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In this paper we develop an adaptive edge finite element method based on a reliable and
efficient recovery type a posteriori error estimator for time-harmonic Maxwell equations.
The asymptotically exact a posteriori error estimator is based on the superconvergence
result proved for the lowest-order edge element on triangular grids, where most pairs of
triangles sharing a common edge form approximate parallelograms. The efficiency and
robustness of the proposed method is demonstrated by extensive numerical experiments
for electromagnetic cloaking problems with highly anisotropic permittivity and
permeability.
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1. Introduction

In early 2006, Pendry et al. [33] and Leonhardt [24] independently presented the blueprints for making objects invisible to
electromagnetic waves by using metamaterials. The basic idea is to use the Maxwell equations’ form invariant property to
design the permittivty and permeability of the metamaterial. The cloaked region is surrounded by this cloaking metamate-
rial, and the light will be guided around the cloaked region as if nothing were there. In late 2006, the first practical realization
of such a cloak was demonstrated by Schurig et al. [35] over a band of microwave frequencies for a 2-D cloak constructed
using artificially structured metamaterials. At present, there is a tremendous interest in the study of invisibility cloaks and
their striking applications. We refer readers to (e.g., [8,15,16,29,23,28,30]) for more details about this rapidly growing field
and more complete literature.

Numerical simulation plays a very important role in designing the invisibility cloaks and validating theoretical predic-
tions. Due to its flexibility in handling complex geometrical domains and its solid mathematical theory, the finite element
method (FEM) is one of the most popular techniques in solving electromagnetic wave propagation problems. To date, the
FEM cloaking simulation seems to be dominated by the commercial package COMSOL. To our best knowledge, not much re-
search has been devoted to developing more efficient and robust FEMs for cloaking simulation. In 2011, Zhai et al. [40] devel-
oped an efficient finite element method for solving 3D axisymmetrical invisibility cloaks and concentrators. Recently,
Demkowicz and Li [12] extended the Discontinuous Petrov–Galerkin (DPG) method to show the effectiveness of the DPG
method in cloak simulations. Some simple h-adaptivity has been introduced for our DPG method, however theoretical jus-
tification of the effectiveness of h-adaptive was not investigated there.
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In this paper, a reliable and efficient recovery type a posteriori error estimator is developed for time-harmonic Maxwell’s
equations. Our estimator is the so-called recovery type, which was originally introduced by Zienkiewicz and Zhu [42] and has
been extensively developed and analyzed by various authors [38,39] for many partial differential equations except Maxwell’s
equations. More specifically, our error estimator is based on the superconvergence result obtained for time-harmonic Max-
well’s equations solved by the lowest order triangular edge element. Comparing to those existing superconvergence results
for Maxwell’s equations (e.g., [17,34], [32, p. 201], and [[27, Ch. 5]), our superconvergence result is original. We then use this
a posteriori error estimator in our adaptive edge element method and the effectiveness is demonstrated by several cloaking
simulations. We like to remark that there are some excellent works on a posteriori error estimators [4,7,9,10,41] and adap-
tive FEM [1,11,21,36] for Maxwell’s equations, but they are mainly the residual types for a simple medium such as vacuum
and have not used for such complicated problems as our cloaking simulations.

The rest of the paper is organized as follows. In Section 2, we provide the superconvergence analysis for time-harmonic
Maxwell’s equations solved by the lowest order triangular edge element. Then in Section 3, we apply the superconvergence
result to derive the recovery type a posteriori error estimator, and use the error estimator to develop an adaptive finite ele-
ment method for electromagnetic cloaking simulations. Extensive numerical experiments are presented in Section 4 to jus-
tify our theoretical analysis and demonstrate the effectiveness of our adaptive method. We conclude the paper in Section 5.

2. Superconvergence analysis for time-harmonic Maxwell’s equations

First let us introduce some common notations. We assume that X is a bounded and simply connected Lipschitz polyhe-
dron of Rd (d = 2 or 3) with connected boundary @X and unit outward normal n. For m; p P 1, we denote the standard Sobolev
space by Wm;pðXÞ. When p ¼ 2, we usually write HmðXÞ ¼Wm;2ðXÞ. Furthermore, we need some other Sobolev spaces:
H0ðcurl; XÞ ¼ fv 2 ðL2ðXÞÞd; r� v 2 ðL2ðXÞÞd; n� v ¼ 0 on @Xg;
Hsðcurl; XÞ ¼ fv 2 ðHsðXÞÞd; r� v 2 ðHsðXÞÞdg; 8s > 0:
The above spaces are equipped with norms
jjv jjHðcurl;XÞ ¼ ðjjv jj
2
0 þ jjr � v jj20Þ

1=2 8v 2 H0ðcurl; XÞ;

jjv jjHsðcurl;XÞ ¼ ðjjv jj
2
HsðXÞ þ jjr � v jj2HsðXÞÞ

1=2 8v 2 Hsðcurl; XÞ;
where jj � jj0;X (or simply jj � jj0) denotes the ðL2ðXÞÞd norm.

2.1. The modeling equations and some preliminaries

Modeling of electromagnetic phenomena at a fixed frequency x is governed by the full Maxwell’s equations:
r� E þ ixlH ¼ 0; in X; ð2:1Þ
r � H � ixeE ¼ J; in X; ð2:2Þ
where i ¼
ffiffiffiffiffiffiffi
�1
p

; EðxÞ and HðxÞ are the electric and magnetic fields, e and l are the permittivity and permeability of the mate-
rial, and J is the applied current density.

Eliminating H from (2.1) and (2.2), we obtain
r� ðl�1r� EÞ �x2eE ¼ �ixJ in X: ð2:3Þ
Let us denote the wavenumber k ¼ x ffiffiffiffiffiffielp . To avoid the technicality and simplify the presentation, we assume that � and
l are constants, in which case we can simplify the problem (2.3) to:
r� ðr� EÞ � k2E ¼ F � �ixlJ in X: ð2:4Þ
Moreover, we assume that the problem (2.4) is subject to the perfectly conducting (PEC) boundary condition
n� E ¼ 0 on @X: ð2:5Þ
The variational formulation of the problem (2.4) and (2.5) is to find E 2 H0ðcurl; XÞ such that
aðE;/Þ ¼ ðF;/Þ 8/ 2 H0ðcurl; XÞ; ð2:6Þ
where
aðE;/Þ ¼ ðr � E;r� /Þ � k2ðE;/Þ: ð2:7Þ

Here and below ð�; �Þ denotes the inner product in ðL2ðXÞÞd.

To design a finite element method, we assume that X is partitioned by a regular mesh Th of tetrahedra in R3 (or triangles
in R2), where h is the mesh size. Due to the low regularity of the solution for Maxwell’s equations, we just consider the low-
est-order Nédélec curl conforming element (often called edge element) space:
Vh ¼ f/h 2 H0ðcurl; XÞ : /hjK ¼ spanfkirkj � kjrkig; 8K 2 Thg; ð2:8Þ
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where ki denotes the barycentric coordinate at the ith vertex of the tetrahedron or triangle K.
Now we can define the standard finite element method for solving the problem (2.4) and (2.5): Find Eh 2 Vh such that
aðEh;/hÞ ¼ ðF;/hÞ 8/h 2 Vh: ð2:9Þ
Denote the solution error eh ¼ E � Eh. The following lemmas present the well-posedness of the problem (2.6) and some
fundamental error estimates.

Theorem 2.1 [32]. Assume that X is a bounded and simply connected Lispschitz polyhedron with connected boundary, and E and
Eh satisfy (2.6) and (2.9), respectively. If k is not an interior Maxwell eigenvalue, then the variational problem (2.6) has a unique
solution E 2 H0ðcurl; XÞ such that
jjEjjHðcurl;XÞ 6 CjjFjj0;
where the constant C > 0 is independent of E and F but dependent on k. Moreover, if E 2 H1ðcurl; XÞ, then there exists a constant
C > 0 independent of h such that
jjE � EhjjHðcurl;XÞ 6 ChjjEjjH1ðcurl;XÞ:
Lemma 2.1 [32, Lemma 7.7]. For sufficiently small h, there exist constants C > 0 and d 2 ð0; 1
2� such that
sup
vh2Vh

jðeh;vhÞj
jjvhjjHðcurl;XÞ

6 Chdþ1=2jjehjjHðcurl;XÞ:
2.2. Superclose analysis for the lowest-order triangular edge element

Let us denote uI 2 Vh for the standard Nédélec interpolation operator of u. For the lowest-order triangular edge element,
we can write
uIjKðx; yÞ ¼
X3

j¼1

Z
lj

u � sjdl

 !
N jðx; yÞ 8K 2 Th; ð2:10Þ
where sj is the unit tangent vector on edge lj, and N j is the corresponding basis function.
Using the Stoke’s formula and the definition of uI , we have.

Lemma 2.2. For any function u 2 Hðcurl; XÞ , we have
Z
K
r� ðu� uIÞdxdy ¼ 0 8K 2 Th:
For a triangular mesh formed by parallelograms, we have the following elementwise superclose identity.
Lemma 2.3 [18, Theorem 3.3]. Assume that the domain X is covered by a triangular mesh formed by parallelograms. On any
parallelogram �, for any function u 2 ðH3ð�ÞÞ2 and /h 2 Vh, then we have
Z

�

ðu� uIÞ/hdxdy 6 Ch2jjujjðH3ð�ÞÞ2 jj/hjj0;�:
Lemma 2.4. Assume that the domain X is covered by a triangular mesh formed by parallelograms, and E and Eh satisfy (2.6) and
(2.9), respectively. If h is sufficiently small, then there exist constants C > 0 and d 2 ð0;1=2� such that
jjEI � EhjjHðcurl;XÞ 6 C h2jjEjjðH3ðXÞÞ2 þ hdþ1=2jjehjjHðcurl;XÞ

� �
: ð2:11Þ
Proof. Let /h ¼ EI � Eh. From (2.7), we have
jj/hjj
2
Hðcurl;XÞ ¼ að/h;/hÞ þ ð1þ k2Þð/h;/hÞ

¼ aðEI � E;/hÞ þ aðE � Eh;/hÞ þ ð1þ k2Þð/h;/hÞ
¼ aðEI � E;/hÞ þ ð1þ k2Þð/h;/hÞ
¼ ðr � ðEI � EÞ;r� /hÞ þ ðEI � E;/hÞ þ ð1þ k2ÞðE � Eh;/hÞ

¼
X3

i¼1

Erri: ð2:12Þ
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Note that r� /h is a constant on each element, using Lemma 2.2 we easily have
Err1 ¼ ðr � ðEI � EÞ;r� /hÞ ¼ 0: ð2:13Þ
Using Lemma 2.3, we immediately have
Err2 ¼ ðEI � E;/hÞ 6 Ch2jjEjjðH3ðXÞÞ2 jj/hjj0;X: ð2:14Þ
Finally, using Lemma 2.1, we have
Err3 ¼ ð1þ k2ÞðE � Eh;/hÞ

6 C sup
vh2Vh

jðeh; vhÞj
jjvhjjHðcurl;XÞ

jjEI � EhjjHðcurl;XÞ

6 Chdþ1=2jjehjjHðcurl;XÞjjEI � EhjjHðcurl;XÞ:

ð2:15Þ
The proof is completed by substituting (2.13)–(2.15) into (2.12). h

Note that the estimate (2.11) is a superclose result between the interpolation EI and the finite element solution Eh, since
by Theorem 2.1 we only have jjE � EhjjHðcurl;XÞ 6 Ch, which is one order less than jjEI � EhjjHðcurl;XÞ.

Let us introduce the discrete l2 norm jujl2 ;X ¼
1

Ne

P
K2Th

P
xe2K juðxeÞj2

� �1=2
, where xe is the midpoint of the interior edge e

and Ne is the total number of interior edges. Moreover, let the averaging operator RðuðxeÞÞ ¼ ðuðxeÞjK1
þ uðxeÞjK2

Þ=2, where
K1 and K2 are the two triangles sharing the middle edge point xe.

Extending Lemma 2.4, we can have the following superclose result.

Lemma 2.5. Under the same assumption as Lemma 2.4, for sufficiently small h, there exist constants C > 0 and d 2 ð0;1=2� such
that

(i) jRðEI � EhÞjl2 ;X 6 C h2jjEjjðH3ðXÞÞ2 þ hdþ1=2jjehjjHðcurl;XÞ

� �
;

(ii) jRðr � ðEI � EhÞÞjl2 ;X 6 C h2jjEjjðH3ðXÞÞ2 þ hdþ1=2jjehjjHðcurl;XÞ

� �
:

Proof. Let /h ¼ EI � Eh, and Ss ¼ OðjXjN Þ be the area of the element s, where N denotes the total number of the elements in the
mesh Th.

Using the quadrature identity (cf. [25, p.194]):
Z
s

wðx; yÞdxdy ¼ Ss

3

X3

i¼1

wðxei
Þ 8w 2 P2ðsÞ
and the fact that /h is linear on each element s, we have
X
s2Th

X
xe2s

R2ð/hðxeÞÞ � Ss=3 6
X
s

X3

i¼1

/2
hðxeÞ � Ss=3 ¼

Z
X

/2
hdxdy;
which along with the fact Ne
N ¼ Oð1Þ yields
X
s2Th

X
xe2s

R2ð/hðxeÞÞ
Ne

¼
X
s2Th

X
xe2s

R2ð/hðxeÞÞ �
Ss

3
� O 3N
jXjNe

� �
6 C

Z
X

/2
hdxdy:
Finally, using Lemma 2.4, we easily obtain
jRðEI � EhÞjl2 ;X ¼
X
s2Th

X
xe2s

R2ð/hðxeÞÞ
Ne

 !1=2

6 Cjj/hjj0;X 6 C h2jjEjjðH3ðXÞÞ2 þ hdþ1=2jjehjjHðcurl;XÞ

� �
;

which completes the proof of (i). Applying the same technique to /h ¼ r� ðEI � EhÞ, we can prove (ii). h
2.3. Superconvergence analysis for the lowest-order triangular edge element

In this section, we will use the superclose results obtained in last section to prove some superconvergence results for the
time-harmonic Maxwell’s equations solved by the lowest-order triangular edge element.
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First, we present a result on line integrals.

Lemma 2.6. Consider a parallelogram formed by vertices A–D, where xe ¼ ðxc; ycÞ is the midpoint of AC, a ¼ \BAC, and 2l1 and
2l3 denote the lengths of AB and AC, respectively (see Fig. 2.1). Furthermore, let sij denote the unit tangent vector along edge ij,
where i; j ¼ A;B;C;D. Then for any function u ¼ ðu1;u2ÞT 2 ðW3;1ðXÞÞ2, we have
ðiÞ
Z

AC
u � sACds ¼ 2l3 cos au1ðxeÞ þ

ðl3 cos aÞ3

3
@xxu1ðxeÞ þ

2l3
3 sina cos2 a

3
@xyu1ðxeÞ þ

l33 sin2 a cos a
3

@yyu1ðxeÞ þ 2l3

� sin au2ðxeÞ þ
l33 sin a cos2 a

3
@xxu2ðxeÞ þ

2l3
3 sin2 a cos a

3
@xyu2ðxeÞ þ

l3
3 sin3 a

3
@yyu2ðxeÞ þ Oðh4Þ;

ðiiÞ
Z

CD
u � sCDds ¼ �2l1u1ðxeÞ þ 2ðl21 � l1l3 cos aÞ@xu1ðxeÞ � 2l1l3 sina@yu1ðxeÞ þ ð2l2

1l3 cos a� 4l3
3

3
� l1l23

� cos2 aÞ@xxu1ðxeÞ þ 2ðl2
1l3 sina� l1l23 cos a sinaÞ@xyu1ðxeÞ � l1l2

3 sin2 a@yyu1ðxeÞ þ Oðh4Þ;

ðiiiÞ
Z

DA
u � sDAds ¼ 2ðl1 � l3 cos aÞu1ðxeÞ þ 2ðl1l3 cos a� l2

1Þ@xu1ðxeÞ þ
l1 � l3 cos a

3
ð4l2

1 � 2l1l3 cos aþ l2
3

� cos2 aÞ@xxu1ðxeÞ þ
l1 � l3 cos a

3
ð2l2

3 cos a sin a� 2l1l3 sin aÞ@xyu1ðxeÞ þ
l1 � l3 cos a

3
ðl2

3

� sin2 aÞ@yyu1ðxeÞ � 2l3 sin au2ðxeÞ þ 2l1l3 sin a@xu2ðxeÞ �
l3 sina

3
ð4l21 � 2l1l3 cos aþ l2

3

� cos2 aÞ@xxu2ðxeÞ �
l3 sina

3
ð2l2

3 cos a sin a� 2l1l3 sinaÞ@xyu2ðxeÞ �
l3 sina

3
ðl2

3 sin2 aÞ@yyu2ðxeÞ

þ Oðh4Þ;

ðivÞ
Z

AB
u � sABds ¼ 2l1u1ðxeÞ þ 2ðl21 � l1l3 cos aÞ@xu1ðxeÞ � 2l1l3 sin a@yu1ðxeÞ

þ 4l3
3

3
� 2l2

1l3 cos aþ l1l2
3 cos2 a

 !
@xxu1ðxeÞ � 2ðl2

1l3 sin a� l1l2
3 cos a sinaÞ@xyu1ðxeÞ þ l1l2

3

� sin2 a@yyu1ðxeÞ þ Oðh4Þ;

ðvÞ
Z

BC
u � sBCds ¼ 2ðl3 cos a� l1Þu1ðxeÞ þ 2ðl1l3 cos a� l2

1Þ@xu1ðxeÞ þ
l3 cos a� l1

3
ð4l21 � 2l1l3 cos aþ l2

3

� cos2 aÞ@xxu1ðxeÞ þ
l3 cos a� l1

3
ð2l2

3 cos a sina� 2l1l3 sin aÞ@xyu1ðxeÞ þ
l3 cos a� l1

3
ðl2

3

� sin2 aÞ@yyu1ðxeÞ þ 2l3 sin au2ðxeÞ þ 2l1l3 sin a@xu2ðxeÞ þ
l3 sina

3
ð4l2

1 � 2l1l3 cos aþ l2
3

� cos2 aÞ@xxu2ðxeÞ þ
l3 sin a

3
ð2l2

3 cos a sina� 2l1l3 sin aÞ@xyu2ðxeÞ þ
l3 sin a

3
ðl2

3 sin2 aÞ@yyu2ðxeÞ

þ Oðh4Þ:
Fig. 2.1. The exemplary parallelogram.
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Proof.

(i) Using sAC ¼ ðcosa; sin aÞ, we have
Z
AC

u � sACds ¼
Z xC

xA

ðu1dxþ u2dyÞ ¼
Z xC

xA

ðu1 þ u2 tan aÞdx: ð2:16Þ
Using the Taylor expansions of ui ði ¼ 1;2Þ:
ui ¼ uiðxeÞ þ ðx� xcÞ@xuiðxeÞ þ ðy� ycÞ@yuiðxeÞ

þ 1
2
ðx� xcÞ2@xxuiðxeÞ þ 2ðx� xcÞðy� ycÞ@xyuiðxeÞ þ ðy� ycÞ

2
@yyuiðxeÞ

h i
þ Oðh3Þ ð2:17Þ
and the equation of line AC: y ¼ ðtan aÞðx� xcÞ þ yc , we have
Z xC

xA

uidx ¼
Z xC

xA

½uiðxeÞ þ ðx� xcÞ@xuiðxeÞ þ tan aðx� xcÞ@yuiðxeÞ þ
1
2
ððx� xcÞ2@xxuiðxeÞ þ 2 tan aðx

� xcÞ2@xyuiðxeÞ þ tan2 aðx� xcÞ2@yyuiðxeÞÞ þ Oðh3Þ�dx: ð2:18Þ
Using the identitiesZ xC
Z xcþl3 cos a
xA

ðx� xcÞdx ¼
xc�l3 cos a

ðx� xcÞdx ¼ 0;

Z xC

xA

ðx� xcÞ2dx ¼ 1
3
ðx� xcÞ3jxcþl3 cos a

xc�l3 cos a ¼
2l3

3 cos3 a
3

and Eqs. (2.16)–(2.18), we finish the proof of (i).
(ii) From sCD ¼ ð�1;0Þ, we have
Z

CD
u � sCDds ¼ �

Z xC

xD

u1dx; ð2:19Þ
which, along with (2.17), the equation of line CD: y ¼ yc þ l3 sin a, and the facts
Z xC

xD

ðx� xcÞdx ¼
Z xcþl3 cos a

xcþl3 cos a�2l1

ðx� xcÞdx ¼ 2l1l3 cos a� 2l2
1;Z xC

xD

ðy� ycÞdx ¼
Z xcþl3 cos a

xcþl3 cos a�2l1

ðyc þ l3 sin a� ycÞdx ¼ 2l1l3 sin a;
Z xC

xD

ðy� ycÞ
2dx ¼ 2l1ðl3 sin aÞ2;

Z xC

xD

ðx� xcÞ2dx ¼
Z xcþl3 cos a

xcþl3 cos a�2l1

ðx� xcÞ2dx ¼ 2l1l2
3 cos2 a� 4l21l3 cos aþ 8

3
l3
1;
we complete the proof of (ii).
(iii) The proof is completed by using the equation of line DA:
x ¼ xc þ l3 cos a� 2l1 þ ð2l1 � 2l3 cos aÞt;
y ¼ yc þ l3 sina� ð2l3 sin aÞt;
the Taylor expansion of uiði ¼ 1;2Þ:
uiðx; yÞ ¼ uiðxeÞ þ ðl3 cos a� 2l1 þ ð2l1 � 2l3 cos aÞtÞ@xuiðxeÞ þ ðl3 sin a� ð2l3 sinaÞtÞ@yuiðxeÞ þ
1
2
ððl3 cos a� 2l1

þ ð2l1 � 2l3 cos aÞtÞ2@xxuiðxeÞ þ 2ðx� xcÞðl3 sin a� ð2l3 sin aÞtÞ@xyuiðxeÞ þ ðl3 sin a� ð2l3

� sin aÞtÞ2@yyuiðxeÞÞ þ Oðh3Þ ð2:20Þ
and the identities:
Z 1

0
½l3 cos a� 2l1 þ ð2l1 � 2l3 cos aÞt�dt ¼ �l1;

Z 1

0
½l3 sina� ð2l3 sin aÞt�dt ¼ 0;

Z 1

0
l3 cos a� 2l1 þ ð2l1 � 2l3 cos aÞt½ �2dt ¼ 4

3
l2
1 �

2
3

l1l3 cos aþ 1
3

l2
3 cos2 a;
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Z 1

0
l3 cos a� 2l1 þ ð2l1 � 2l3 cos aÞt½ � l3 sin a� ð2l3 sinaÞt½ �dt ¼ 1

3
l23 cos a sina� 1

3
l1l3 sina;

Z 1

0
l3 sina� ð2l3 sin aÞt½ �2dt ¼ 1

3
l2
3 sin2 a;
in the integral
Z
DA

u � sDAds ¼
Z 1

0
2ðl1 � l3 cos aÞu1 � 2l3 sinau2½ �dt:
(iv)
R

AB u � sABds can be obtained by a similar argument to (ii).
(v)

R
BC u � sBCds can be proved by a similar argument to (iii). h

Using Lemma 2.6, we can prove the following pointwise superconvergence result between the curl of one function and its
Nédélec interpolation.

Lemma 2.7. Under the same assumption as Lemma 2.6, for any function u ¼ ðu1;u2ÞT 2 ðW3;1ðXÞÞ2 and any parallelogram
center xe, we have
jr � uðxeÞ � R r� uIðxeÞð Þj 6 Ch2
:

Proof. For the lowest-order triangular edge element basis function /ij, where i; j ¼ A;B;C;D, we have (cf. [18, Lemma 2.1]):

ðr � /ACÞðxeÞ ¼ ðr � /CDÞðxeÞ ¼ ðr � /DAÞðxeÞ ¼ 1=Ss1 ; ð2:21Þ
By the Nédélec interpolation definition (2.10), and (2.21), we have
ðr � uIÞjs1
ðxeÞ ¼

Z
AC

u � sACdsþ
Z

CD
u � sCDdsþ

Z
DA

u � sDAds
� �	

Ss1 : ð2:22Þ
By the same argument, we have
ðr � uIÞjs2
ðxeÞ ¼

Z
AB

u � sABdsþ
Z

BC
u � sBCdsþ

Z
CA

u � sCAds
� �	

Ss2 : ð2:23Þ
Taking the average of (2.22) and (2.23), and using the fact Ss1 ¼ Ss2 ¼ 2l1l3 sin a, we obtain
Rðr � uIÞðxeÞ ¼
Z

AB
u � sABdsþ

Z
BC

u � sBCdsþ
Z

CD
u � sCDdsþ

Z
DA

u � sDAds
� �	

ð4l1l3 sinaÞ: ð2:24Þ
Using Lemma 2.6 in (2.24), we have
Rðr � uIÞðxeÞ ¼ @xu2ðxeÞ � @yu1ðxeÞ þ Oðh4Þ=4l1l3 sina ¼ r� uðxeÞ þ Oðh2Þ;
which concludes the proof. h

Using the same technique as above, we have proved the following pointwise superconvergence result between one func-
tion and its Nédélec interpolation in our early work [18].

Lemma 2.8 [18, Theorem 3.4]. Under the same assumption as Lemma 2.6, for any function u ¼ ðu1;u2ÞT 2 ðW2;1ðXÞÞ2 and any
parallelogram center xe, we have
juðxeÞ � RðuIðxeÞÞj 6 Ch2
:

With the above preparations, we can obtain the following superconvergence result between the analytic solution E of
(2.6) and the postprocessed solution Eh of (2.9).
Theorem 2.2. Assume that the domain X is covered by a triangular mesh formed by parallelograms, and E and Eh satisfy (2.6) and
(2.9). If E 2 ðW3;1ðXÞÞ2 and h is sufficiently small, then we have
jjE � RðEhÞjjl2 ;X þ jjr � E � Rðr � EhÞjjl2 ;X 6 Ch2
: ð2:25Þ
Proof. Using the triangle inequality, Lemmas 2.5, 2.8 and 2.7, we easily have
jjE � RðEhÞjjl2 ;X þ jjr � E � Rðr � EhÞjjl2 ;X 6 h2jjEjjðH3ðXÞÞ2 þ hdþ1=2jjehjjHðcurl;XÞ

� �
:

Letting d ¼ 1=2 for a smooth solution and using Theorem 2.1, we complete the proof. h
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3. Application to adaptive FE method for cloaking simulation

In the section, we will use the superconvergence results obtained above to an adaptive finite element method for cloaking
simulation.

3.1. Model equations of electromagnetic cloaking

A very important property for Maxwell’s equations is that Maxwell’s equations are form invariant under coordinate trans-
formations [31]. More specifically, under a coordinate transformation x0 ¼ x0ðxÞ, the modeling Eqs. (2.1) and (2.2) keep the
same form in the transformed space:
r0 � E0 þ ixl0H0 ¼ 0; ð3:1Þ
r0 � H0 � ixe0E0 ¼ 0; ð3:2Þ
where all new variables are given by
E0ðx0Þ ¼ A�T EðxÞ; H0ðx0Þ ¼ A�T HðxÞ; A ¼ ðAi;jÞ; Ai;j ¼
@x0i
@xj

ð3:3Þ
and
l0ðx0Þ ¼ AlAT
=detðAÞ; e0ðx0Þ ¼ AeAT

=detðAÞ: ð3:4Þ
Combining Eqs. (3.1) and (3.2) into an equation involving just one unknown E0, we obtain:
r0 � ðl0Þ�1r0 � E0
� �

�x2e0E0 ¼ 0; ð3:5Þ
whose weak formulation is to find E0 2 H0ðcurl; X0Þ such that
bðE0;/Þ � ððl0Þ�1r0 � E0;r0 � /Þ �x2ðe0E0;/Þ ¼ 0 8/ 2 H0ðcurl; XÞ: ð3:6Þ
3.2. The posterior error estimate

We use the recovery type a posterior error estimator
g ¼
X
K2Th

g2
K

 !1=2

; ð3:7Þ
where
gK ¼
SK

3

X3

i¼1

EhðxiÞ � RðEhðxiÞÞð Þ2 þ SK

3

X3

i¼1

r� EhðxiÞ � Rðr � EhðxiÞÞð Þ2
 !1=2

: ð3:8Þ
Here xi ði ¼ 1;2;3Þ denote the midpoints of those three edges of element K.
For any function u 2 Hðcurl; XÞ, denote
jjujjl2 ;curl ¼
SK

3

X3

i¼1

juðxiÞj2 þ
SK

3

X3

i¼1

jr � uðxiÞj2
 !1=2

: ð3:9Þ
Theorem 3.1. Under the same assumptions as Theorem 2.2, if there exists a constant cðEÞ > 0 such that
jjE � Ehjjl2 ;curl P cðEÞh; ð3:10Þ

then there exists a constant C > 0 independent of h such that
jjRðEhÞ � Ehjjl2 ;curl

jjE � Ehjjl2 ;curl
� 1












 6 Ch: ð3:11Þ
Proof. By Theorem 2.2, the definition (3.8), and the assumption (3.10), we have
jjRðEhÞ � Ehjjl2 ;curl

jjE � Ehjjl2 ;curl
� 1












 6 jjE � RðEhÞjjl2 ;curl

jjE � Ehjjl2 ;curl
6 Ch; ð3:12Þ
which completes the proof. h

Theorem 3.1 shows that g is an asymptotically exact error estimator.
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3.3. The adaptive finite element algorithm

The adaptive finite element algorithm for our cloaking simulation consists of the following steps:

Step 1. Solve (3.6) for the finite element solution Eh (for simplicity we drop the prime in the rest of the paper) on the mesh
T h.

Step 2. For each edge mid-point xe shared by two elements K1 and K2, calculate the postprocessed values
RðEhÞðxeÞ ¼ 1

2 EhðxeÞjK1
þ EhðxeÞjK2

� �
and Rðr � EhðxeÞÞ ¼ 1

2 r� EhðxeÞjK1
þr� EhðxeÞjK2

� �
.

Step 3. For each element, compute the recovery posterior error estimator gK given by (3.8). Use it to direct how mesh gets
refined and return to Step 1 until the error is within a given error tolerance.

There are many mesh adaptivity algorithms developed over the years, here we use a triangular mesh adaptivity algorithm
that combines a posteriori error estimator with centroidal Voronoi–Delaunay tessellations (CVDT) of 2-D domains. In recent
years CVDT has become a popular method to generate an adaptive mesh [13,14,22]. The CVDT method has two nice features:
the solution errors are very well distributed over the triangles; the patch of each interior edge of the CVDT mesh forms nearly
a parallelogram, which property leads to superconvergence [19,20]. Similar superconvergence estimates have been proved
(e.g., [2]) for elliptic problems solved by piecewise linear finite elements on meshes where most pairs of triangles sharing a
common edge form approximate parallelograms.

3.4. The PML equation

To restrict the wave propagation to a bounded domain, we adopt the perfectly matched layer (PML) concept originally
introduced by Berenger [5] and further studied by many researchers (e.g., [3,6]).

The weak formulation of PML equation in the PML domain Xpml is given as [32]: Find u 2 H0ðcurl; XpmlÞ such that
apmlðu;wÞ �
Z

Xpml

Ar� u � r � w� Bu � w
� �

dx ¼ 0 8w 2 H0ðcurl; XpmlÞ ð3:13Þ
where A ¼ 1=ðdðxÞdðyÞÞ; B ¼ diag dðyÞ
dðxÞ ;

dðxÞ
dðyÞ

� �
. Moreover, the stretching function dðxÞ ¼ 1þ irðxÞ, and the absorption function

rðxÞ is usually chosen as a polynomial function of the distance from the PML interface.

4. Numerical results

In this section, we present five numerical examples to justify our theoretical analysis and demonstrate the effectiveness of
our adaptive edge element method used for cloaking simulations,

Example 1. This example is used to validate our theoretical analysis. For simplicity, we consider the domain
X ¼ ½�1;1� � ½�1;1�. To rigorously check the convergence rate, we construct the following analytical solution of (2.4) with
k ¼ 1:
Eðx; yÞ ¼ cosðpxÞ sinðpyÞ;� sinðpxÞ cosðpyÞð ÞT ;
which corresponds to a right hand source term
f ðx; yÞ ¼ ð2p2 � 1Þ cosðpxÞ sinðpyÞ;�ð2p2 � 1Þ cosðpyÞ sinðpxÞ
 �T

:

It is easy to see that the solution E satisfies the condition r � E ¼ 0 in X and the PEC boundary condition (2.5).
The obtained errors in the standard L2 norm and the discrete l2 norm are presented in Tables 4.1 and 4.2, respectively.

Table 4.1 justifies the classical convergence result stated in Theorem 2.1. Results in Table 4.2 clearly show the
superconvergence rates Oðh2Þ for both jjE � RðEhÞjjl2 and jjr � E � Rðr � EhÞjjl2 , which are consistent with Theorem 2.2.
Example 2. This example is used to check the effectiveness of our a posterior error estimator (3.8) using an analytical solu-
tion. We consider the non-convex L-shaped domain X ¼ ½�1;1�2 n ð0;1Þ � ð�1;0Þ, and solve (2.4) with k ¼ 1 and an exact
solution given in polar coordinate system:
Eðr; hÞ ¼ r rbsinðbhÞ
 �

;

where b ¼ 2=3. Note that the analytical solution E has a singularity at the re-entrant corner ð0;0Þ and only has regularity
ðH2

3�dðXÞÞ2, where d > 0 is a very small number. Here we use the posterior error estimator gK given by (3.8) to guide our adap-
tive finite element method. The obtained adaptive meshes and the convergences are illustrated in Fig. 4.1, where DoFs de-
note the total number of degrees of freedom (DoFs).
Example 3. This example is used to check the effectiveness of our a posterior error estimator (3.8) for an inhomogeneous
medium problem. We choose domain X ¼ ½�1;1�2; x ¼ 1, and the permittivity and permeability as follows:



Table 4.1
Example 1. The L2 errors of E obtained on uniformly refined triangular meshes.

Meshes jjE � Ehjj0 Rate jjr � E � Ehð Þjj0 Rate

h = 1/4 0.32298018117 – 1.61376416199 –
h = 1/8 0.16065007694 1.0075 0.81852582872 0.9793
h = 1/16 0.08020204442 1.0022 0.41073945140 0.9948
h = 1/32 0.04008505709 1.0005 0.20555495590 0.9986
h = 1/64 0.02004051420 1.0001 0.10280065248 0.9996

Table 4.2
Example 1. The discrete l2 errors of E obtained on uniformly refined triangular meshes.

Meshes jjE � RðEhÞjjl2 Rate jjr � E � Rðr � EhÞjjl2 Rate

h = 1/4 0.24025530848 – 1.61376416199 –
h = 1/8 0.06330436740 1.9241 0.81852582872 1.9085
h = 1/16 0.01609920045 1.9753 0.41073945140 1.9701
h = 1/32 0.00405015056 1.9909 0.20555495590 1.9890
h = 1/64 0.00101514630 1.9962 0.10280065248 1.9954

Fig. 4.1
(d) com
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. Example 2. (a) The initial mesh; (b) the mesh after 2 adaptive refinements (668 DoFs); (c) the mesh after 4 adaptive refinements (5682 DoFs) and
parison of errors on uniformly refined meshes and adaptive meshes.
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Fig. 4.2. Example 3. (a) The initial mesh (1328 DoFs); (b) the adaptive mesh after 2 refinements (2807 DoFs); (c) the adaptive mesh after 4 refinements
(66,329 DoFs) and (d) the errors obtained on uniformly refined meshes and adaptive meshes.
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e ¼ 1þ x2 xy

xy 1þ y2

 !
; l ¼ 1

1þ x2 þ y2
such that (2.3) has an exact solution !

E ¼

y
x2þy2þ0:02

�x
x2þy2þ0:02

:

Note that the solution E satisfies the condition r � E ¼ 0 in X. The source term of (2.3) is obtained by this exact E. Selected
adaptive meshes and the errors are illustrated in Fig. 4.2. Note that the adaptive meshes match the behavior of the analytical
solution E, which is shown in Fig. 4.3.
Example 4. Here we solve a cylindrical cloaking problem designed by Pendry et al. [33]. We select the domain
X ¼ ½�2;2� � ½�2;2�, a cloaked object is put inside a perfectly conducting cylinder with radius R1 ¼ 0:3 m, then the cylinder
is wrapped by a cylindrical cloak with thickness R2 � R1, where R2 ¼ 0:6 m. The cloak is made with a metamaterial, whose
permeability and permittivity are given by Li and Huang [26]: For any R1 < r 6 R2; 0 6 h 6 2p,
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Fig. 4.3. Example 3. The exact solution E.
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l ¼ 1=detðAÞ;

�xx ¼
R2 � R1

R2

� �2

þ 1þ 2
R2 � R1

R2

� �2 R1

r � R1

 !
sin2 h

" #
l;

�xy ¼ �yx ¼ � 1þ 2
R2 � R1

R2

� �2 R1

r � R1

 !
sin h cos h

" #
l;

�yy ¼
R2 � R1

R2

� �2

þ 1þ 2
R2 � R1

R2

� �2 R1

r � R1

 !
cos2 h

" #
l;
where
detðAÞ ¼ R2 � R1

R2

� �2

� r
r � R1

:

To model the cloaking phenomenon, we use a PML around the outside of the physical domain. More specifically, here our
PML domain is chosen to be X n ½�1:5;1:5� � ½�1:5;1:5�. The absorption function rðxÞ is chosen as a linear function, i.e.,
rðxÞ ¼
1; if jxj > 1:75;
4ðjxj � 1:5Þ; if 1:5 6 jxj 6 1:75;
0; if jxj < 1:5:

8><
>: ð4:1Þ
The cloaking simulation obtained using our adaptive method is illustrated in Fig. 4.4, which shows clearly that our adap-
tive algorithm works effectively.
Example 5. Encouraged by our adaptive results obtained for the cylindrical cloak. We further apply the adaptive algorithm
to a triangle cloak, which is more challenging, since we have sharp corners in this case.

For this example, we choose the domain X ¼ ½�2;2� � ½�2;2�, the cloaked object is put inside a PEC triangle, whose
vertices are a sin 2ði�1Þp

3 ; cos 2ði�1Þp
3

� �
; i ¼ 1;2;3. Then this triangle is wrapped by a triangular cloak, whose vertices are given

by points b sin 2ði�1Þp
3 ; cos 2ði�1Þp

3

� �
; i ¼ 1;2;3, where a ¼ 0:2 and b ¼ 0:6 are the radii of the circumcircles of the inner and

outer triangles, respectively. The permeability and permittivity of the cloak are given by Wu et al. [37]:
l ¼ m2
1 þ

am1

2jr1j

� ��1

;

exx ¼ m2
1 þ am1

cos ð2i�1Þp
3

r1jr1j
yþ a

2
cos

ð2i� 1Þp
3

� �� �2 x2 þ y2

r4
1

" #
l;

exy ¼ eyx ¼ �
am1 y sin ð2i�1Þp

3

� �
þ x cos ð2i�1Þp

3

� �� �
2r1jr1j

�
a2 sin ð2i�1Þp

3

� �
cos ð2i�1Þp

3

� �
ðx2 þ y2Þ

4r4
1

2
4

3
5l;

eyy ¼ m2
1 þ 2am1m2

sin ð2i�1Þp
3

r1jr1j
xþ am2 sinðð2i� 1Þp

3
Þ

� �2 x2 þ y2

r4
1

" #
l;
where m1 ¼ b�a
a ; m2 ¼ cos p

3, and r1 ¼ y cos ð2i�1Þp
3

� �
þ x sinðð2i�1Þp

3 Þ; i ¼ 1;2;3.
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Fig. 4.4. Example 4. (a) The initial mesh (2956 elements, 4351 DoFs); (b) the real part of E obtained on (a); (c) the mesh after 4 refinements (6390 elements,
9498 DoFs); (d) the real part of E obtained on (c); (e) The real part of E after 10 refinements (29,110 elements, 43,551 DoF) and (f) the real part of E after 16
refinements (156,443 elements, 234,504 DoFs).
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The obtained cloaking simulation is illustrated in Fig. 4.5, which demonstrates that our adaptive algorithm works
effectively even when the cloak has sharp corners.
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Fig. 4.5. Example 5. (a) The initial mesh (4126 elements, 6097 DoFs); (b) the real part of E obtained on (a); (c) the mesh after 5 refinements (12,343
elements, 18,417 DoFs); (d) the real part of E obtained on (c); (e) The real part of E after 9 refinements (35,624 elements, 53,328 DoFs) and (f) the real part of
E after 14 refinements (145,806 elements, 218,582 DoFs).
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Fig. 4.6. Example 6. (a) The initial mesh (3026 elements, 4460 DoFs); (b) the real part of E obtained on (a); (c) the mesh after 4 refinements (6972 elements,
10,374 DoFs); (d) the real part of E obtained on (c); (e) the real part of E after 7 refinements (14,966 elements, 22,355 DoFs) and (f) the real part of E after 10
refinements (33,860 elements, 50,688 DoFs).
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Example 6. Our last example is to apply the adaptive algorithm to a pentagonal cloak. For this example, we choose the
domain X ¼ ½�2;2� � ½�2;2�, and the cloaked object is put inside a PEC pentagon, which has vertices
a sin 2ði�1Þp

5 ; cos 2ði�1Þp
5

� �
; i ¼ 1;2;3;4;5. This pentagon is then wrapped by another pentagon cloak, whose vertices are

b sin 2ði�1Þp
5 ; cos 2ði�1Þp

5

� �
; i ¼ 1;2;3;4;5, where a ¼ 0:2 and b ¼ 0:6 are the radii of the circumcircles of the inner and outer

pentagons. The cloak’s permeability and permittivity are given by Wu et al. [37]:
l ¼ m2
1 þ

am1m2Þ
jr1j

� ��1

;

exx ¼ m2
1 þ 2am1m2

cos ð2i�1Þp
5

r1jr1j
yþ am2 cos

ð2i� 1Þp
5

� �� �2 x2 þ y2

r4
1

" #
l;

exy ¼ eyx ¼ �
am1m2 y sin ð2i�1Þp

5

� �
þ x cos ð2i�1Þp

5

� �� �
r1jr1j

þ
ðam2Þ2 sin ð2i�1Þp

5

� �
cos ð2i�1Þp

5

� �
ðx2 þ y2Þ

r4
1

2
4

3
5l;

eyy ¼ m2
1 þ 2am1m2

sin ð2i�1Þp
5

r1jr1j
xþ am2 sin

ð2i� 1Þp
5

� �� �2 x2 þ y2

r4
1

" #
l;
where m1 ¼ b�a
a ; m2 ¼ cos p

5

 �
, and r1 ¼ y cos ð2i�1Þp

5

� �
þ x sin ð2i�1Þp

5

� �
; i ¼ 1;2;3;4;5.

For this example, we also obtained excellent cloaking phenomenon illustrated in Fig. 4.6, which further demonstrates that
our adaptive algorithm works effectively for this pentagonal cloak.
5. Conclusions

In this paper, we present an efficient adaptive finite element method for the time-harmonic Maxwell’s equations. The
mesh adaptivity is guided by the recovery type a posteriori error estimator based on the superconvergence result proved
for the lowest triangular edge element. Various numerical experiments are carried out and demonstrate that our method
works effectively even for cloaking simulations where the permittivity and permeability are highly anisotropic coefficients.
Rigorous proof of superconvergence in this case is very technical compared to the constant coefficient case, detailed proof
will be given in a separate theoretical paper.
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