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Abstract. We consider a sequence of identical independently distributed random samples
from an absolutely continuous probability measure in one dimension with unbounded density.
We establish a new rate of convergence of the co—Wasserstein distance between the empirical
measure of the samples and the true distribution, which extends the previous convergence result
by Trillos and Slepcev to the case that the true distribution has an unbounded density.

1. Introduction. Consider a sequence of identical independently distributed (i.i.d.) random
variables {X;},i = 1,--- ,n, sampled from a given probability measure v € ?(R¢) with proba-
bility density function p. Here £2(R?) denotes the space of all probability measures on RY. We
define the empirical measure Vv, associated to the samples {X;} by

1'7
Vi =— 3 0.
. 5

The well-known Glivenko—Cantelli theorem [20] states that v,, converges weakly to v as n — oo.
In recent years, there has been growing interest in quantifying the rate of convergence of v, to
v with respect to Wasserstein distances. Recall that the p-Wasserstein distance between two
probability measures i, v € Z2(R?) is defined as

1/p
— : —v|P < oo
Wolaev)e=(_int [ e dedy)) L 1< p<

and

Weo(u,v):= inf esssup,|x—y|,
mell(u,v)
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where I1(u, V) is the set of all probability measures on R¢ x R? with two marginals i and v.

The purpose of this paper is to prove the rate of convergence of v, to Vv w.r.t. co-Wasserstein
distance W,, when the density function p of v is unbounded. For simplicity, we will focus on
the one dimensional case, but the arguments of the proof are expected to be generalized to high
dimensions.

1.1. Motivation and Related Work. Estimating the distance between the empirical measure
of a sequence of i.i.d. random variables and its true distribution is a highly important problem in
probability and statistics. For example, in statistics, it is usually impossible to access to the true
distribution, e.g. the posterior distribution in a Bayesian procedure. So in order to extract useful
information from the true distribution, a common approach is to generate i.i.d samples from the
true distribution via various sampling algorithms (Markov chain Monte Carlo for instance), from
which one can approximately compute many statistical quantities of interest, such as the mean or
variance by their empirical counterparts. Hence understanding the statistical error in estimating
the statistics requires a quantification of the distance between the empirical measure and the true
distribution.

The Wasserstein distance is a natural choice for measuring the closeness of two probability
measures in the problem of consideration since it allows the probability measures to be singular
to each other, which typically allows including Dirac masses or the empirical measures. This
is prohibited if total variation distance or Hellinger distance[14] are used. We are particularly
interested in the co-Wasserstein distance for several reasons. First, the co-Wasserstein distance
Wa (L, V) reduces to the so-called min-max matching distance [1, 2, 15] when both u and v
are discrete measures with the same number of Diracs. Such min-max matching distance plays
an important role in the analysis of shape matching problems in computer vision; see [9] and
the references therein. Moreover, the co-Wasserstein distance is also useful in understanding the
asymptotic performance of spectral clustering [18, 19]. In fact, in [18], the authors studied the
consistency of spectral clustering algorithms in the large graph limit. By formulating the clus-
tering procedure in a variational framework, they characterized the convergence of eigenvalues,
eigenvectors of a weighted graph Laplacian, and that of spectral clustering to their underlying
continuum limits using I'-convergence. One crucial ingredient needed in their proof is exactly
a convergence rate estimate on the co-Wasserstein distance between the empirical measures and
the true distribution which was established in [19]. However, they made a strong assumption that
the density function of the true distribution is strictly bounded from above and below. We aim to
extend the result in [19] to the case where the true distribution has an unbounded density in one
dimensional space.

Let us briefly review some important previous works on the rate of convergence of W), (v,, V)
with p > 1. For p = 1, it was shown by Dudley in [11] that when d > 2,

Based on Sanov’s theorem, Bolley, Guillin and Villani [6] proved a concentration estimate on
Wy (Va, v) for 1 < p <2 in any dimension

P(W,(Va,v) >1) < C.e K
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Boissard [4] extended this result to more general spaces rather than R? when p = 1 and applied
it to the occupation measure of a Markov chain. In [5], Boissard and Gouic gave the rate of con-
vergence for E(W,(vy,,v)”) when 1 < p < oo. Fournier and Guillin [13] presented a better result
than [6, 4] for non-asymptotic moment estimates and concentration estimates. They showed that
if v has finite g-th moment and p < %, then

U

]E(W,f(v, Vp)) <Cyp-nd,

and
P(WP(VnaV) > t) < C-exp(me%)_

(We only list the case p < % here. For other cases, one can refer to Theorem 1 and 2 in [13].)
Weed and Bach gave a new definition of the upper Wasserstein dimension d*(v) for measure v.
They proved that for 1 < p < e and s < d*(v),

E(W,(v,vs)) < Cons.

As for We(Vv, v,), its rate of convergence is less studied than that of W,(v,Vv,) with p < e
As far as we know, most results on W.(Vv,V,) are obtained when v and v, are both discrete
measures. As mentioned above, the co— Wasserstein distance between two discrete measures is
closely linked to the min-max matching problem. Many results have been obtained for the latter
when V is a uniform distribution. Let § = [0, 1]¢. Define a regularly spaced array of n grid points
on S (with n = k“ for some k € N') by ¥; and the i.i.d. random samples with uniform distribution
on S by X;. Leighton and Shor [15], and Yukich and Shor [16] showed that as n — oo, it holds

with high probability that
3
| 3
0((0g7)4>7 d=2.
n2

1
O((logn)d>7 453,
n

where 7 is a permutation of {1,2,--- ,n}. When v has a Lebesgue density which is bounded
from above and away from zero, Trillos and Slepcev [19] proved that the above estimate still
holds. Davis and Sethuraman [10] showed that in 1-D, the following estimate holds

log (log(n)) ) .

n

Weo(V,V,) = minmax | Xz, — Y| ~
T 1

We(V,vy) < C- (

provided that the density function is bounded above and below by positive constants and satisfies
additional Lipschitz condition. We will prove a similar result in Theorem 1.1 without the upper
bound assumption on the density.

1.2. Main Results. The purpose of this paper is to improve the results of [19] in 1-D by
removing the boundedness constraint on p(x). Our first result is a rate of convergence result in
the case where the density function p(x) is bounded from below, but not from above.
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THEOREM 1.1. Let D = (0,1) C R and v be a probability measure in D with a density func-
tion p : D — (0,0). Assume that there exists a constant A € (0, 1) such that

px)>A,VxeD.
Let Xy,---,X,,--- be i.i.d. random variables sampled from v and let v, be the corresponding
empirical measure. Then for any ¢ > 0,

t

P(Wm(wvn) > ) < 2exp(—2nr?).

A
In particular, except on a set with probability 212,
1
1 [(logn\?
Wo(V, V) < — | — | . 1

REMARK 1.1. Note that the right hand side of (1) will blow up if A — 0. That’s why we
assume that p(x) has a uniform positive lower bound in Theorem 1.1. Moreover, the exponent
one half is sharp owing to the central limit theorem.

We proceed to discussing the case when the density function is not strictly bounded away
from zero. We first comment that if the density function of v is zero in a connected region, then
by definition the co-Wasserstein distance between v,, and v can not go to zero as n goes to infinity.
In fact, consider the probability measure v, with the density function

(o U()

12
0 - =1.
, X € [3,3]

po(x) =

Let v, o be the empirical measure of vy. Since v, o depends on a sequence of random variables,
there is no guarantee that v, 0((0, 1)) = Vo((0, })). Assume that v, ((0, 1)) = vo((0,%)) + &,
where 1> 8, > 0 is a small parameter. Since Weo(V, 0, V) is also the maximal distance that an
optimal transportation map from Vv, to vy moves the mass by (which will be mentioned later in
Lemma 2.2), it follows that

12 1
oo\ V1,05 > di PRy =3 .
Weo (Vi .0, Vo) 1am<<3 3)) 3>0

Therefore, for the validity of Theorem 1.2, we assume that p (x) satisfies the following condi-
tions.
(A-1) There are only N points x1,--- ,xy in D satisfying p(x;) = 0.
(A-2) For each zero point x;,

milx; —x[% < p(x), forVx € B;, (2)

where B; = (x; — A;,x; + A;) is a small neighborhood of x; and A;,k;,m; are positive
numbers.
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THEOREM 1.2. Let D = (0,1) C R and v be a probability measure in D with a density func-
tion p : D — (0,0). Assume that p satisfies Assumptions (A-1) and (A-2). Assume further that
there exists a constant A > 0 such that for all x € D,

p(x) <A.

Then there exists a positive constant C = C(k;,m;) such that except on a set with probability

1
0 (nts).

1
logn)m

Weo (V, ) < C~max(
[ n

We would like to sketch the proof of the theorems above. To prove Theorem 1.1, we use the
fact that in one dimension, W.., distance between two measures can be written as the L™ norm
of the difference of their quantile functions. Moreover, thanks to the %-Lipschitz continuity of
the quantile function of v, which follows by the assumption that p > A, the L™ norm of the
difference of the quantile functions can be bounded from above by the difference between the
cumulative distribution function of the true distribution v and that of the empirical distribution
V,,. Finally, the latter can be bounded by using the Dvoretzky-Kiefer-Wolfowitz inequality [12].

For the proof of Theorem 1.2, we first divide the domain D into a family of sub-domains
according to the value of p(x). Then, we use the following scaling equality in each sub-domain

WV, V) = W (BV,0V,,),

with an appropriate scaling parameter 0 such that after rescaling, the Lebesgue density of the
rescaled measure OV is bounded from above and below. With the density being bounded, we can
estimate the co-Wasserstein distance by using the same method in [19]. However, the mass of v
and v, may not be equal in each sub-domain. To resolve this issue, we introduce a new measure
v such that v has the same mass as V,, in each sub-domain. Since the distance between Vv and v,
can be bounded by an argument similar to Theorem 1.1 in [19], it suffices to estimate the distance
between v and V.
The following corollary is a direct consequence of Theorem 1.1 and Theorem 1.2.

COROLLARY 1.1. Let D= (0,1) C R and v be a probability measure in D with density p :
D — (0,0). Assume that p (x) satisfies (A-1), (A-2). Let Xj,- -+ , X, - bei.i.d. random variables
sampled from v. Then there exists a positive constant C = C(8, M, k;,m;) such that except on a

set with probability O (lolgn) ;

logn)m

Weo(V, V) < C~max(
[ n

3)
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1.3. Discussion. As we mentioned earlier, quantifying the rate of convergence of v,, to v with
respect to co—Wasserstein distance is very useful for understanding the consistency of spectral
clustering[18]. Our new convergence rate estimates will reshape the convergence of spectral
clustering in the case where the density of true distribution is unbounded, as we discuss in what
follows.

Let V = {xi,---,x,} be a set of data points in RY sampled from a probability measure v.
For each pair of points x; and x;, we construct a weight Wf’; between them to characterize their
similarities. In general, the weight has the form of

Wzg}l = N, (xi —xj),

where 7, (z) = S%,n(é) and 1) is an appropriate kernel function(for example, Gaussian kernel).

The weight matrix Wé € R"*" is then defined by Wf}l Let D® € R" " be a diagonal matrix with
Dflf’ =Y Wf;’ Then the discrete Dirichlet energy and the relevant continuum Dirichlet energy
are defined by

1 2
G, (") = 33 Y W5 (" () = u" (x;))”, u" € L2 (va),
nedj

and
G(u) :/ Vul2p?(x)dx, u € L2(v),
D

where p(x) is the density function of the underlying measure v. The unnormalized graph Lapla-
cian L, ¢, is defined by

Lyg, =D — W,

The aim of spectral clustering is to partition the data points xi, - - - , x,, into k meaningful group-
s. To do this, the spectrum of unnormalized graph Laplacian L, ¢, is used to embed the data points
into a low dimensional space. Then we can apply some clustering algorithms like k-means to
these points. For more details about spectral clustering, one can see [22].

In [18], the authors proved that when the density function p(x) of v is bounded from above
and below, the spectrum of unnormalized graph Laplacian L, ¢, converges to the spectrum of
the corresponding continuum operator L, which implies the consistency of spectral clustering.
They also gave a lower bound of the convergence rate at which the connectivity radius &, — 0
as n — co. With our theorems, the results in [18] can be generalized to the case when p(x) is
unbounded. In particular, the kernel width g, should be chosen to be slightly bigger than the
right side of (3), which is different from [18].

The proof will not be included in this paper since it is similar to the proof in [18]. We sketch
the outline of the proof as follows:

First, we prove the I'-convergence of Dirichlet energy G, ¢, to G. Note that G, ¢, (¢") and
G(u) are defined in different function spaces. In order to show the I'-convergence, we need to
construct an approximate function to u" € L%(v,) in L*(V) by

U=u,oT,,

where T, is the transportation plan between v and v,. Our theorems are used in this step to
establish the probabilistic estimates and the constraint on &,. By corollary 1.1 and lemma 2.2
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below, we can give an upper bound on ||7;, — I||

1
n2(k,-+l) HT” _IH
1

lim sup min <C.
n—yeo L (log n) 2(ki+1)
Then by requiring that &, > max; (10%) M6 e can give upper and lower bounds on Gy, ¢, (")

in terms of G(u). Hence the I'- convergence of Dirichlet energy Gy ¢, to G can be proved.

Next, by min-max theorem, we know that the eigenvalues of L, ¢, (or L) can be written as the
minimizers of Gy ¢, (or G). Therefore, the convergence of spectrum is equivalent to the conver-
gence of the minimizers of G, ¢, , which can be proved by the I'- convergence and compactness
properties of G, ¢,. Finally, with the convergence of spectrum, we can prove the consistency of
spectral clustering.

The paper is organized as follows: In section 2, we introduce some preliminaries and notation-
s. In section 3.1 and section 3.2, we prove Theorem 1.1 and Theorem 1.2 respectively. Finally,
the proof of Corollary 1.1 is presented in section 3.3.

2. Preliminaries and notations.

2.1. Notations. Let D = (0,1) C R and & (D) be the set of all probability measures on D.
Given a probability measure L € £ (D) and a Borel-measurable map T, we define the pushfor-
ward v of measure i under the map 7 by setting

v(A) =Tu(A) = u(T7'(4))
for any measurable set A C D. We call T the transportation map between i and v.
The co—Wasserstein distance W.. (L, v) is defined by
Wo(U,v)= inf )esssup,r\x—y|,

mell(u,v

where II(, v) is the set of all couplings between u and v, i.e.
M(u,v) = {x € 2((0,1)|n(4 x (0,1)) = p(A),

7((0,1) x B) = v(B), for all Borel sets A,B C (0, 1)}

REMARK 2.1. Note that the definition of W. (i, V) can be generalized to the case where
and v have the same mass on D. Therefore, in the sequential, we still write W..(tt,v) when
u(D) = v(D) even though u and v are not necessarily probability measures.

It was proved in [7] that if u is absolutely continuous with respect to the Lebesgue measure,
then for any optimal transport plan 7 of W (i, V), there exists a transportation map 7 : D — D
such that T,u = v and w = (I x T )it . In particular, the optimal transportation plan of We.(Vv,Vv,),
with v, being the empirical measure of the absolutely continuous probability measure Vv is u-
nique.
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2.2. Useful lemmas. The following lemma collects some properties on W, to be used in sub-
sequent sections. The proof is trivial and thus is omitted.

LEMMA 2.1. Given measures [, I, 3 defined on D with y; (D) = pa (D) = us (D), then the
followings hold:

(1) Triangle inequality: Weo(f1, 3) < Weo (l1, U2 ) 4+ Weo (U2, U3).
(2) Scaling equality: W (1, a) = W (0tpy, ctit), for Vo > 0.

(3) Wel(uy, o) < diam(D).
(4) If D={];D; then

Weo(1, 12) < mjame(/.Ll Ip;s h2|D))-

The following two lemmas gives two different characterizations of W (i, V).

LEMMA 2.2 ([7]). Let u, Vv be two Borel measures with u absolutely continuous with respect
to the Lebesgue measure and p(D) = v(D). Then there exists an optimal transportation map
T :D — D such that Ty = v and

Wea (V) = [ = T| =(p) -

Furthermore, if v = XX_,4;6,, with y; € D and positive numbers a;,i = 1,-- - ,k, then there exists
a unique transportation map 7* : D — D such that

Wl V) = 11— T 1= o)-

LEMMA 2.3 ([21, Remark 2.19]). Let u, v be two probability measures on R. Denote the
cumulative distribution functions of u and v by F(x) and G(x) respectively. Then we have the
following equality that

Welpt, ) = [~ 671

LEMMA 2.4 ([19, Lemma 2.2]). Let v; and v; be two probability measures defined on D with
density functions p; (x) and p;(x) respectively. Assume that there exists a positive constant A > 0
such that

pix) > A >0,i=12.

Then there exists C > 0 such that

Wm(V] , Vz) <

>l

-diam(D) |1 (x) — p2.(x) [ 1=(0)-

The following three probability inequalities on binomial random variables and the Dvoretzky-
Kiefer-Wolfowitz inequality will be used in the proofs of main results.
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LEMMA 2.5. Let S, ~ Bin(n, p) be the independent binomial random variables. For ¢ > 0,
Chebychev’s inequality[17] states that

p(Somrl o) <L)
Vnp(1=p) !
The Chernoff’s inequality [8] states that
S
IP’(|—” —p’ > t) < 2exp(—2nt?).
n

Bernstein’s inequality [3] states that

1,2,2
SNt

]P’(|&—p| 2t> §26xp<——).
n np(1—p)+ int

LEMMA 2.6 ( Dvoretzky-Kiefer-Wolfowitz inequality [12]). Let {X;}} , be the i.i.d. random
variables sampled from a probability measure v. Let F (x) be the cumulative distribution function
of v and F,(x) be the cumulative distribution function of v,,. Then for Vz > 0,

P (st;p |F(x) —F(x)| > t> < 2exp(—2nt?).

3. Convergence of empirical measure.

3.1. Proof of Theorem 1.1.

Proof. Denote the cumulative distribution function of v, by F,(x) and that of v by F(x).
Thanks to the Dvoretzky-Kiefer-Wolfowitz inequality [12],

P (sgp|F,,(x) —F(x)| > t> < 2exp(—2nt?).

From this, we claim that

P (suplf )~ 0] 1 ) < (supla) — Pl =) @

which implies that
P (sonlf o)~ F 0] > 1)
y

To prove (4), it suffices to show that sup, |F, (x) — F (x)[ < implies sup, F )= F ()| <
- Tothisend, fix y € [0,1]. Letx; = F, ' (y) and x, = F ' (y). Then from the fact that the density
function p (x) has a lower bound A we know that
Flx) - Flo)l
) — x|
It follows that
Ay —xa| <|F(x1) = F ()| = [F () = Fa(en)| <1,

where the last inequality is obtained from sup, |F,(x) — F(x)| < t. Therefore, for any y,
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which completes the proof of (4). It follows from (4) and Lemma 2.3 that

P (Ww(v,v,,) > %) < 2exp(—2nt?).

1
By taking t = (log"> * we get that except on a set with probability 2n2,

n
1 1() n %
g
”oo »,v < .

3.2. Proof of Theorem 1.2.

LEMMA 3.1. Ifa > b > 0, then @* — b* > (a —b)*.

Proof. By induction, we only need to prove that ¢ — b* > (a — b)¥ implies @' — K1 >
(a—b)**!. From a > b > 0 we know 265! < ab* 4 ba*. Therefore,

(a—b)**! = (a—b)(a—b)* < (a—b)(d" —b*) = T+ DM —abk —bd* < T L (5)

|

In Theorem 1.2, we give the rate of convergence of W (V,, V) when the density function p (x)
is not strictly bounded away from zero. The proof is a refinement of the proof of [19, Theorem
1.1], which deals with the case where p(x) is bounded. We sketch the rough idea of our proof in
the followings before we give the details.

To prove the theorem, we would like to use Lemma 2.1-(4) to reduce the estimate of W (V, V)
to that of We(V|5;, Vu|p,), Where B; is a small neighborhood of the zero point x; . For doing so,
we need to modify the measure v locally (denote the new measure to be V after modification) so
that ¥ has the same mass as v, on B;. Then, we divide B; into a family of sub-domains {A j} jeN
according to the value of p(x) so that p is bounded from above and below on A;. Thus we can
adapt similar arguments from [19] to obtain bounds on W..(V| Ajs Vn | Aj). However, v, may not
have the same mass as vV on each A j- So, in order to remove this mass discrepancy, we introduce
another new measure V such that V(A ;) = v,(A;). At last, thanks to Lemma 2.1, we can establish
an upper bound on W (V|;, Va|,) With the estimates of Weo(V/4;;, Vala;)-

Proof. Let By+1 = (0,1)\ UY B;. Then {B;}! is a partition of D. Let & = WlB) 1 for

v(Bi)
i=1,---,N+1and V be a probability measure defined on D

_ N+1
dv=1|Y (1+&)p(x)Lp | dx. (6)
i=1
Then it’s clear that

V(B;) = (1+&)V(B;) = Vyu(B;).
Combining this with Lemma 2.1, we obtain that

Weo(V, Vi) < Weo(V, V) + Weo(V, V) < W (V, V) + 1mz11)\</+1WL,O(V|BI.,vn|Bl.).
=1,

Choose 8 > 2. To estimate Weo(V|p,, Valp,)(i = 1,--- ,N), we divide B; into a family of sub-
domains {A} jen and use scaling property to bound W.. distance on each sub-domain A ;.
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Define {A;}jenby Ao ={x: 1 <p(x) <A}NB; ,A; = {x: m <p(x) < jiﬁ}ﬂBi (IfA;
is empty, just neglect it). Then,

Bi=| |A;.
i

Vn(Aj)
V(4))

Let §; = — 1 and define a measure V on B; by

dv = ZILA/-(I +6;)p(x)dx.
J

Then it’s easy to see that
V(A)) = (1+8;)V(A)) = Va(A)).
Again, with this and Lemma 2.1, we can bound Weo(V|p,, Vu|g;) (i = 1, ,N) as follows
Ww(V|Bi7vn|Bi) < WM(V|BHV|Bi) JFW%(V‘BNVAB,')

< Weo(V15;, VIB;) +5Up Woo (V] Va4 )-
j

Therefore, to estimate W (V, V,,), it suffices to estimate Weo (V, V), Weo (V|B,, V3, ), Wee (V]a;, Vala; ).
and Wao (V| |, ValBy., ) Tespectively.

Step 1: We first estimate Weo (V[gy,,, ValBy,, ) - It's easy to deduce, via Lemma 2.1, that

~ 1 ~ 1
Weo (V‘BN+1 ) Vn|BN+1) =We <V(BN+1)V|BN+1 ) WI\HI)VH|BNH>

1 1
W[ —— Vg e Sy .
(v(BNJrl) |BN+I ZSXi(BN+l)Xi€§IV+I XI|BNH>
1

To ease the notations, we write Vy| = mvmm] and V, n41 = S5y By Yx:eByy Ox; By, -

Clearly, vy is the restriction of v to By and V, x4 is the empirical measure of Vy . Fur-
thermore, we note that p(x) is bounded from below in By due to the fact that B;(i = 1,--- ,N)
is a small neighborhood of zero point x; and By, = D'\ Ujlv B;. Therefore, we can use Theorem
1.1 to give an estimate on W, (V| Byi1s Vi \ By ) .(We remark that Theorem 1.1 holds true for any
domain (a,b) C R by replacing D = (0, 1) with D = (a,b) in the proof.)

Let Ay 1 := minyep,,, p(x). Then we have 0 < % < mp(x)hghm. It follows from

Theorem 1.1 that there exists a constant C = % such that

1
~ logn \ 2
W°°(V|BN+17V”‘BN+1) SC() .

n

Step 2: We then estimate W, (V| AjsVn | A/.). To achieve this, set
n ok
Jo = — \2B(k+1D) | — 1
o= [ o) T
and consider the following two cases: 1) j < Jy and 2) j > Jy.
1
We claim that, when j > Jy, diam(A;) <C- (10%) &) T show the claim, we first recall the

definition that A; = {x : m <px) < %ﬁ} NB; and the assumption that m;|x; —x|% < p(x)
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in B;. To simplify the notations, we denote m;|x — x;|Xi by p;(x). Let xg be a positive constant
satisfying p; (xg) = ,Lﬁ
From p;(x) < p(x) we know that diam(A ;) < xg. Moreover, when n is large enough,

I

ki
1 B _B BHETD)

<C. l n 2B(k;+1)
- 2 \logn

1
c. (logn> m’
n

where C = C(k;,m;,3) .

1
Therefore, when j > Jy, diam(A;) < C- (loﬂ) 2t By Lemma 2.1, when j > Jy,

n

IN

1
logn \ 2(;+1)
n )

Woo(V|Aj,vn|Aj) < diam(Aj) <C- <

where C = C(k;, A;, B).
We then turn to the case that j < Jo. We first use scaling equality Weo (V4 ;, Va|a;) = Ww(jﬁV|Aj A la;)-
For simply notations, let

Vaj = JPVala,, V= PV,

Then the density function of V; is defined by

p;(x)=jP(1+6))p(x).

For every k € N, we partition A; into 2k sub-domains. Each of them have a V j—mass of
ﬁVj(Aj). Let .7 ; be the set of these sub-domains. %, ; = A;. And .% ; is obtained by
bisecting each box in .%; ;, according to V;. Thus, for any Q € .7 ;,

We define a series of new measures { i ;} by setting dpy j(x) = p, j(x)dx with

VVLJ'(Q) —= Vn(Q) -8
i) == pi(x) = x),VxeQe % .
pk,]( ) V/(Q) pj( ) V(Q) J p( ) k,j
We claim that for VO € ﬁk, j» ¥V k <k, =log, (Ygf:gi) , there exists a constant C such that the

following inequality holds true with probability at least 1 —2n~!
1
V(Aj)logn 2
(A))log ) . 7

Weo (| 0: i 1,510) < C- (j+1)P - < i
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Assume that the claim holds. Note that diam(Q) = [,,dx < [,(j+1)Pp(x)dx= (j+1)Pv(Q).
Then for j=1,---,Jo— 1, we have

kn
WW(VH|A./7V|A./) :W‘x'(vn,ja‘Tj> < ZWW(“kfl,jvuk,j) +W°°(l'Lkn,j7vn7j)
ol (Aj)logn :
j .
<X (cu (m) )+ gy

< (e <2k,1°g"> ) sovit) 17

3 (¢
logn logn B
p (J() + 1)

.|
_c. loen <L)2ﬁ(£:.+]>
n logn

1
by}
SC<logn> -
n

_ logn k+1>
Wen(Vala; s Vi) < c< f )

IA

I /\

Therefore, for Vj € N,

where C depends on f3,k;, A;.
Now we return to the proof of the claim (7). Actually, from the definition of y; ; and py ; it

follows that for V x € Q € % j,

va(Q) P < i) < Vi (0)
v(Q) G+ 1f =P =N0)

and
Ui j(Q) = Mi+1,;(Q) = Vi j(Q)-

Therefore, by Lemma 2.1 we know that

Weo (Mik41,j M, j) < max Weo(Ui+1,jl0sHi jlo)-
(M js i) < max Weo (ke slos Hisle)

Let Q; be a sub-domain bisected from Q. Then Q; € %1 ;. According to Lemma 2.4,

Wm(uk+1,j|Q,uk7j|Q) =W (\:f(QQ)) ,uk+1,j|Q7 \:f(QQ)) .uk.,jQ)
Vn(Ql)V(Q)

C
.di . 7_1 B
= Pmin lam(Q) (Ql)vn ’ H] p(X) L=(Q)
:pim'diam(Q) 2vn Ql ‘ | otx
C . Zvn(Ql)
S Dmin dlam(Q) ' Vn(Q) - )
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where

P w@ove) P [ 2v(@)
Pmin = (j+1)ﬁmn{1’V(Q1)Vn(Q)}_(j+1)ﬁmn{l’ Vn(Q) }

. . 1 2vp(Q .
To bound Weo (Hk+1,jl0 Mk jlo) - it suffices to estimate 5-— and ﬁ -1 ‘ respectively. We
1

Pmin

Note that for VQ € .% j, nv”]ik(Q) ~ Bin(n,v(Q)). Thus, we can use Bernstein’s inequality and
deduce that for Vk < k, = log, (”V(Aj> ),

first give a probabilistic estimate on

10logn

1 (v@)?
P(W’jﬁéQ)v(Q)z;v(Q))smp( (4 . )

<2n”!
That is, with probability at least 1 —2n~!,
1 .Vn,j(Q> _ ’<1
j#F v 2
From the definition of v; ; we know
3 w@) 13, w(@) 1 ®)
27 v(@) 227 v(Q) "2
Therefore,

2va(Q1) _ v(Q) _ 1 v(Q) 1
va(Q) T (@) 2 w(Q) T3

and pmﬁ can be bounded with probability at least 1 —2n~!

1 1 3(j+1)B
o T F [ o] S (]j; "33+
min (j+l)ﬁ mm{l, Va(0) }
: 2va(Q1) _
We then estimate o) 1‘.

Notice that if we setm=n- ,% -V, ;(Q), then

m gy = Low(@) ~pin (m 5G] <pin(m3 ).

Using Chernoff’s inequality we get that

1
Vi (Q1) 1 2Klogn \ 2 m2*logn
o1 (weg) ) <2 (2 )

<2exp(—logn)

:21171,
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where the last inequality is obtained from (8). Therefore, with probability at least 1 —2n~!
1

Va(Q1) 1’ _ 2v,,7j(Q1) B 1‘ <2 (zklogn> 2

va(Q) Vi j(Q) nv(A;)

Finally, using the fact that diam(Q) = [,dx < (j+ 1)v(Q), we know that with probability
at least 1 —2n1,

>

2

1

2%logn \ 2
Woo (k. |0 Mt 1,il0) < C-v(Q () (j+1)P
(i jlo: Met1,il0) Q) A (j+1)

1
) V(A;)logn\?2
e (Hgeny!

which completes the proof of claim (7).

Step 3: We then estimate We.(V|p,,V|p,). We first recall that B; = (x; — A;,x; + A;) and

dv|g, = (1+&)p(x)dx , dV|p, =) 14;(1+8;)p(x)dx,
J
where g = v(( )) —land 9; = Yl /)) — 1. Let T be the transportation map between V|, and V|p,.

Thus for any x € B; and y = Tx

/ iAi p)ds= [ plss

B XifA,'
Without loss of generality, we assume y > x. Then

[pwds= [ o -ps< [ 56 -POlas< Lla-lvia).  ©
=5 =5 J

Let S, :=nv,(A;). Then S, =Y}, 8x,(A;) ~ Bin(n,v(A;)). According to Chebychev’s in-
equality we know that

1

which means that with probability at least 1 — (logn)~',

[nVa(Aj) —n-V(A))| < /logn.
Vnv(A)) (1= v(A)))
Then by the definition of §; we know that with probability at least 1 — (logn) ™!,
logn-v(A;)(1—Vv(Aj))\ 32

n

With a similar method we derive that with probability at least 1 — (logn)~',

v (B))| < (logn.v(Bi)(l - v(Bi)))f.

n

Note thatin Aj, p(s) < B,whmh implies V(4;) = [A p(s)ds < [, LB %ﬁ Therefore,

1

gawn<gom (2 < 4 () e (2

j j? n
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From the fact that B; = [ |;A; we know

logn-v(B;)(1—Vv(B;))\ 2 logn\ 2
ilV(Aj) = |&|Vv(Bi) < <C-{—) .
Elelv(4) = elv(s) < ) <c (=)

n

Therefore from (9) we derive that with probability at least 1 — (logn)~!,

n

/yﬁ(s)ds <) le—g;lv(a;) <} (lal+18)v(A) <C- (logn> y
X j ]

Since in B;, ﬁ(s) > (1 + Si)m,-\x,- —S
in the following two cases respectively

ki it follows that [? p(s)ds can be bounded from below

- (L4 em; (=2 4+ r—x) |, e (),
JGE |
' (1+e)m; [ (=21 ] X ¢ (x,3).

The results are obtained by direct calculations so the proof is omitted here. In both cases, we can
derive by lemma 3.1 that

sz (LE)

Therefore,

1
o~ logn \ 2(;+1)
W (Tl Fln) < I~ im0y < maxly < (F27) 7
XEB; n

where C depends on &;,m; and k;.

Step 4: Finally, for W..(v,V), we use the same method as step 3 and deduce that

1
- 1 2
Wo(v.¥) <C- (g) ,

where C depends on &;, k;, m;.
To sum up, with step 1-4, we know that

Weo(V, V) < Weo(V, V) + max {ir{laxN [(Weo(V|3,,V15,) +supr(V\Aj,vn|Aj)} Wes(V]By 1 5 v,,|BN+1)}
S i

1
logn) G+

n

SC-max(
1

where C depends on k; and m;. This completes the proof of Theorem 1.2. (]
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3.3. Proof of Corollary 1.1.

Proof. Let A= {x:p(x) <1}, B={x:p(x) > 1} and assume that they both are connected
sets( otherwise we can divide them into connected sets).

Define a probability measure on D by dv = ((1+ &4)14p(x) + (1 + &) 1p(x)) dx, where
_ Wa(4) Va(B)

Ep = V(A) —1, Ep = V(B) —1.

Thus, it’s easy to see that
V(A) = Vu(A) and V(B) = v, (B). (10)
In order to estimate W..(V, V), it suffices to estimate W..(V, V) and W..(V, v, ) respectively.

Step 1: We first estimate Weo(V,,, V). Using Lemma 2.1 and (10) we know that
Weo(V, Vi) < max {Weo (V]a, Vala) , Weo (V], Va ) }

= man {Wo (5P gy ) W (g g ) -

1 3 J—
mV'A )

Note that

and
1
V(A) E Ox;|a = 2 Ox;|a = 5x1 2 Ox; |A-

XGA

Therefore, ~( Vp|a is the emplrlcal measure of =7 v\ A. By Theorem 1.1 we know that Wee (V]a, Vua) <

C.(loﬂ)l
1

Similarly, we can deduce that We (V|p, V,|p) < C - max; (k’g”) &0 Therefore,

n

1
~ 1 2(k;+1)
Weo(V, V) < C-max (()gn) .
i n

Step 2: We then estimate W.,(V, V).
Let T be the transportation map between V and v. Then for Vx € D and y = T'x,

/Oxﬁ(s)ds = /pr(s)ds

Without loss of generality, we assume y > x. Then it follows that

[ p@ds= [ 56)-pds < [ 1p(s) ~ p(s)lds < [ealvia) + ealv(B)

By Chebychev’s inequality we know that with probability at least 1 — (logn)~!,

i) +eovie) < (222 )

Thus,

' 1
/ p(s)ds + p(s)ds < C- ( Og”>
(xy)nA (xy)NB n
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By the same method in the proof of Theorem 1.2, we can give a lower bound on || (xy)rA P (s)ds
and f(x’ymB p(s)ds respectively and conclude that with probability at least 1 — (logn) !,

1

! 2(ki+1)

Weo(V,V,) < C-max (()gn) .
i n

This completes the proof of Corollary 1.1. (]

REMARK 3.1. We showed the rate of convergence of v, to v when the density function p (x)
is unbounded in one dimension. We expect that similar results also hold to be true in high dimen-
sions. However, the idea of the proof needs to be adapted. In particular, the estimate of We,(V, V)
becomes quite technical in high dimensions, where V is an auxiliary measure introduced in (6)
for the purpose of removing the mass discrepancy between v and v, in local regions. In fact, in
one dimension we estimate W..(Vv, V) by using that

- 1
o < — o < —x < =
Welv,9) < [T =Tl < maxly—s] < 5 [ p(s)ds,

where T is the transportation map between v and v and y = Tx. In high dimensions, it is not clear
to us how to bound W..(Vv, V) in terms of certain integral of the density. This is to be investigated
in our future work.

Acknowledgements. The research was partially supported by KI-Net NSF RNMS11-07444
and NSF DMS-1812573. The authors would like to thank Johannes Wiesel for suggesting the use
of the Dvoretzky-Kiefer-Wolfowitz inequality to prove Theorem 1.1, which simplifies an earlier
version of the proof of the theorem.



RATE OF CONVERGENCE OF EMPIRICAL MEASURE IN c-WASSERSTEIN DISTANCE 19

REFERENCES

[1] M. Ajtai, J. Komlés, and G. Tusnddy, On optimal matchings, Combinatorica 4 (1984), no. 4, 259-264.
[2] Franck Barthe and Charles Bordenave, Combinatorial optimization over two random point sets, Séminaire de Prob-
abilités XLV, Springer, 2013, pp. 483-535.
[31 S.N. Bernstein, The theory of probabilities, Gastehizdat Publishing House,Moscow, 1946.
[4] Emmanuel Boissard et al., Simple bounds for the convergence of empirical and occupation measures in I-
wasserstein distance, Electronic Journal of Probability 16 (2011), 2296-2333.
[5] Emmanuel Boissard, Thibaut Le Gouic, et al., On the mean speed of convergence of empirical and occupation
measures in wasserstein distance, Annales de 1’Institut Henri Poincaré, Probabilités et Statistiques, vol. 50, Institut
Henri Poincaré, 2014, pp. 539-563.
Francois Bolley, Arnaud Guillin, and Cédric Villani, Quantitative concentration inequalities for empirical measures
on non-compact spaces, Probability Theory and Related Fields 137 (2007), no. 3-4, 541-593.
Thierry Champion, Luigi De Pascale, and Petri Juutinen, The co-wasserstein distance: Local solutions and existence
of optimal transport maps, SIAM Journal on Mathematical Analysis 40 (2008), no. 1, 1-20.
[8] Herman Chernoff, A measure of asymptotic efficiency for tests of a hypothesis based on the sum of observations,
The Annals of Mathematical Statistics 23 (1952), no. 4, 493-507.
[9] Michele d’Amico, Patrizio Frosini, and Claudia Landi, Using matching distance in size theory: A survey, Interna-
tional Journal of Imaging Systems and Technology 16 (2006), no. 5, 154-161.
[10] Erik Davis and Sunder Sethuraman, Consistency of modularity clustering on random geometric graphs, Ann. Appl.
Probab. 28 (2018), no. 4, 2003-2062.
[11] RM Dudley, The speed of mean glivenko-cantelli convergence, The Annals of Mathematical Statistics 40 (1969),
no. 1, 40-50.
[12] Aryeh Dvoretzky, Jack Kiefer, and Jacob Wolfowitz, Asymptotic minimax character of the sample distribution
Sfunction and of the classical multinomial estimator, The Annals of Mathematical Statistics (1956), 642—669.
[13] Nicolas Fournier and Arnaud Guillin, On the rate of convergence in wasserstein distance of the empirical measure,
Probability Theory and Related Fields 162 (2015), no. 3-4, 707-738.
[14] Alison L Gibbs and Francis Edward Su, On choosing and bounding probability metrics, International statistical
review 70 (2002), no. 3, 419-435.
[15] T. Leighton and P. Shor, Tight bounds for minimax grid matching with applications to the average case analysis of
algorithms, Combinatorica 9 (1989), no. 2, 161-187.
[16] P. W. Shor and J. E. Yukich, Minimax grid matching and empirical measures, Ann. Probab. 19 (1991), no. 3,
1338-1348.
[17] P. Tchebichef, Des valeurs moyennes, Journal de mathmatiques pures et appliques 12 (1867), no. 2, 177-184.
[18] Nicolas Garcia Trillos and Dejan Slepcev, A variational approach to the consistency of spectral clustering, Applied
and Computational Harmonic Analysis (2016).
[19] Nicolas Garcia Trillos and Dejan SlepCev, On the rate of convergence of empirical measures in co-transportation
distance, Canadian Journal of Mathematics 67 (2014), 1358.
[20] Aad W Van Der Vaart and Jon A Wellner, Weak convergence, Weak convergence and empirical processes, Springer,
1996, pp. 16-28.
[21] Cédric Villani, Topics in optimal transportation, no. 58, American Mathematical Soc., 2003.
[22] Ulrike Von Luxburg, A tutorial on spectral clustering, Statistics and computing 17 (2007), no. 4, 395-416.

[6

[}

[7

—



