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MATHEMATICAL ANALYSIS AND TIME-DOMAIN FINITE
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Abstract. In this paper, a mathematical analysis of the popular carpet cloak model is carried
out. The well-posedness of the model is first proved, and then a finite element time-domain method
is developed for solving this model. Three carpet cloak simulations are demonstrated to show the
effectiveness of our model and the developed algorithm. To the best of our knowledge, this is the
first mathematical analysis carried out for the carpet cloak model. The numerical simulation using
edge elements for the carpet cloak model is also original.
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1. Introduction. Since invisibility cloaks were first suggested by transformation
optics theory in 2006 independently by Leonhardt [15] and Pendry, Schurig, and Smith
[26] and by anomalous resonance by Milton and Nicorovici [24], much research has
been done in the theoretical analysis, design, and fabrication of various types (cf.
[9, 28] and references therein). We note that the first experimental verification of
the invisibility cloak in the microwave regime was made by Schurig et al. [27], but it
suffers some shortcomings. One problem is that it is difficult to manufacture such a
metamaterial since the physical parameters are highly anisotropic; another problem
is that such a cloak normally requires resonant structures, which lead to narrow band
operation. One breakthrough work is due to Li and Pendry [20], who proposed the
so-called carpet cloak by quasi-conformal mapping. This strategy circumvents both
issues by transforming a bulging reflecting surface into a flat one, rendering anything
within the bulging surface invisible to outside observers. Experimental realization of
carpet cloaks was successfully demonstrated first at the microwave band by Liu et al
[22]; it was then extended to terahertz and optical frequencies (see [8] and references
therein). We comment that the transformation idea was discussed earlier by Greenleaf,
Lassas, and Uhlmann [10] for electrical impedance tomography.

In recent years, mathematicians have started investigating the invisibility cloaking
phenomenon, but most of their works are limited to the frequency-domain by studying
the Helmholtz equation [13, 14, 4] and the time-harmonic Maxwell’s equations [5, 7,
6, 21]. Very recently, the cloaking by anomalous resonance is mathematically justified
for the first time in two and three dimensions [1, 2, 3]. The advent of broadband
cloaks [11, 16, 22| inspired us to pursue the time-domain cloaking simulation and
analysis. In [18], we developed a finite element time-domain (FETD) method to
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simulate the cylindrical cloak proposed by Pendry, Schurig, and Smith [26], and we
carried out some mathematical analysis for that model. Later, we extended this work
to an elliptical cloak and carried out the well-posedness study of both models [19]. A
Green’s function approach for cylindrical cloaks is proposed in [23]. In this paper, we
investigate the two-dimensional (2D) carpet cloak model from the mathematical point
of view. Specifically, we derive the modeling equations and prove the well-posedness.
We also develop an FETD method to simulate the cloaking phenomenon. To the best
of our knowledge, this is the first mathematical treatment for the carpet cloak model.
The development and analysis of this FETD method for this model is original.

The rest of the paper is organized as follows. In section 2, we first derive the
governing equations for the carpet cloak. Then we prove the existence and uniqueness
of the solution for the cloak modeling equations. A stability result is also obtained.
In section 3, we propose an FETD scheme using edge elements to solve the carpet
cloak model. A discrete stability result similar to the continuous case is proved. Then
in section 4, three interesting carpet cloaking simulations are provided. We conclude
the paper in section 5.

2. The modeling equations. Following [8], a triangular carpet cloak shown
in Figure 1 (left) can be achieved with spatially homogeneous anisotropic dielectric
materials. The cloaked region is the bottom triangle with vertices (0, Hy), (—d,0),
and (d,0). The cloaking region is the quadrilateral region formed by vertices (—d, 0),
(0, H1), (d,0), and (0, Hy), where Hq,d > 0. In order to make the hidden objects
inside the cloaked region invisible to outside observers, the permittivity and perme-
ability in the cloaking region need to be specially designed.
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Fic. 1. The physical space of the carpet cloak.

Using the transformation optics theory (e.g., [17, sec. 9.2]), the relative permit-
tivity and permeability in the cloaking region are given by [8]

o { b ] - [ T G e
boc ~wLasen(®) Tt e ()]
n= HQ _ Hla

where sgn(z) denotes the standard sign function. By the construction, it is assumed
that Hy > Hy; > 0.
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It is easy to see that the characteristic equation of matrix € is A2 — (a+c)A\+1 = 0,
which leads to the eigenvalues of matrix ¢ as
a+c—+/(a—c)?+4b? ) a+c+ /(a—c)? 4 4b?
) 2 = .
2 2

Moreover, the symmetric matrix € can be diagonalized as

A=

(2.1) e =PxPT,

where matrices ¥ and P are

A O pP1 P2
Y= 5 P = )
< 0 A ) ( D3 Da
and elements p;, 1 < ¢ < 4, are given as
)\2 —a a — )\1 5 ( )
= = . n(xr
p Ny — N P2 \/)\2_/\1 g ’
- Cc — /\1
Pa =14/ Ny — A
It is not difficult to see that Ay > %la_cl > a > 1 holds true for any parameters
H,, H,, and d satisfying the constraint Ho > H; > 0. Therefore, the relation A\; - Ao =
1 implies that the eigenvalue A; € (0,1), which cannot be used directly in the time

domain cloaking simulation. Similar to our previous work [18], we map A; by the
lossless Drude dispersion model,

Y " Bl sgn(x)
b3 = AQ_)\l g v )y

w?

/\1(w) =1- w—g,
where w,, is the plasma frequency and w is the general wave frequency.
Let D be the 2D electric displacement, and let E be the 2D electric field. Substi-

tuting ¢ = PXPT into the constitutive equation D = ¢ocE, and using the property

PPT =pPTp = < (1) (1) >,We obtain

soFE = PY'PTD,
which can be written in time-domain (assuming e*! time dependence) as follows:
(2.2) eor2 (B + w2E) = MaDp + MpD,
where matrices M4 and Mp are

2 2 2
DPiA2 + ps P2pa + P1p3A2 D5 D2p4 2

M,y = My = W2,
4 < paps +P1p3de  pP3Xe + pi B paps D3 P

Here and below, for simplicity we denote E,» as the kth derivative 0¥ E/otF k > 1.
The same notation is used for other variables.

Coupling (2.2) with Faraday’s law and Ampere’s law, we obtain the governing
equations for the carpet cloak:

(2.3) D, =V x H,
(2.4) c0X2 (B2 +w2E) = MaDy2 + MpD,
(2.5) popHy = =V x E,
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where H denotes the magnetic field. Here and in the rest of paper, we use the 2D
vector and scalar curl operators:

VE = (E,,E,),

i
VXH:<M{ Mﬁ’ o, g 0B OB

Oy’ Ox dr Oy

where E, and £, denote the  and y components of the electric field E, respectively.
To make the carpet cloak model (2.3)-(2.5) complete, we assume that (2.3)—(2.5)
satisfy the initial conditions

(2.6) D(z,0) =Dy(x), E(x,0)=Ey(x), H(x,0)=Ho(x) Vxe Q
and the perfect conducting boundary condition (PEC)
(2.7) nx E=0 onodQ,

where Dy, Eq, and Hy are some properly given functions, m is the unit outward
normal vector to dL), and 2 denotes the cloaking region.

LeEMMA 2.1. The matriz Mp is symmetric and nonnegative definite, and the
matriz M4 is symmetric positive definite.

Proof. First, it is easy to see that for any vector (u,v)’, we have

u
(u,v)Mp ( v > = w2 (p3u® + 2papsuv + piv®) = w2 (p2u + pav)® > 0,

which proves the nonnegativeness of Mp.
Similarly, for any nonzero vector (u,v)’, we have

(2.8) (W V)IMa ( . ) = (pIA2 +p3)u? + 2(paps + p1psda)uv + (p3A2 + pi)v?

= Xa(pru+p3v)? + (p2u+ psv)* > 0,
since the expression Ao (p1u+p3v)? + (pau+ pav)? equals zero if and only if u = v = 0.
This completes the proof for the positive definiteness of M 4. O

With Lemma 2.1, we can prove the existence and uniqueness of the solution for
our carpet cloaking model.

THEOREM 2.2. For anyt € [0,T], there exists a unique solution (E(-,t), D(-,t), H(:, 1))
€ (Ho(curl; )% x H(curl; Q) of (2.3)—(2.7).

Proof. For any function u(t) defined for ¢ > 0, let us denote its Laplace transform
by d(s) = L(u) = [;° e *tu(t)dt. Taking the Laplace transforms of (2.3)-(2.5),
respectively, we obtain
(2.9) sD—Do=V x H,

(2.10) 20 o (321?3 — sEo— 9,E(0) + ng) — My (3213 —sDy — atD(o)) + MyD,
(2.11) pop(sH — Hy) = =V x E.

Multiplying (2.10) by s and then replacing D by using (2.9), we have

(2.12) goha(s® + swz)E = (s2M 4 4+ Mp)V x H + f(s),

where f(s) = eoha(s?Eg + sO;E(0)) + (s?M4 + Mp)Do — sMa(sDo — 8;D(0)).
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Multiplying (2.12) by pops and then using (2.11) to eliminate H, we obtain

(2.13) 50u0ux\g(s4 + szwg)E = (S2MA + Mp)(popV x Hy—V x V x E)
+M0/148f0(8),

which has a weak formulation as follows: Find E € Hy(curl; Q) such that
(2.14) eopropra(s* + s°w2) (B, u) + (s*Ma + Mp)(V x E,V x u) = (Fo(s),u)

holds true for any u € Ho(curl; Q). Here Fo(s) = popu(s2Ma+Mp)V x Ho+popsfo(s).
The existence of a unique solution E € Hy(curl; Q) of (2.14) is guaranteed by the
Lax-Milgram lemma, since by Lemma 2.1 the matrix s2M 4+ M p is symmetric positive
definite. The existence and uniqueness of D € Ho(curl; Q) and H € H(curl; Q) are
from (2.9)-(2.11). O
Now we prove the following stability result for the solution of (2.3)—(2.5).
THEOREM 2.3. For the solution (D, E) of (2.3)—(2.5) and any t € [0,T], the
following stability holds true:

(IVALDA 2 + ||V MED|P + || Bl + | Bil 2 + | BI? + [|[VMaY x Bil?) (¢)
< C (W MaDi|P + |V MpDI[ + | B2 | + || B +11E|I? + [|v/MaV x Ei|I?) (0),

where the constant C' > 0 depends on the physical parameters g, o, d, H1, Ha, and
Wp.

Proof. The proof is composed of three major parts.

Part 1. Multiplying (2.4) by D; and integrating the resultant over domain 2, we
have

| =

1
5 [(MaDy,Dy) + (MpD, D)] = goA2(Ey2, Dy) + eohow(E, Dy);

U

t
integrating this from 0 to ¢ yields
1 1
5[(MaDy, D) + (MpD, D)|(¢) = 5[(MaDy, D) + (MpD, D)](0)
t t
(2.15) = / c0da(E2, Dy)ds +/ eorow; (E, Dy)ds.
0 0

Applying the Cauchy—Schwarz inequality and absorbing all terms involving initial
conditions into I7(0), we can rewrite (2.15) as

SUVATADP + 135 DI (0)

coda [*
216) <L)+ =7= | (1Bl + ID|*)ds +

2
Eo/\go.)p

t
| OB R+ D P
PartI1. Similarly, multiplying (2.4) by E; and integrating the result over domain

Q, we have

1 d
5e0h2 2 |(Be. Be) +w(B, E)] = (MaDi2, Be) + (MpD, Ey);
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integrating this from 0 to ¢, we obtain

SeoMl(B B) + (B, B)(1) — georal(Be, By +w3(E, E))(0)

t

(2.17)= (MADt,Et)(t)—(MADt,Et)(O)—/O (MADt,Et2)ds+/O (MpD, Ey)ds.

Applying the Cauchy—Schwarz inequality and absorbing all terms involving initial
conditions into I2(0), we can rewrite (2.17) as

50)\2

=B + B[P (1) < 12(0 —II\/ aDeP(t) + | B[ (2)
+§/O (IVMaDy|]? + || Ep2||* + ||/ MpDI|* + || E.|*)ds

Part 111. Differentiating (2.4) with respect to ¢ and using (2.3), we have

(2.18)

(2.19) co2(Ep +wiEy) = MaV x Hy + MpDy.
Multiplying (2.19) by uop, and then replacing H by (2.5), we obtain
(2.20) eopopAe (B + wiBy) = =MV x V x By + pouMpDy.
Multiplying (2.20) by Ey= and integrating the result over domain €2, we further

have

1 d
2&)#0#/\2 (B2, E2) +wp (B, Ey)]+

(2.21)
integrating this from ¢ = 0 to ¢, we obtain

(MaV % B,V % Br) = pop(MpDy, Bp):

N =
&|Q‘

1 1
iaouogAz[(EtQ,Eﬁ) + w2 (Ey, By))(t) + 5(MAV x Ey,V x Ey)(t)

1 1
_E(MAV X Et, V x Et)(O) — 560#0,&)\2[(Et2,Et2) + wﬁ(Et, Et)](O)

t
(2.22) = / piop(MpDy, Ey2)ds.
0

Similarly, applying the Cauchy—Schwarz inequality to (2.22), and then multiplying
both sides by W and absorbing all terms involving initial conditions into I5(0),
p

we can rewrite (2.22) as

(—||Etz||2+2||Et||2 2V vXEtW) (0

P
@3 < KO+ [ UVAD B s
Denote LHS(t) = (|[VMaDy|* + |[VMpD||* + ||E|*> + ||E|]* + || E|]* +
VTRV = Byl ) (1),

Summing up (2.16), (2.18), and (2.23), we can easily see that
t
LHS(t) < C(LHS(0) +/ LHS(s)ds),
0

which completes the proof by using the Gronwall inequality. O
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3. The FETD scheme. To design a finite element method to solve our carpet
model, we assume that the physical domain € is partitioned by a family of regular
rectangular or triangular mesh 7" with maximum mesh size h. Considering the
usual low regularity of Maxwell’s equations, here we just consider the lowest order
Raviart—Thomas—Nédélec (RTN) mixed finite element spaces U, and V', [25, 17]: For
rectangular elements K € T,

Un={¢n € L*(Q) : Ynlk € Qoo, VK € T"},
Vi ={¢y, € H(curl; Q) :  ¢y|x € Qoa X Qr0, VK € T"},

where @Q); ; denotes the space of polynomials whose degrees are less than or equal to
i and j in variables x and y, respectively. Meanwhile, for triangular elements, we
choose

Un = {n € L*(Q) : ¢n|k is a piecewise constant, ¥V K € T"},

Vh = {¢h € H(CUTZ;Q) . ¢h|K = span{LZ-VL]- — LJVLl}, 7,,] = 1,2, 3,V K e Th},
(3.2)
where L; denotes the standard linear basis function at vertex ¢ of element K. The
space

(3.1)

h={¢, €Vh nx¢,=0 ondQ}

is introduced to impose the perfect conducting boundary condition n x E = 0. We
remark that the analysis carried out below holds true for arbitrary order RTN spaces.

For any discrete time solution u™, we denote the following difference and average
operators:

u® — unfl u® — 2un71 + un72
Spu = ———— 52" = 5 ,
T T
antd u™tE 4 yn3 antd u™tE 4 20" 4y _ antE +an—3
2 ’ 4 2
Now we can construct a leap-frog scheme for the model equations (2.3)—(2. 5)

Given proper initial approximations Hy, D, *, D, *, E, * | E, 3 ,forn >0 find DnJr 2,

EZ+2 € Vi, H'" € U, such that

(3.3) (5-D}"% 61) = (H}, ¥ x &),

ek (82E, *2,%) +eohaw? (B ,goh)
(3.4) = (Ma2D} % ) + (MpD} ),
(35) pop (8, HJ ™ ) = —(V x B2 gy)

hold true for any ¢,,, ¢; € V%, Yy € Up.
Note that the scheme (3.3)—(3.5) is explicit in that at each time step we can solve

for DZ+%,EZ+%, and H'""! from (3.3)-(3.5) sequentially.
L el
LEMMA 3.1. For the solution (Dn+2 E +2) of (3.3)-(3.5), we have

uou«w’z*%—w MG B ) 4 SV x By~ VARV < By )
< - ||\/MAVxE"*5||2—||\/MAV><EZ*§|| )
(3.6) Z(MAV X6, EIT2 v x ElTY),

[\
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Proof. Using (3.3) with ¢, = M0, E} ", (3.5) with ¢y, = V x M6, E." %, and

the fact that M4 is piecewise constant, we obtam

n—

pou(6,: D3 — 5. DITE MAGENTY) = popr (6, HE, ¥ x Mad, EE)
= (VX E'72 Y x Mad, E"+2) = (MY x B2V x §,E" )
= (MaV x E} > Vx (B} * - El't%))
= [[V/MAV x B} 2|2 = (MaV x E' 2,V x E} %),
Adding |[v/MaV x E;TL% |? to both sides of the above identity, we obtain
pon(6, Dy — 6, D)% Mab, By ) + ||V MAV x By
(3.7) = [[V/MAV x E} 2|2+ 7(MAV x 6, E} "2 v x ElFE).
Similarly, we have

pou(6: D — 5 DI M6, E) ) = —r(MAV x B} %,V x 6, %)

n—=+ n—=2 n—— 1 n—
= (MuVXE'  *Vx(E' ®_E ) < SIVMLY x B, 32
(3.8) — [/ M4V x E} 2||
Taking the average of estimates of (3.7) and (3.8), we conclude the proof. O

With Lemma 3.1, we can prove the following stability for the scheme (3.3)—(3.5).

n 1 n 1
THEOREM 3.2. Denote the discrete solution (Dh+2,Eh+2) of (3.3)-(3.5), and
the discrete energy

60#0#)\2(2—|—w) ntl 60#0,&)\2&1 ~ 4 1 n++
ENG, = B P f”HE P SIVMAY x BT

1 n+l n42
+ IV, Dy P 4 VAT D

E0HofA2 nti n+1i
(3.9) + S92 52 2||2+§||¢MAVX57E,I e,

Then for any m > 1 and sufficiently small constant Ccg; > 0, under the constraint
(3.10) 7 < Cepih?,
we have

1 1 1
ENGu < C (ENGy +|V/MaV x E; |2+ 116 B, *|[* + 1/ Mg D, | 2),

where the constant C' > 0 depends on the physical parameters g, o, d, Hy, Ha, and
wp but is independent of h and T.

Proof. The proof follows similarly to that of the continuous case (i.e., Theorem
2.3) and is also composed of three major parts.

A+t
Part 1. Choosing ¢, = T(STEh+2 in (3.4) and using the Cauchy-Schwarz inequal-
ity, we have

50)‘2 n+3 nf— 50)\2 ~n—1
0% (15, By - 18, By R) + () B - P)
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An+ A n—i
n A N D 2 D 2 AN
— (Ma2DE 75, BT 4 <MB% 6. B )
A"+2 ~ 2 2

nt+ n— ~ N D AN
< (6, D" 5, D"F Mus B T) %(HM % 16, BT )

n+i A”+2
< (0, D" —6.DI % Mas, By

T ~ n41 n-+ nf
(3.11) +Z(||MBD}1 *|?+ ||Ms Dy, ||2+||5E 22 4 (16, B3 |2).

Multiplying (3.11) by pop, using Lemma 3.1, and summing up the resultant from
n =1 to m, we have

60u0u/\2w m+1
([

1 N
+ SUVMAY x By 3|12 = VALY x B 1)
1 m——

<3V x BRIV AV X B, 7|1)

—Z (MaV x 6, E'"2 v x E/'"?)

80/‘0#)\2 m+1 1 L
—— (0B, 2 []? = [|6: E;|*) + I* = 11Ex 1)

2

q

[\)

m

n+i ~n—21 n4i n—4i
(3.12) (IMp Dy 2|+ (|MpDy, 2 |” + (16 B3 | + [16- By 2 |?).

Applying the Cauchy—Schwarz inequality for the second right-hand side term of
(3.12), we have

E0HOHA2 m+3 1 E0poIAWy o mtd ~ 3
N (15 |2 B P) + R e

1 m+1 1
+ 5 (IVMAY x B — ||VMAY x B |)
1 -1 T — n+ n+
< IVMAY x B3P+ 2 3 (VMY % 6, B2 P 4 [|[VMaV x B2 P)
n=1

HopT n+3i A n—1 n4i n—1
(3.13)+—, Z(IIMBD P HIMEDy, PP 6By P+ (10- By ().

n=1

Ll
Part II. Choosing ¢;, = T(STDh+2 in (3.4) and using the Cauchy-Schwarz in-
equality, we have

w M0, D} 2|2 = ||/Mas, D} %|?) w MpD) 2|12 — |1/ D) )

n+3g n—j

nt i A n+ti E E A n
< aOAQ(stEh*?,TaTDh“)+50A2w§(% 5.0l )
TE )\ n n n—
< (12 E, 312 416, D) 3|2 + |16, D)%)
7'80)\20.) An+2||2

-1 ntd n—1
(3.14) (e +1E, 2P+ 116Dy 217 + (18- Dy 7).

4
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Summing up (3.14) from n = 1 to m, we obtain

S (VT8 D312~ |1V/ALa6, D IP) + 5 (VA D) 12— |V DE )

7'60/\2 n41 n41 n,_
<TZ(II5EEh 17+ 116-Dy," ?1* + 16- Dy, * 1)

n=1

’7'80)\2(4)2 n-+ A2 n+i n—3
(3-15)+Tp2(||E 2||2+||Eh |2+ llo-Dy P+ 116Dy ).

n=1

Part TI1. Subtracting (3.4) itself with n reduced by 1, then multiplying the result
by pop, we obtain

An+ A N—
ntl n—1 0.E, > +6E :
cottopa (2B}, ? — 62E), 2a<Ph)+€oM0M)\2w§T< > . a‘Ph>
il no1
= pou(Ma(02D} "% = 62D} %), py,)

A~ n+ n—1

6:D,, * +6;D 2

(3.16) + popT (M 5 h ,goh).

Using (3.3) and (3.5), we have
n+ti n—+ n—4i
(317)  pop(Ma(62D) "2 — 62D} %), ) = —m(MaV x 6B, 2,V x 3.
Choosing ¢, = 5ZEZ+% in both (3.16) and (3.17), we get
€00 A2 n+3 n—1 Eofopraw; nti E
— —(102B, 2 [* — |07 B, 2||2)+f(||5 B2 - 116, B5F )
—(MaV x 6, E. "%V x (5,E!? —5,E! 7))

n— _3
o-E), 2+5"Eh § 52En+%)
4 y Y1 h

- 50M0MA2W§T(

n— 2

5, D2 s D,
2

(3.18) +popT (MB ,5$EZ+%>.
Note that the first term on the right-hand side of (3.18) can be bounded as follows:
(MaV % 6,E} "%V x (6, E}"? — 5, El?))
= (MaV % (6,E'*% —§,E!""%),V x (6, E}"2 — 5, E'"?))
(MaV % 5,E!% YV x (6, E}T? — 5, El %))

< PV x 2B} P~ SV x 6.8,
(3.19) WY x 6B H2).

Substituting the estimate (3.19) into (3.18) and applying the Cauchy—Schwarz
inequality to the last two terms of (3.18), we have

A n+i n—+ & Aow 1 n—
O e sty ) + SR g e g,y
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1 n41 n—1l
+ 5 (VMY x 6B 2P — ||/ MaY % 6. B, 1)
< 2||VMAV x 2B} |

EO,UO,UAQW n—— n—— n+4 2
RO (16, H P + 16, B E P + (192 |
,LL ,LLT ~ n+ 3 An n+ 1
(3.20) =—(1V/Mpd. Dy, |? + ||/ Mpd. D 2||2+||52E *[1%).

Summing up (3.20) from n = 1 to m, we obtain

50#0,“)\2 m+1 i EO,UJO,UJAQW m4
—— CIZE 2P =107 BR |) + ———(Ilo- B, 2[1” - |16 B |P)

1 m-+1 1
+—(||\/MAV><5¢E P22 ||/ MAV x 6, E2|]?)
n € AW B
<2 SOV x EEH P L ”TZ 6B F |

n=1

+|16-E} 2|12 + |02E) 2| 2)

+ BT S (/W D | 1 W D 41/ M, D}

n=1

n++
(321)  +[62E, " [P).

Adding up (3.13), (3.15), and (3.21), and using the definition (3.9), we have
_1 _1 _1
ENG,, < CIENGo + ||/ MaV x E, 2| +||6:E, 2 ||* + ||/ Mp6. D, *| ]

T - n41 n++
+ 7 DIV < 6B 4 |[VMAY x By
n=1

~ntg n+<
+ pop(2|MpD), * |1? +2||6-E), " 2| ?)

n n AnJr
+ 2e00a(|[02B) 2|2 4 2/[6- D} T |2) + cohaw(2 | By |2
+47‘|| / M VX52E7L+2||2+250M0M/\200 (2||5 En——||2+||52En+2|| )

(3:22)  + 2u0n(3]l\/Mps, D} 7| + [|22E} 7 |2)).

n 1
+2[[6. Dy "2 [?)

It is not difficult to see that when the time step 7 is small enough, all terms on
the right-hand side of (3.22) can be controlled by the corresponding left-hand side

1
terms except 47||v/MaV x 62E; " 2||2, which can be bounded as

1 n+l
(3.23) A7||V/MaV x 2E; 2|2 < 7 Cinuh 2|62 E) 2|2,

where we used the standard inverse estimate.
Substituting (3.23) into (3.22), choosing 7 small enough, and using the discrete
Gronwall inequality, we conclude the proof. O

4. Numerical results. In this section, we present some numerical simulation
results for the carpet cloak model solved by the FETD algorithm (3.3)-(3.5). To
simulate the cloak phenomenon, we surround the physical domain by a perfectly
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matched layer (PML); see Figure 1 (right). In this paper, we use the classical 2D
Berenger PML, whose governing equations can be written as

OF oy, 0
(41) EQE—F ( 0 Ou )E—VXHZ,
O0H OF
4.2 . mszr =-—2
(4.2) Ho—5; +o oz
oOH o))
4.3 2Y o H oy = —=
( ) 120] 315 +o Y Y 82/ ’
where H, = H., + H., denotes the magnetic field, and the parameters o; and

Om,i;® = x,y, are the electric and magnetic conductivities in the x- and y- direc-
tions, respectively. In our simulation, we use a PML with 12 rectangular cells in
thickness around the physical domain.

To couple the PML model with the scheme (3.3)-(3.5) developed for solving the
blanket cloak model, we construct a similar leap-frog schemle for solving the PML
model (4.1)—(4.3) in the PML region: For any n > 0, find E;TLE cvy H;Zj,ll, H:;,t €
Uy, such that

EnJr% N Enfé o 0 EnJr% +En7%
o (%4%) + << Oy ” ) %4%)

(44) = (H:’Lh + zy h» V x ¢h)
H;L;—l th HZ;l—'_szh
Ho <#,¢17h + Umwh—a"/]Lh
T 2
(9 n+
(4.5) _ (ax Iy, h>
H) —H: Hl) + HL,
Ho <yh—y’ha"/}27h> + <Umy’h—ha"/]27h
T 2
0 n
(4.6) = <8y Jf,wzh>

hold true for any ¢, € V?l and any ¢ p, V2 € Up,.

In our simulation, we choose H; = 0.05m, Hy = 0.2m,d = 0.2m, and the physical
domain © = [-0.3,0.3] m x [0,0.3] m, which is partitioned by a uniform triangular
mesh with a mesh size h = 0.00625. The PML region surrounding {2 is partitioned
by a uniform rectangular mesh. Our final mesh yields 53330 total edges, 26960 total
triangular elements, and 6258 total rectangular elements. In the test, we choose the
time step size 7 = 2% 10713 s, and the total number of time steps 15000; i.e., the final
simulation time T' = 3.0 nanosecond (ns).

Ezample 1. The incident wave is generated by a plane wave source H, = 0.1 sin(wt)
imposed at line x = —0.3, where w = 2x f with frequency f = 3.0 GHz. The numerical
magnetic fields [, and electric fields F, at different time steps are shown in Figures 2
and 3, respectively. Both figures show clearly that the plane wave pattern is recovered
very well after passing through the cloaking region, which makes any objects hidden
inside the cloaked region invisible to observers at the far end.
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FiG. 2. Ezample 1. The numerical magnetic fields H, at 5000, 7000, 10000, and 15000 time
steps (oriented counterclockwise).

FiGc. 3. Ezample 1. The numerical electric fields E, at 5000, 7000, 10000, and 15000 time
steps (oriented counterclockwise).

Example 2. The incident wave is generated by a Gaussian wave
H,(x,y,t) = 0.1e~ (¥=0-15)°/(60L)” sin(wt)

imposed along a slanted line y = = + 0.45, where L = 0.004y/2 and w = 27f with
frequency f = 6.0 GHz. The numerical magnetic fields H, at different time steps are
presented in Figure 4. So that the reader may appreciate the cloak phenomenon, in
Figure 5 we present the magnetic fields H, obtained without the cloaking material.
It is clear that the cloak phenomenon disappears if the cloaking material is removed.

Example 3. Since the ideal cloak requires that the permittivity and permeability
be anisotropic, and this arrangement is quite difficult to construct, the following

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/05/14 to 202.197.228.135. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

MATHEMATICAL ANALYSIS OF CARPET CLOAK 1149

0.15
0.1
0.05

-0.08
0.1
015

0.15
0.1
0.05

-0.08
0.1
015

FiG. 4. Ezample 2. The numerical magnetic fields H, at 5000, 7000, 10000, and 15000 time
steps (oriented counterclockwise).

Fi1G. 5. Ezample 2. The numerical magnetic fields H, at 5000, 7000, 10000, and 15000 time
steps (oriented counterclockwise) obtained with the cloaking material removed.

reduced cloak material is suggested [8]:

__Hy __HiHy
H, oI (H2—H1)dsgn(x)
H
d

R
Hy = H, - (Hfilgle)ngn(x) H2H2H1 + HzlizHl (_1)2

and the reduced cloak materials can be realized by natural anisotropic materials [8].
We solve Example 2 again by using this simplified permittivity and permeability.
The calculated magnetic fields H, at different time steps are presented in Figure 6,
which shows that the cloak phenomenon is almost the same as Figure 4 for the ideal
permittivity and permeability.
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Fia. 6. Ezample 3. The calculated magnetic fields H, at 5000, 7000, 10000, and 15000 time
steps (oriented counterclockwise) with the simplified cloak material.

5. Conclusion. In this paper, we present a mathematical formulation of the
popular carpet cloak model. The well-posedness of the model is established, and a
finite element time-domain method is developed for solving this model. To the best
of our knowledge, this is the first mathematical treatment for the carpet cloak model.
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