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ABSTRACT. In this paper we study the effects of small viscosity term and the
far-field boundary conditions for systems of convection-diffusion equations in
the zero viscosity limit. The far-field boundary conditions are classified and
the corresponding solution structures are analyzed. It is confirmed that the
Neumann type of far-field boundary condition is preferred. On the other hand,
we also identify a class of improperly coupled boundary conditions which lead
to catastrophic reflection waves dominating the inlet in the zero viscosity limit.
The analysis is performed on the linearized convection-diffusion model which
well describes the behavior at the far field for many physical and engineering
systems such as fluid dynamical equations and electro-magnetic equations. The
results obtained here should provide some theoretical guidance for designing
effective far field boundary conditions.

1. Introduction. The purpose of this paper is to study the effects of small viscos-
ity term and the far field boundary conditions for systems of convection-diffusion
equations and provide some theoretical guidance for designing effective far field
boundary conditions.

At far field, most physical quantities tend to constants. A common approach
in handling the far-field in computation is to cut off the far-field domain from
the computational domain and impose some far-field boundary conditions. The
domain is usually large enough so that the active near domain boundary becomes
insignificant and the background can be taken to be uniform and homogeneous.
The underlying physical systems can then be approximated by systems of linear
convection diffusion equations with constant coefficients. For simplicity, we take the
artificial far field boundary to be x = 0 and perform the characteristic decomposition
for the convection part and make the following simplifications: (1) We consider
the one-dimensional case only and ignore the transversal effects. (2) We take the
viscosity matrix to be identity; (3) We only consider two characteristic speeds, one
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positive and the other negative. Thus we have the following one-dimensional system
of convection-diffusion equations
Ouf + Opuf = e0%u’ 1)
Ov® — 0,v° = e0%0° '
where € > 0 represents the total dissipation which may arise from numerical viscos-
ity or physical mechanism and is usually very small.
Naturally we impose the boundary conditions at the far field x = 0 in terms of
the characteristic variables in the following general form:

D( ze )(07t)+E( gﬁfg )(O,t): ( ﬁgg ) t>0, (1.2)

where D and E are suitable 2 x 2 constant matrices with Rank(D, E) = 2. Addi-
tionally we prescribe for (1.1) the following initial condition

u®(x,0) = ug(z), v°(x,0) =vo(x), x>0. (1.3)

For fixed ¢ > 0 and smooth (and compatible) initial and boundary data, the
existence and uniqueness of solution to the IBVP (1.1)-(1.3) is well-known. Our
interest in this paper is to study the asymptotic solution structure and analyze the
effect of different boundary conditions for the IBVP (1.1)-(1.3) in the limit of small
viscosity, that is, e — 0.

For small viscosity, (1.1) can be formally approximated by the following system
of inviscid equations
O — 0, =0 (1.4)
Therefore one expects that as ¢ — 0, the solution (u®,v®) of (1.1)-(1.3) should
converge in some sense to an appropriate solution (u,v) of (1.4) (subject to certain
initial and boundary conditions). This should be so, for example, when (1.1) is
used as a numerical approximation to (1.4) and ¢ is the corresponding numerical
viscosity.

Note that for the inviscid hyperbolic equations, the solution for the outgoing
characteristic flow v(x,t) is completely determined by the initial data v(x,0) and
therefore we can only prescribe one boundary condition for the incoming flow u(z, t).
As a result, in the zero viscosity limit, the solution (u®,v®) of the parabolic IBVP
(1.1)-(1.3) necessarily develops a boundary layer v”! in the outlet v® near z =
0. Although the boundary layer only exists in the v® component and its effect is
confined to a narrow range near x = 0, the coupling of boundary conditions can
make things much worse in that a further reflection wave can be induced in the inlet
u®. The strength of the reflection wave depends on the magnitude of the boundary
layer v”! and the degree of the coupling in the boundary conditions. In the worst
scenario, the reflection wave can dominate the inlet u° and grow at order ¢!, see
Theorem 1.3 below. As a matter of fact, the whole purpose of designing good far
field boundary conditions is to reduce the reflection wave.

The study of far field boundary conditions began with the pioneering work of
Engquist and Majda [1, 2] for multidimensional inviscid systems. Their elegant
recipe of design was through the expansion of the symbols in the pseudo-differential
operators. There have been many studies on the consistency and stability of numer-
ical boundary conditions either for hyperbolic systems (see for example, [4, 6, 16])
or for parabolic systems with fixed viscosity (see, for example, [11, 13, 17, 18]). In
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this paper, we focus on the small viscosity effect and study the solution structure
and the convergence of (1.1) to (1.4) in the limit of small viscosity under various
boundary conditions. We refer to [15] for the study of the convergence of (1.1)
to (1.4) and the underlying boundary layer behavior in the simpler scalar case in
which no reflection wave can occur. We note that several authors have also studied
related nonlinear problems with Dirichlet boundary conditions, see for example,
[3, 5, 8,9, 10, 19]. Additionally we refer to [14, 20, 21, 22] for the study of the
boundary layer problem in kinetic equations and hyperbolic relaxation systems.

The boundary condition (1.2) is clearly unchanged upon left multiplying an in-
vertible 2 x 2 matrix. Depending on the value of Rank(FE), it is customary to classify
the above boundary condition (1.2) into the following three cases:

Case I: Rank(E) = 2 (Neumann boundary conditions).
Case II: Rank(F) = 1 (Mixed boundary conditions).
Case III: Rank(E) = 0 (Dirichlet boundary conditions).

For mixed boundary conditions (Case II), we assume, without loss of generality,
es1 = eg2 = 0. It is noted that in this case, for the boundary conditions (1.2)
to be meaningful, besides the condition Rank (D, E) = 2, it is also necessary that
(dlla d21) # 0 if €11 = 0, and (dlg,dgg) # 0 if €12 = 0. We distinguish the fOHOWiIlg
three sub-cases.

Case II(a): €12 = O7 €11 75 0.
Case II(b): e13 # 0, doy # 0.
Case II(c): e12 # 0, do1 = 0.

When the boundary conditions in (1.2) are decoupled or can be made so by left
multiplying a 2 X 2 invertible matrix, the IBVP (1.1)-(1.3) is then equivalent to two
scalar IBVPs for u® and v° separately and the convergence results proved in [15]
can be applied. This is the case for Dirichlet (Case III) boundary conditions.

THEOREM 1.1 (Dirichlet boundary conditions). For Dirichlet boundary conditions,
there exists a unique solution (u,v) of (1.4) such that for any T > 0, we have

T oo
/ / i (2, 8) — ulz, )| dadt < O (|F |3 + uoll%) .
0 0

T [e'e)
/ / [0 (2, 8) — vz, ) dedt < Ce (|F25 + [Jooll%) .
0 0

for some constant C = C(T) > 0 independent of ug, vy, F and €. Furthermore
there exists a boundary layer v (x/e,t) such that

T e’}
/ / |v€(x,t) —v(x,t) — vb‘l‘(x/s,t)|2 dxdt < Cg? (5||FH§11 + ||v0||§{3) .
o Jo

Note that in Theorem 1.1, the initial and boundary data are implicitly assumed to
satisfy certain regularity and compatibility conditions, namely, ug € H?, vy € H?,
F € H? with up(0) = u{,(0) = 0, v9(0) = v{(0) = 0, F(0) = F'(0) = 0.

For typical Neumann (Case I) and mixed (Case II) boundary conditions, the
boundary conditions will be genuinely coupled. In such cases, due to the presence
of the boundary layer v”!(x/e,t) in the outlet v¢, the existence of the 9,v°(0,t)
term in the boundary condition (1.2) may yield a reduced boundary condition for
u at the order of e~!. Consequently convergence results such as those in Theorem
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1.1 may no longer be true and the question can become very complicated. This is
indeed the case for Case II(c) boundary conditions. However, for all other types of
boundary conditions, similar results as Theorem 1.1 still hold since either the above

coupling mechanism is absent (case II(a)) or the boundary layer v%! turns out to
be weak (Case I and Case II(b)).

Our main results of this paper can be stated as follows:

THEOREM 1.2 (Convergence with Optimal Error Estimates). Let ug(z), vo(x) and
F(t) be sufficiently smooth and compatible. Then there exists a unique solution
(u,v) of (1.4) such that for all T > 0, we have

Case I: Rank(E) =2 (Neumann boundary condition)

/0 / (2, 1) — e, ) dedt < O (luol%a + o2 + |1 F|20)

/ / 08 (2, £) — v(a, £)? dudt < CE([luolZ + [[vollZn + | F)3)
0 0

Case II(a): €12 = 0, €91 = €99 = 0

T [e's)
/ / (2, ) — u(z, 1) dzdt < C=(Juo |3 + | F|%2)

/ / (1) — oo B)? dadt < Ce( o2 + uollZpe + [ FlI%)

Furthermore, there exists a boundary layer v*'(x/e,t) in this case such that

/ / |v¢ (2, ) — v(x,t) — v* (x/e, t)|? dadt
< Ce¥(elluollzy + llvollzs + el Fllze),
Case II(b). €12 # 0, d21 7£ 0, €91 = €22 = 0

T fpoo
| [ et = ) dode < Ol + ool + 1F1e)

/ / (2,1) — v(z, )2 dzdt < Ce(|[uoll%e + [[v0]Zs + £l FI%)

THEOREM 1.3 (Case II(c): Improper boundary conditions). Let ea; = ezz = 0,
e12 0, do1 = 0 (and dog # 0). Then there exists a unique solution (u_q,v) of
(1.4) such that

/0 / (. 8) — ey (2, 1) dedt < CluolZe + [volZs + 1 FI2),

T oo
/ / 0 (2, £) — ola ) dedt < Ce(uol3 +£V/2| F)22),
0 0

Furthermore, there exists a boundary layer v*'(z/e,t) such that

o0
/ / [v¥ (2, 1) — v(x,t) — v (x/e, t)|? dzdt < Ce*(||voll%s + €l F|3m)
o Jo
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Remarks:

1. In Theorem 1.2, the inviscid limit (u,v) can be obtained by solving (1.4)
with initial condition u(z,0) = wug(x), v(x,0) = vo(z) and the following reduced
boundary condition for w(0,t):

Case I:  (det(dy, e2))u(0,t)+ (det £)0,u(0,t) = (det(F(t), es))— (det(da, €2))vo(t)
Case II(a): (det D)u(0,t) + (det(ey,d2))0,u(0,t) = det(F(¢), dz)

Case II(b): U(O, t) = fg(t)/dgl - (dgg/dzl)’vo(t)

where dq, do and e, es are the column vectors of D and E respectively.

2. In Theorem 1.3, (u_1,v) satisfies (1.4) with initial condition u_q(z,0) = 0,
v(x,0) = vo(z) and the following reduced boundary condition
Case II(C): d11u_1(0, t) + 61183;’&_1(0, t) = (elz/dgz)fz(t)) — elgvo(t)

3. The occurrence of an e 'u_; term in the inlet u® in Theorem 1.3 originates
from the boundary layer effect in the outlet v* and the amplification by the 0,v®
term in the boundary condition. It is not hard to see that for larger systems
with n negative characteristic speeds and m zero characteristic speeds, through
certain successive couplings in boundary conditions, an incoming wave can exhibit
a singular growth term at order e~ ("+7/2) as ¢ — 0.

The proof of the above theorems will be carried out in the following sections.
The plan is as follows. To motivate, we will first apply the method of matched
asymptotic expansions to the IBVP (1.1)-(1.3) and formally derive the leading as-
ymptotic behavior of the solution (u®,v¢). Next in Section 3, we solve the viscous
IBVP (1.1)-(1.3) explicitly by Laplace transform. The solution is then compared
with its leading asymptotic behavior formally derived through matched asymptotic
expansions and, by using Parseval’s identity and careful asymptotic analysis, the
desired convergence estimates are obtained in Section 4 and Section 5 for zero and
nonzero initial data cases respectively.

2. Matched Asymptotic Expansions. In order to identify the limiting behavior
and the boundary layer structures of the solution for the viscous IBVP (1.1)-(1.3)

as € — 0, we assume the following uniformly valid expansions in terms of e:
uf(z,t) = e tu_q(x,t) + ul(z,t) +eus (z,t) + - (2.1)
v (z,t) = (v(@, 1) + 0" (2 /e, 1)) + e(vr(z,t) + o} (/e ) + - '

with the localized boundary layers v*!(y,t) and v?(y,t) exponentially decaying
asy = x/e — +oo.

Plugging the above expansions into (1.1) and matching the orders of &, we obtain
the following

Ou_1+0u_1 =0, Owu+ dyu= 8£u_1,
O — 0,0 =0, O — Opv1 = 8511, (2.2)
a;,ub.l. = 9,0, agvia.l. = 9,00 + B,
On the other hand, by matching (2.1) with the initial condition (1.3), we have
u_1(z,0) =0, wu(z,0)=up(z),
v(z,0) = vo(x), wv1(x,0) =0, (2.3)
P (y,0) =0, ¥ (y,0)=0.

The above equations can be solved recursively. For convenience, we represent the
solutions in terms of Laplace transform [7, 12]. Recall that the Laplace transform
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f(z,€) of a function f(x,t) is defined as

fao)= [ et ar (2.4)
0
and satisfies

0uf (2,6) = £f (2.6 — f(2,0) = £f (2,€) — fola) (25)
Throughout this paper we choose ¢ = a + i with « = Re{ > 0 sufficiently large

and fixed.
Applying Laplace transform on (2.2), we obtain, at the leading order,

Oplioy + &y =0, 90— &0 =—vp(x), 00" =—-0,0"" (2.6)
and therefore
iy (2,€) = 1-1(0,§)e ",
o) = [ ) an, @7

o (y,€) = 0" (0,§)e ™"
where %_1(0,¢) and 9°(0,&) are the Laplace transform of appropriate boundary
data u_1(0,t) and v>!(0,t) and remain to be determined.
Similarly at the next order, we have

Oyt + &l = ug(x) + 02—y = ug(x) + a1 (0,€)e ™" (2.8)
O2bl = —9,obt + et = —9, ! + €8 (0, €)Y

With appropriate boundary data @(0,¢) and 9% (0, &), the solutions to (2.8)-(2.9)
can be found to be

fuw@J=iuask—&+1A$e*”—mwxmdn+wé%ma&w—@ (2.10)

0t (y,€) = 0 (0,€)e ™Y — y&t™h (0,€)e (2.11)

We now match the boundary conditions and derive the appropriate boundary

data u_1(0,t), u(0,t), v**(0,¢) and v%%(0,¢). This is achieved by substituting (2.1)
into the boundary condition (1.2) and separating the powers of e:

diu_q1 +e10u_1+ egayvb'l"x:o =0 (2.12)
diu + e10u + da(v + 0") + ea (90 + 9,0 h) |:r:0 = F(t) (2.13)

Before we solve for the desired boundary data u_1(0,t), u(0,t), v (0,t), etc., we
observe that

9pi—1(0,8) = —€u_1(0,€), 9,u(0,&) = —€a(0,€) + E2a—1(0,¢) (2.14)
9yt (0,8) = —"1(0,8), 9,00 (0,€) = —4(0,€) — &P(0,6)  (2.15)
Furthermore, we have

ﬂ@@z%@=Ame%MmM,@WMF%%@~ (2.16)

Taking the Laplace transform of (2.12)-(2.13) and using the above relations, we
now obtain

(d1 — 661)12,1 — 6217b'l"$:0 =0 (2.17)
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(dl — 561)71 — 621711)'1' + 615211_1 + (dg — geg)ﬁb'l‘ |$:0 (218)

= F(&) — (d2 + e2)00(6)
Case I: det E # 0.
In this case, by taking Re = « > 0 sufficiently large, we have

det(d1 — 561, —62) = fdet E— det(dl, 62) ;é 0 (219)
and (2.17)-(2.18) can be solved easily
@1(0,6) =0, 4(0,€) =0, (2.20)
~ _ detﬁ‘ﬁ,e det(da,e ~
0(0,€) = gl — aeldaca) S5(¢), (2.21)

and
_ det(dy — ey, F(€)) | det(dy — Eeq,do + Eea)
b.l. ’ )
0,§) =— . 2.22
a0, det(d; — ey, e2) det(d; — ey, e2) %(£) (2.22)

Case II(a): €17 # 0, €13 = €21 = €33 = 0.

In this case, we have det(d; — £e1, —e2) = 0 and the linear system (2.17)-(2.18)
becomes degenerate. The first equation (2.17) reduces to

(di —&e1)a-1(0,€) =0 (2.23)
which, by taking o = Re ¢ sufficiently large, implies
1-1(0,£) =0 (2.24)
With (2.24), the second equation (2.18) now becomes
(i — Ee1)a(0,€) + dat""(0,€) = F (&) — dato (€) (2.25)
Next we show that by choosing o = Re§ > 0 sufficiently large, we have
det(dy — ey, da) = det D — Eeq1dag # 0 (2.26)

This is obvious when ds2 # 0. On the other hand, if dao = 0, we must have do; # 0.
In this case, (1.2)s reduces to the following Dirichlet boundary condition for «°:
u(0,t) = f2(t)/dor (2.27)
while (1.2); becomes
d11u®(0,t) + e119,u°(0,t) + d12v°(0,t) = f1(?) (2.28)

Clearly we must also have di2 # 0 and hence det(d; — £e1,d2) = —djada; # 0.
With (2.26), the desired boundary data @(0, £) and % (0, £) can now be uniquely
determined from (2.25):

y ~ det(F(€),do) p1. _
U(af)—mv 7"(0,¢) =

Case II(b): e12 #0, do; # 0, ea1 = €22 = 0.
In this case, we have det(d; — ey, —e3) = dore1a # 0. Therefore the linear
systems (2.17) and (2.18) can be solved in exactly the same way as in Case 1.

@-1(0,€) =0, @#""(0,£) =0, (2.30)
@(0,€) = f2(€)/da1 — (da2/d21)B0(€), (2.31)

_ det(F(€), dy — ex)
det(dl — 561, dQ)

—0o(§)  (2.29)

and
det(d) —€er, F(§))  det(dy — Een, dp + Eea)

~b.1.
O =
K ( ,5) do1€12 do1€12

(). (232)
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Case II(C): €12 7é O7 d21 = €21 = €22 = 0.
In this case, again we have det(d; — e, —ez) = 0 and the linear system (2.17)-
(2.18) is degenerate with (2.17) now reducing to the following single equation

(di1 — €eqn)ii—1(0,€) — e129”1(0,€) =0 (2.33)

On the other hand, we have from (2.18)

dao""(0,€) = fo(€) — doatio(€) (2.34)
Therefore we obtain

ciafa(d) “2—(¢) (239

12_1(0,5) - d22(d11 - 5611) a di1 — Een 0

and

51(0,€) = fa(&) /daz — To(€) (2.36)

Note that in this case we must have dys # 0 and the second boundary condition
in (1.2) determines the boundary data v°(0,t) completely

v°(0,1) = fa(t)/da2 (2.37)

On the other hand since we cannot have both boundary conditions for v* only, we
must also have di; # 0 or e;; # 0. Thus, by choosing « sufficiently large, we have

dy; —&eqr # 0.

3. Solution by Laplace Transform. We now solve the IBVP (1.1)-(1.3) explic-
itly by the method of Laplace transform. Taking Laplace transform on (1.1) and
using (1.3), we obtain

€020 — 0,u° — U = —up(x) (3.1)
e020° + 0,0° — &0 = —wg(x) '
On the other hand, the boundary condition (1.2) becomes
a 0y° A >
DY Yoo+ % Jo,¢6=( " 3.2
(& )oarr (5 )oo=( 5 6

With appropriate boundary data (a(0,¢),0,4°(0,£)) and (9°(0,&), 0,9°(0,£)),
the solution to (3.1) can be expressed in the following form [15]

ﬂs(m,g) = A+(x7£a€)eW1+m +A—(x7£a‘€)GWI_I (3 3)
°(2,§) = Bi(w,§e)e” "+ B_(z,{ e)ev> " '
where
el = LEVITTE | 212 VITTEE 5
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and
Ay = w1+ o ( £(0,€) + 0,45 (0,€) — e~ /OT e g (n) dn)
A= o (wHu #0.0+e [ e an)
B, = o _WQ_ ( (0, &) + 9,9°(0, &) 51/0”” ez My (n) dn>
B (wz+v 0.6 =050, + [ "oy () dn)

The following estimates can be proved directly.

LEMMA 3.1. For alle >0 and a = Re& > 0, we have
Rewi4 >0, Rew;— <0, Rewsy >0, Rewy_ <0. (3.5)

Clearly the boundary data (@°(0,£),9,u°(0,¢)) and (9°(0,&), 0,0°(0,&)) have to
satisfy the boundary condition (3.2). On the other hand, in order to determine a
unique solution (af(-,€),v°(-,€)) € L?(R*), we also need to impose the following
boundary condition at x = +oc0:

U (00,§) =0, °(00,§) =0 (3.6)
which, by (3.3) and Lemma 3.1, yields,
A+(OO,£,E) :O, B+(OO,€,5) =0 (37)

or equivalently,

0,0 (0,8) = wy_u(0,€) + &1 fooo e~ 1+ (n)dn

{ 0p0(0,8) = wp_1°(0,&) + 71 [ e+ Mg (n)dn
Substituting (3.8) into (3.2), we now obtain

(dr +wi—€1)u"(0,§) + (dz + wa—e2)0°(0, £) (3.9)

=F(¢) - 616‘1/ e~ g (n) dn — 628‘1/ e~ 2 Mg (n) dn
0 0

LEMMA 3.2. For a = Re& > 0 (sufficiently large and fized), there exists an 9 > 0
(sufficiently small) such that the following estimate

A =det(dy + w1 (&, e)er,da +wa(€,e)ea) #0 (3.10)
holds in all cases independent of 0 < e < egg and B € R.

Proof.  First we note that by using

Rey/1+ 4e€ > V1 + 4ea (3.11)
we obtain (i = 1,2)
!
Rew;+ (€, e —— 3.12
Rews(€.6) > e =00 a5 a—ox (3.12)
and hence
|wit (€ e)] =00 as a— o (3.13)

independent of 8 € R and & > 0 (without loss of generality, we assume ¢ < 1).
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We now prove the estimate (3.10) separately for the cases I, II(a)-(c).
Case I: det £ # 0.
In this case, we have

A = (det E)wi_wy_ + det(dy, ea)ws_ + det(eg, da)wi— + det D
(det B)w; _wy_ = (det B)e ¢ — 00 as a — oo. (3.14)

Q

Case II(a): ey #0, e12 = ea1 = g2 = 0.
In this case, we have

A= dggellwl_ + det D. (315)

For dos # 0, clearly we have |A] — 0o as @ — oo. For dos = 0, we must have
do1 # 0 and dy3 # 0 (see the proof of (2.26)) and hence A = det D = —dy2da; # 0.

Case II(b) €12 75 0, dgl 7’5 0, €91 = €22 =
In this case, we have

A = det(dy,e2)wa_ + det(er,ds)wi— + det D
1
= 2—6 {2d21612 + (d21612 — 611d22) (\/ 1+ 466 - 1) + 2¢ det D}

In the case doje12 — e11das = 0, it is clear that since e;o # 0, do; # 0, by taking €
sufficiently small, we have |A| > O(1)e~! independent of £.

Next we assume dpiejs — ey1dag # 0. Since /1 + 4e€ is continuous in the half
plane Re¢ > 0, we have

VI g - 1| <o1)

and hence
1
‘A| Z % {2|d21612| — |d21612 — 611d22| ’\/ 1 —|—4€€ — 1‘ — 26‘ detD|} Z 0(1)671

for €|¢] < o with dy sufficiently small.
For €|¢| > do, since « > 0 is fixed, we may choose ¢ sufficiently small such that
ea < §p/2 and hence €|3| > dp/2. By using the following estimate

T aee] - 2lA] 26 _ 2¢|8|
‘Im 1 +4E€‘ ~ Re/T +4e€ = |VI+4eg| V(1 +4ea)? + (4e0)?

and the monotonicity (in €|3|) of the right hand side in the above inequality, we
obtain again

IA] > ImA| > O(1)e™! (Im I+ 2 0(1)e™!

Case II(c): €12 # 0, do1 = €21 = €32 = 0.
In this case,

A = dya(dyy + enwi-) (3.16)

Since we must have dos # 0 and (d11, e11) # (0,0), by choosing « sufficiently large,
we can always guarantee A # 0.
The proof of Lemma 3.2 is now complete.
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With Lemma 3.2, we can now solve (3.9) to obtain the desired boundary data

((0,¢),0°(0,¢)):

@(0,8) = AT det(F(€),dy + wa_ep)
—(eA) ! det(ey,dy + w2_62)/ e~ Mug(n) dn
0
—(eA) " det(es, da) / =2+ (n) dy (3.17)
0
°(0,6) = —A7ldet(F(€),dy +wi_ei)

HeA)  det(er,dy) [ e ua() d
0

+(eA) "  det(eg, dy + wl,el)/ e~ yo(n) dn (3.18)
0

and hence the following solution representations for 4¢ and ¢

ff(gg’f) = ﬂf(x’g)JrﬁE]I(va)+ﬂ€m(z7£)+ﬂf\/(l’7§)+ﬂ§/(937§) <319)
ﬁa(xvg) = 6?(‘%5)Jrf)ﬁ(xvg)+6]ﬁ1($a€)+@1€\/(x7£>+6€/(xa€)
where
ui (z, = A7Mdet(F,dy + wo_eg)e =7
af (v, §) ( da+w 2) (3.20)
o (x,8) = fAfldet(F(f),dl+w1_el)e“’2*“’
1 xr
~g _ wi— (x—n) d
’LLH(SU, ) 5(w1+—w1_)/0 € UO(W) 7
1 oo
S — wit(z=n) d 21
L et ALY (321)
1 xr
~c — wa— (x—n) d
@0 = oo [ e
1 o0
- wat (@=m) d 3.22
vl LY (3.22)
1 o0
~& — _ w1_T —Wwi4M d
T8 = oot [ e g
1 o0
oy (z, = —— ¥ 7 e~ 2Ny (n)d
= Fverrm T | on)d
iy (z,8) = —(6A)71det(61,d2—|—w2_62)e‘“1‘m/ e~ 1Mo (n)dn
. 0 (3.23)
iy (z,€) = (5A)71 det(el,dl)eW*I/ e~ 1+ Mug(n)dn
0
(€)= (D) det(eada)e [ e )y
0 - (3.24)
oy (x,8) = (EA)*l det(eq, dy —l—wl,el)e"”*“:/ e~ 2+ My (n)dn
0

In view of the results in the scalar case [15], it is not difficult to see that the
first part (4, 0f) in the above solution decomposition corresponds to the Laplace
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transform of the solution of the IBVP (1.1)-(1.3) with zero initial data, that is,
uo(x) = wvo(x) = 0. All other terms depend on (ug(z),vo(z)) and vanish when
uo(x) = vo(x) = 0.

Similarly it can be easily checked that the second part (4§, 7§), corresponds to
the Laplace transform of the solution of the Cauchy problem of (1.1) with initial
data

€ € _ (U’O(x)a 'Uo(.’E)) x>0
(v 0),05(0,0) = { (oGl 220 (3.25)
and the third part (@, 9f) corresponds to the Laplace transform of the solution of
(1.1) with zero initial condition

ug(z,0) =0, wvg(z,0)=0 (3.26)
and the following (decoupled) Dirichlet boundary condition
ug(0,t) = —ug(0,t), vg(0,t) = —vg(0,1) (3.27)

Note that these two parts have exactly the same form as in the scalar case, see [15].
Finally, by linearity, it is clear that the last two parts (4§, + a5, 05, + 05) corre-
sponds to the Laplace transform of the solution of (1.1) with zero initial condition

ujy (z,0) + u5 (2,0) =0, wvx(x,0)+ v5(z,0) =0

and the following boundary condition

ugy + us§, Uy, + U . ug + ug
D< v, + v, (0,t) + EO, Ve + 0, (0,t) = —E0, vE + v (0,1).

We will consider these five parts separately in the next two sections. The con-
vergence analysis for the first part (uf,v{) is the most straightforward and will be
carried out in Section 4. The main difficulty is with the nonzero initial data effect,
particularly the last part (u,v$). This will be done in Section 5.

4. Convergence Proof: Zero Initial Data Case. With the explicit solution
representation obtained in the last section, we are now ready to prove the con-
vergence estimates as stated in Theorem 1.2 and Theorem 1.3. For simplicity of
presentation, we consider the zero initial data case first and assume wug(z) = 0,
vo(z) = 0 in this section. For convenience, we drop the subscripts and still use u®
and v° instead of uf and v;. Therefore, we have,

W (z,8) = A7Ndet(F,dy 4 wy_eg)e* = (4.1)
(2,8) = —A7 det(F,dy +wi_ey)e¥> "
where
A =det(dy + wi—e1,ds + wa_e2) (4.2)
satisfies (see the proof of Lemma 3.2)
O(1)e7t¢| Casel
Al ><¢ O(1)e™! Case II(b) (4.3)

O(1) Case II(a) and Case II(c)

for some constant O(1) independent of € and 3.
The following uniform estimates can be found in [15] and will be used extensively
in our proof.
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LEMMA 4.1 (Asymptotic estimates on w4 (§,€)). There exists a constant O(1) in-
dependent of € and B such that

1 1
Reon e <O TmeoEs SO0 (4.4)
1 1
Rewns @) = OV TRemy (g0 = OWF (4.5)
wrs(6.6) — 1/e| <OWEl  lwr_(€.¢) + € <OWeleP  (46)
w2s(6.6) — €] < O(lels  wn_(6a6) + 1/l <Ol (47)

We now consider each case separately.

Case I:
First we note that by taking formal pointwise limit € — 0, we obtain from (4.1)

ey SUE© ) o o dF©h ) .
(@, ) det(d17§€1,€2)e V@) e det(d; — 561,62)

This is clearly consistent with the formal expansion results obtained in Section 2:

det(ﬁ‘(f)a 62) e—fm
det(d1 — 561, 62)

ﬁ(m,f) =0, ﬁb'l.(y7§) =0, {}lljl(yag) =

(4.8)

ufl(x’§> =0, ﬂ(m,f) = (49)

det(F(€),d, — gel) _
det(dy — ey, e2) Y (4.10)

The above convergence can be justified easily by using Parseval’s relation [12].
First we observe that by using (4.3) and Lemma 4.1, we have

[0°(z,§)| < O(1 ’F ) /w2 eftews- (4.11)

Rewg m<0 ‘F

and therefore,

/ / (z,t))%e 2 dadt = / / (z,a +if)[*dwdp

< O(1)e? bupm[m’ (OH'W)’ dg

< 0(1)53/ IF(O)e=2 dt < O(1)3||F| 2. (4.12)
0

This proves rigorously the asymptotic convergence v* — v = 0 in the zero viscosity
limit ¢ — 0. The leading boundary layer v*! also vanishes in the present case.

Next we consider the u® component. We have seen that the convergence u° — u
holds for all z and £ as € — 0. On the other hand, by direct integration, it can be
easily checked that

RN 2
| [ (#E@or +iawor) wis<ow [ |Fof s @)

— 00

Therefore, by Lebesgue’s dominated convergence theorem (and assuming F' € L?),
we obtain

/OO /Oo|ﬁ€(m7§)—ﬂ(:c7§)|2dxdﬁ—>0 as €—0 (4.14)
—o0 JO
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which, by Parseval’s identity, implies

/ / luf (2, t) — u(z, t)* e 2t dedt — 0 as & — 0. (4.15)
o Jo
In order to obtain optimal convergence rate, we rewrite @(x, &) — @(z, ) as
W (x,6) — iz, &) = ATldet(F,dy)e ="
Wo— 1 ~ o
e —— T A w1-
+ ( A det(d1 — 561762)> ¢ ( 762)6
1

— = _det(F wi-T _ ok 4.16
+det(d1 —&eq,e2) et e2) (¢ ) (416)

Next, we note that by choosing « sufficiently large and ¢ sufficiently small, we have
(see Lemma 3.2)

Al > O()wi—wa—| > O™, [ det(dr — e, e2)| > O(1)[¢] (4.17)

Furthermore, by using Lemma 4.1, we have

wWao_ 1
_ I < 1 4.1
A det(d1 — 661,62) - O< )Elg‘ ( 8)
and
/ |er = — e—@f dx < O(1)e?[¢* (4.19)
0

Combining the above, we obtain easily

/Om /_O; [ (2. €) — a, €)| dzdf < O(1)¢? /Z g2 (F(g)f dp

< 0(1)e? /0 P () 2e=20dt < O(1)2]|F |12 (4.20)

Case II(a):
In this case, we have

W (x,6) = Aldet(F,dy)e*r-®

- (4.21)
o (x,6) = —A7! det(F,dy +wy_eq)e>="
with
A= det(d1 +wi_eq, dg) = dogejiwi— +det D (4.22)
Taking the formal pointwise limit € — 0, we have
1 N
aa‘(m’ 5) ~ ﬁ(Qj?g) = m det(F, dg)e_gx (423)

1 -
ﬂs(x,ﬁ) ~ ’Eb'l'(l‘,f) = —m det(F,d1 — fel)e_r/s

The proof of the convergence u° — @ as € — 0 is similar to that in Case I. First
we note that, similar to (4.16), @°(z, &) — 4(x, &) can be written as

’&6(1‘, E) — ’&(1‘, g) = (Ail — det(d1 — 561, dg)il) det(F, dz)eigm
+det(dy — Eer,d2) " det(F, do) (€177 — e75) (4.24)
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Next, by using Lemma 4.1 and the following estimates

Al > O(1), |det(dy — €ex,da)| > O(1) (4.25)
we have

|A™ — det(dy — &er, da) | < O(1)el¢] (4.26)

Therefore, using (4.26) and (4.19) (and assuming F(t) € H? with F(0) = F'(0) =
0), we obtain the following convergence in u®

SIS 0 _ 2

| o -iwoPwas<ons [ gt|Fe| as

< 0(1)e? /OOO (F'®)2 + |[F"()]2) e 2dt < O(1)e?||F|[% (4.27)

We now turn to the v® component. First it is clear that by using (4.25) and the
estimate |wi_ (&, €)| < O(1)|£], we have from (4.21),

5(2, ) < O(1) [¢Fg)e- (€ (4.28)

Therefore, similar to (4.12), we obtain (assuming F' € H' with F(0) = 0),

oo o0 B 9 1 /OO ~ 2
% (x, dedB < O(1)sup ——mF+—— ’F ‘d

L[ reorws < omaw e [ [eR(o] as
O(L)e||F| |3 (4.29)
This again proves rigorously the asymptotic convergence of v — v = 0 in the zero
viscosity limit ¢ — 0. Note that, due to the presence of the boundary layer v*! (see
(4.23)), the convergence rate of v* — v = 0 is now one order lower than in Case I,
see (4.12).

The validity of the leading boundary layer v** can be proved as follows. First,
by using (4.25) and Lemma 4.1, it can be easily checked that

[7(2,6) = " @,6)] < O()elél |F(&)] e

IN

FO()[e]|F(g)| [e=-7 — e/ (4.30)
Next, from Lemma 4.1, it follows
/ 2= da < O(1)e (4.31)
0
o 2
/ ]eww — /e dz < O(1)e3 g2 (4.32)
0
and hence
o0
[ 157w - @ o) de < O F(E)P (4.33)
0
The desired boundary layer estimate
| e -t orads < o i (434
—00

now follows easily from Parseval’s relation (assuming F' € H? with F(0) = F'(0) =
0).

Case II(b):
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In this case, we have

w(z, ) = A 1det(F,~d2 + wo_eg)et =" (4.35)
% (2,6) = —A7ldet(F,d; +wy_e)e¥? 7
and
@(,6) ~ Az, = fo8)/dne”™ (436)
7 (2,8) ~ " (2,6) = —edet(F,di — Eer)/(darern)e /¢ '
where
A = det(dy, e2)wa— + det(eq, d2)wi— + det D (4.37)

First we observe that by using |A| > O(1)e~! and |w;_ (&, ¢)| < O(1)]¢], it follows
immediately that

[5°(2, )| < O()ele] [F(g)e- (4.38)

and therefore
|| weras <o, (4.39)
0 —00

As in Case I, the above estimate establishes the convergence of v* — v = 0 in
the zero viscosity limit. It also shows that the boundary layer v*! vanishes at the
leading order.

Next we prove the convergence of u® — u. Similarly to (4.16), we have

. _ 1 .
~E _ ~ — A_l F w1—T W2 _ F w1_T
] det(F,dy)e + <A det(d1,62)> det(F,eq)e
Ja wi-z _ =& 4.4
+det(d1,62) det(Fe2) (¢ <) (4.40)

Furthermore, similar to (4.18), it holds,
wa- 1 _ |wi— det(e1, do]+ det D]
A dCt(d1,€2) a |A dCt(dl,Bg)‘

Therefore, similar to (4.20), by using (4.19), (4.41) and |A| > O(1)e~! (and assum-
ing F' € H? with F(0) = F'(0) = 0), we obtain

/0°° /°° @ (2,€) — a(x, €)|” dadf < O(1)?||F |32 (4.42)

< O(1)el¢] (4.41)

Case II(c):
In this case, we have

A = det(d1 —+ wi—€1, dg) = d22(d11 -+ wl_en), (443)
—w2,€12f2 + det(ﬁ', dg)

u(z,§) = ~ daa(di1 +wi—e11) - (4.44)
0 (2,€) = fa€) /daze>"
and
e I - —1L~2(§) e
i (x,€) e ) =€ doa(dir — Eenr) (4.45)

0°(2,8) ~ N(2,8) = fo(€)/dore /"
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Note that in this case, since we have a decoupled Dirichlet boundary condition
for the outflow v°, that is, v°(0,t) = fa(t)/dag, the validity of the above boundary
layer structure for v*! (and the convergence of v® — v = 0) follows directly from
Theorem 1.1. Indeed, using (4.32) and assuming fo € H' with f2(0) = 0, we obtain
immediately

/0 [ @ - it g)Pasds

<o [ i |Rief 4o <ol (1.46)

The u® component, on the other hand, now includes an expansive growth term
at the order of e71, see (4.45). By using the estimates |wa_(£,¢) + 1/e|] < O(1)[¢]
and |wi_ (&, €) +&] < O(1)el€]?, it can be easily checked that

”ff(x’g) - 571'&71(1'75”

< O)[¢] [F(©)e=7| + O [ 7€) (e — )| (4.47)
and therefore we obtain
/0 / [ (2,€) — e iy (2, €)[* dedp < O()|F s (4.48)

5. Convergence Proof: Nonzero Initial Data Case. We now turn to the
nonzero initial data effect in the viscous IBVP (1.1)-(1.3) and consider the remaining
parts in the solution representations (3.19). Without confusion, we assume F = 0
in this section. Then it is clear that

u(x,€) = ag(e, &) + ay(x, &) + iy (2, §) + 4y (z, §) (5.1)
o°(2,8) = op(e, &) + o, &) + oy (2,€) + 05 (2, §)
solves the following IBVP
Ohuf + Oyus = eduf
(5.2)
Opv® — 0,08 = ed20°

u®(x,0) = ug(z), v°(x,0) = vo(x) (5.3)

D(ZZ)(O,t)—i—E(giZ:)(O,t):(g) (5.4)

5.1. Estimates on (uj, ;) and (af, o). Recall that the first two parts (ug, 0f)
and (4, 0f) in (5.1) correspond to the solution of the Cauchy problem (1.1), (3.25)
and the decoupled IBVP (1.1), (3.26)-(3.27) respectively. Let

oo

(2, €) = / € Mug(n) dn,  u(,€) = / EE gy dn,  (5.5)
0 x
and
ol (2 )e,€) = —e /0y (€) = —e /¢ / e Mvg(n) dn (5.6)
0

Then by applying the convergence results in the scalar case [15], we can obtain the
following convergence estimates for (4g,0§) and (ag, 0f):

[ i) - e OF i < 002 67)
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[ i@o - o deas < 0@l (5.8)
0 —00
| 1o deds < 0ol (5.9)
0 —0o0
| 1o deds < 0@l (5.10)
0 —00
oo oo e B 2
| (o6~ i@/, o) dods < O ool (5.11)
0 —00
5.2. Estimates on (4§, ?5,). Next we consider the third part (4§, 05,) in (5.1):
g (z,8) = —(eA)"tdet(ey,dy + OJ2_62)€w1_$/ e~ Mg (n)dn
. 0 (5.12)
ToleO) = () det(end)e " [ e gl dy
0
We will show that the effect of (45, 05,) is negligible and the following estimates
[ taseoF dads < 00 uol (5.13)
0 — o0
| @ deds < 0l (.14
0 —00

hold in all cases provided the initial data ug(x) is twice differentiable and satisfies
uo(0) = uj(0) = 0.
To prove (5.13) and (5.14), we first note that by using (4.3), we have in all cases

[(eA) " det(er, dr)| < O(1)e™ (5.15)
and
|(A) " det(er, d + wa—e2)| < O(1)e™! (5.16)
Furthermore, we have for all 3 € R,
> 1
Dy = ———— < O(1 5.17
| e e = i <o) (517)
and
e 1
wo_x|2
2 dr = ——— < 0O(1 5.18
| e e = e <o (518)

To finish the proof of (5.13) and (5.14), now it remains to show that
0 0 2
/ / e+ My (n)dn| dB < O(1)e*||uol|32 (5.19)
—oo |J0
By using Cauchy-Schwarz, it is easy to see that

oo 2 oo 0
[ e < [l an [ ol dn < 0eliuol (320
0 0 0

However this does not lead to (5.19). Notice that the right hand side of (5.20) is
not even integrable with respect to (.
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To overcome this difficulty and also to obtain the desired convergence rate, we
need to assume that wug(z) is twice differentiable and satisfies the compatibility
condition ug(0) = u,(0) = 0. Then a simple integration by parts yields

/ e~ g (n)dn = — [ e" () dn = —— [ e g (n) dn (5.21)
0 wi+ Jo wit Jo

The new integral term on the right hand side of (5.21) can be similarly estimated
as in (5.20) and hence

2
< O(V)eluo| |3 (5.22)

o0
[ o
0

On the other hand, the extra integrated factor 1/wi4 (&,€)? now gives the desired
convergence rate and integrability with respect to 3 since

[e’e) ; ) o # i
/_oo (@ e =0 / T ssowe (5.23)

The desired estimate (5.19) now follows by combining (5.21)-(5.23). Furthermore
we remark that the integral fooo e~ “*"uy(n) dn and hence (af,, 05,) can be arbitrar-
ily small provided the initial data ug(x) is sufficiently smooth and compatible at
2 = 0. This can be proved by applying additional integration by parts as in (5.21).

5.3. Estimates on (45, 75,). We now turn to the last part (S, 75,) in the solution
representation (5.1). It is clear that from (3.24), we have

uy (z, &) = —(sA)_ldet(eg,dg)e““J/o e~ @2y (n)dn
(5.24)

oy (z,§) = (EA)_ldet(e%dl+w1—€1)6w2_m/ e~ >+ Mg (n)dn
0

Note that by taking formal pointwise limit, we can obtain from (5.24) the following
asymptotic behavior for (S, 75) as e — 0:

Case I:

a5 (x, )~ ay(x,€) = det(ea, dy) )e*& /Oooeﬁnvo(n)dﬁ

B det(eg, dl — §61

o (5.25)
@) ~ /e = [ e Tnmay
Case II(a):
ﬂ%(:c,ﬁ) :ﬂv(l‘,f) =0, {)'f/(‘rvf) :@'l\)/l.(x/eaﬁ) =0 (526)
Case II(b):
uwy(x, &) ~ ay(z,€) = —d22/d216_59” /Oo e_f”vo(n) dn
0 (5.27)

W (0,6) ~ W (r)e,€) = e/ / 0 (n) dn

0
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Case II(c):

ay(z, &)~ 571@—1(%5):—6@116%611)67&/0 e () dn

. ol (5.28)
UV(mvg) = Uy (1‘/6,6) =0

It is worth mentioning that although the expression of (4%, 05) is very similar
to that of (ag,,75,), the integral [~ e™“2+"vg(n) dn is no longer arbitrarily small as
e — 0. As a result, the asymptotic behavior of (a5, 75) now depends crucially on
A or the type of boundary conditions, see (4.3) or Lemma 3.2.

In view of the convergence estimates already proved in the previous subsections
for (4§, v5), (4, o) and (45, 05,), it is easy to see that the above formal asymptotic
convergence results for (5, 75) are clearly consistent with those obtained in Section
2 through matched asymptotic expansions. In particular, we note that for type I
and type II(b) boundary conditions, the boundary layer effect in the last part o
exactly offsets that in the second part oy, that is, 17{’,‘1' = —f)ﬁl'l' Therefore for such
boundary conditions the total boundary layer effect for the outlet v¢ vanishes at
the leading order. In the rest of this subsection, we will show that for these two
types of boundary conditions, it holds that

00 o] 2 2
| [ e -aveoraans<{ ghS|wlie Gl o)
and
| e - @/ o deds < 00 (5.30)

provided vy € H? and satisfies vo(0) = v}(0) = v{ (0) = 0.
For type II(c) boundary conditions, we will show that

/0 / |5 (. &) — 5_11],1(56,5)’2 dzdB < O(1)||vo| |3 (5.31)

therefore confirming the secular growth term (at the order of e~1) in the last part
s, .

We now set out to prove (5.29)-(5.30) and (5.31). For simplicity, we assume as
usual vy € H? with vg(0) = v(0) = v{(0) = 0 and shall not concern ourselves with
possibly weaker or minimum assumptions on vg.

Case I:
First, by using a similar integration by parts as in (5.21), we can get

. det(ea,d2) o . [ _.,

uv<x,5>=—€gj§j>e o [T ey (5.32)
- - det(€27d2) —¢x > —&n, 1

(€)= — g e [t (539)
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Therefore, we have

ﬂi/(l‘,f) —ﬂv(l‘,f)
1 1 o0
= — _ wi_T —woyn, I
det(€2ad2) (FJAUJ%JF det((ig,dl — 661)52) € /O € ) (W)dn

det(e27 d2) wi_T —&x o —woyn, I
det(ea, d; — &eqp)E? (e <) /0 € vy (n) dn
det(eQ’dQ) —£ /OO —w24 M —&n\
- : o - d 34
det(ez,d; — §e1)§26 0 (e e=*) vy (n) dn (5.34)

Note that the last two terms in (5.34) can be easily estimated by routine calcu-
lations. For example, let us consider the last term in (5.34). First, it is clear that
for type I boundary conditions, it holds that

det(€27 dg)
det(eq,d; — &e1)&?

Next by using Cauchy-Schwarz, we have

/ (e—w2+n 571) o (n) dn
0
00 s B 2 o0
< [ leer— e an [ il dn< o=l
0 0

<o)l (5.35)

2
(5.36)

Therefore it follows
2

det(eq, d i
/ / det ege dj% ;21 )€ ei&w/o (e7 — e—gn) v () dn| dxdf
<ol [ [ 17 e dads < ORIl (537
Similarly, it can be proved that
det 62, dg) ¢ /Oo — " 2
V=T — 75" e~ yg(n)dn| dxd
/ / det(ez,dy — e1)&? ( ) 0 (1) dn ’
< 0()<fuol 3 (5.38)
To finish the proof of (5.34), we now only have to show that
- 1 < O(1)ele]" (539)
eAwd,  det(es,dy —Eer)€?| = V7 '

For this purpose, we will need the following slightly stronger estimates than given
in Lemma 4.1:

jwa | = O)IE]/VIL +4e€],  |way — €] < OL)el€?/|1 + 4eg] (5.40)
Then it can be easily checked that
|det(e2,d1 — €e1)€® — eAws, | < O(L)el¢*/|1 + 4e] (5.41)

The desired estimate (5.39) now follows easily. This finishes the proof of (5.29).
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Next we prove the boundary layer estimate (5.30). It is clear that by using
integration by parts (three times), one can rewrite 75 (z, &) — 95! (2 /¢, €) as

6{,(;5,5) B ’UV ((E/{-f é_) <det(€2,d1 +W1—61) _ 1) ewg,x/ 67w2+nv6//(77)dn
0

eAws, I$

1 oo
+?3 (ew‘z — 6790/6) /0 ey’ () dn

5136_96/6/ (emw2Hm — _5’7) vy (n) dn (5.42)
0

By using
det(eg,dl +w1_€1) 1
eAws, &

and a similar analysis as in the above, the desired boundary layer estimate (5.30)
can be proved easily.

Finally we remark that by exploiting the formal asymptotic expansion results ob-
tained in Section 2, it is actually more convenient to prove the following convergence
estimate

< O(1)elg|™ (5.43)

/ / (2,€) + 05 (2, )| dzd3 < O(1)”Jvol 372 (5.44)

directly for both type I and type II(b) boundary conditions. Note that (5.44) implies
the boundary layer estimate (5.30) and requires only vy € H? and vo(0) = v}(0) = 0.

To prove (5.44), we only have to note that for both type I and type II(b) boundary
conditions, it holds

1 det(eg,dl +w1_el) . )
- <o 5.45
e(way —wa_) A < O()elé]™ [wa| (5.45)
Then by using an integration by parts, namely,
o0 1 o)
/ e” g (n)dy = —— | e () d, (5.46)
0 wyy Jo

(5.44) follows immediately.
Case II(b):
In this case, we have

d d 1 >
(@, €) — iy (a, €) = — 22 ( 2 _ ) o
0

d21 6Aw§+ §3

d o0

(=) [y
d o0

— 22367&6/ (7«2t — =) (1) dn (5.47)
21§ 0

and

~c e12d 1 wo_xT > —ws
oy (z, &) — UV (x/e,&) = (EXW? — £3> ev2- /0 e~ w24y’ (n)dn
2+

1 o0
—|—§ (6‘”2*1’ - efz/€> /0 e~ 2+’ (n) dn

€136_95/5/ (e724 — e~ o () dny  (5.48)
0
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Note that
|€12d21£3 7€Aw§+| = |612d21€(£2 7(4)%4_) 78(4)%_,'_ det(d1 +w1_el,d2)|
< O(Del¢]*/I1 + 4eg] (5.49)
and therefore
e12da1 1 1
— =1 <0(1 5.50
e | <Ol (5.50)

The rest of the proof is the same as in Case I.
Case II(c):
In this case, we have

Uy SRR R S d 5.51
W(0.6) = — et [ ey (551)

Gy (z,8) =e ta_q(z,€) = _ﬁe_&/o e ug(n) dn (5.52)

Using a similar integration by parts, we then have

Ea%(l‘,f) - 1]_1(33,5)

. €12 €12 wi_T /Oo —wayn, I
= — — e e V) d
((dn + w1—€11)w§’+ (di1 — 5611)53> 0 o (m)dn

€12 wi_x —¢éx > —w
- )€3 (e —e )/0 ey’ (n) dn

(di1 — Een
€ —&x > —wa _
*me ) /0 (e7=+7 — e™%7) vy’ () dn (5.53)

It is easy to see that

|(d11 + w1—€11)w§+ — (d11 — 5611)53’ = |d11 (W§+ - 53) + e (54 - W§+)|
< O)e (|dur| + lexs| - [€]) [€]*/11 + 4e€] (5.54)
and hence
o~ e S O™ (5.59)
(d11 + w17611)w§’+ (di1 — &en)&?

Therefore, by the same analysis as before, we can get

[ 1@ = aaimof dods < 01l (5.50
0 —o0o
or equivalently

/0 [ |5 (2,€) — e i (2,€)|” dadB < O(1)][vo s (5.57)

This finishes the proof of (5.31) for type II(c) boundary conditions.

Acknowledgment. The authors would like to thank Wei-Cheng Wang for many
helpful discussions. The research of Lin is supported by the National Council of
Science, Taiwan. The research of Liu is supported by NSF grant DMS-0107218.



290

(1
2]
(3]

(4]
(5]
(6]
(7]
(8]
[9]

[10]

HUEY-ER LIN, JIAN-GUO LIU AND WEN-QING XU

REFERENCES

B. Engquist and A. Majda, Absorbing boundary conditions for the numerical simulation of
waves, Math. Comp., (139) 31 (1977), 629-651.

B. Engquist and A. Majda, Radiation boundary conditions for acoustic and elastic wave
calculations, Comm. Pure Appl. Math., (3) 32 (1979), 314-358

M. Gisclon and D. Serre, Ftude des conditions aux limites pour un systéme strictement
hyperbolique, via l'approzimation parabolique, (French) C. R. Acad. Sci. Paris, Série I Math.,
(4) 319 (1994), 377-382.

M. Goldberg and E. Tadmor, Scheme-independent stability criteria for difference approxima-
tions of hyperbolic initial-boundary value problems, II., Math. Comp., 36 (1981), 603-626.
E. Grenier and O. Gues, Boundary layers for viscous perturbations of noncharacteristic quasi-
linear hyperbolic problems, J. Differential Equations, 143 (1998), 110-146.

B. Gustafsson, H.O. Kreiss and A. Sundstréom, Stability theory of difference approzimations
for mized initial boundary value problems, II., Math. Comp., 26 (1972), 649-686.

B. Gustafsson, H.O. Kreiss and J. Oliger, “Time Dependent Problems and Difference Methods,
Pure and Applied Mathematics”, John Wiley & Sons, Inc., New York, 1995.

K.T. Joseph, Boundary layers in approzimate solutions, Trans. Amer. Math. Soc., 314 (1989),
709-726.

K.T. Joseph and P.G. LeFloch, Boundary layers in weak soultions of hyperbolic conservation
laws, Arch. Ration. Mech. Anal., (1) 147 (1999), 47-88.

K.T. Joseph and P.G. LeFloch, Boundary layers in weak soultions of hyperbolic conservation
laws II. Self-similar vanishing diffusion limit, Comm. Pure Appl. Anal., (1) 1 (2002), 51-76.

[11] H.O. Kreiss, Stability theory for difference approzimations of mized initial boundary value

problems. I, Math. Comp., 22 (1968), 703-714.

[12] H.O. Kreiss and J. Lorenz, “Initial-boundary value problems and the Navier-Stokes Equa-

tions”, Academic Press, New York, 1989

[13] H.O. Kreiss and L. Wu, Stable difference approzimations for parabolic equations. Theory and

numerical methods for initial-boundary value problems. Math. Comput. Modeling, (10-11) 20
(1994), 123-143.

[14] J.G. Liu and Z. Xin, Boundary-layer behavior in the fluid-dynamic limit for a monlinear

model Boltzmann equation, Arch. Rational Mech. Anal., (1) 135 (1996), 61-105.

[15] J.G. Liu and W.Q. Xu, Far field boundary condition for convection diffusion equation at zero

viscosity limit, Quart. Appl. Math., to appear.

[16] D. Michelson, Convergence theorem for difference approzimations for hyperbolic quasilinear

initial-boundary value problems, Math. Comp., (180) 49 (1987), 445-459.

[17] S.J. Osher, Stability of difference approzimations of dissipative type for mized initial-boundary

value problems. I, Math. Comp., 23 (1969), 335-340.

[18] S.J. Osher, Systems of difference equations with general homogeneous boundary conditions,

Trans. Amer Math Soc., 137 (1969), 177-201.

[19] F. Rousset, The residual boundary conditions coming from the real vanishing viscosity method,

Discrete Contin. Dynam. Systems, (3) 8 (2002), 605-625.

[20] Z. Xin and W.Q. Xu, Stiff well-posedness and asymptotic convergence for a class of linear

relazation systems in a quarter plane, J. Differential Equations, 167 (2000), 388—437.

[21] Z. Xin and W.Q. Xu, Initial-boundary value problem to systems of conservation laws with

relazation, Quart. Appl. Math., 60 (2002), 251-281.

[22] W.Q. Xu, Boundary conditions for multi-dimensional hyperbolic relazation problems, Dy-

namical Systems and Differential Equations, Proceedings of the Fourth AIMS Meeting 2002
at Wilmington, NC. Edited by Wei Feng, Shouchuan Hu and Xin Lu. Discrete Contin. Dynam.
Systems, 2003, Supplement Volume, 916-925.

Received April 2003; revised September 2003; final version January 2004.

E-mail address: helin@math.sinica.edu.tw
E-mail address: jliu@math.umd.edu
E-mail address: wxu@csulb.edu



