy [ IValPa
0 a” Jo
Take the sup for both sides of the inequality (3.5), and we have
sup_([lufl3 +[Vp[?) < Co sup ([[wl*+[Vg|?) dt
0<t<T 0<t<T
2
€
< Cy sup ||wl|®+ Co—5 sup V]2
0<t<T Q% o<t<T

Define ¢y = \/%, and then for all € < ¢y, we have

T T
/ (lul2 + Vo) dt < 2Co / Iwldt,
0 0

sup ([ul3 + [Vp|?) < 2C sup [wlP.
o<t<T o<t<T

Then we notice that

| sivdialas = [ Si9glPds < o5 [ 1valas,
o € o ¢ a” Jo
"1 2 "1 2 "1 2 ’ 2
/ L | Vdivu| ds:/ L Vel ds:/ L leVp + avy] ds§4/ IVp|2ds,
o € o € o € 0
1 . 9 1 9 1 9
sup —[[Vdivul|® = sup —||Vg[|® < — sup [[Vp|~,
0<t<T € 0<t<T € Q” 0<t<T
1 . 1 1
sup —||Vdivuy[|* = sup < |[Vg||* < sup =[leVp+aVg|* <4 sup [Vp|*.
0<t<T € 0<t<T € 0<t<T € 0<t<T

Combining the above inequalities together, we can easily conclude the lemma. 0
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Remark 3.1. Comparing with a similar lemma in [12], the improvement here is
that the choice of € and the constant of the bound do not depend on the time interval
T, which implies that we may fix € in advance and then compute the solution to any
arbitrarily large time.

Next we will consider the modified SRMs (2.11)—(2.12).

THEOREM 3.3. For (2.11)-(2.12), we assume (2.3). Then there exist two con-
stants My and My, which only depend on the domain and N1, such that

. 1
sup <||u|2 + 6||d1vu|2) +/0 <6||dlvu2 + |u||%) ds < My,

0<t<oo

> 1 . 1 .
sup |ul)? +/ <||ut||2 + 6—2\\Vd1vut||2 + G—ZHlequ2 + ||u||§> ds < Ms.
0

0<t<oo
Proof. Multiplying u for both sides of (2.11), we have

Ld

d «
divul|?2 + =||divul|? 2 = (f,u).
-2 [dival? + % divul? + v ValP = (£, w)

2 —_—
lall + 5=

Using the Young inequality and integrating for both sides, we can obtain

I Lo k
ful + Haiva? + [ (Diaival? + i ) ds < 60 (ol + [ 18125)

where the constant C; only depends on the domain 2, «, and v. Since the above
inequality holds true for any time ¢ and C} does not depend on ¢, it is indeed a
uniform-in-time estimation. We denote M; = Cy(|luol/* + [ [|f]|%,ds) and simplify
the inequality

1 > 71
a8 s (lulP+ aval®) + [ (daval? + ul? ) as <
0

u
0<t<oo

Then let us fix a time interval (0,7"), where T is arbitrarily chosen. Recall the defini-
tion of operator A in Lemma 3.2. We multiply Au on both sides of (2.11),

1 d d ,
~divu 2 + %£||divu||2 + g£||Vu||2 + || Au)? + b(u, u, Au) = (£, Au).

Since we consider the 2D case, we have
- 1/2
b(u, u, Au) < Cluf2|[ully [u]l3?[[Au]| < Cs|[ul*[u]{ + 0.5 (|| Aul + &][ulf3)

Define y(t) = 1||diva(t)|? + [|[Vu(?)||? and k(t) = Cs|lul|?|lul|?, and obtain

1. .. dy
—lldivuy [ + =5 + [ Au]® < 4|£[J* + 8]|ull3 + k()y(®).
Then we can obtain by the technique of the Gronwall lemma (letting K (t) = fg k(s)ds)

de Kty
dt

T T
oT)+ [ OO (gl — o) di < KT (4 JRLRY +y<o>) .
0 0

—k@®) Ly _ _
e~ divuy|* + +e KO (|| Au)? — 8llul3) < 4eFO)f]?,
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Then noticing that e”(T)=K(*) is monotonically decreasing, choosing § to be a constant

such that fot | Aul|?ds > fot 26||ul|3ds is true for any ¢ (we can choose § = 5, where

C' is the constant in Lemma 3.2), defining G(t) = fot(||Au||2 — 6||u)|3)ds, and doing
integration by parts, we have

T T
/ M=KD (| Au|? - §||u)3) dt = KT EKOG@H) T +/ G)eKM=KO K (1)at
0 0

T
> / (lAu]? = 8]lu3) dt
T
20.5/ | Aul|?dt.
0

Let My = C2Mi (JoZ If@®)]12dt + [u(0)]|3), where C5 only depends on the choice of §.
Hence

I r
(39) vl + uff + [ Aul?de < 0
0

Since the choice of § is uniform for ¢ € (0,00) and due to (3.8), the above inequality
is uniform-in-time as well. Then we multiply u; on both sides of (2.11) and obtain

Hut||2 + (All, ut) + B(u’ u, ut) = (f7ut)-

By applying the Young inequality, Lemma 3.2, and inequality (3.9), we can prove this
theorem. O

The error between the solutions of the sequential regularization formulation and
the Navier-Stokes equations can be estimated uniformly in time by using Theorem
3.3 and following the technique in [7, 12]. We simply state the result here:

(3.10)  sup ||u—us||§+/0 (J[ae = (us)el* + llu = w3 + |V (p — ps)II*)dt

0<t<oo
< (Mo / IV(p — po)Pdt,
0

where M is a constant which depends on 2, v, «, ug, f, and pg. The proof is exactly
the same as Theorem 2.5 in [12], by noticing that all of the constants in the proof are
uniform in time.

THEOREM 3.4. For (2.11)—(2.12), we assume (2.3)—(2.4). Then there exists a
constant Ms, which depends on N1 and N3, such that

1 . 1 .
sup (2||V<11Vl1t|2 + S [IVdiva]? + [[ull3 + |ut2) < Ms.
0<t<oo \ € €
Proof. Multiplying u; on both sides of (2.11), we have
1 _
(3.11)  |Jug|® + —||divug||* — (ngivu, ut> — (vAu,uy) + b(u,u,uy) = (f,uy).
€ €

Choosing the time ¢t = 0, applying the Young inequality, and noting that divu(0) = 0,
u(0) € H2, and f € L>=(L?), we have

1, ..
(3.12) e (O)[1* + — [divay (0)]* < C1.
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Then differentiating (2.11) with respect to time ¢, we have
1 _ _
(313) Uyt — *VdiV(utt + aut) — VAut + B('L'l7 ut) + B(ut, u) = ft.
€

Multiplying u: on both sides of (3.13) yields

1d 1d, .. a, - _
5 g el o v 2 % v || Va2 bu, w, ) +b(u, wg, we) = (£, ).
Using

_ v
o )| < Colful3u | + ¥ |9,
b(u,us,uy) =0,

1 v
(B ) < 2, + 2T,

and defining y(t) = [|u||* + 2||divu,||?, we have

dy 1, .
s szlvutHQ + IV [I* < Cs (JJall3y(t) + [1£:1%,) -

Applying the Gronwall inequality, we obtain

t 1 ) t
o)+ [ (Ll + el ) ae < i ([ 10120+ 000).
0 0

Using inequality (3.12) to control the right-hand side of the above inequality, we have
the estimation for |lu||?, i.e.,

1 e
(3.14) llug||? + ngiVutHQ +/ <6||divut||2 + ||ut||f> dt < Cy VYte(0,00).
0
Then multiplying Au on both sides of (2.11), we have
(3.15) (ug, Au) + || Au|® + b(u, u, Au) = (f, Au).
Since
1
[(, Aw)| <[ w [ + 2 [ Aul?,
1
(F, Au) < [|f[]* + - ]| Au]?,
1

[b(w, w, Aw)| < Cslullt + 8lfull3 + || Aul]®,

we have

1
EIIAUH2 < Juel® + Csllull§ + 8]all3 + [I£]1>.

We can choose 6 = %, where C' is the constant in Lemma 3.2, and then take the sup
for both sides of the above inequality. Using Lemma 3.2 and noticing that ||ul|, ||f]],

and ||u| are bounded, we have

(3.16) sup [|Au|l < M3,
0<t<oo

where the constant Mj is uniform-in-time. Finally applying Lemma 3.2, we obtain
the estimation of each term in the lemma. ]
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4. Time discretization. Let us consider the time discretization of (2.11) by
the semi-implicit scheme:

un+1 n

—u 1 utl — g
- = = di - = n+1
AL €V iv ( N + au >
(4.1) —vAu™t! 4+ B (u™,u"t) =
(4.2) ulgn =0, u’ = ug,

where t,, = nAt and f" = ftt"“ f(r)dr.
LEMMA 4.1. Let a,, and b, be two sequences in a Banach space which satisfy

(1+ ah)a, —an—1 = hb,, ay=0,

where o and h are two positive constants. We have the inequalities

N 1 N
> llanl® < — > lball?,
n=1 n=1

sup |lan ?
1<n<N

A

IN

1
—5 Ssup ||an2
0% 1<n<N
for all integers N > 0.

Proof. First we express a, in terms of b; by induction:

h n

by
1+ ah + ; 1—|—ah"+1 i

Ay =

By the Holder inequality

n

> bi(1+ah)
=1
h2

< o anye 2 Il +ah) 3o+ ah’
i=1 i=1

h2

2 _
HanH - (1+O¢h)2n+2

h - )
< i 112(1 ‘
< s e 2 I+ an

Hence

Z lan||* < ZZ q +ah B2 + ah)’

1\; h
= 7@-21 h)t
22 STy 0+ ah)
> (577

IA
= 1=
M= Q‘“ ﬁMzn

121,
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and
h n
2 i 2
a < 1+ ah)" sup |b;
o= s 20 2 1
1
< — sup l16: 1|2
a” 1<i<N

Then this lemma follows by taking the sup for both sides of the inequality. 0

LEMMA 4.2. Assume that the time step is At. Let N be any positive integer.
Define Au™t! = —%Vdiv(% +ou™™t) —vAut 0 =1,2,3,..., and u° =
u(0). Then there exist a constant ey, which depends on Q, a and v, such that, when
€ < €9, we have

n_un—l 2

. u
levT

N N
n 1 : n 1 n
N> <||u 12+ Sl vdiva 1?2+ 3 ) < COALY [ Au|?,
n=1 n=1

un—l

n 1 o n 1 . u”—
sup | [[u™]]2 + =||Vdivu™|| + = || Vdiv———
1<n<N € € At

) < C sup ||Au"|,
1<n<N

where the constant C' does not depend on the choice of € and N.
n n—1
Proof. Define w" = Au™, p" = —1div(®*=%— + ou"), and ¢g" = divu"; then

—vAu" +Vp" =w",

: n_ .n
divu" = ¢",

and

(14 alt)g” — g" 1 = —eAtp™.
We have the inequality for the Stokes equations (see (3.5))
(4.3) ™[I + Ve[ < Co (W™ [I* + [Vg"1%) -

Since u” satisfies the homogeneous Dirichlet boundary condition, we can choose the
Banach space as H'NL2 with the norm ||V f||2, and notice that u(0) is divergence-free;
then we apply Lemma 3.1,

N 62 N
S IVeE < S 3 Iven
n=1 n=1

2

€
sup ||[Vg"||> < — sup |[|bn|*
1<n<N a® 1<n<N

Sum up inequality (4.3),

N N
Aty (I3 +1Ve"7) < Cort Y (1w + Vg™ |1*)

n=1 n=1

a ni2 0062 |2
< Atz Collw"™||* + 7||VP 1”7
n=1
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and take the sup of (4.3),

sup ([[u"]|5 + [Vp"[I?) < Co sup (|w"[]*>+ [Vg"]?)
1<n<N 1<n<N

n|2 CO62 n||2
<Co sup [([W"[["+—5 sup [Vp"|7].
@ 1<n<N

1<n<N
Let g = ﬁ Then Ve < ¢y, we have
N N
ALY (a3 + VP P) < 2CeAt > [lw™]?,
n=1 n=1

sup (|3 +[[Vp"[?) <2Co sup [w"|?.
1<n<N 1<n<N

Notice that

N N At &
£y S IvdivarP = AT S I9g"P < S ST IV,
n=1 n=1 n=1

u”® — un—l 2
(W)

N 2 N
sty [Evdivar + vpr||” < aney o2,
n=1 n=1

N o
Atzg
n=1

1 . 1 1
sup || Vdiva"||* = sup 5 |[Vg"[* < sup —|Vp"|?,
1<n<N € 1<n<N € 1<n<N &
1 T « 2
sup — HVdiV (> = sup H—Vdivu” +Vp|| <4 sup ||Vp"|>.
1<n<N € At 1<n<n Il € 1<n<N
Combining all of the above inequalities together, we have the lemma. ]

i i—11(2

At

i il

LEMMA 4.3. For (4.1), if we assume (2.3)—(2.4), then there exist constants My,
which depends on Ny, and Ms, which depends on Ny and No, such that

u 2
<M
At ) =0

sup ||11n||2 S MQ.
n

u

o0
: . : .u
sup a2 + AtZ(ﬂuw@ T [dived |+ Hde
n
1

Proof. We will follow the proof of Lemmas 3.3 and 4.5 of [12]. First we notice
that conditions (2.3)—(2.4) imply

0o 2

ALY TP <Ny, osup [[fP < Ny, At
0<n<oo =0

n=0

fn+1 —_fn

< Ny.
At 2

Multiplying u"** on both sides of (4.1) and using identity (b—a, b) = 1 (||b]|> —|a||* +
lb — al|?), we obtain

1, . /1, .
(4.4) [u™)|? + = [|diva” (|2 + At ) (dlvu”l2 + u”l?) < (.
€ 0 €

Then we multiply Au™*! on both sides of (4.1), define y" = %Hdivu”” + w2,
k™ = [[u™]]?||[u™*!]|2, and we have

+1 _
% + ||Aun+1H2 <6 HunJrluz + 05 (knyn + ||fn+1||2> .
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We let 6 be suitably small such that § >V [uf|2 < 0.5 3V || Au”||? holds for all N (one
choice is § = 5, where C is constant in Lemma 4.2) and denote K™ = ITj} (1+Cs Atk?),
a™ = 0.5At)|Au™||?, b* = At(0.5]|Au™||? — §[lul|3), and d" = CsAt||f"||*. Then we
can rewrite the above inequality as

1 1 1 K" 1
y "ttt et < o ——y" 4"
By eliminating 4!, ¥2,...,y" from above the inequalities, we obtain

n+1 ] n+1 bl n+1 )
yn+1 + Zaz + K Z = < KnyO + K Z dt.
1 1 1

Using identity

n+1 bl n+1 7 bl

O Y EONICE I Pa RS

and noticing that K™ is monotone increasing, 22:1 b’ > 0, we conclude that

N
1
(4.5) —lldiva” [ + [Julf + A | Au”|* < My,
1

Multiplying “nzit*“n on both sides of (4.1), applying Lemma 4.2 and the above in-
equality, and noticing that the choice of N does not affect the constant on the right-
hand side, we have

2

) <

(4.6)
Finally, the proof of the second inequality [|ullz < M3 can be similarly done (cf.
Lemma 4.5 of [12]). 0

In addition the existence and uniqueness of the solution to (2.11)—(2.12) can be
shown after we obtain a priori estimates for the time discrete solution (i.e., Lemma
4.3). We ignore the proof here since the steps are similar to those in [12] for the finite
time case.

Define the error function e® = u™ — u(t,); then e™ satisfies

n n—112

At

n __ un—l

At

u

sup [[u"[2+4¢ > j<|un|g 4 Vdivu"||2+HVdivu
n
1

en-i-l n en+1

(4.7) A ot O‘enH) “vhet

+ B(u", w1 — B(u(tosr), ulty)) =

1
— —grad div (
€

where initial data €® = 0 and the remainder term

1 tn41 1 )
=5 / (n —tn) {utt(n) — —grad dwutt(n)] dn.
tn €

rn+1

To obtain the full first-order error estimation, we need the remainder to be bounded;
ie.,

(4.8) Sl < cae.
1
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THEOREM 4.4.  Assume conditions (2.3)—(2.4) and (4.8); we can obtain error
estimates of €™,

sup |le™||? + Atz ( | Vdive™||* + ||e"||2> < Ot

0<n<c

Proof. Since the proof is almost same as Theorem 4.6 of [12], we give a sketch
here. Due to the bilinear property of B, we have

B (u",u"™) — B(u(tps1), u(tns1))

=B (u"—u" u"t) + B (u"t ") + B (e" u(tng1)) -

Then multiplying e”™* on both sides of (4.7), we obtain

eI+ 60 (Hlaive' |+ 6717 < G
0<n<oco
Then we multiply Ae™*! on both sides of (4.7) and notice |[u(t)||2 and ||[u™||2 to be
uniformly bounded; we can conclude the result. 0

Remark 4.1. By the same proof of Lemma 4.3 in [12], we can extend the result
to a large time interval; i.e., with the same condition (we will simplify the condition
(x)g =f£(0) + vAug — (uo7 1) € H! later) of Lemma 4.3 in [12], we have

oo
(4.9) sup [l + [ SlIVdivual? + il + Pt < €.
0<t<oo o ¢

From the above estimation and Remark 4.1 in [12], we know that the condition (x)
and inequality (4.8) are true when the global compatibility condition holds (cf. [6]).
For simplicity, we just assume this global compatibility holds.

Now we can compare the time discrete solution for the sequential regularization
formulation with the solution for the Navier—Stokes equations. We denote s as the
SRM index and n as the time index (see the detail of this implementation in sec-
tion 5.1). We combine inequality (3.10) with Theorem 4.4 and obtain the following
estimation.

THEOREM 4.5. Assume conditions (2.3)—(2.4) and the global compatibility con-
dition at t = 0. Let u’ and u be the solutions to the time discrete sequential regular-
ization reformulation and the original Navier—Stokes equation, respectively. Then we
have

m 2 . 2
u® — u(t,)|? + Atz ( 5 [ Vdiv (ul —u(t:) " + |Jul - u(ti)H2>
<C (ot +(Me)).
Proof. We only need to check if all of the conditions for inequality (3.10) and
Theorem 4.4 are satisfied. Since the sequential regularization formulation replaces

the external force f by f — Vp; at the (s+ 1)st step of the SRM iteration, we need to
check the following inequalities:

(4.10) / |VpslPdt < C,
0

(4.11) sup |Vl + / IV (pa)e2dt < C.,
0

0<t<oo
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where C; is a constant which does not depend on €. The case of s = 0 is not a problem
since we can choose pg freely. When s =1,2,3,..., we have ps = ps_1 — %(div(us)t +
adivu,) from (1.5). Hence we just need to show that

2 2

(4.12) / 1Vdiv(us)t + H1Vdivus dt < Cs,
0 € €
1_ .. 1_ .
sup < =Vdiv(ug)¢|| + |- Vdivug >
0<t<oo € €
%11 2 1 2
(4.13) +/ =Vdiv(ug)u|| + ||-Vdiv(us):|| dt < Cs.
0 € €

By mathematical induction, inequality (4.12) is simply a corollary of Theorem 3.3,
and inequality (4.13) is a corollary of Theorem 3.4 and estimation (4.9). O
Remark 4.2. The analysis in this chapter is based on a semi-implicit scheme.
In practice we are also interested in the fully explicit treatment of the nonlinear
convection term. If ||u”|| is uniformly bounded for n, the theorem in this chapter is
also true for the fully explicit treatment of the nonlinear convection term. Without
any specific assumption, ||[u”|| only remains bounded in a short time interval (see
Lemma 3.5 in [12]). But in practice, the velocity of many flow problems is stably
away from blow up. And since the fully explicit treatment is easier to implement, we
will use it in the next chapter. For other schemes, for example, the Crank—Nicolson
scheme, there is no essential difference for analysis, and the accepted order can be
achieved by assuming enough regularity of the solution (see the discussion in [12, 11]).

5. Numerical examples. In this section, we will present results of numerical
experiments of long time simulation of two-dimensional viscous flows.

5.1. Implementation. Let V; be the finite element space; the full discrete
scheme of SRM can be represented as follows: given an initial guess pj, where n =

0,1,2,..., for s =1,2,..., we solve (u?*! p?*1) from the system
n+l _ .n 1 n+l _ . n
<118At118’ V> =+ g (dlvllgAtllg, leV> + % (divu?Jrl, leV)

v (Vi Vv) + b (ul,ul,v) = (£, v) — (pI), divy) Vv € Vy,

n+l _ n
pitt = % (divusAtus + adivu?“) .
The above scheme is as follows: starting from s = 0 for each n, find u} and p} at
time ¢,,, and then repeat this procedure to find uf, p5, and so on. Since we need to
store the values of u}" and p} for all n time steps before the next SRM iteration, the
storage may be very expensive since we compute the solution to a very long time.
It is not what we do in practice. This difficulty can be overcome by an equivalent
implementation.

We make an observation: the solution (u?*!, p?*1) only depends on u? and p"*}.
Now fix the number of iterations in advance according to the accuracy requirement
(numerical experiments indicate that s = 3 or 4 may be enough in most cases). Since
the initial guess p? and the initial data u? are known, we can rearrange the order of
the computation as follows. Starting from n = 1, find (ui,p}) by using information
p} and uf, and find (ud, p) by using information p and ud,..., up to (ul,pl). Save
all the data (ul,pl), and move to n = 2. Compute (u?,p?) by using p2 and u} up
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Time Steps n

n=0 n=1 n=2 A
s=8
s=1 (ui,p]) (23, p%) (13, p3)
“
=
E:
.
=2
=3
o
E
2 (u}, p) (3, p3) (3. 5)
: ' g3 p2
=3 (3, p3) (u3,73) (u3, p3)
o,

F1c. 5.1. Implementation instruction.

to (u2,p?). We can repeat this procedure at all time steps until the terminal time
is reached (cf. [8]). The procedure is illustrated in Figure 5.1. The original SRM is
to do the computation row by row, and the practical one is to do the computation
column by column. It solves the storage problem since we only need to store (uy, py),
.oy (2, p?) with s = 3 or 4 for computations at the next time step n + 1.
At every time step and SRM iteration, we need to solve a PDE of the form

1+ alt
u— 4=
€

Vdivu — vAtAu = g.

Due to the noncommutativity of Vdiv and A, the fast Poisson solver does not apply
here. We will solve it by a direct solver. Since the equation does not depend on the
time step n and SRM index s, we can discrete this PDE into matrix form and do the
LU or the Choleski factorization at the initial time. This factorization at the later
time would be the same as that of the initial time, and thus we simply do backward
and forward substitutions in computations of all other time steps except the initial
time. This implementation could save a lot of computational time. In our numerical
examples, we will use the P, finite element for the spatial discretization. Let € be a
convex polygon and 7; be a quasi-regular triangulation of €2, where h represents the
maximal diameters of the triangles in the triangulation. Define

Vi, = {v e C’% v=0on 99, v|r, is a polynomial of degree < 2} .

5.2. Cavity flow. The first example is lid-driven cavity flow in a unit square.
To find out the steady state solution, we use time-dependent Navier—Stokes equations
and compute them to a long time. The external force is f = 0, and the boundary
condition is u = (1, 0) at the top side of the square u = 0 at the other three sides. We
choose o = 1, At = 0.005, ¢ = 0.01, s = 3, and the P, element on a 13748 triangular
mesh. We do the computation for Reynolds numbers Re = 1000 and Re = 5000,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



LONG TIME NUMERICAL SOLUTION 415

iy

0 0.2 0.4

N
| 0.000 a’°
065 07 075 08 0.85 09 095 1

Fia. 5.3. Left eddy, Re = 1000. Fic. 5.4. Right eddy, Re = 1000.

respectively. We will compare the computational results with the benchmark solution
in [4] as well.

e Re = 1000. The solution approaches the steady state around T' = 100. Figure
5.2 is the streamline profile. There are three eddies in the streamline figure.
We zoom in on the left and the right eddies in Figures 5.3 and 5.4 and depict
the value of the velocity u at vertical line x = 0.5 and v at horizontal line
y = 0.5 in Figures 5.5 and 5.6, respectively.

e Re = 5000. When Reynolds number is larger, we must compute the solution
to a longer time T to ensure that the flow approaches steady state. Meanwhile
we need to choose a smaller time step At to maintain the stability. It increases
the computational cost. We can use the steady state solution at a smaller
Reynolds number as our initial condition to reduce the computational time.
Figure 5.7 is the streamline profile. There are four eddies in the streamline
figure. Figures 5.8, 5.9, and 5.10 are zoomed figures of the left bottom eddy,
right bottom eddy, and left top eddy, respectively. Figures 5.11 and 5.12
depict the value of u at vertical line x = 0.5 and v at horizontal line y = 0.5,
respectively.

5.3. Flow past a cylinder. The second example is flow past a cylinder. The
domain is unbounded. It is not possible to do numerical computation in an infinite
domain, so we must do a truncation. The computational domain is a rectangle exclud-
ing a disk (the cross section of the cylinder) inside. The z coordinate of the rectangle
is from 0 to 50, the y coordinate is from —4 to 4, and the disk is centered at (4,0)
with diameter 1. The boundary condition can be represented as follows: the inflow
at the left side has a constant velocity which is parallel to the z-axis (u = (1,0));
the flow at the upper and lower boundaries is parallel to the z-axis, and its velocity
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0.4

0.9 0.3

—o6— Re=1000 (Present work)
O Re=1000 (Ghia et al., 1982)

0.8 0.2

0.7 0.1
0.6
0.5

0.4

02 -0.4 X
—6— Re=1000 (Present work)
0.1 > -05 ¥
O Re=1000 (Ghia et al., 1982),
0 0.
-04 02 0 0.2 0.4 06 0.8 1 0 02 04 06 0.8 1

Fic. 5.5. u(0.5,y), Re = 1000.

Fic. 5.9. Top eddy, Re = 5000. Fic. 5.10. Left eddy, Re = 5000.
1 0.4
04 O Re=5000 (Ghia al ot., 1982)
08
0.7 0.2
06
of
05
0.4 -0z
0.3 -0.4
02
—©6— Re=5000 (Present work) -0.6
Yy 0 05 T %% 0.2 0.4 0.6 08 1
Fic. 5.11. u(0.5,y), Re = 5000. Fi1c. 5.12. v(z,0.5), Re = 5000.
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4. L | L
solid wall, (u,v)=(0,0)
4 0 u/d n=0, v=0
outflow, d u/d n=0, d v/d n=0—7
4 y
r=0.5 N
0 u/d n=0, v=0
inflow, (u,v)=(1,0) X

L | H

-¥ 0 50

F1c. 5.13. Flow past disk: geometry and boundary conditions.

F1c. 5.15. Re =100, T' = 35.

does not change along the y-direction (g—:‘l = 0,v = 0); the boundary of the disk is a
solid wall with a no-slip boundary condition (u = 0); the outflow at the right side is
imposed by a natural boundary condition (homogeneous Neumann boundary condi-
tion, % = g_:; = 0). Figure 5.13 is a diagram for the computational domain and the
boundary conditions. It is well known that the Reynolds number plays a crucial role
in this problem. We will compute the solution with two different Reynolds numbers
(Re = 40 and Re = 100).

e Re = 40. In this case, the flow approaches steady state after a certain time.
Figure 5.14 depicts the streamline after the flow reaches its steady state.
There are two symmetric eddies behind the disk.

e Re = 100. When Re = 100, the flow does not have a steady state. Figures
5.15-5.17 depict the streamlines at different times. From these figures, we
can see how the flow separates.

All of our computational results are pretty close to existing results.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



418

(9
[10]

(11]

PING LIN, JIAN-GUO LIU, AND XILIANG LU

F1g. 5.17. Re =100, T' = 60.
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