
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. SCI. COMPUT. c© 2013 Society for Industrial and Applied Mathematics
Vol. 35, No. 1, pp. B248–B274
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METHOD∗
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Abstract. In this paper we develop a leap-frog-type finite element method for modeling the
electromagnetic wave propagation in metamaterials. The metamaterial model equations are repre-
sented by integrodifferential Maxwell’s equations, which are quite challenging to analyze and solve in
that we have to solve a coupled problem with different partial differential equations given in different
material regions. Our method is based on a mixed finite element method using edge elements, which
can easily handle the tangential continuity of the electric field. Stability analysis and optimal error
estimate are carried out for the proposed scheme. The scheme is implemented and confirmed to
obey the proved optimal convergence rate by using a smooth analytical solution. Then the scheme
is extended to model wave propagation in heterogeneous media composed of metamaterials and free
space, and extensive numerical results (using a rectangular edge element, a triangular edge element,
and mixed edge elements) demonstrate the effectiveness of our algorithm for modeling the exotic
backward wave propagation phenomenon in metamaterials. To the best of our knowledge, this is
the first paper with an exhaustive simulation of backward wave propagation in metamaterials using
time-domain finite element methods.
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method, edge elements

AMS subject classifications. 65N30, 35L15, 78-08

DOI. 10.1137/120869869

1. Introduction. Metamaterials are artificial materials engineered to have ex-
otic properties that may not be found in natural materials. In recent years, the most
studied electromagnetic metamaterials are the so-called negative index metamateri-
als whose permittivity and permeability are both negative; these properties lead to
negative refraction index over some frequency range. Such metamaterials are a man-
ifestation of materials first proposed by the Russian theorist Victor Veselago in 1967
[40]. Due to various reasons, the first metamaterial with negative refractive index
was not successfully constructed until 2000 by Smith et al. [36]. The unit cell of their
construction is formed by split-ring resonators and conducting straight wires, and
their metamaterial only works in the microwave regime. In 2001, Shelby, Smith, and
Schultz [35] carried out the first experimental demonstration of the negative refractive
index of metamaterials. Since 2000, many interesting constructions of metamaterials
have been achieved. Details on the short history and important references of metama-
terials can be found in recently published monographs (e.g., [13, 27, 11]). Potential
applications of metamaterials are diverse and include remote aerospace applications
(e.g., lightweight antenna), optical nanolithography, nanotechnology circuitry, near
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field superlens, lenses for high-gain antennas, cloaking devices, and even methods for
shielding structures from earthquakes.

Numerical simulations of metamaterials play a very important role in seeking new
designs and applications of metamaterials, but most simulations to date were carried
out using either the classic finite-difference time-domain (FDTD) method [38, 16], or
commercial packages such as HFSS and COMSOL [41, p. 12]. Though the FDTD
method is widely used in the engineering community, it has a big disadvantage when
dealing with complex geometric domains [45], which is the so-called staircase effect
[38].

On the other hand, though there exist many excellent works on finite element
methods for solving Maxwell’s equations in free space (e.g., [8, 10, 12, 18, 19, 28, 30,
31, 46] and references cited therein) and in dispersive media (cf. [3, 26, 32, 34, 42]),
there are not many devoted to the development and analysis of finite element methods
for Maxwell equations when metamaterials are involved. In recent years, some inves-
tigations of well-posedness and finite element analysis for time-harmonic Maxwell’s
equations involving metamaterials have been conducted [6, 14]. During the same
time, the authors made some initial effort in developing and analyzing some finite
element methods for solving the time-domain Maxwell equations when metamaterials
are involved [25, 24, 22]. But our previous papers were mainly focused on the basic
numerical analysis of those schemes developed for metamaterials covering the whole
physical domain. In this paper, we extend our recently developed leap-frog approach
[22, 24] for pure metamaterials to modeling wave propagation in heterogeneous media
involving both metamaterials and free space. In order to make our scheme more effi-
cient, we develop a leap-frog-type scheme to solve the metamaterial Maxwell equations
written as a system of integrodifferential equations in two unknowns only. Compared
to our previous work [22, 24] by solving four unknowns directly, the current approach
will save a lot of memory space and make our algorithm more suitable for large scale
simulation.

Finally, we like to remark that the stability analysis and error estimate for the
mixed finite element method are more challenging than the standard Maxwell equa-
tions in free space. A totally new issue, which comes with such leap-frog schemes, is
that the time step size depends on a constant Cinv in the inverse inequality (see (4.1)
below). An accurate estimate of Cinv is quite challenging and was left unsolved in our
previous work [24]. In this paper, we present an elegant estimate of Cinv for the low-
est order rectangular edge element, which is widely used in practical simulation. An
exact estimate of Cinv for general edge elements is still unavailable, since it depends
on the element geometry and the order of the basis function.

Below, let us introduce some common notation [28]:

H(curl; Ω) = {v ∈ (L2(Ω))3; ∇× v ∈ (L2(Ω))3},

H0(curl; Ω) = {v ∈ H(curl; Ω); n× v = 0 on ∂Ω},

H(div; Ω) = {v ∈ (L2(Ω))3; ∇ · v ∈ L2(Ω)}
for any bounded Lipschitz polyhedral domain Ω in R3 with connected boundary ∂Ω.
Moreover, we let (Hα(Ω))3 be the standard Sobolev space equipped with norm || · ||α.
When α = 0, we just denote || · ||0 for the (L2(Ω))3 norm. For a time-dependent
function u(x, t), we define the space L∞(0, T ; (Hα(Ω))3) with equipped norm

||u||L∞(0,T ;(Hα(Ω))3) = max
0≤t≤T

||u(·, t)||(Hα(Ω))3 .
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The rest of the paper is organized as follows. In section 2, we describe the
governing equations for modeling the wave propagation in metamaterials. In section 3,
we present a leap-frog finite element method for solving the time-domain Maxwell
equations when metamaterials are involved. Then in section 4 we carry out the
conditional stability analysis and prove the optimal error estimate for the proposed
scheme. In section 5, we first present an example confirming our theoretical error
analysis. Then we present four more examples demonstrating the effectiveness of
our algorithm for modeling the exotic backward wave propagation phenomenon in
metamaterials. Here different perfectly matched layers are analyzed and tested in our
simulations using different types of mesh. Finally, we conclude the paper in section 6.

2. The governing equations. The governing equations for modeling wave
propagation in negative refraction index metamaterials described by the so-called
Drude model are (see a derivation in [25])

ε0
∂E

∂t
= ∇×H − J̃ + f in Ω× (0, T ),(2.1)

μ0
∂H

∂t
= −∇×E − K̃ in Ω× (0, T ),(2.2)

∂J̃

∂t
+ ΓeJ̃ = ε0ω

2
peE in Ω× (0, T ),(2.3)

∂K̃

∂t
+ ΓmK̃ = μ0ω

2
pmH in Ω× (0, T ),(2.4)

where f is an added source term, ε0 and μ0 are the permittivity and permeability in
vacuum, respectively, ωpe and ωpm are the electric and magnetic plasma frequencies,
respectively, Γe and Γm are the electric and magnetic damping frequencies, respec-
tively, E(x, t) and H(x, t) are the electric and magnetic fields, respectively, and

J̃(x, t) and K̃(x, t) are the induced electric and magnetic currents, respectively. For
simplicity, we assume that the boundary of Ω is perfectly conducting so that

(2.5) n×E = 0 on ∂Ω,

where n is the unit outward normal to ∂Ω. The initial conditions for the system
(2.1)–(2.4) are assumed to be

E(x, 0) = E0(x), H(x, 0) =H0(x),

J̃(x, 0) = J̃0(x), K̃(x, 0) = K̃0(x),

where E0,H0, J̃0, and K̃0 are some given functions.
Solving (2.3), we obtain

(2.6) J̃(x, t) = J̃0e
−Γet + ε0ω

2
pe

∫ t

0

E(x, s)e−Γe(t−s)ds ≡ J̃0e
−Γet + J(E).

Similarly, solving (2.4), we have

(2.7) K̃ = K̃0e
−Γmt + μ0ω

2
pm

∫ t

0

H(x, s)e−Γm(t−s)ds ≡ K̃0e
−Γmt +K(H).
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Using (2.6) and (2.7), we can reduce the original system (2.1)–(2.4) to the follow-
ing:

ε0
∂E

∂t
= ∇×H + f − J̃0e

−Γet − J(E),(2.8)

μ0
∂H

∂t
= −∇×E − K̃0e

−Γmt −K(H).(2.9)

Multiplying (2.8) by a function φ ∈ H0(curl; Ω) and integrating by parts, then
multiplying (2.9) by a function ψ ∈ H(div; Ω), we obtain a weak formulation of
(2.8)–(2.9): find a solution (E,H) ∈ H0(curl; Ω)×H(div; Ω) such that

ε0(Et,φ)− (H ,∇× φ) + (J(E),φ) = −(J̃0e
−Γet,φ) + (f ,φ),(2.10)

μ0(Ht,ψ) + (∇×E,ψ) + (K(H),ψ) = −(K̃0e
−Γmt,ψ)(2.11)

hold true for any (φ,ψ) ∈ H0(curl; Ω)×H(div; Ω).

3. Design of the algorithm. To design a finite element method to solve (2.10)–
(2.11), we partition Ω by a family of regular cubic (or tetrahedral) meshes T h with
maximum mesh size h. To accommodate the H(curl; Ω) conformity, we employ the
so-called Raviart–Thomas–Nédélec mixed finite element spaces (cf. [28, 29]): on a
tetrahedral mesh T h,

Uh = {uh ∈ H(div; Ω) : uh|K ∈ (pk−1)
3 ⊕ p̃k−1x ∀ K ∈ T h},

V h = {vh ∈ H(curl; Ω) : vh|K ∈ (pk−1)
3 ⊕ Sk ∀ K ∈ T h},

where Sk = {�p ∈ (p̃k)
3,x · �p = 0}, and p̃k denotes the space of homogeneous polyno-

mials of degree k, while on a cubic mesh T h,

Uh = {uh ∈ H(div; Ω) : uh|K ∈ Qk,k−1,k−1 ×Qk−1,k,k−1 ×Qk−1,k−1,k ∀ K ∈ T h},
V h = {vh ∈ H(curl; Ω) : vh|K ∈ Qk−1,k,k ×Qk,k−1,k ×Qk,k,k−1 ∀ K ∈ T h}.
Here Qi,j,k denotes the space of polynomials whose degrees are less than or equal to
i, j, k in variables x, y, z, respectively.

To impose the boundary condition (2.5), we introduce the subspace

(3.1) V 0
h = {vh ∈ V h : n× vh = 0}.

To define a fully discrete scheme, we divide the time interval (0, T ) into N uni-
form subintervals by points 0 = t0 < t1 < · · · < tN = T , where tk = kτ . Now
we can formulate a leap-frog scheme for solving (2.10)–(2.11): given proper initial

approximations E0
h,J

0
h ∈ V 0

h and H
1
2

h ,K
1
2

h ∈ Uh, for any k ≥ 0 find Ek
h ∈ V 0

h and

H
k+ 1

2

h ∈ Uh such that

ε0

(
Ek+1

h −Ek
h

τ
,φh

)
− (H

k+ 1
2

h ,∇× φh) +

(
1

2
(Jk+1

h + Jk
h),φh

)
= −(J̃0e

−Γetk+1
2 ,φh) + (fk+ 1

2 ,φh),(3.2)

μ0

(
H

k+ 3
2

h −Hk+ 1
2

h

τ
,ψh

)
+ (∇×Ek+1

h ,ψh) +

(
1

2
(K

k+ 3
2

h +K
k+ 1

2

h ),ψh

)
= −(K̃0e

−Γmtk+1 ,ψh)(3.3)
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B252 YUNQING HUANG, JICHUN LI, AND WEI YANG

hold true for any φh ∈ V 0
h and ψh ∈ Uh. Here Jk

h is a second-order approximation

of J(E(x, tk)), and K
k+ 1

2

h is a second-order approximation of K(H(x, tk+ 1
2
)). More

specifically, we have

Jk
h ≈ ε0ω

2
pe

∫ tk

0

E(s)e−Γe(tk−s)ds

= ε0ω
2
pe

(∫ tk−1

0

+

∫ tk

tk−1

)
E(s)e−Γe(tk−s)ds

≈ e−ΓeτJk−1
h +

τ

2
ε0ω

2
pe(E

k
h + e−ΓeτEk−1

h ).

Hence, we have the following recursive formula for updating Jk
h:

(3.4) J0
h = 0, Jk

h = e−ΓeτJk−1
h +

τ

2
ε0ω

2
pe(E

k
h + e−ΓeτEk−1

h ) ∀ k ≥ 1.

Similarly, we can have a recursive formula for updating K
k+ 1

2

h :

(3.5) K
k+ 1

2

h = e−ΓmτK
k− 1

2

h +
τ

2
μ0ω

2
pm(H

k+ 1
2

h + e−ΓmτH
k− 1

2

h ) ∀ k ≥ 1.

From (3.4) and (3.5), we obtain

1

2
(Jk+1

h + Jk
h) =

1

2
(1 + e−Γeτ )Jk

h +
τ

4
ε0ω

2
pe(E

k+1
h + e−ΓeτEk

h),

1

2
(K

k+ 3
2

h +K
k+ 1

2

h ) =
1

2
(1 + e−Γmτ )Kk

h +
τ

4
μ0ω

2
pm(H

k+ 3
2

h + e−ΓmτH
k+ 1

2

h );

substituting this into (3.2) and (3.3), we can see that the scheme (3.2)–(3.3) is equiv-
alent to solving the following system:

ε0
τ

(
1 +

1

4
ω2
peτ

2

)
(Ek+1

h ,φh) =
ε0
τ

(
1− 1

4
ω2
peτ

2

)
(Ek

h,φh) + (H
k+ 1

2

h ,∇× φh)

−1

2
(1 + e−Γeτ )(Jk

h,φh)− e
−Γetk+1

2 (J̃0,φh) + (fk+ 1
2 ,φh),(3.6)

μ0

τ

(
1 +

1

4
ω2
pmτ

2

)
(H

k+ 3
2

h ,ψh) =
μ0

τ

(
1− 1

4
ω2
pmτ

2

)
(H

k+ 1
2

h ,ψh)− (∇×Ek+1
h ,ψh)

−1

2
(1 + e−Γmτ )(K

k+ 1
2

h ,ψh)− e−Γmtk+1(K̃0,ψh);(3.7)

i.e., at each time step, we can first solve (3.6) for Ek+1
h , then solve (3.7) for H

k+ 3
2

h .

4. Analysis of the numerical scheme. In this section, we carry out the sta-
bility analysis and error estimate analysis for our scheme (3.2)–(3.3).

Lemma 4.1. For any k ≥ 1, we have

(i) ||Jk
h||0 ≤ τε0ω

2
pe

k∑
i=0

||Ei
h||0,

(ii) ||Kk+ 1
2

h ||0 ≤ ||K 1
2

h ||0 + τμ0ω
2
pm

k∑
i=0

||Hi+ 1
2

h ||0.
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Proof. (i) By the definition of Jk
h, we have

||Jk
h||0 ≤ ||Jk−1

h ||0 + τ

2
ε0ω

2
pe(||Ek−1

h ||0 + ||Ek
h||0)

≤ ||Jk−2
h ||0 + τ

2
ε0ω

2
pe(||Ek−2

h ||0 + 2||Ek−1
h ||0 + ||Ek

h||0)
≤ · · ·
≤ ||J1

h||0 +
τ

2
ε0ω

2
pe(||E1

h||0 + 2||E2
h||0 + · · ·+ 2||Ek−1

h ||0 + ||Ek
h||0)

≤ τε0ω
2
pe

k∑
i=0

||Ei
h||0,

which completes the proof of (i). Note that we used the fact that J0
h = 0 in the last

step.

(ii) Using the definition of K
k+ 1

2

h , we have

||Kk+ 1
2

h ||0 ≤ ||Kk− 1
2

h ||0 + τ

2
μ0ω

2
pm(||Hk− 1

2

h ||0 + ||Hk+ 1
2

h ||0)

≤ ||Kk− 3
2

h ||0 + τ

2
μ0ω

2
pm(||Hk− 3

2

h ||0 + 2||Hk− 1
2

h ||0 + ||Hk+ 1
2

h ||0)
≤ · · ·
≤ ||K 1

2

h ||0 +
τ

2
μ0ω

2
pm(||H 1

2

h ||0 + 2||H 3
2

h ||0 + · · ·+ 2||Hk− 1
2

h ||0 + ||Hk+ 1
2

h ||0),
which concludes the proof.

Denote Cv = 1√
ε0μ0

for the wave propagation speed in free space, and Cinv > 0

for the constant in the standard inverse inequality:

(4.1) ||∇ × φh||0 ≤ Cinvh
−1||φh||0 ∀ φh ∈ V 0

h.

Theorem 4.2. If the time step τ satisfies the CFL condition

(4.2) τ ≤ min

(
1,

1

CinvCv
h

)
,

then for any n ≥ 1 we have

ε0||En
h ||20 + μ0||∇ ×Hn+ 1

2

h ||20
≤ C(||H 1

2

h ||20 + ||∇ ×E0
h||20 + ||J̃0||20 + ||K̃0||20 + ||K 1

2

h ||20 + ||f ||2L∞(0,T ;L2(Ω)3),

where the positive constant C depends on physical parameters Γe,Γm, ωpe, ωpm, T, ε0,
and μ0.

Proof. Choosing φh = τ
2 (E

k+1
h +Ek

h) = τE
k+ 1

2

h and ψh = τ
2 (H

k+ 3
2

h +H
k+ 1

2

h ) =

τH
k+1

h in (3.2) and (3.3), respectively, and adding the resultants together, we obtain

ε0
2
(||Ek+1

h ||20 − ||Ek
h||20) +

μ0

2
(||Hk+ 3

2

h ||20 − ||Hk+ 1
2

h ||20)

+
τ2

4
ε0ω

2
pe(E

k+1
h + e−ΓeτEk

h,E
k+ 1

2

h ) +
τ2

4
μ0ω

2
pm(H

k+ 3
2

h + e−ΓmτH
k+ 1

2

h ,H
k+1

h )

=
τ

2

[
(H

k+ 1
2

h ,∇×Ek+ 1
2

h )− (∇×Ek+1
h ,H

k+1

h )
]

− τ

(
1

2
(1 + e−Γeτ )Jk

h,E
k+ 1

2

h

)
+ τ(fk+ 1

2 ,E
k+ 1

2

h )

− τ

(
1

2
(1 + e−Γmτ )K

k+ 1
2

h ,H
k+1

h

)
− τe

−Γetk+1
2 (J̃0,E

k+ 1
2

h )− τe−Γmtk+1(K̃0,H
k+1

h ).

(4.3)
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Using the inequality (
∑k

i=0 ai)
2 ≤ (

∑k
i=0 1

2)(
∑k

i=0 a
2
i ) and Lemma 4.1, we have

||Jk
h||20 ≤ τ2(ε0ω

2
pe)

2(k + 1)

k∑
i=0

||Ei
h||20 ≤ CTτ

k∑
i=0

||Ei
h||20.

From this and the standard arithmetic-geometric mean inequality we obtain

τ

(
1

2
(1 + e−Γeτ )Jk

h,E
k+ 1

2

h

)
≤ 2τδ1||Ek+ 1

2

h ||20 +
τ

8δ1
||1
2
(1 + e−Γeτ )Jk

h||20

≤ τδ1(||Ek+1
h ||20 + ||Ek

h||20) +
CTτ2

δ1

k∑
i=0

||Ei
h||20.

Similarly, by Lemma 4.1, we have

||Kk+ 1
2

h ||20 ≤ 2

⎡⎣||K 1
2

h ||20 + (τμ0ω
2
pm)2

(
k∑

i=0

||Hi+ 1
2

h ||0
)2
⎤⎦

≤ 2||K 1
2

h ||20 + 2τ2(μ0ω
2
pm)2(k + 1)

k∑
i=0

||Hi+ 1
2

h ||20

≤ 2||K 1
2

h ||20 + 2Tτ(μ0ω
2
pm)2

k∑
i=0

||H i+ 1
2

h ||20.

From this and the arithmetic-geometric mean inequality we obtain

τ

(
1

2
(1 + e−Γmτ )K

k+ 1
2

h ,H
k+1

h

)
≤ τδ2(||Hk+ 3

2

h ||20 + ||Hk+ 1
2

h ||20) +
CTτ2

δ2

k∑
i=0

||Hi+ 1
2

h ||20 +
τ

4δ2
||K 1

2

h ||20.

By the Cauchy–Schwarz inequality, we have

τe
−Γetk+1

2 (J̃0,E
k+ 1

2

h ) ≤ τδ3(||Ek+1
h ||20 + ||Ek

h||20) +
τ

8δ3
||J̃0||20,

τ(fk+ 1
2 ,E

k+ 1
2

h ) ≤ τδ4(||Ek+1
h ||20 + ||Ek

h||20) +
τ

8δ4
||fk+ 1

2 ||20,

and

τe−Γmtk+1(K̃0,K
k+1

h ) ≤ τδ5(||Hk+ 3
2

h ||20 + ||Hk+ 1
2

h ||20) +
τ

8δ5
||K̃0||20.

Furthermore, by the Cauchy–Schwarz inequality, we have

(Ek+1
h + e−ΓeτEk

h,E
k+ 1

2

h ) =
1

2
[||Ek+1

h ||20 + e−Γeτ ||Ek
h||20 + (1 + e−Γeτ )(Ek+1

h ,Ek
h)]

≥ 1

4
(1− e−Γeτ )(||Ek+1

h ||20 − ||Ek
h||20).

By the same argument, we can obtain

(H
k+ 3

2

h + e−ΓmτH
k+ 1

2

h ,H
k+1

h ) ≥ 1

4
(1− e−Γmτ )(||Hk+ 3

2

h ||20 − ||Hk+ 1
2

h ||20).
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Substituting the above estimates into (4.3), using the identity

(H
k+ 1

2

h ,∇× (Ek+1
h +Ek

h))− (∇×Ek+1
h ,H

k+ 3
2

h +H
k+ 1

2

h )

= (H
k+ 1

2

h ,∇×Ek
h)− (H

k+ 3
2

h ,∇×Ek+1
h ),

and summing up the resultant from k = 1 to n− 1, we have

ε0
2

(
1 + τ2ω2

pe

1− e−Γeτ

8

)
(||En

h ||20 − ||Ek
h||20)

+
μ0

2

(
1 + τ2ω2

pm

1− e−Γmτ

8

)
(||Hn+ 1

2

h ||20 − ||H 1
2

h ||20)

≤ τ

2
[(H

1
2

h ,∇×E0
h)− (H

n+ 1
2

h ,∇×En
h)] + τ(δ1 + δ3 + δ4)

(
||En

h||20 + 2

n−1∑
k=0

||Ek
h||20
)

+
CTτ2

δ1
n

n−1∑
k=0

||Ek
h||20 + τ(δ2 + δ5)

(
||Hn+ 1

2

h ||20 + 2

n−1∑
k=0

||Hk+ 1
2

h ||20
)

+
CTτ2

δ2
n

n−1∑
k=0

||Hk+ 1
2

h ||20 +
nτ

4δ2
||K 1

2

h ||20 +
nτ

8δ3
||J̃0||20 +

nτ

8δ5
||K̃0||20 +

τ

8δ4

n−1∑
k=0

||fk+ 1
2 ||20.

(4.4)

Using the Cauchy–Schwarz inequality and the inverse inequality (4.1), we have

τ(H
n+ 1

2

h ,∇×En
h) ≤ τ · Cinvh

−1||Hn+ 1
2

h ||0||En
h||0

= τ · Cinvh
−1 · Cv

√
μ0||Hn+ 1

2

h ||0 · √ε0||En
h||0

≤ CinvCvτ

2h
(μ0||Hn+ 1

2

h ||20 + ε0||En
h ||20).(4.5)

Substituting (4.5) into (4.4), choosing τ ≤ min(1, h
CinvCv

) and δi small enough,
and then using the discrete Gronwall inequality, we conclude the proof.

Now let us analyze the error estimate for our scheme (3.2)–(3.3). Let ξkh =

ΠhE
k −Ek

h and ηkh = PhH
k −Hk

h, where ΠhE ∈ V h denotes the standard Nédélec
interpolation [28, 29], and PhH denotes the L2 projection onto the space Uh.

Integrating (2.10) from t = tk to tk+1, integrating (2.11) from t = tk+ 1
2
to tk+ 3

2
,

then subtracting the resultants divided by τ from (3.2) and (3.3), respectively, we
obtain the error equations

ε0

(
ξk+1
h − ξkh

τ
,φh

)
−(η

k+ 1
2

h ,∇× φh) +

(
Πh

(
Jk+1 + Jk

2

)
− Jk+1

h + Jk
h

2
,φh

)

= ε0

(
(ΠhE

k+1−Ek+1)−(ΠhE
k −Ek)

τ
,φh

)
−
(
PhH

k+ 1
2 − 1

τ

∫ tk+1

tk

H(s)ds,∇×φh

)

+

(
Πh

(
Jk+1 + Jk

2

)
− 1

τ

∫ tk+1

tk

J(E(s))ds,φh

)

+

(
e
−Γetk+1

2 − 1

τ

∫ tk+1

tk

e−Γesds

)
(J̃0,φh) +

(
1

τ

∫ tk+1

tk

f(s)ds − fk+ 1
2 ,φh

)
(4.6)
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and

μ0

(
η
k+ 3

2

h − η
k+ 1

2

h

τ
,ψh

)
+ (∇× ξk+1

h ,ψh)

+

(
Ph

(
Kk+ 3

2 +Kk+ 1
2

2

)
− K

k+ 3
2

h +K
k+ 1

2

h

2
,ψh

)

= μ0

(
(PhH

k+ 3
2 −Hk+ 3

2 )− (PhH
k+ 1

2 −Hk+ 1
2 )

τ
,ψh

)

+

⎛⎝∇×
⎛⎝ΠhE

k+1 − 1

τ

∫ t
k+3

2

t
k+1

2

E(s)ds

⎞⎠ ,ψh

⎞⎠
+

⎛⎝Ph

(
Kk+ 3

2 +Kk+ 1
2

2

)
− 1

τ

∫ t
k+3

2

t
k+1

2

K(H(s))ds,ψh

⎞⎠
+

⎛⎝e−Γmtk+1 − 1

τ

∫ t
k+3

2

t
k+1

2

e−Γmsds

⎞⎠ (K̃0,ψh).(4.7)

Using a technique similar to the one developed in the above stability analysis,
and using the interpolation estimate (see [29, Theorem 2] and [28, Theorem 5.41])

||u−Πhu||0 + ||∇ × (u− Πhu)||0 ≤ Chl||u||l+1 ∀ u ∈ (H l+1(Ω))3,
1

2
< l ≤ k

and the estimate for the L2 projection onto Uh (see [29, Theorem 4] and [28, Theorem
5.25]),

||u− Phu||0 ≤ Chl||u||l+1 ∀ u ∈ (H l+1(Ω))3,
1

2
< l ≤ k,

we can obtain the following optimal error estimate.
Theorem 4.3. Assume that the initial approximations E0

h and H
1
2

h satisfy the

condition ||E0 − E0
h||0 + ||H 1

2 −H 1
2

h ||0 = O(τ2 + hk), and the analytical solutions
E(x, t) and H(x, t) are smooth enough. Then we have

(4.8) max
n≥1

(||En −En
h||0 + ||Hn+ 1

2 −Hn+ 1
2

h ||0) ≤ C(τ2 + hk) ∀ k ≥ 1,

where k is the degree of basis functions in spaces Uh and V h.
Remark 4.1. Theorem 4.3 shows that the optimal error estimate in the L2 norm

is only O(hk) for the kth order edge element Qk−1,k,k×Qk,k−1,k×Qk,k,k−1, the reason
being that the basis functions do not contain all the kth-order bases like the standard
Lagrange element Qk,k,k. The theoretical analysis is justified by our numerical result
given in Example 1 of section 5, where the lowest-order rectangular edge element
Q0,1 × Q1,0 is used and the observed L2 error given in Table 1 is O(h). In this
case, the basis functions of Q0,1 ×Q1,0 do not include all the bases 1, x, y, xy like the
standard Lagrange element Q1,1.

5. Numerical results. In this section, we provide some two-dimensional (2D)
examples showing the effectiveness of our algorithm. We want to mention that the
stability analysis and error estimates derived above hold true for both 2D and 3D
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problems. In the 2D case, we just need to distinguish between the scalar and vector
curl operators

∇×E =
∂Ey

∂x
− ∂Ex

∂y
for any vector E = (Ex, Ey)

′,

∇×H =

(
∂H

∂y
,−∂H

∂x

)′
for any scalar H.

Without loss of generality, we consider the 2D transverse electromagnetic (TE)
model, in which case we have three unknowns: the vector electric field E = (Ex, Ey)

′,
and the scalar magnetic field H = Hz. In 2D, the Raviart–Thomas–Nédélec rectan-
gular elements are represented as

Uh = {uh ∈ L2(Ω) : uh|K ∈ Qk−1,k−1 ∀ K ∈ T h}, k ≥ 1,(5.1)

V h = {vh ∈ H(curl; Ω) : vh|K ∈ Qk−1,k ×Qk,k−1 ∀ K ∈ T h}, k ≥ 1.(5.2)

In this paper, we implemented only the lowest-order basis function, i.e., k = 1.
Before we move on, we want to address a practical issue on the constant Cinv

in (4.1), which affects the choice of the time step τ . An accurate estimate of Cinv

is quite challenging, since it depends on element geometries and the orders of the
basis functions. Harari and Hughes [17] explicitly obtained Cinv for some inverse
inequalities. Schwab [33] and Warburton and Hesthaven [43] derived some explicit
expressions for hp-finite element inverse inequalities. To the best of our knowledge,
no work exists for the exact derivation of Cinv for edge elements.

5.1. Exact evaluation of Cinv. For simplicity, below we consider the lowest-
order edge element basis functions on a general rectangle K = [xc − hx, xc + hx] ×
[yc − hy, yc + hy]:

ψh
1 =

(
(yc+hy)−y

4hxhy

0

)
, ψh

2 =

(
0

x−(xc−hx)
4hxhy

)
,

ψh
3 =

(
(yc−hy)−y

4hxhy

0

)
, ψh

4 =

(
0

x−(xc+hx)
4hxhy

)
,

where ψh
j , j = 1, 2, 3, 4, start from the bottom edge and are oriented counterclockwise.

Hence any vh ∈ V h with k = 1 in (5.2) can be expressed as vh =
∑4

i=1 ciψ
h
i , from

which we have

|∇ × vh|2L2(K) =

∫
K

∣∣∣∣∣
4∑

i=1

ci∇×ψh
i

∣∣∣∣∣
2

dxdy =

(
1

4hxhy

)2 ∫
K

∣∣∣∣∣
4∑

i=1

ci

∣∣∣∣∣
2

dxdy

≤
(

1

4hxhy

)2 ∫
K

4 ·
(

4∑
i=1

c2i

)
dxdy =

1

hxhy
·

4∑
i=1

c2i .(5.3)

On the other hand, by the definition of ψh
j , we easily have

|vh|2L2(K) =

4∑
i=1

4∑
l=1

cicl

∫
K

ψh
i ·ψh

l dxdy

= c21

∫
K

|ψh
1 |2 + 2c1c3

∫
K

ψh
1 ·ψh

3 + c22

∫
K

|ψh
2 |2

+ 2c2c4

∫
K

ψh
2 ·ψh

4 + c23

∫
K

|ψh
3 |2 + c24

∫
K

|ψh
4 |2.(5.4)
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Through some lengthy calculation, it is easy to check that∫
K

|ψh
1 |2dxdy =

∫
K

|ψh
3 |2dxdy =

hy
3hx

,

∫
K

|ψh
2 |2dxdy =

∫
K

|ψh
4 |2dxdy =

hx
3hy

,

and ∫
K

ψh
1 · ψh

3dxdy = − hy
6hx

,

∫
K

ψh
2 · ψh

4dxdy = − hx
6hy

;

substituting these into (5.4), we obtain

|vh|2L2(K) =
hy
6hx

[c21 + c23 + (c1 − c3)
2] +

hx
6hy

[c22 + c24 + (c2 − c4)
2]

≥ hy
6hx

(c21 + c23) +
hx
6hy

(c22 + c24) =
1

6hxhy
[h2y(c

2
1 + c23) + h2x(c

2
2 + c24)]

≥ 1

6hxhy
h2max ·

(
hmin

hmax

)2

(c21 + c22 + c23 + c24),(5.5)

where we denoted hmax = max(hx, hy) and hmin = min(hx, hy).
Combining (5.3) and (5.5), we have

|∇ × vh|2L2(K)

|vh|2L2(K)

≤ 6h−2
max ·

(
hmax

hmin

)2

,

which leads to the inverse inequality (4.1) with

(5.6) Cinv =
√
6
hmax

hmin
.

Considering the CFL constraint (4.2), in practice computation we should avoid using
highly anisotropic meshes which will make the time step unreasonably small.

Remark 5.1. We like to remark that our theoretical results hold true for triangular
elements. However, an exact evaluation of Cinv for general triangular edge elements
is challenging and unavailable. Here we show the result for a mesh formed by right
triangles. Note that the lowest-order triangular edge element basis functions are

(5.7) ψij = λi∇λj − λj∇λi, i, j = 1, 2, 3,

for edge PiPj , where λi denotes the linear Lagrangian basis function at the ith vertex
Pi of a triangle.

Assume that the right triangle K = P1P2P3 has vertices Pi(xi, yi), i = 1, 2, 3, the
angle at P1 is denoted as α, and the angle at P2 is 90◦. Simplifying (5.7), we obtain

ψh
12 =

(
y3 − y
x− x3

)
/2|K|, ψh

23 =

(
y1 − y
x− x1

)
/2|K|, ψh

31 =

(
y2 − y
x− x2

)
/2|K|,

where |K| denotes the area of the triangle. Hence any function vh ∈ V h ⊂ H(curl; Ω)
can be expressed as vh = c1ψ

h
12 + c2ψ

h
23 + c3ψ

h
31.
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After some lengthy calculations, we have∫
K

|ψh
12|2dxdy =

1

4|K|2
∫
K

[(y3 − y)2 + (x − x3)
2]dxdy =

1

4

(
tanα+

1

3
cotα

)
,∫

K

|ψh
23|2dxdy =

1

4|K|2
∫
K

[(y1 − y)2 + (x − x1)
2]dxdy =

1

4

(
1

3
tanα+ cotα

)
,∫

K

|ψh
31|2dxdy =

1

4|K|2
∫
K

[(y2 − y)2 + (x − x2)
2]dxdy =

1

12
(tanα+ cotα),∫

K

ψh
12 ·ψh

23dxdy = − 1

12
(tanα+ cotα),∫

K

ψh
12 ·ψh

31dxdy =
1

12
(− tanα+ cotα),∫

K

ψh
23 ·ψh

31dxdy =
1

12
(tanα− cotα),

from which we have

|vh|2L2(K) = c21

∫
K

|ψh
12|2 + 2c1c2

∫
K

ψh
12 ·ψh

23 + 2c1c3

∫
K

ψh
12 ·ψh

31

+ c22

∫
K

|ψh
23|2 + 2c2c3

∫
K

ψh
23 ·ψh

31 + c23

∫
K

|ψh
31|2

= −2c1c2
12

(tanα+ cotα)− 2c1c3
12

(tanα− cotα) +
2c2c3
12

(tanα− cotα)

+ c21

(
1

4
tanα+

1

12
cotα

)
+ c22

(
1

12
tanα+

1

4
cotα

)
+ c23

(
1

12
tanα+

1

12
cotα

)
=

tanα+ cotα

12
(c1 − c2)

2 +
tanα− cotα

12
(c1 − c3)

2 +
tanα− cotα

12
(c2 − c3)

2

+
tanα+ cotα

12
c21 +

3 cotα− tanα

12
c22 +

3 cotα− tanα

12
c23.

(5.8)

Using the fact that ∇×ψh
ij =

1
|K| , we have

|∇ × vh|2L2(K) =

∫
K

|c1∇×ψh
12 + c2∇×ψh

23 + c3∇×ψh
31|2dxdy

=
1

|K|2
∫
K

∣∣∣∣∣
3∑

i=1

ci

∣∣∣∣∣
2

≤ 1

|K|2
∫
K

3

(
3∑

i=1

c2i

)
=

3

|K|
3∑

i=1

c2i .(5.9)

Under the condition

(5.10) tanα− cotα ≥ 0, 3 cotα− tanα > 0,

and using (5.8), (5.9) and the fact that

tanα+ cotα

12
=

(3 cotα− tanα) + 2(tanα− cotα)

12
≥ 3 cotα− tanα

12
,

we obtain

|vh|2L2(K) ≥
3 cotα− tanα

12
(c21 + c22 + c23) ≥

(3 cotα− tanα)|K|
36

|∇ × vh|2L2(K).

(5.11)
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For our right triangle K, the longest edge length hmax = |P1P3|, from which we
see that the area of the triangle |K| = 1

2h
2
max cosα sinα, which, applied in (5.11),

gives us

|∇ × vh|L2(K)/|vh|L2(K) ≤
√

72

3 cos2 α− sin2 α
h−1
max,

which implies that cinv =
√

72
3 cos2 α−sin2 α

. A special case is α = 45◦, which gives
cinv = 6

√
2.

Similarly, under the other condition

(5.12) tanα− cotα ≤ 0, 3 tanα− cotα > 0,

and using the fact that

tanα+ cotα

12
=

(3 tanα− cotα) + 2(cotα− tanα)

12
≥ 3 tanα− cotα

12
,

we obtain

|vh|2L2(K) = −2c1c2
12

(tanα+ cotα) +
2c1c3
12

(cotα− tanα)− 2c2c3
12

(cotα− tanα)

+ c21

(
1

4
tanα+

1

12
cotα

)
+ c22

(
1

12
tanα+

1

4
cotα

)
+ c23

(
1

12
tanα+

1

12
cotα

)
=

tanα+ cotα

12
(c1 − c2)

2 +
cotα− tanα

12
(c1 + c3)

2 +
cotα− tanα

12
(c2 − c3)

2

+
3 tanα− cotα

12
c21 +

tanα+ cotα

12
c22 +

3 tanα− cotα

12
c23

≥ 3 tanα− cotα

12
(c21 + c22 + c23) ≥

(3 tanα− cotα)|K|
36

|∇ × vh|2L2(K),

(5.13)

which leads to

|∇ × vh|L2(K)/|vh|L2(K) ≤
√

72

3 sin2 α− cos2 α
h−1
max.

Hence in this case, cinv =
√

72
3 sin2 α−cos2 α .

For a more general case, we could not obtain a nice inequality like (5.11) or (5.13),
which leads to an accurate evaluation of cinv.

5.2. Example 1: Test of convergence rate. Here we present an example to
confirm the optimal convergence rate proved in Theorem 4.3. In this test, we choose
the physical domain Ω = [0, 1] × [0, 1], the time interval I = [0, 1], and the physical
parameters ε0 = μ0 = ωpe = ωpm = Γe = Γm = 1 such that an exact solution for the
2D version of (2.1)–(2.4) is

E(x, t) =

(
Ex

Ey

)
=

√
2

2
e−t cos t

( − cosπx sinπy
sinπx cos πy

)
,

J(x, t) =

(
Jx

Jy

)
=

√
2

2
e−t sin t

( − cosπx sinπy
sinπx cosπy

)
,
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Table 1

The errors obtained at t = 1 with full-mass matrix, and τ = 0.001 on uniform rectangular meshes.

Meshes ||E −Eh||0 Rates ||∇ × (E −Eh)||0 Rates ||H −Hh||0 Rates

5× 5 0.012683610 — 0.112905069 — 0.112528790 —

10× 10 0.006365158 0.9947 0.056519954 0.9982 0.056490585 0.9942

20× 20 0.003185671 0.9986 0.028299764 0.9979 0.028270824 0.9987

40× 40 0.001593184 0.9997 0.014155665 0.9994 0.014138525 0.9996

80× 80 0.000796634 0.9999 0.007078579 0.9998 0.007069649 0.9999

160 × 160 0.000398322 0.9999 0.003539384 0.9999 0.003534873 0.9999

Table 2

The errors obtained at t = 1 with mass-lumping, and τ = 0.001 on uniform rectangular meshes.

Meshes ||E −Eh||0 Rates ||∇ × (E −Eh)||0 Rates ||H −Hh||0 Rates

5× 5 0.092458183 — 0.599459477 — 0.190309198 —

10× 10 0.025900523 1.8358 0.178949364 1.7441 0.097143198 0.9701

20× 20 0.008092020 1.6784 0.061992600 1.5293 0.048875177 0.9910

40× 40 0.003132964 1.3689 0.026301637 1.2369 0.024477120 0.9976

80× 80 0.001428850 1.1326 0.012489717 1.0744 0.012243549 0.9994

160 × 160 0.000696130 1.0374 0.006159273 1.0199 0.006122400 0.9998

H(x, t) =
√
2πe−t cos t cosπx cos πy,

K(x, t) =
√
2πe−t sin t cosπx cos πy.

We solved this problem on a sequence of uniformly refined rectangular meshes
using our leap-frog scheme (3.2)–(3.3) with a fixed time step τ = 0.001. The obtained
L2 errors are presented in Table 1, which shows clearly an O(h) convergence rate for
||E − Eh||0 and ||H −Hh||0. The observed convergence rate is consistent with our
theoretical analysis.

Since we have to invert a mass matrix at each time step for the leap-frog scheme
(3.2)–(3.3), in practical calculation we use a mass-lumping technique for the edge
element. More specifically, we use the quadrature

(5.14)

∫
K

φi · φjdA =
area(K)

4

4∑
n=1

(φi · φj)(x
K
n )

for any rectangular element K with vertices xK
n , n = 1, 2, 3, 4. Here φi (i = 1, 2, 3, 4)

denote the edge element basis function of K. This quadrature has the nice feature
that the mass matrix (Ek+1

h ,φh) of (3.2) is diagonal [28, p. 352]. The obtained L2

errors with mass-lumping technique are presented in Table 2. Though the errors in
this case are about two times larger (as the mesh gets finer) than the full-mass matrix
case, they still yield an O(h) convergence rate for ||E −Eh||0 and ||H −Hh||0.

5.3. Demonstration of backward wave propagation phenomenon. Our
goal of this section is to demonstrate the backward wave propagation phenomenon,
which is one of the exotic properties for metamaterials. To simulate this phenomenon,
we surround the computational domain by a perfectly matched layer (PML), which
was originally introduced by Berenger in 1994 [7] to simulate the wave propagation in
an unbounded domain. Since 1994, PML has been well studied (cf. [1, 4, 9, 39] and
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references therein). For simplicity, here we use the classical 2D Berenger PML, whose
governing equations can be written as

ε0
∂Ex

∂t
+ σyEx =

∂ (Hzx +Hzy)

∂y
,(5.15)

ε0
∂Ey

∂t
+ σxEy = −∂ (Hzx +Hzy)

∂x
,(5.16)

μ0
∂Hzx

∂t
+ σmxHzx = −∂Ey

∂x
,(5.17)

μ0
∂Hzy

∂t
+ σmyHzy =

∂Ex

∂y
,(5.18)

where the parameters σi, σmi, i = x, y, are the electric and magnetic conductivities
in the x- and y-directions, respectively. The functions σmi, σi, i = x, y, satisfy the
impedance matching condition

σmi

μ0
=
σi
ε0
, i = x, y,

so that the wave would be reflected at the interfaces between different material regions.
Note that we can rewrite (5.15)–(5.16) in the vector form

(5.19) ε0
∂E

∂t
+

(
σy 0
0 σx

)
E = ∇×Hz,

where we used the 2D vector curl operator ∇×Hz =
( ∂H

∂y

− ∂H
∂x

)
for Hz = Hzx +Hzy.

To couple the PML model with the scheme (3.2)–(3.3) in the metamaterial region,
we construct a similar leap-frog scheme for solving the PML equations (5.19), (5.17)–

(5.18) in the PML region: find Ek+1
h ∈ V 0

h, H
k+ 3

2

zx,h , H
k+ 3

2

zy,h ∈ Uh such that

ε0

(
Ek+1

h −Ek
h

τ
,φh

)
+

((
σy 0
0 σx

)
E

k+ 1
2

h ,φh

)
=
(
H

k+ 1
2

zx,h +H
k+ 1

2

zy,h ,∇× φh

)
,

(5.20)

μ0

⎛⎝Hk+ 3
2

zx,h −Hk+ 1
2

zx,h

τ
, ψ1,h

⎞⎠+
(
σmxH

k+1

zx,h, ψ1,h

)
= −

(
∂

∂x
Ek+1

y,h , ψ1,h

)
,

(5.21)

μ0

⎛⎝Hk+ 3
2

zy,h −Hk+ 1
2

zy,h

τ
, ψ2,h

⎞⎠+
(
σmyH

k+1

zy,h, ψ2,h

)
=

(
∂

∂y
Ek+1

x,h , ψ2,h

)
(5.22)

hold true for any φh ∈ V 0
h and any ψ1,h, ψ2,h ∈ Uh.

To simulate the backward wave propagation (see Examples 2 and 3 below), we
use physical data similar to those introduced by Ziolkowski [47]. We choose a uniform
mesh size h = 0.0001 m. By applying the Cinv derived in (5.6) and Cv = 3 · 108
m/s to the CFL condition (4.2), we have τ ≤ h

CinvCv
= 10

3
√
6
· 10−13 ≈ 1.36 · 10−13.

Hence in our numerical test, we just use τ = 10−13. Moreover, we choose the center
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frequency of the refraction index is f0 = 30 GHz, which corresponds to the free-space
wavelength λ0 = 0.01 m, and the physical parameters

Γe = Γm = Γ = 108s−1, ωpe = ωpm = ωp =
√
2ω0 ≡ 2π

√
2f0,

which correspond to the refraction index at the center frequency,

n(ω0) =

√
ε(ω0)μ(ω0)

ε0μ0
= 1− ω2

p

ω0(ω0 − iΓ)
≈ −1,

where the vacuum permeability μ0 and the vacuum permittivity ε0 are

μ0 = 4π × 10−7 newtons/ampere
2
, ε0 = 8.8541878176× 10−12 force/meter.

Example 2. In this example, the physical domain is chosen to be [0, 0.07] m ×
[0, 0.064] m. The incident source wave (imposed as the Ey component) varies in space

as e−(x−0.03)2/(50h)2 and in time as [47]

f(t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 for t < 0,
g1(t) sin(ω0t) for 0 < t < mTp,
sin(ω0t) for mTp < t < (m+ k)Tp,
g2(t) sin(ω0t) for (m+ k)Tp < t < (2m+ k)Tp,
0 for t > (2m+ k)Tp,

where we denote Tp = 1/f0, and

g1(t) = 10x31 − 15x41 + 6x51, x1 = t/mTp,

g2(t) = 1− (10x32 − 15x42 + 6x52), x2 = (t− (m+ k)Tp) /mTp.

In our simulation, we use m = 2, k = 100, and a PML with 12 cells in thickness
around the physical domain.

The beam source is located at x = 0.004 m, the metamaterial slab is from 0.024 m
to 0.044 m in the x-direction, and from 0.002 m to 0.062 m in the y-direction. Outside
the slab is a vacuum. We solved this example using 480736 rectangular elements,
which lead to the total DOFs (degrees of freedom) for Hz to be 480736, and the total
DOFs for E to be 960084. The obtained Ey components at various time steps are
plotted in Figure 1. From Figure 1, we can see that before the wave enters into the
metamaterial region (bounded by the box), the wave propagates as usual. Once the
wave enters into the metamaterial, the wave reverses its propagation direction due
to the negative refraction index of the metamaterial. As the wave reaches the other
end of the metamaterial slab, we see the refocusing property of metamaterials, i.e.,
the original wave source refocuses at the other side of the slab. After the wave exits
the slab, the wave propagates in free space as usual again. We like to remark that a
coarse mesh up to h = 1

10λ0 = 0.001 m can still catch the backward wave propagation
phenomenon (see Figure 2). The only problem is that the wave resolution is not that
good.

Example 3. Note that our theoretical results hold true for triangular elements
too. To demonstrate this, we use a triangular metamaterial slab to demonstrate the
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B264 YUNQING HUANG, JICHUN LI, AND WEI YANG

Fig. 1. Example 2. Electric fields Ey solved with h = 1
100

λ0 at various time steps. Top left:
1200 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom: 5000
steps.
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Fig. 2. Example 2. Electric fields Ey solved with h = 1
10
λ0 at various time steps. Top left:

1200 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom: 5000
steps.
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Fig. 3. An exemplary mixed mesh used for the triangular metamaterial slab.

backward wave propagation phenomenon and Snell’s law. The physical domain is
chosen to be [0, 0.07] m × [0, 0.064] m. The incident source wave is still located at
x = 0.004 m, but it is imposed as the Hz component. We choose a triangular meta-
material slab, whose boundary is determined by points (0.024, 0.02), (0.024, 0.062),
and (0.054, 0.062). Outside this slab is a vacuum. In this case, a triangular mesh is
used for the metamaterial slab and its neighboring elements. To accommodate the
PML easily and accurately, we use a rectangular mesh in the vacuum region and PML
region, which make this test problem more challenging. On the rectangular elements,
we still use the lowest-order edge elements.

An exemplary mesh is shown in Figure 3, which is quite coarse for illustration
purposes. The results presented below used a mesh by uniformly refining the one
given in Figure 3; i.e., the real mesh has 524288 and 327680 triangular elements and
rectangular elements, respectively. Hence the total number of DOFs for E is 1440192.
In this case, the time step τ = 5 · 10−14. The calculated Ey components at various
time steps are plotted in Figure 4, which shows clearly that the wave propagates
backward inside the metamaterial slab. After the wave exits the metamaterial region,
the wave bends its propagation direction according to Snell’s law.

5.4. Investigation of another PML. In this last section, we show some results
obtained by using an unsplit PML. The original split PML proposed by Berenger [7]
was found to be only weakly well posed, and it may suffer explosive instability [1, 39].
Later, Becache and Joly [4] showed that the split PML has at most a linearly growing
solution in the late time. Hence, it is suggested that an unsplit PML may be the most
appropriate for problems requiring long-time simulation [5].

Following the idea of [39], we can convert the split PML (5.15)–(5.18) into an

unsplit PML. Let us define the Fourier transform of a function f(t) as f̂(ω) =∫∞
−∞ eiωtf(t)dt.

Taking the Fourier transform of (5.17) and (5.18), we have

(iωμ0 + σmx)Ĥzx +
∂Êy

∂x
= 0,

(iωμ0 + σmy)Ĥzy − ∂Êx

∂y
= 0.
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Fig. 4. Example 3. Electric fields Ey at various time steps. Top left: 2000 steps. Top right:
4000 steps. Bottom left: 6000 steps. Bottom right: 8000 steps.

Multiplying the first and second equations by (iωμ0+σmy) and (iωμ0+σmx), respec-
tively, then adding the results together and using the definition Hz = Hzx +Hzy, we
obtain
(5.23)

(iωμ0 + σmx)(iωμ0 + σmy)Ĥz + iωμ0

(
1 +

σmy

iωμ0

)
∂Êy

∂x
− iωμ0

(
1 +

σmx

iωμ0

)
∂Êx

∂y
= 0.

Introducing auxiliary variables

(5.24) P̂x =
1

iωμ0
Êx, P̂y =

1

iωμ0
Êy, Q̂z =

1

iωμ0
Ĥz,

and we can rewrite (5.23) as follows:

(5.25) [iωμ0+(σmx+σmy)]Ĥz+σmxσmyQ̂z+
∂(Êy + σmyP̂y)

∂x
− ∂(Êx + σmxP̂x)

∂y
= 0.

Changing (5.24) and (5.25) into time domain, and putting the original PML
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equation (5.19) together, we obtain the unsplit PML model equations:

ε0
∂E

∂t
+

(
σy 0
0 σx

)
E = ∇×Hz ,(5.26)

μ0
∂Hz

∂t
+ (σmx + σmy)Hz +∇×E + σmxσmyQz + σmy

∂Py

∂x
− σmx

∂Px

∂y
= 0,(5.27)

μ0
∂Px

∂t
= Ex,(5.28)

μ0
∂Py

∂t
= Ey,(5.29)

μ0
∂Qz

∂t
= Hz.(5.30)

To couple with our metamaterial model, we construct a leap-frog scheme for

solving the unsplit PML equations: find Ek+1
h ∈ V 0

h, H
k+ 3

2

z,h ∈ Uh such that

ε0

(
Ek+1

h −Ek
h

τ
,φh

)
+

((
σy 0
0 σx

)
E

k+ 1
2

h ,φh

)
=
(
H

k+ 1
2

z,h ,∇× φh

)
,(5.31)

μ0

P
k+ 3

2

x,h − P
k+ 1

2

x,h

τ
= Ek+1

x,h ,(5.32)

μ0

P
k+ 3

2

y,h − P
k+ 1

2

y,h

τ
= Ek+1

y,h ,(5.33)

μ0

Qk+1
z,h −Qk

z,h

τ
= H

k+ 1
2

z,h ,(5.34)

μ0

(
H

k+ 3
2

z,h −H
k+ 1

2

z,h

τ
, ψh

)
+
(
(σmx + σmy)H

k+1

z,h , ψh

)
+
(
∇×Ek+1

h , ψh

)
(5.35)

+
(
σmxσmyQ

k+1
z,h , ψh

)
+

(
σmy

∂P
k+1

y,h

∂x
− σmx

∂P
k+1

x,h

∂y
, ψh

)
= 0

hold true for any φh ∈ V 0
h and any ψh ∈ Uh.

Example 4. We simulate Example 2 by using the same data, except that we
replaced the split PML by this unsplit PML scheme. We obtain very similar results;
see Figure 5, which basically has no difference from Figure 1. The reason may be that
our simulation is not long enough to see the real advantage of the unsplit PML.

Example 5. This final example is another demonstration of the unsplit PML.
In this example, the physical domain is chosen to be [0, 0.13] m × [0, 0.08] m. The
incident wave is a point source wave (the same f(t) in Example 2) located at the
point (0.02 m, 0.04 m), which varies only in time and has the same form as Example
2. Here the wave is imposed as the Hz component, and the metamaterial slab is
from 0.04 m to 0.08 m in the x-direction, and from 0.002 m to 0.078 m in the y-
direction. Outside the slab is a vacuum. This example is solved using 285776 uniform
rectangular elements with a mesh size h = 0.0002, which lead to the total DOFs for
Hz to be 285776, and the total DOFs for E to be 570454. The calculated Hz and
Ey components at various time steps with a time step size τ = 2 · 10−13 are plotted
in Figures 6 and 7, respectively. These figures show the effectiveness of the unsplit
PML, and demonstrate the nice refocusing property for metamaterials.
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Fig. 5. Electric fields Ey at various time steps used the unsplit PML. Top left: 1200 steps.
Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom: 5000 steps.
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Fig. 6. Example 5. Electric fields Ey at various time steps used the unsplit PML. Top left:
1000 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom left:
5000 steps. Bottom right: 6000 steps.

D
ow

nl
oa

de
d 

02
/1

4/
13

 to
 1

69
.2

34
.1

07
.1

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MODELING BACKWARD WAVE PROPAGATION IN METAMATERIALS B271

Fig. 7. Example 5. Magnetic fields Hz at various time steps used the unsplit PML. Top left:
1000 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom left:
5000 steps. Bottom right: 6000 steps.
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6. Conclusions. In conclusion, we have developed a leap-frog-type finite ele-
ment method for modeling the backward wave propagation in metamaterials. The
stability and error estimate of the proposed method are investigated. The algorithm
is first tested for the optimal convergence rate using a smooth analytic solution, then
generalized to the coupled metamaterial and vacuum media case. The simulation re-
sults not only confirm the theoretical analysis, but also demonstrate the effectiveness
of our algorithm for modeling various wave propagation phenomena occurring in het-
erogeneous media. More efficient numerical techniques such as multiscale techniques
[44], discontinuous Galerkin methods [15, 18, 20, 21, 23], and adaptive finite element
methods [2, 12, 37] will be investigated in the future.
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