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ABSTRACT: We study a fourth order finite difference method for the unsteady incompressible
Navier-Stokes equations in vorticity formulation. The scheme is essentially compact and can be
implemented very efficiently. Either Briley’s formula, or a new higher order formula, which will be
derived in this paper, can be chosen as the vorticity boundary condition. By formal Taylor expansion,
the new formula for the vorticity on the boundary gives 4th order accuracy; while Briley’s formula
provides only 3rd order accuracy. However, the use of either formula results in a stable method and
achieves full 4th order accuracy. The convergence analysis of the scheme with our new formula will
be given in this paper, while that with Briley’s formula has been established in earlier literature.
The consistency analysis is easier than that of Briley’s formula, no Strang type analysis is needed.
In the stability analysis part, we adopt the technique of controlling some local terms by the diffusion

term via discrete elliptic regularity. Physical no-slip boundary conditions are used throughout.

AMS(MOS) Subject Classification. 65M06, 76M20.
1. INTRODUCTION

We start with the 2-D Navier-Stokes equations in vorticity-stream function formulation:

Ow + V- (uw) = vAw,
(11) Aw:w,
U= - ywu ’U:awwu

with the no-slip boundary condition written in terms of the stream function :
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Here u = (u,v) denotes the velocity field, w denotes the vorticity.

The subject of fourth order schemes for (1.1) and (1.2) has attracted considerable attentions
recently. For example, E and Liu proposed an Essentially Compact Fourth Order Scheme (EC4) in
[4], and proved the fourth order convergence of the method. Their analysis resorts to high order
expansion of Strang type. A technical assumption of one-sided physical, one-sided periodic boundary
condition was also imposed.

The purpose of this paper is to thoroughly analyze the fourth order scheme proposed by E and
Liu. The boundary condition for vorticity will also be analyzed in detail. Briley’s formula, which
was derived in [2], was used in [4]. We will derive a new formula in this paper, which gives higher
order accuracy for the vorticity on the boundary by formal Taylor expansion.

Then we treat the full Navier-Stokes equations in 2-D with a [0, 1] box as the domain, with
the physical boundary condition (1.2) applied to all boundaries. The convergence proof for the
analogous 4th order scheme (EC4) is then presented, with our new 4-th order vorticity boundary
condition. The use of this new boundary condition results in no Strang type expansion being needed,
thus simplifies the consistency analysis.

The procedure of our convergence proof is standard: consistency analysis and error estimate. The
style of consistency analysis is similar to that in [15]. Yet there are still some differences since our
fourth order scheme involves an intermediate variable for vorticity. We construct the approximate
intermediate vorticity variable via the finite difference of the exact stream function, and recover
the approximate vorticity by solving a linear system, whose eigenvalues are controlled, through the
approximate intermediate vorticity variable with suitable boundary conditions. To maintain a higher
order consistency for vorticity, which will be needed when we compute its finite difference, we add an
O(h*) correction term to the exact vorticity on the boundary when we set our boundary condition
for the approximate vorticity. The approximate velocity will be constructed via finite differences of
the exact stream function. Then it can be shown that the constructed profiles satisfy the numerical
scheme up to an O(h?*) truncation error, including the vorticity on the boundary. Next, we perform
stability analysis and error estimate. A technique similar to that used in [4] by E and Liu is adopted.
The basic strategy is to use energy estimates, with special care taken at the boundary. Standard
local estimates do not work for the boundary terms, due to the interior points of stream function
involved in the boundary vorticity formula, so we have to apply elliptic regularity at the discrete
level, and then control these local terms by global terms.

In section 2 we outline the main idea of the EC4 scheme and present the derivation of both



boundary conditions. The rigorous convergence proof of the method with the new formula as vorticity
boundary condition will be presented in section 3, where the consistency analysis is explained in
detail. The detailed stability and error estimates of the diffusion term and the convection term are

given in section 4 and section 5, respectively.

2. DESCRIPTION OF THE SCHEME
Essentially compact fourth order scheme (EC4) for 2-D Navier-Stokes equations was proposed
by E and Liu in [4]. The starting point of the scheme is the fact that Laplacian operator A can be
approximated with the fourth order by
A+ EDp2D?

(2.1) A _
14+ %Ah

+0(hY).

2
Multiplying the denominator difference operator 1+ EAh to the momentum equation in (1.1) gives

h? h? h?
(2.2) (14 520w + (1 + 580 V- (ww) = U(Ah +—

212
- Dny)w,

and multiplying the same operator to the kinematic equation leads to

h? h?
(2.3) (Ah + EDﬁDi)w = (1+ 5 80)0.

As in [4], the corresponding nonlinear convection term in the vorticity dynamic equation can be
estimated as
h? ~ h? ~ h?

(L4 7380 (u- V) = Dx(l + EDy) (uw) + Dy(l + EDm) (vw)
(2.4) 2 B B
- EAh (uDIw + UDyw) +0(hY).
The first and the second terms in (2.4) are compact. The third term is not compact, yet it does
not cause any trouble in practical computations since u”ﬁxw” + v”lN)yw" can be taken as 0 on the
boundary. The case of boundary condition with slip can be treated similarly, as discussed in [4].

Thus, by the introduction of an intermediate variable w,
h2
2. w=(14-—=A
(25) = (14 3580,
NSE can be approximated by

h2
0 = (A + = D2Dw — N L,
h2

h2
(1 + EAh)w = wv

w



where the approximate nonlinear term AL is given by

~ h?
(2.7) NL=D,(1+ 5

2 ~ h?
Dy)(uw) +Dy(1+ —

2 ~ ~
5 D?)(vw) — %Ah(quw +vDyw).

Note that the implementation of the third term of (2.7) needs the boundary value of uDyw + vﬁyw,
which is set to be 0 since the velocity u vanishes on the boundary.
The velocity u = (—0y, d,1) can be estimated by using the standard long-stencil 4-th order

formulas:

. h2 - h2
(2.8) w=-D,(1-=D})v, v=Ds(1- =Dy

Note that the implementation of (2.8) near the boundary needs ”ghost point” values of 1, which
will be discussed in the next subsection.
The vorticity is determined by @ via (2.5), whose implementation needs the boundary condition

for w, which is the main issue in the next subsection.

2.1 Vorticity Boundary Condition

As pointed out in [3], [4], there are two boundary conditions for ¢. The Dirichlet boundary con-
dition ¥ |p= 0 can be implemented to solve the stream function. Yet the normal boundary condition
oy

I 0, which cannot be enforced directly, could be converted into the boundary condition for the
n

vorticity. For example, Briley’s formula

(2.9) wio = %(6%,1 - gwi,z + gi/fi,s) - ?1)—}11 (%)1 N

was used in the EC4 scheme (see [2], [4]). It should be noted that Briley’s formula is only third order
accurate for the vorticity on the boundary by formal local Taylor expansion. Yet it still preserves
4th order accuracy, as was first proved in [4] and argued by a 1-D model in [15]. Next, we derive

our new 4th order vorticity boundary condition. First, a 4th order approximation of w = (92 + 85)1/1

can be applied on the boundary

1
(2.10) w0 = Opthio = Tan2 (16(1/11',71 + 1) — (Yi—2 + 1/%‘,2)) +0(n"),

where in the first step we used the fact that ¢ vanishes on the boundary, and (¢, —1), (i, —2) refer
to the ”"ghost” grid points outside the computational domain. Note that we need five points of
1) to obtain fourth order accuracy for w, which is different from the second order case, where we
only need three points of ¥, as discussed in [15]. Then the values for the ”ghost” points of ¢ are

0
prescribed by using the no-slip boundary condition B_w =0, ony = 0, along with a 6-th order
Y



one-sided approximations for v:

5 1 A
2.11 i1 = 1001 — 50+ —thig — ~hig — 5h | —— O(h%),
(2.11) Vi1 bin = 5viz + gvis = Jvia (3y>i70+ (h”)
and
5 o 6
(2.12) Yi,2 = 8001 — 4502 +160is — 501 —30h (5 )+ O(K).
7,0
Combining (2.10), (2.11) and (2.12), we obtain
1 8 1 25 (O
2.1 1,0 = 75 (8%i1 — 3; iz — cWia) — — | 7= .
(2.13) Wi,0 h2(81/),1 3¢ ,2+91/),3 81/),4) o <8w>i70

The last terms in (2.11), (2.12) and (2.13) vanish if no-slip boundary condition for velocity is
assumed. This new formula is used to perform our analysis. The system (2.6) along with the
boundary condition (2.9) or (2.13) can be implemented very efficiently via an explicit time-stepping
procedure introduced by E and Liu in [4].

The following is the main theorem in this paper.

Theorem 2.1. Let u, € L=([0,T]; C7*(Q)) be the solution of the Navier-Stokes equations (1.1)-

(1.2) and wy, be the approzimate solution of ECY, then we have

OC*T}

@10) = unllmom.on < Oh'luclogom,one (1 + lulliqomyesyesp { <

where C* = (1 + Hue|‘Loo([01T]7CS))2.

Here are some notations which will be used later.
Notation. We will use the discrete L?2-norm and the discrete L2-inner product
(2.15) lull = (u, w)'/?,  where (u,v)= Y wivi;h’.
1<i,j<N-1
For u |[p= 0, we introduce the notation ||Vj,ul|| by defining
(2.16) IVhul? = Y {(Dfuiy)® + (Djui )’} b2,
0<i,j<N—1

Uit1,57 — W

J Uij+1 — Uiy
2 and D;ruiyj = I

+a =
where D] u; ; = h

3. CONVERGENCE PROOF



The convergence analysis follows from the consistency analysis, stability and error estimate. As
can be seen, direct truncation error analysis gives us fourth order accuracy for both the momentum
equation and the vorticity on the boundary if the new formula is used. The methodology in the
consistency analysis is to construct approximate velocity and vorticity via the exact stream function
to satisfy NSE up to O(h*) order. Yet, the construction of the approximate vorticity needs some
technique: first, an approximate intermediate vorticity variable will be constructed via the finite
difference of the exact stream function; then, the approximate vorticity field will be constructed
by solving a linear system using the approximate intermediate vorticity variable. The eigenvalues
corresponding to the linear system are controlled. To maintain higher order consistency for the
approximate vorticity, we add an O(h*) correction term to the exact vorticity on the boundary
when we set its boundary condition, which makes it easier when its finite differences are computed.

3.1. Consistency Analysis

We denote e, ue,we as the exact solutions of NSE, and extend v, smoothly to [—d, 1+ §]%. Let

U, i = Ye(wi,y;) for —2 < 4,5 < N + 2, and construct U, V via the finite differences of ¥

~ h? ~ h? o
(3.1) Uij=—-Dy(1— ng)\II, Vij=D.(1~- FDg)xlf, for 0<4,j < N.

The construction of the approximate vorticity is quite tricky. First we define
_ h2
(3.2) Qij=(Ap+ —

6D§D§)x1/, for1 <i,j<N-—1,

and then recover 2 by solving the following system

h? —
(3.3) I+ 5 A0) 25 = Qi .
It should be mentioned that (3.3) always has a solution since the eigenvalues of the matrix corre-
sponding to (1 + %Ah) are all non-zero. On the other hand, the implementation of (3.3) requires
the boundary value for Q2. To maintain the higher order consistency needed in the truncation error

estimate below for the discrete derivatives of the constructed vorticity, we introduce

1 84—L84+9i525?)we,

(3.4) ©=(—55% ~ 320% T 55%%

and set boundary condition for © (say on I';, j = 0) to be
(3.5) Qio = (we)io+h*'Dio, O0<i<N.

h2
It should be noted here that k%G is just the O(h*) truncation error of (Aj + €D§D§W’e -1+



2
EAh)we' The purpose of the introduction of A*@ is to maintain the higher order consistency needed
in the truncation error estimate below for the discrete derivatives of the constructed vorticity, as

can be seen in the following lemma.

Lemma 3.1 We have at grid points 0 < 4,5 < N,

(3.6) Q= we + BB+ O(R°)|[¢be]| s -

Proof. Our construction of € and ¥ and Taylor expansion of 1, and w, indicate that at grid

points (z;,y,), 1 <i,j <N —1,

h? h? h? .
(B7) (4 SANQ = (An+ T DIDI = (L4 T A + B+ OO el
where & was introduced in (3.4). (3.7) gives us
h? 4~ h® ~ 6 6
(B8) QM@ e~ hD) = 1 A0+ O [ellox = OR) [l e

since the second order differences of & is bounded by [|¢e||cs. (3.8) along with (3.5), the boundary
h2
condition for €2, and the property that the matrix I + EAh is uniformly diagonally dominant, lead

0 (3.6). Therefore Lemma 3.1 was proved.

One direct consequence of (3.6) is that

h? h?
(3.9) (A, + F1);135)9 = (A + ED%D;)% + O(hY)||vellcs

which together with Taylor expansion of w, that

h? h?
(3.10) (A + = D2D2w, = (1+ T 8)Awe + O [¥ellos

indicates the estimate of our truncation error for the diffusion term

h? h?
(3.11) (Ap + FchDj)Q =(1+ EA)A% + O ||Yellcs -

Next we look at the convection term, which is the A'L term applied to U, V and § introduced
n (2.7). First we estimate the difference between U, V and u.. Our definition of U, V and Taylor

expansion of 1. shows that at the grid points (z;,y;), 0 <i,j < N:
1 1
(3.12) U= ue+ %M@g% + O [gelles,  V =we - %h“@f’éwe +O(h°)|[ell s -

The combination of (3.12) and (3.6) gives

~ h? ~ h?
(3.13) Da(1+ gDi)(UQ) = D.(1+ gDi)(uewe) + O Iellcsllvellcs



which along with the Taylor expansion of uw,

~ h? h? 4
D, (1+ EDy)(uewe) = (1+ FA)az(uewe) + O(h*) [uewe || cs
(3.14)

h2
= (1+ KA)az(ere) + O(h4)||"/]eHCGH¢e”CS )

leads to the estimate

~ h? h?
(3.15) Do(1+ 5 Dy)(UQ) = (1+ -=2)0, (uewe) + O(h") [Yellsllibe s -
The other convection terms can be treated similarly
~ h? _, h? 4
(3.16) D,(1+ FDI)(VQ) =(1+ FA)ay(vewe) + O(h%)||vell s || Vel s
h? ~ ~ h?
(3.17) EAh(UDmQ +VD,Q) = EA(ueamwe + Ve Oywe ) + O(hY) |[Ye| g6 || Ye || o5 -

Now we estimate time marching term. Note that at the grid points (z;,y;), 1 <i,5 < N —1,

h? h?
O (1 + EAh)Q = (An+ FDiDi)aﬂ/fe
(3.18) 2 2
= (a+ 5508 +0)) + T0202) e + O(h) |Ortec o

h2
where the first term is exactly (1 + EA)ﬁtwe. To estimate the second term, we have a look at the

following Poisson equation satisfied by 0,1,

A(Op)e) = Orwe in Q,
(3.19) (Orpe) = O

O =0, on [I.

The Schauder estimate of (3.19) gives

(3.20) 10tbellcoe < Clldwellcae < Cl[Yellese + [dellon.al¢ellcs.)

where in the second step we applied our original NSE. Then we arrive at
h? 4
(3.21) 01+ 75802 = (14 5 A)0we + O(R7)([Yellos.e + [[Yellor.e [Yellos.=) -

Finally, the combination of (3.11), (3.15)-(3.17) and (3.21) completes the truncation error analysis

for the momentum equation: at grid points (z;,y;), 1 <4,j < N —1,

2 _ 2 _ 2 2 - ~
(1+ h—Ah)atQ + D, (1+ h—Dg)(UQ) + Dy(1 + h—Dg)(VQ) - h—Ah(UDmQ +VD,Q)
(3.22) 12 6 6 12

h2
=v(An + EDiDi)Q + O (|uelloma + [|ue|lcs

u8||c7) )



h2
where we applied the NSE, which implies that (1 + EA) (Btwe + V- (uewe) — VAwe) =0.

The estimate of {2 on the boundary is more straightforward than that of Briley’s formula in [4].

As can be seen, one-sided Taylor expansion of v, at the boundary shows that

1

(323) (we)w = h2

8 1
(8W; 1 —3¥; 9+ §‘I/z‘,3 - g‘I/iA) + O(h")|[Yel|cs

whose combination with our definition of ;¢ in (3.4) and the fact that |&; 0| < C|[te|cs, indicates

the vorticity boundary condition up to O(h*) error:

1 8 1
(3.24) Qio = ﬁ(sxyi,l —3W; 5+ 5\1/1,3 — gwM) + O(hY)||vellcs -

This completes our consistency analysis.

3.2. Stability and Error estimates

For 0 <i,5 < N, we define
(3.25) iy =ij — Vi, wij=wij—Qyj, Ui =ui;—Uj, Vi =i — Vij-
In addition, the error function for @ is introduced here at grid points (x;,y;,), 1 <i,j < N —1
~ _ h2
(326) Dw- = wiyj - Qiyj = (1 + EAh)ij .
Our consistency analysis in 3.1 shows that

_ B2
O+ L=v(Ay+-—D2D2o + f,

6
h2 9 oy h2 ~ -
(3.27) (A + 5 DeDy)d = 1+ 5800, ¢ [r=0,
~ ~ h? 2N\, ~ [ h? 2\,
u=-Dy(1 =Dy, v=D:(1--Do)y,

where the local truncation error |f| < Ch*||ue||c7.o (1+||ue]|cs), and the linearized convection error
L is represented as
~ h? ~ h?
L=D, (1 + FDjj) (@Q + ud) + D, (1 + FDg) (T + vi)

(328) h2 - - h2 ~ ~
~ AN D, +vD,@) — T An(ED.Q +TD,0).

On the boundary (say near I';;, j = 0), we have

1 - 8 1~
Wi0 = 75 (8%i1 — 3thio + cthiz — Stia) + h'e;,
h 9 8
(3.29) R T 5
Yi,—1 = 10; 1 — 51 0 + 51/11',3 - Z‘/’m + O(h”)||well s ,



where |e;| < Clluel|cs. The first equality in (3.29) comes from our numerical boundary condition
(2.13) and our estimate (3.24); the second estimate in (3.29) comes from our numerical ” ghost point”

value (2.13) and Taylor expansion of .
R -
Multiplying the vorticity error equation in (3.27) by —(1+ EAh)dJ, using the fact that ¢ vanishes

on the boundary, we arrive at

h2 o~ ~ h2  ~ h2 ., o - ~\ 1dE
a3 (s AT, o) = —((+ Hand. @+ S oined) - 14

where E is denoted as

- . h2 - h2 . h4 . .
(3.31) E=|Vyy|? - EHAM/’HQ - FHDzDWH2 + i(HDmDilﬂHz + | Dy D2y[?).

1 ~ ~ ~
We should note that §||Vh1/1|\2 < F since F vanishes on the boundary. The combination of (3.30)

h? ~
and (3.31), along with the application of Cauchy inequality to <(1 + E)Ahw, f> results in

2

dE h2 o~ h
(3:32) S—-+ u<(1 + 5 A, (An+

1 - G o
! C02025 ) - {1+ AT, £) < CIE + AP

The estimates of the diffusion term and the convection term are stated in Propositions 3.2 and

3.3, whose proofs will be given in section 4 and section 5, respectively.
Proposition 3.2 For sufficiently small h, we have

(3.33) 1+ LN )b, (Ap + h—QDQDQ)a > 351?18
' 127 ST g e = 16 '

Proposition 3.3 Assume a-prior that the error function for the velocity field satisfy
(3.34) lalle <,
then we have
h? it ~ T2 o YuEgz 8
(3.35) 1+ a0, £)] < CIVadl? + L1512 + 8,

2(1 + [|the| o)

~ 3
where L was defined in (3.28) and C = +C 2+ |luellcr)? + Cllue|| o -

v
Then we go back to our convergence analysis. First we assume that (3.34) holds. Applying

Propositions 3.2, 3.3 back into (3.32), we obtain

1B .
(3.36) S5 S (4R + OIS+ CIDIE + CIVudl? — 23]

10



As can be seen, ||1)]|2 can be absorbed in the coefficient of |[V||2 since the Poincare inequality for

Y0 ||9]|2 < C||Vat)||? can be applied here. Integrating in time for (3.36) gives

T T T "
(3.37) E+%/ |@]2dt < c/ 7112 dt +c/ |V pe||* dt + CThE.
0 0 0

1 ~ ~
As be mentioned earlier, §|\Vh1/)||2 < E, whose application into (3.37) leads to

~ v (T - T - (T ~
B3 P+ [Era <o o entya @ [ widiea.
0 0 0

By Gronwall inequality, we have

~ _ T
Viy? < Cexp{CT}/O (£ G, 9|12+ h®) ds

(3.39) cc
T
< oo { T a1+ fucle?,
since C' < where C* was introduced after (2.14). Thus, we have proved
v
cc*T
(3.40) Il t) = u(®)]z2 < Ch*fluellcma (1 + ||“e|05)eXp{ } ’

which implies (2.14). Using the inverse inequality, we have
(3.41) i~ < Ch?.

Now we can adopt a standard device which asserts that (3.34) will never be violated if h is small

enough. Therefore Theorem 2.1 is proved.

4. PROOF OF PROPOSITION 3.2
Summing by parts and keeping in mind that 1[ |[r= 0, we have

h? h? h? ~ h?
@) (4 AT @+ G DEDE) = (@ + S DEDYT, (14 150005 ) + B,

2

- h? ~ h o~
where the first term is exactly ||©]|? since (Ap, + EchDi)‘/’ =(1+ EAh)w = w, and the boundary

11



term B can be decomposed as three parts B = By + By + Bs, where

N-1 B2 N 2 N
Bl = ; ((1 + €D2)¢i,1 'CNUi,o + (1 + FDi)wi,N—l -ai)N))
N-1 h2 B N
+ ( 1 + D wl,] WO,] + (1 + FDi)wN—lvj'wNu’))
j=1
M L~ N
(42) ) Z (D241 D20; 0 + D2y N—1 D25 )
=1
4 N—

ZD U1, D250, + D2n_1,;D20n ;)

1 - - - ~ -
Bz = 6(1/)1,1600,0 + 1/)1,N716«10,N + 7/}N71,1WN,0 +YN_1,N_1ON,N) -

Next, we estimate the three boundary terms separately.

Lemma 4.1 We have the estimate

1 3 h? ~ h? ~
_ s 5, _° R 2y 272 N2y 2702y _ 9
(43) B> By~ S0+ L0021+ 0+ D202 - ont
where By is introduced as
N-1 N N-1 N
(4.4) By = Z (7/112,1 + 1/’1'2,N71) + Z (U’ij + wjz\/fl,j) .
i=1 j=1
N-1 B2 B
Proof. The boundary condition for @ in (3.29) implies that Z (1+ FD%)MJZ-J&LO includes two
i=1

parts: I; and Iy, where
1 Nl

h2 Z 14+ h D2)1/111(81/111 3¢12+ 1#13 w14)

,_.,_.

(4.5)

ZN

h2
L=hYy 1+ D)z/zllel.

%

Il
-

The term Is can be controlled by Cauchy inequality directly: first, summing by parts gives I, =
N—-1 B2
h* Z Pia(1+ G —D?)e, o, then we have

=1

(4.6) I > — Ch?,

i, 1 10 h2 2 2 1N
"l e 0Lt (5 D2e:) 2_3_2

since |e; 0| < Clluel|cs. Our main concern will be I3. Since v vanishes on the boundary, the term

- - ] ~ 1~
8Wi1 — 32+ §1/)z',3 - gd)m can be rewritten as

-8 1~ ~ 115 -
(4.7)  8i1 — iz + §1/1i,3 - §1/)z‘,4 1/11 1— W}ﬂ(Diq/’)M +

B 2 (DYB)i — ShA(D3T)es

12



which in turn implies that I; can be expressed as

o5 N2

(
Gh2
6h 1

I = + wz 1D2¢i1) 115 Z Yia(l+ da = D2)(Dy)ia

6

?
=2 \

—1

Pia(1+ h—Dg)(Di{/;)zB )

2 ~
+§ Z dia(l+ h—Di)(Dzwi,z - 5

6

= i

ool

1

where we summed by parts again, since zz [r= 0. Each term in I; can be estimated by Cauchy

inequality

N-1 1N

;( + 1/111D1/)11 Zg; i,1

115~ h2 o\, o 11152 ~ , 3., 2 N, o~ |

wo) l/fz 1(1 + 6 —D )(DyU))i,l > —WWW%,H - Zh (1 + FDz)(Dyd})i,l
4.9

23 ~ h? ~ 1 23% ~ 3 h? ~ |

%l/fi,l (1 + FDi) (D24))i2 > _WWW)MP - Zh2 (1 + FDi) (D24))i,2

1~ h? 2 277 2 h? 2 27 ’ 2

gl/fi,l (1 + EDw) (Dy)is > — h2 82 |1/Jz 1" = (1 + ED””) (Dy)is| h*.

Si Cel 25 1(1152+232+12) 13 o have
ince = — — = (=5 + == Wi Y
3 6 3722 362 ' 827 = 36

2

3
(4.10) L > 36h2 Z i |? — th Z >

i=1 j=1,2,3

(1+ DQ)D21/;”

The combination of I; and I gives us

N—1 2
@iy 3 (142 02)5 50> Z Gl =230 3 (1 p2) b2 - one
i=1 ; i j=1,2,3
The treatment of the other three boundary terms is exactly the same. Finally we obtain
N—-1N—-1 ~1N-1
(4.12) By > h23¢ 4 RSN 1+ D2 D%/;”P——h2 Z > 1+ D2 D24 5>~ Ch?,
=1 j=1 =1 j=1

where By, was defined in (4.4). (4.3) is a direct consequence of (4.12). This completes the proof of
Lemma 4.1.

To finish the estimate of By, we need to have a good control of ||(1 + %Di)Di@H and |[(1+
%zDg)DizZ ||. However, standard local estimates do not work in this case. The methodology we will

adopt is similar to that in [15]: to control the local terms by global terms via elliptic regularity.

Lemma 4.2 For any J that vanishes on the boundary, we have

Ne)

(4.13) ID2YI” + |1 Dyol* < 1],

oo

13



(4.14) (14 h—2

~ h? ~ ~
5 DD + 10+ 5 D2) Dyl < o

6

Proof of Lemma 4.2. The boundary condition zZ” |[r= 0 indicates that we can Sine transform
{1;.;} on both directions, i.e.,
(4.15) {/)V” = Z{/}vkl sin(kmrx;) sin(fmy;) .
ke

Parserval equality gives

- ~ 2
(4.16) > @) =D [dn]
i k.0
If we introduce
4 . 5 kwh 4 . 5 Imh
(4.17) fe = —ﬁs1n2(7), ge —ﬁst(T),
we obtain the Fourier expansions of D2t and Dg{/;
(4.18) D20 =Y fatyy,  DXhij=> gethy,,
Kl ol
which in turn implies that
= |2 h? oo 2 h? 2|5 2
(4.19) > @il =) A+ & DaeDy)visl” = > (ge+ fr+ 5 Jr9e) \wu\
] 4,J k.t

Similarly, we have

h? o a7 2 h? Nk
>+ 5 Do) Dxvisl” = >+ 5 90l ‘m,z‘ ,
1,7 k4
(420) h2 ) . h2 9 =~ 2
S I+ DD = D11+ T fidgel|
%,7 k4
4
On the other hand, the fact that 72 < fr,g9¢ < 0 shows that
h2 2 h’2 2 h2 2
(4.21) lge + fr + kagd > |1+ Ege)fk| + (1 + Efk)gd 7
h2 2 2 2 2 8 2 2
(4.22) lge + fr + kagzl > (fe+90 — §fkgé) > §(fk +97),

by direct calculations. The combination of (4.19), (4.20) and (4.21) indicates (4.14). (4.13) can be

argued in a similar fashion. Lemma 4.2 is proved.

14



The combination of Lemma 4.1 and 4.2 results in the estimate of B:

1

: > —
(4.23) Biz 55

3 ~
By — SIEI - Cn.

By can be treated in a similar fashion. We still only look at the term ), DiJiJDi&w here.
Once again, (3.29), the boundary condition for & indicates that >, D24); 1 D23, o includes two parts:

I3 and I4, which are denoted as

N-1 N-1
(1.24) Iy = = Z D23i1 (8D2i1 ~ 8Dz + S Dihs — S D3ia), Ti=h* Y D2saDle;.

The estimate of I3 and I is similar to that of I; and I5, respectively. Repeating the arguments in

the proof of Lemma 4.1, we arrive at (the detail is omitted here)

(4.25) By > —mh‘*HDiDi{/;HQ —Ch.

On the other hand, the fact that HDfJDi{/)VH ||D21/)H and HD2D21/JH ||D21/}H implies
~ 1 ~ ~ 8 ~ ~

(4.26) ID5DZeI* = SUIDE D20 1* + 1Dy D20 1%) < s3I D20 01% + h4|\D2¢||2 < h4H ol®

where in the last step we applied (4.13) in Lemma 4.2. Substituting (4.26) into (4.25), we arrive at
L= 9
(4.27) By > ——[[@]* — Ch®.

Finally, Bs can be controlled by standard Cauchy inequality (still, we only look at the term

1~
_1/11 1w0 0)

1~ 1 {/}/11 1 ~ 1 wll
(4.28) gYLitoo = — 12W_Eh2 Goo >~ 3z ok lellEs

where in the last step we used the fact that |@po| < Ch?*||tbe|cs by our numerical w and our
construction of 2 in §3.1. As can be seen, the first term appearing on the right hand side of (4.28)

can be absorbed in the By, term, then we have

(4.29) Bs > —

h9
= 12h23w ¢

13 ~
Finally, the combination of (4.27), (4.29) and Lemma 4.1 shows that B > —1—2HEH2 — h®, whose

substitution into (4.1) is exactly (3.33). This completes the proof of Proposition 3.2.

5. PROOF OF PROPOSITION 3.3
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For the convenience of the analysis below, a new notation ||| w is defined by
(5.1) Bl = > @7,
0<4,j<N
Note that the difference between [|@||w and ||@|| is that ||@||w involves the boundary values of @.

The following lemma gives the estimate of ||0||%, before the proof of Proposition 3.3 is carried out.

Lemma 5.1 We have
~112 =2 C T2 9
(5.2) Wl < Clwll® + S5 IVry ] + O™

Proof. Step 1. Establish a bound for ||@||?
We follow the pattern of analysis in the proof of Lemma 4.2. A decomposition of & is needed
since it does not vanish on the boundary: let @° and @® be the interior part and boundary part of

@, respectively, i.e. @ = ©° + @°, such that

(.Nu?,j:&i,j, &fyj:O, for1<i,j<N-1,
(5.3)

~ ~b _

(.()?)]:O, wi,j:wi,j7 OHF,

~ 1 ~ ~ ~
and define & = (1+ EAh)wO. Since @ vanishes on the boundary, we can Sine transform {ng}

both in the i-direction and j-direction, i.e.

~0
(5.4) ngj = Z“N}kl sin(kmrx;) sin(fmy;) .
ke
Then, Parserval equality applied to &° gives

(5.5) @02 =3 |G

i, k.6

’ 2

~0 ~0
Similarly, we have D?Cfugj = E fr Wy, and Di&gj = E ge Wy, as in (4.17) and (4.18), which in
k,l k,l

turn indicates that

~0 |2 h? ~0 12 h? 2|20 |2
(5.6) Z|W”‘ :Z|(1+5Ah)wi,j| :Z|1+E(fk+gz)| ‘Wk,E’
4,3 4,3 k.0
— . 1 h?
The combination of (5.5), (5.6), along with the fact that 3 <1+ E(fk + ge) < 1, shows that
~0 1.
(57) B0 2 3l



~0 ~
On the other hand, we note that ©; ; =w; ; for 2 <4,j < N — 2, and near the boundary (say at
Jj=1),

~0 ~ 1 ~ 13:2 13 ~
(5.8) Wi ]? = (@1 — sz‘,o)Q < g@iat mwio,

and near the corner (say ati =1, j=1)

1. 1

~0 ~ 7:2 oS ~
(5.9) |Wl,1|2 = (W11 — Y10~ 3o 1)? < gYL1 + E(W%,o +w§)1),
which indicates that
0 7 7 N-1 N—-1
(5:10) B I < glE? + o5 (0 h2(@iol + @) + Y A2 (@0l + ) -
i=1 j=1

The combination of (5.10) and (5.7) gives

~ 21, ~ 7
(5.11) 51 < -l + 2 h?B.
2 8
where B, is the total sum of boundary terms for w:
N-1 N-1
(5.12) By =Y (@0l +1@in5*) + D (@o,1* + [@n41%) -
i=1 j=1

Step 2. (5.2) is a direct consequence of (5.11) and our boundary condition for vorticity error
function as in (3.29):

By our definition of ||@||w in (5.1), we have |&||%, = ||@||* + h*B,,, where B, was defined in

- 21 ~
5.12), whose substitution into (5.11) leads to ||w 2 < @l + 2h28w. Then the remaining task
W=9

N—1

is to control B,. For simplicity we just look at the first term Z (51-2)0. Similar to the proof of the
i=1

diffusion term in Proposition 3.2, we can apply (3.29), the boundary condition for @, to recover B,,.

The term appearing in the parenthesis in (3.29) can be rewritten as (4.7), whose substitution into

(3.29) shows that

4 1252 ~ 1152 ~ 232 ~ 12 ~
(G + o W (D2)E, + 25 h (DR0)E, + 5 h (D20)2, ) + 2h%ely.

1 o2 =)
(5.13) 62 "ht T 792 362

o S g

Similar results are available for &7 v, &f ;, and @F ;. Then we arrive at

C N—-1N-1 . N—-1N-1 .
Bo< 7By +C Y Y (Divi)’+C Y Y (Dythij)* +2h°E
(5.14) i=1 j=1 i=1 j=1

IN

.~y C ~ ~
SIZAdI + (D2 + | D2I?) + 208

17



where By, was defined in (4.4) and & is introduced as

N-1
(5.15) Z 10+61N +ZEOJ+GNJ
i=1 j=1
In the second step of (5.14), we absorbed all the terms of By, appearing in (4.4) into Va2, since
(1/% L " 2/Jlo) = Nzl (by the fact that {/12-70 = 0) is included in ||V,9||2. Moreover, the second

term appearing on the right hand side of (5.14) can be controlled by the order of ||[@||? via (4.13)
in Lemma 4.2. In addition, we can see that 2h%E < Ch7||u.||%s since |e; 0| < C|lue|cs. Plugging

~ 21 ~
these estimates back into (5.14), along with our previous argument that [|&[|? < 7HEH2 + 2h*B,,
we obtain (5.2).

Now we can continue our proof of Proposition 3.3.

Proof of Proposition 8.83. We decompose L into four parts: £ = L1 + Lo + L3 + L4, where

(5.16) b= (1 - }; D)) (@0 +ul), L= g Dy(1+ ’; D2)(E0 + 1),
L3 = —EA}I (Uﬁxa} + le)zLT)) , L4 = _EAh (ﬂf)zﬂ n 5596(2) .
2

h ~
We will show that the inner product of (1 + EAhW) with each term in (5.16) is bounded by the

following result

h? ~ 1~ ~ v~
. —_ Ol <= 2 =2 9
(5.17) 1+ G5 A007 . 20| < TOITTI + 112 1,

32(1 + [[ue|co)?
1%

for i = 1,2,3,4, where C' = +C2+ |lueller)? + Cllue|| ¢

We only give the estimate of ((1+ ?—;Ah)zz, L1). The other three terms can be treated in a similar
fashion. Summing by parts, we have
(5.18)

<(1 + Ah)d; D.(1+ ’; D2)(uQ + uw)> = _<5x(1 + %21)5){5, (1+ ;L—ZAh)(ﬂQ + uuN))> +BLy,

where BL; includes boundary terms
(5.19)
BL, = 1h2§ (14 h2A i1 Da(U)i0 + 1h2§ (14 th )0, D, (T9)
= = - i1 D (u)i0 + = - i, N—1- Dy (ud);
1 6 T on) Vit ot T SnViN-—1 N

7 [

h2 ~ h? L, ~ N
+o5 hQZD (1+ D 2Yehy 1 - (UQ)i0 + 2h2ZDI(1+Fpimm,l.(uﬂ)m

We look at the right hand side of (5.18) term by term. By our construction of Q as in (3.2)-(3.5)

indicates that

(5.20) 190l < C(IQllz> + 12 ]r [lz) < Clllvellcz + [Itellce) < Clluellcs

18



which in turn gives that
h? ~ h? ~ ~ ~
(5.21) 12+ 5 An) @D < 19]l2= |1 + T5An)u]l < CllQ Leo[[ull < Clluellos [Vavl,

where in the last step we applied the result that [|@]| < 2|[V4t)|| by the relation between @ and .
(5.21) along with the fact that

~ h? ~ ~ ~ ~
(5.22) 1D2(1+ 2Dl < D4l < Vit

since {/; vanishes on the boundary, and Cauchy inequality gives

(5.23) ’<Z)m(1 + n

~ h2 _ ~
DT 1+ A0 )| < Clluc oo 94712

~ h? ~ h?
Now we look at the inner product of —D,(1 + FDi)i/) with (1 4+ EAh)(u&). First, we can

rewrite the latter as

h? _ h? . ~
(524) (1 =+ EAh)(uw)m = ’U,i)j(l =+ EAh)wi’j + DL = U; W55 + DE,
. 1 - 1 - 1 -
where DL includes four parts: E(Ui_l’j — Ui )Wi—1,j E(uHLj — Ui )Wit1,5 E(ui’j_l — Ui ) Wi -1,

E( i1 — Wi ;)i j+1. Our construction of U in (3.1) and the a-priori assumption (3.34) gives

(5.25) ullze < Uz + ldll = < ellcr +h < luclloo +1 = Ci,

which leads to

~ h? T~ 32012 ~ 9 Vo~
. x - yuw )| < a5 1@l
(5.20) (Da+ o o7)| < ZR v+ i)
Furthermore, we have

(5.27) lwij —wi—1jlloe < Uiy — Uim1jlloe + (|t — tio1jllne < hl¢ellc2 + 2h,

and a similar result holds for the other three neighboring points, which shows that ||DL| <

C(||uellcr + 2)h||@]|w. Note that ||@||w involves the boundary values of . Then we arrive at
D h? 2\ 2 iy 211~12

(5.25) (D214 5025.D0) | < Cllucler + 22941 + 12113

and applying Lemma 5.1, we obtain

- B2 - ~ -
(5.20) ‘<Dz(1 ¥ gDzw,mN < Cllucllor + 22 [VdIP + CHB]? + Ch1
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The combination of (5.24), (5.27) and (5.29) shows that

~ h? ~ h? ~ ~ Vo~ 1
630 [(Ba1+ EDNT (4 AN < TN + Bl + 5
32072 ,
where Cy = + C(JJuellcr + 2)°.

v

Applying the similar argument to BL; we can get
~ 1
(5.31) BLy < C||Vpi|]? + 5hf’ .

The detail is omitted here. Finally, combining (5.23), (5.30), (5.31), we arrive at (5.17) for ¢ = 1.

The other three terms can be estimated in a similar fashion. Thus Proposition 3.3 is proven.
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