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Abstract. In this paper we develop a leap-frog-type finite element method for modeling the
electromagnetic wave propagation in metamaterials. The metamaterial model equations are repre-
sented by integrodifferential Maxwell’s equations, which are quite challenging to analyze and solve in
that we have to solve a coupled problem with different partial differential equations given in different
material regions. Our method is based on a mixed finite element method using edge elements, which
can easily handle the tangential continuity of the electric field. Stability analysis and optimal error
estimate are carried out for the proposed scheme. The scheme is implemented and confirmed to
obey the proved optimal convergence rate by using a smooth analytical solution. Then the scheme
is extended to model wave propagation in heterogeneous media composed of metamaterials and free
space, and extensive numerical results (using a rectangular edge element, a triangular edge element,
and mixed edge elements) demonstrate the effectiveness of our algorithm for modeling the exotic
backward wave propagation phenomenon in metamaterials. To the best of our knowledge, this is
the first paper with an exhaustive simulation of backward wave propagation in metamaterials using
time-domain finite element methods.
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1. Introduction. Metamaterials are artificial materials engineered to have ex-
otic properties that may not be found in natural materials. In recent years, the most
studied electromagnetic metamaterials are the so-called negative index metamateri-
als whose permittivity and permeability are both negative; these properties lead to
negative refraction index over some frequency range. Such metamaterials are a man-
ifestation of materials first proposed by the Russian theorist Victor Veselago in 1967
[40]. Due to various reasons, the first metamaterial with negative refractive index
was not successfully constructed until 2000 by Smith et al. [36]. The unit cell of their
construction is formed by split-ring resonators and conducting straight wires, and
their metamaterial only works in the microwave regime. In 2001, Shelby, Smith, and
Schultz [35] carried out the first experimental demonstration of the negative refractive
index of metamaterials. Since 2000, many interesting constructions of metamaterials
have been achieved. Details on the short history and important references of metama-
terials can be found in recently published monographs (e.g., [13, 27, 11]). Potential
applications of metamaterials are diverse and include remote aerospace applications
(e.g., lightweight antenna), optical nanolithography, nanotechnology circuitry, near
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field superlens, lenses for high-gain antennas, cloaking devices, and even methods for
shielding structures from earthquakes.

Numerical simulations of metamaterials play a very important role in seeking new
designs and applications of metamaterials, but most simulations to date were carried
out using either the classic finite-difference time-domain (FDTD) method [38, 16], or
commercial packages such as HFSS and COMSOL [41, p. 12]. Though the FDTD
method is widely used in the engineering community, it has a big disadvantage when
dealing with complex geometric domains [45], which is the so-called staircase effect
[38].

On the other hand, though there exist many excellent works on finite element
methods for solving Maxwell’s equations in free space (e.g., [8, 10, 12, 18, 19, 28, 30,
31, 46] and references cited therein) and in dispersive media (cf. [3, 26, 32, 34, 42]),
there are not many devoted to the development and analysis of finite element methods
for Maxwell equations when metamaterials are involved. In recent years, some inves-
tigations of well-posedness and finite element analysis for time-harmonic Maxwell’s
equations involving metamaterials have been conducted [6, 14]. During the same
time, the authors made some initial effort in developing and analyzing some finite
element methods for solving the time-domain Maxwell equations when metamaterials
are involved [25, 24, 22]. But our previous papers were mainly focused on the basic
numerical analysis of those schemes developed for metamaterials covering the whole
physical domain. In this paper, we extend our recently developed leap-frog approach
[22, 24] for pure metamaterials to modeling wave propagation in heterogeneous media
involving both metamaterials and free space. In order to make our scheme more effi-
cient, we develop a leap-frog-type scheme to solve the metamaterial Maxwell equations
written as a system of integrodifferential equations in two unknowns only. Compared
to our previous work [22, 24] by solving four unknowns directly, the current approach
will save a lot of memory space and make our algorithm more suitable for large scale
simulation.

Finally, we like to remark that the stability analysis and error estimate for the
mixed finite element method are more challenging than the standard Maxwell equa-
tions in free space. A totally new issue, which comes with such leap-frog schemes, is
that the time step size depends on a constant Cj,,, in the inverse inequality (see (4.1)
below). An accurate estimate of Cjy,, is quite challenging and was left unsolved in our
previous work [24]. In this paper, we present an elegant estimate of Cjy,, for the low-
est order rectangular edge element, which is widely used in practical simulation. An
exact estimate of Cj,, for general edge elements is still unavailable, since it depends
on the element geometry and the order of the basis function.

Below, let us introduce some common notation [28]:

H(cur; Q) = {v e (L*())? Vxwve (L*}(N)%},
Hy(curl; Q) = {v e H(cur; Q); nxv=0 on 90},

H(div;Q) = {v € (L*(Q))3; V-ve L*Q)}

for any bounded Lipschitz polyhedral domain € in R? with connected boundary 9.
Moreover, we let (H%(£2))? be the standard Sobolev space equipped with norm || - ||4.
When a = 0, we just denote || - ||o for the (L?(Q))3 norm. For a time-dependent
function u(zx,t), we define the space L>(0,T; (H*(Q))?) with equipped norm

||U||L°c(o,T;(Ha(Q))3) = Orélt%XT ||U('775)||(Ha(9))3-
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The rest of the paper is organized as follows. In section 2, we describe the
governing equations for modeling the wave propagation in metamaterials. In section 3,
we present a leap-frog finite element method for solving the time-domain Maxwell
equations when metamaterials are involved. Then in section 4 we carry out the
conditional stability analysis and prove the optimal error estimate for the proposed
scheme. In section 5, we first present an example confirming our theoretical error
analysis. Then we present four more examples demonstrating the effectiveness of
our algorithm for modeling the exotic backward wave propagation phenomenon in
metamaterials. Here different perfectly matched layers are analyzed and tested in our
simulations using different types of mesh. Finally, we conclude the paper in section 6.

2. The governing equations. The governing equations for modeling wave
propagation in negative refraction index metamaterials described by the so-called
Drude model are (see a derivation in [25])

(2.1) eoaa—]f:VXH—j—Ff in Q% (0,7),
(2.2) ,ugaa—I;I:—VXE—/KV in Qx (0,7),
(2.3) 88—‘;] +Td = w2, E in Qx (0,7),
(2.4) %—? + 0 K = pow?, H in Qx (0,7),

where f is an added source term, €y and po are the permittivity and permeability in
vacuum, respectively, wp. and wp,, are the electric and magnetic plasma frequencies,
respectively, I'. and I',,, are the electric and magnetic damping frequencies, respec-
tively, E(x,t) and H(x,t) are the electric and magnetic fields, respectively, and

J(z,t) and K(x,t) are the induced electric and magnetic currents, respectively. For
simplicity, we assume that the boundary of (2 is perfectly conducting so that

(2.5) nxE=0 on 0f),

where n is the unit outward normal to 9. The initial conditions for the system
(2.1)—(2.4) are assumed to be

E(x,0) = Ey(x), H(x,0) = Hy(x),
J(z,0)=Jo(z), K(x,0) =Ko,

where Eq, Hg, J 0, and ’Kvo are some given functions.
Solving (2.3), we obtain

t
(2.6) J(x,t) = Joe Tt 4 60w127€/ E(x,s)e "= ds = Joe Vet + J(E).
0

Similarly, solving (2.4), we have

t
(2.7) K=K '+ uowﬁm/ H(z,s)e ') ds = Kge ' + K (H).
0
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Using (2.6) and (2.7), we can reduce the original system (2.1)—(2.4) to the follow-
ing:
OF ~
(2.8) oy = VX H+ f—Joe et —J(E),

OH —
Mo = ~VxE—-Kope 't - K(H).

Multiplying (2.8) by a function ¢ € Hy(curl; ) and integrating by parts, then
multiplying (2.9) by a function ¥ € H(div;2), we obtain a weak formulation of
(2.8)—(2.9): find a solution (E, H) € Ho(curl; ) x H(div;2) such that
(2.10)  co(Er, @)~ (H.V x ¢) + (J(E), ¢) = ~(Joe ", 9) + (£.9).

(211) ,[LO(Ht,¢) + (v X Ea ’l[J) =+ (K(H),¢) = _(KOe_FMtv"p)

hold true for any (¢, ) € Ho(curl; Q) x H(div; ).

(2.9)

3. Design of the algorithm. To design a finite element method to solve (2.10)—
(2.11), we partition € by a family of regular cubic (or tetrahedral) meshes T" with
maximum mesh size h. To accommodate the H(curl;2) conformity, we employ the
so-called Raviart—-Thomas-Nédélec mixed finite element spaces (cf. [28, 29]): on a
tetrahedral mesh T,

UhZ{uhEH(diV;Q): uh|K€( ) D pr—1T VKET}L}
n={vy € Hlcurl; Q) : wp|x € (pr_1)° @ S, VK € T"},
where Sy = { € (pr)3,x - p'= 0}, and p; denotes the space of homogeneous polyno-
mials of degree k, while on a cubic mesh T,
Up = {un € Hdiv; Q) : unlx € Qrp—1h-1 X Qb1 -1 X Q1416 VK €T},
Vi ={vy € Hlcur Q) : vylr € Qro1hk X Qrk—1.6 X Qrrr VK €T"}.
Here @); ;1 denotes the space of polynomials whose degrees are less than or equal to

i, J, k in variables x,y, z, respectively.
To impose the boundary condition (2.5), we introduce the subspace

(3.1) V?L ={v, €Vy: nxv,=0}

To define a fully discrete scheme, we divide the time interval (0,7) into N uni-
form subintervals by points 0 = tp < t; < -+ < ty = T, where t; = k7. Now
we can formulate a leap-frog scheme for solvmg (2.10)—(2.11): given proper initial

approximations E', J% 9 and H,f , K2 € Uy, for any k > 0 find Ef € V9 and
H]Z+2 € Uy, such that

EF _ gk a1 1
€ <7h —" ¢ | - (H, ?,V x ¢,) + (5(.1;3“ +J;§),¢>h)

Tet

(3.2) =—(Joe "%, ¢) + (F2, bp),

<H:+% _ H:Jr%
Mo | — ——— —

T

71/)}1) + (V X E2+17¢h)+ <%(Kk+2 +Kk+2) Q/Jh)

(3.3) = —(Koe Tttt ap)
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hold true for any ¢, € V?L and v, € Up. Here J ﬁ is a second-order approximation

of J(E(x,tx)), and K:+% is a second-order approximation of K (H (x,;, 1)). More
specifically, we have

Jh ~ Epre/ E —F (tr— S)dS

= Eowpe / *Fe(trs)ds
te—1

~e Tl TJ‘“ - 260w J(EE 4 e VTR,

Hence, we have the following recursive formula for updating J Z:

(34)  JV =0, JF=eTrgily ;eow J(EF 4 e TTENY V> 1L

. . . k+3
Similarly, we can have a recursive formula for updating K, ' *

1 1 1 1
(3.5) K% = e TR T 4 Suowl, (HL TR+ e T HTE) Yk > 1
From (3.4) and (3.5), we obtain
1
S(JIET gy = 2(1+e )Jh—|— — o JEFT peTTeT B,

4

2
1 +2 T
W KN = S0 e T KE 4 Dol (H T e T

(KK ke,

substituting this into (3.2) and (3.3), we can see that the scheme (3.2)—(3.3) is equiv-
alent to solving the following system:

€ 1 k41
T <1+ 4wpe7- ) (Eﬁ—’—lvth) = : <1_ ngeT ) (Efmth)_F (Hthzvv X ¢h)

s “Tet, 1~ 1
(3.6) —§<1+e T Thbn) —e TR (o dp) + (FF7 ),
k+ 1 k+
2 (14 gt ) () =22 (1= Q) (B ) = (9 % BV )
1 T k 1 (T
(B7)  —5+e TG ) - e Tt (Ko, 4,
i.e., at each time step, we can first solve (3.6) for Ef™!, then solve (3.7) for HIH_2
4. Analysis of the numerical scheme. In this section, we carry out the sta-

bility analysis and error estimate analysis for our scheme (3.2)—(3.3).
LEMMA 4.1. For any k > 1, we have

) 175l < Teowpe ZIIE llo,

k+1 +3
(i) [1K) *llo < 1K} ||o+wowmeIIH1 *llo-
=0
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Proof. (i) By the definition of J¥, we have

k— k—
17510 < (1% 1||0+§60w 1B o + [|E3 o)

z
< IIJk “llo + 5 cowpe (B 2[lo + 2(| B |lo + 1B} ]lo)
<-
<

||Jh||0+ GOW B0 + 2/ E7[lo + - + 2| B o + |1 Elo)

< Teowpez |ES | lo,

which completes the proof of (i). Note that we used the fact that J = 0 in the last
step.

1
(ii) Using the definition of K ]ZJF 2 we have

k—1

k-l kt-L
1K 2 o < (1K) 2o + 2 uow m([H ), 2 {lo + |[H), 2 [o)

k—1

k+1
o+ [1H}, " * o)

2
T w2 (1H} 2o + 2/ E}

155 o + 3

ININ A

1 T 1 3 k—1 k+1
1K 5o + 5 Howpm ([[H o + 2|V lo + -+« + 201 H, 2 Jlo + [LHL 2 o),

which concludes the proof O
Denote C,, = \/m for the wave propagation speed in free space, and Cjp, > 0

for the constant in the standard inverse inequality:
(4.1) IV % @illo < Cinoh ™ | bpllo ¥ b1, € V.
THEOREM 4.2. If the time step T satisfies the CFL condition
1
4.2 <min |1, —h
(4.2) T_mm(,c . )

inuv

then for any n > 1 we have
+l
coll BRI + ol V x Hy 2 [[3
3012 02 T2 = 2 5012 2
< CH G+ IV x ELllg + [[Tollg + [[Eollg + 1K G+ 1F T 0,702(03):

where the positive constant C' depends on physical parameters I'c, 'y, , wWpe, Wpm, T, €0,
and (1.

. —k+3
kPmOf. Choosing ¢;, = %(E]ZH + Ef) = 7'E,LJr2 and v, = %(HIH_2 + Hk+2) =
+1

7H, = in (3.2) and (3.3), respectively, and adding the resultants together, we obtain

€ k o k+3 k+3
5 (B — 1BRIIS) + = (L2118 — I1H, > 1)

2 2
+Tzeow (BN TR B lﬂowgm(ﬂ I LA 2 D)
_ % [( HY < ET) (v x EM H]Hl)}
1 [ RS | S AU |
- T (5(1 +€_FCT)J£,E:+2> -|-7-(fk+%,E:+2)

1 — .t .
- 7(5(1+6FWT)K:+2 H’,j“) —re T (o By ) — reToten (Ko, H

(4.3)
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Using the inequality (Y25, a;)2 < (35, 12)(32F_, a2) and Lemma 4.1, we have

k k
1511 < 72 (cowpe) *(k + 1) Y IIELI[5 < CT7 Y ||IESII5.
=0 =0

From this and the standard arithmetic-geometric mean inequality we obtain
1 “Tory 7k FEt3 =htde T 1 “Tory k12
r(GA+eTOILET ) <2mn B + g llg i+ e TR

CTT
<75 (|EXTHIE + 1 ELIIG) + ZIIE 13-

Similarly, by Lemma 4.1, we have
k+3 1 i+
1K, 215 < 2 [[1KG I + (Trowyy,) (ZHH 2||o>

k
1 i+ L
< 2K |+ 272 (powl, )2 (k + 1) > |2
=0

k
1 i+1
< 2K |G+ 277 (nowpn)* D |1 H, 2 15,
i=0

From this and the arithmetic-geometric mean inequality we obtain

1 _
T (5(1 + e TmmyKETS H’,j“)

k
k42 k41 CTt? i+1 T 1
< e (LRI + LE 2 + = S 1HH R+ g 1K

By the Cauchy-Schwarz inequality, we have

—Tet, 1,73 = k T ~
re T (T3, B ) < 7o BT 4 I BSIR) + ||Jo||37

k+2)

(2B, ) < Tou(|BETR + BRI + ||f’”2||o,

804

and

_ 7= T=k+1 k+2 k+3 T
re i (Ko, K ) < b (1,1 + 11 + g I1KllG:

Furthermore, by the Cauchy—Schwarz inequality, we have

—k 1
(BY 4+ e T BL B ) = SIS + TSR + (L ) (B )
1 —Let
2 (1-e FTYIEYIE - 1ERID)-

By the same argument, we can obtain

ktl —=k+1 1 T k+3 k+3
H, ) > (=TT ([H, - 1H, D)

(Hk+2 +e 7FTILTH 4
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Substituting the above estimates into (4.3), using the identity
1
(HET3 v x (BE 4 ER)) — (V x EEF HITE ¢ gt
1 3
= (H,,"?,V x E}) - (H},"*,V x B}™"),

and summing up the resultant from k£ =1 to n — 1, we have

€0 1—eler n
S (14 ) (BRI - 1Bk

1— e—FmT

— |1
+2<—|—7‘ 3

n+l 1
)(HHh 2 - IEER)

T

n—1
(HE.V x E}) — (H} "V % BY)] + (61 + 83+ 64) <|IE ||0+2Z||E ||0>

[\

k=0

CTT% = gyl nT Lo NT ~ o NT —~ o T — ktliio
H" KZ |2+ 2217 K - 3|12,

# S5 A+ G AR + G 19018 + g IRl + g5, 32 15441
(4.4)

OTT nol n+2 k+2
+5 nleEhllo+T(5z+6s)<llH ||o+2Z||H I

Using the Cauchy—-Schwarz inequality and the inverse inequality (4.1), we have

TL+% n —1 ”+% n
T(H), *,V x E}) < 7-Cinyh™ |[H};, " ?|o] | E} o
— n4 n
=7 Cinvh™" - Cov/Iol [ H}, 2o - Veol [ E o

CinvCypT +1
< =5 (ol [H,*|[§ + eol | ER[5)-

(4.5) o

Substituting (4.5) into (4.4), choosing 7 < min(1, c“ff,cu) and ¢; small enough,
and then using the discrete Gronwall inequality, we conclude the proof. d

Now let us analyze the error estimate for our scheme (3.2)-(3.3). Let & =
I, E* — E} and nf = P,H"* — H}, where I, E € V}, denotes the standard Nédélec
interpolation [28, 29], and P, H denotes the L? projection onto the space Up,.

Integrating (2.10) from ¢ = t; to tj41, integrating (2.11) from ¢ = ¢, 1 to txy s,
then subtracting the resultants divided by 7 from (3.2) and (3.3), respectively, we
obtain the error equations

k1 . JEHL 4 gk gL 4 gk
60( §h7¢h>_(n:+2avx¢h)+<nh( 5 -k 5 by,

( Ek+1 Ek+l) (HhEk—

T

k+1 k tht1
+ <Hh (‘I +J ) _ %/t J(E(s))ds,¢>h>

tr41 - 1 tr41 1
s L erea) Goon (2 [ g0 1)

E" L1t
),th) - (PhH’”f -~ | H(s)ds, v><¢h>

173

(4.

Oﬁ
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and
nkJr% _nk+§
Ho <%7¢h) + (v X é-}lj+17¢h)
R AN D
+ Ph - 71/}}1
2 2
(PthJr% _HkJr%) _ (PthJr% _HkJr%)
= Mo 7¢h
T
1 ['e+d
+ |V x HhEk“——/Hz E(s)ds | ,4,,
T tk+%
K5 Khs 1 [fe+3
B e R A )
2 T Jtya
1 [Te+d ~
(4.7) + [ e Tt —;/Hz e~ 'mods | (Ko, 9y,).
t

k+d

Using a technique similar to the one developed in the above stability analysis,
and using the interpolation estimate (see [29, Theorem 2] and [28, Theorem 5.41])

1
[l —yallo +[|V x (u — Wyw)llo < Ch'|lullisa ¥ u e (HTH(2))?, 5 <i<k

and the estimate for the L? projection onto Uy, (see [29, Theorem 4] and [28, Theorem
5.25]),

1
llu — Prullo < ChY|ullipr ¥V u € (HFH(Q))3, 5 <L<k

we can obtain the following optimal error estimate. L
THEOREM 4.3. Assume that the initial approximations E?l and H} satisfy the
1
condition ||E° — E%||o + ||H% — H?|lo = O(r? + h*), and the analytical solutions
E(x,t) and H(x,t) are smooth enough. Then we have

1
(48)  max(|[E" - Bjllo+ [|[H""? —H;"?|l) <O(2 +1b) Vk>1,

where k is the degree of basis functions in spaces Uy, and V.

Remark 4.1. Theorem 4.3 shows that the optimal error estimate in the L? norm
is only O(h*) for the kth order edge element Q1 k k X Qkk—1,k X Qk i k—1, the reason
being that the basis functions do not contain all the kth-order bases like the standard
Lagrange element Q)i ;1. The theoretical analysis is justified by our numerical result
given in Example 1 of section 5, where the lowest-order rectangular edge element
Qo1 X Q1,0 is used and the observed L? error given in Table 1 is O(h). In this
case, the basis functions of Qg1 X Q1,0 do not include all the bases 1, z,y, zy like the
standard Lagrange element Q1 ;.

5. Numerical results. In this section, we provide some two-dimensional (2D)
examples showing the effectiveness of our algorithm. We want to mention that the
stability analysis and error estimates derived above hold true for both 2D and 3D
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problems. In the 2D case, we just need to distinguish between the scalar and vector
curl operators

OFE OFE,
V x FE = a—; — a—y fOI' any vector FE = (Ez,Ey)/,
H 08H\'
VxH= a—,—a— for any scalar H.
0y Ox

Without loss of generality, we consider the 2D transverse electromagnetic (TE)
model, in which case we have three unknowns: the vector electric field E = (E,, E,)’,
and the scalar magnetic field H = H,. In 2D, the Raviart-Thomas—Nédélec rectan-
gular elements are represented as

(5.1) Up={un € L*Q): uplg € Qp_14-1 YK T}, k> 1,
(5.2) Vi ={v, € Hlcur; Q) : vp|x € Qp16 X Qrr1 YK T}, k> 1.

In this paper, we implemented only the lowest-order basis function, i.e., k = 1.

Before we move on, we want to address a practical issue on the constant Cj,
in (4.1), which affects the choice of the time step 7. An accurate estimate of Cip,
is quite challenging, since it depends on element geometries and the orders of the
basis functions. Harari and Hughes [17] explicitly obtained Cjy,, for some inverse
inequalities. Schwab [33] and Warburton and Hesthaven [43] derived some explicit
expressions for hp-finite element inverse inequalities. To the best of our knowledge,
no work exists for the exact derivation of Cj,, for edge elements.

5.1. Exact evaluation of C;,,. For simplicity, below we consider the lowest-
order edge element basis functions on a general rectangle K = [z, — hy, T + hy] X

[yc_hy7y0+hy]:
@ethy)—y 0
¢’f:< el ) ¢§=<M>
4hhy

. We—hy)—y b 0
P3 = hghy v Yi = a—(wetha) |
0 " 4hghy,

where 1#;-1, 7 =1,2,3,4, start from the bottom edge and are oriented counterclockwise.
Hence any vy, € V), with k = 1 in (5.2) can be expressed as vy, = 2?21 ci@bf, from
which we have

4 2 2 4 )2
1
|V x v, |2 = / &V x Y dedy = (—) / ¢i| dxdy
1 2 4 1 4
. S 4. 2 = . 2.
(5.3) < (4hwhy> /K (ZQ) dzdy Tk, Zcz
: i=1 : =1
On the other hand, by the definition of 1/1?, we easily have
4 4
vnl3 2y = ZZCM/ Pl bl dady
i=1 1=1 K
=& [l v [ wtowh+d [ e
K K K
(5.4) vocer [ whowhad [ wiPed [ i
K K K
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Through some lengthy calculation, it is easy to check that

/ ! 2dady = / P dady = / [l Pdady = / Py =
K K

and
he
[t whdnay = g [ ki = - g
K
substituting these into (5.4), we obtain
2 hy hy 2
[VR|T20k) = Gl e + 3 + (1 — e3)’] + 6h, [+ cf + (2 — 1))

> 6h (01 + 03) 6h, (02 + 04) 6h h, [h2(01 + 03) + R (02 + 04)]
1 Bonin \ 2
' > 2 min 2 2 2 2
(5 5) = Ghmhy hmaw (hmam) (Cl + C2 + C3 + 04)7

where we denoted hp,qr = max(hg, hy) and A, = min(hg, hy).
Combining (5.3) and (5.5), we have

|V X ’Uh|%2( 2 Rmaz 2
) Ghmaw )
|vh|L2(K) Romin

which leads to the inverse inequality (4.1) with

(5.6) Cino = \/Ehm‘“”.

hmin

Considering the CFL constraint (4.2), in practice computation we should avoid using
highly anisotropic meshes which will make the time step unreasonably small.
Remark 5.1. We like to remark that our theoretical results hold true for triangular
elements. However, an exact evaluation of Cj,, for general triangular edge elements
is challenging and unavailable. Here we show the result for a mesh formed by right
triangles. Note that the lowest-order triangular edge element basis functions are

(5.7) P =ANVA = A VA, 4,5 =1,2,3,
for edge P;Pj, where \; denotes the linear Lagrangian basis function at the ith vertex
P; of a triangle.

Assume that the right triangle K = P P, P5 has vertices P;(x;,v;),4 = 1,2, 3, the
angle at P; is denoted as «, and the angle at P, is 90°. Simplifying (5.7), we obtain

who= (B0 ) ) v = (200 )kl whi= (B0 ) 2im

T T T

where | K| denotes the area of the triangle. Hence any function vy, € V', C H(curl; Q)
can be expressed as vj, = c19, + cotphy + catph).
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1
(tana + 3 cot a) ,
1
(§ tana+cota) ,

1 1
/K |k [Pdedy = AKP /K[(y2 —y)* + (z — 22)%]dady = E(tana + cot ),

After some lengthy calculations, we have

1
/ oy Py = / (s — )7 + (& — 23)?]dady —
K 4K|? [k

I SN

1
[ tbPasdy = s [ -0 + (@ - 1 PJdndy -
K 4K Jx
h h 1
/ Py - Pogdrdy = ——(tana + cot «),
K 12

—(—tana + cot @),

1
/ T/’}fQ "/’gldxdy =1
K

1
/ 1/’}53 : ¢§1dxdy = —(tana — cot @),
K 12
from which we have
[onlZa ) = C%/ 91l + 20102/ Py - Pl + 26103/ Py - P
K K K
R Ny Ry T
K K K

_ 2611262 (tan o + cot ar) — 1% (tan o — cot ) 12203 (tan o — cot @)
—1—02 1tana+icota —l—c2 itanoz—l—lcota —l—c2 itana—l—icotoz
1\4 12 2\ 12 4 3\ 12 12
tan o + cot « tana — cot « tana — cot «
=—5 (1 — 62)2 + — 13 (1 — 03)2 + — 1 (ca — 03)2
tana +cota 4 4 3cota —tana 4 n 3cota—tana o
c c cs.
12 ! 12 2 12 3
(5.8)
Using the fact that V x I,ZJU = ﬁ, we have

|V x ’Uh|2L2(K) = / |1V x aply + oV X phs 4¢3V x ¥b, [2dedy

59) |K|2/i: S A @):%Z

Under the condition

(5.10) tana —cota >0, 3cota—tana >0,
and using (5.8), (5.9) and the fact that

tana 4+ cota  (3cotar — tan ) 4 2(tan o — cot ) N 3cota — tan

12 12 - 12 ’
we obtain
3cota — tan a (3cot o — tan o) | K|
onlagaey > 2O By ) > LG s wnfa e
(5.11)
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For our right triangle K, the longest edge length hy,4. = |P1Ps|, from which we
see that the area of the triangle |K| = 1h2 ., cosasina, which, applied in (5.11),
gives us

72 .

——h
. max’
3 COS2 o — st (0%

which implies that ciny = /3052 Zﬁsin —. A special case is a = 45°, which gives

Cinvy = 6\/§

Similarly, under the other condition

IV X vn|r2(k)/|VnlL2 (k) < \/

(5.12) tana —cota <0, 3tana —cota >0,

and using the fact that

tana 4+ cota  (3tana — cot ) 4+ 2(cot @ — tan «) N 3tana — cot

12 12 - 12 ’
we obtain

201 Co 201 C3 20263

|vh|%2(K) = —T(tana + cota) +

(cota — tanar) — (cot o — tan )

12 12 4 12 12

( )2+cota—tana( " )2+cota—tana
T 12 aTe 2 e 12

3tana —cota 5, tana+cota , 3tana —cota ,

12 2 2

< 3tana — cot o (3tan o — cot o) | K|
12 36

+ (L tana+ = cot 2 (L E (L L
W a+ —cota | +cj ana + —cota | +c3 tana + — cot

tan a + cot «
_ (02 - 03)2

(T +c3+c3) >

2 IV X vhlLaky,s
(5.13)

which leads to

72 _
IV X vn|2k)/Ivnle (k) < \/—hm.]z-zr'

3 Sin o — COS“ (v
? mv 35in2 ozfcosz o’

For a more general case, we could not obtain a nice inequality like (5.11) or (5.13),
which leads to an accurate evaluation of ¢;,,.

5.2. Example 1: Test of convergence rate. Here we present an example to
confirm the optimal convergence rate proved in Theorem 4.3. In this test, we choose
the physical domain © = [0, 1] x [0, 1], the time interval I = [0, 1], and the physical
parameters €9 = flg = Wpe = Wpm = L' = I'y, = 1 such that an exact solution for the
2D version of (2.1)—(2.4) is

2 P .
E(z,t) = < E, ) _ \/_—eft cost( cos Tz sin 7y ) 7
E, 2 sin 7 cos Ty

SS
8

sin mx cos Ty

2 _ .
J(z,t) = ( ) — getsint< cos T sin Ty )’

Y
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TABLE 1
The errors obtained at t = 1 with full-mass matriz, and T = 0.001 on uniform rectangular meshes.

Meshes [|[E—Epllo Rates | ||V x(E—Ey)|lo Rates ||H— Hpllo  Rates
5x5 0.012683610 — 0.112905069 — 0.112528790 —

10 x 10 0.006365158  0.9947 | 0.056519954 0.9982 | 0.056490585  0.9942
20 x 20 0.003185671  0.9986 | 0.028299764 0.9979 | 0.028270824  0.9987
40 x 40 0.001593184  0.9997 | 0.014155665 0.9994 | 0.014138525  0.9996
80 x 80 0.000796634  0.9999 | 0.007078579 0.9998 | 0.007069649  0.9999
160 x 160 | 0.000398322  0.9999 | 0.003539384 0.9999 | 0.003534873  0.9999

TABLE 2

The errors obtained at t = 1 with mass-lumping, and T = 0.001 on uniform rectangular meshes.

Meshes [|[E—Epllo Rates | ||V x(E—Ep)|lo Rates ||H — Hpllo  Rates
5X%X5 0.092458183 — 0.599459477 — 0.190309198  —

10 x 10 0.025900523  1.8358 | 0.178949364 1.7441 | 0.097143198 0.9701
20 x 20 0.008092020  1.6784 | 0.061992600 1.5293 | 0.048875177  0.9910
40 x 40 0.003132964  1.3689 | 0.026301637 1.2369 | 0.024477120 0.9976
80 x 80 0.001428850  1.1326 | 0.012489717 1.0744 | 0.012243549  0.9994
160 x 160 | 0.000696130  1.0374 | 0.006159273 1.0199 | 0.006122400  0.9998

H(zx,t) = V2me " cost cos mx cos Ty,

K(x,t) = V2re tsint cos mx cos my.

We solved this problem on a sequence of uniformly refined rectangular meshes
using our leap-frog scheme (3.2)—(3.3) with a fixed time step 7 = 0.001. The obtained
L? errors are presented in Table 1, which shows clearly an O(h) convergence rate for
|[E — Epllo and ||H — Hpllo. The observed convergence rate is consistent with our
theoretical analysis.

Since we have to invert a mass matrix at each time step for the leap-frog scheme
(3.2)—(3.3), in practical calculation we use a mass-lumping technique for the edge
element. More specifically, we use the quadrature

4
(5.14) [ @04 ) S (6r- ) )

=1

3

for any rectangular element K with vertices X n = 1,2,3,4. Here ¢, (i = 1,2,3,4)
denote the edge element basis function of K. This quadrature has the nice feature
that the mass matrix (E} ™, ¢,) of (3.2) is diagonal [28, p. 352]. The obtained L?
errors with mass-lumping technique are presented in Table 2. Though the errors in
this case are about two times larger (as the mesh gets finer) than the full-mass matrix

case, they still yield an O(h) convergence rate for ||[E — E}||o and ||H — Hyl|o.

5.3. Demonstration of backward wave propagation phenomenon. Our
goal of this section is to demonstrate the backward wave propagation phenomenon,
which is one of the exotic properties for metamaterials. To simulate this phenomenon,
we surround the computational domain by a perfectly matched layer (PML), which
was originally introduced by Berenger in 1994 [7] to simulate the wave propagation in
an unbounded domain. Since 1994, PML has been well studied (cf. [1, 4, 9, 39] and
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references therein). For simplicity, here we use the classical 2D Berenger PML, whose
governing equations can be written as

(5.15) 50% +oyE, = 8(%%—;%7
(5.16) L )
(5.17) Moagt + OmaH e = —%7
(5.18) o Mg;y + Oy Hoy = aa—%’

where the parameters o;,0mi,? = x,y, are the electric and magnetic conductivities
in the z- and y-directions, respectively. The functions o,,;,0;,1 = z,y, satisfy the
impedance matching condition

Omi g;

= i:xvya
Ho €0

so that the wave would be reflected at the interfaces between different material regions.
Note that we can rewrite (5.15)—(5.16) in the vector form

OFE oy 0
(519) EOE—F( 0 s )E—VXHZ,

OH

where we used the 2D vector curl operator V x H, = (%, ) for H. = H., + H.,,.

dx
To couple the PML model with the scheme (3.2)—(3.3) in the metamaterial region,
we construct a similar leap-frog scheme for solving the PML equations (5.19), (5.17)—

(5.18) in the PML region: find Ef*' € V9, H*" 2 H*"? € U, such that

EM _EY o, O Y e k+l k41
0(%}17¢h +<( Oy o ) 27¢h>:( zw7i+sz7ff’vx¢h)7

x

(5.20
k+3

)
k+3
H ;-H, —k+1 9
0 (#ﬂ/}l,h + (Umsz:,hv"r/)l,h) =- (8 54;;171/)1 h)

T

(5.21)
k+3 k+3
HYE gt ki1 9
0 (Mﬂ/&,h + (crmsz;rh,% h) <8y EFEY apy, h)
)

(5.22

hold true for any ¢, € V?l and any ¥1 5, V2,5 € Up,.

To simulate the backward wave propagation (see Examples 2 and 3 below), we
use physical data similar to those introduced by Ziolkowski [47]. We choose a uniform
mesh size h = 0.0001 m. By applying the Cj,, derived in (5.6) and C, = 3 - 108

m/s to the CFL condition (4.2), we have 7 < g = 3\f -1071 =~ 1.36 - 10713,

Hence in our numerical test, we just use 7 = 107!3, Moreover, we choose the center

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/14/13 to 169.234.107.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

MODELING BACKWARD WAVE PROPAGATION IN METAMATERIALS B263

frequency of the refraction index is fy = 30 GHz, which corresponds to the free-space
wavelength Ao = 0.01 m, and the physical parameters

F.e=T, =T=10%"1  wpe = wpm =wp, = V2w = 27V2f0,
which correspond to the refraction index at the center frequency,

G(WO)N(WO) =1— w127 ~—1

n(wg) = — =
(o) €040 wo(wo — il)
where the vacuum permeability pog and the vacuum permittivity €y are

o = 4m x 1077 newtons/ampere2, €0 = 8.8541878176 x 10~ '? force/meter.

Example 2. In this example, the physical domain is chosen to be [0,0.07] m x
[0,0.064] m. The incident source wave (imposed as the E, component) varies in space
as e~ (@=0.03)7/(500)* and in time as [47]

0 for t <0,
g1(t) sin(wot) for 0 <t < mTy,

f() =< sin(wot) for mT, <t < (m+ k)T,
g2(t)sin(wet) for (m+ k)T, <t< (2m+ k)Tp,
0 for ¢ > (2m + k)T,

where we denote T), = 1/ fo, and

g1(t) = 1023 — 1527 + 623, a1 = t/mT),

g2(t) = 1 — (1025 — 1525 + 625), a9 = (t — (m + k)T},) /mT).

In our simulation, we use m = 2,k = 100, and a PML with 12 cells in thickness
around the physical domain.

The beam source is located at x = 0.004 m, the metamaterial slab is from 0.024 m
to 0.044 m in the z-direction, and from 0.002 m to 0.062 m in the y-direction. Outside
the slab is a vacuum. We solved this example using 480736 rectangular elements,
which lead to the total DOFs (degrees of freedom) for H, to be 480736, and the total
DOFs for E to be 960084. The obtained E, components at various time steps are
plotted in Figure 1. From Figure 1, we can see that before the wave enters into the
metamaterial region (bounded by the box), the wave propagates as usual. Once the
wave enters into the metamaterial, the wave reverses its propagation direction due
to the negative refraction index of the metamaterial. As the wave reaches the other
end of the metamaterial slab, we see the refocusing property of metamaterials, i.e.,
the original wave source refocuses at the other side of the slab. After the wave exits
the slab, the wave propagates in free space as usual again. We like to remark that a
coarse mesh up to h = 1—10)\0 = 0.001 m can still catch the backward wave propagation
phenomenon (see Figure 2). The only problem is that the wave resolution is not that
good.

Example 3. Note that our theoretical results hold true for triangular elements
too. To demonstrate this, we use a triangular metamaterial slab to demonstrate the
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FiGc. 1. Ezample 2. Electric fields Ey solved with h = ﬁ)\o at various time steps. Top left:
1200 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom: 5000
steps.
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FiG. 2. Ezample 2. Electric fields Ey solved with h = 1—10)\0 at various time steps. Top left:
1200 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom: 5000
steps.
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Fic. 3. An exemplary mized mesh used for the triangular metamaterial slab.

backward wave propagation phenomenon and Snell’s law. The physical domain is
chosen to be [0,0.07] m x [0,0.064] m. The incident source wave is still located at
x = 0.004 m, but it is imposed as the H, component. We choose a triangular meta-
material slab, whose boundary is determined by points (0.024,0.02), (0.024,0.062),
and (0.054,0.062). Outside this slab is a vacuum. In this case, a triangular mesh is
used for the metamaterial slab and its neighboring elements. To accommodate the
PML easily and accurately, we use a rectangular mesh in the vacuum region and PML
region, which make this test problem more challenging. On the rectangular elements,
we still use the lowest-order edge elements.

An exemplary mesh is shown in Figure 3, which is quite coarse for illustration
purposes. The results presented below used a mesh by uniformly refining the one
given in Figure 3; i.e., the real mesh has 524288 and 327680 triangular elements and
rectangular elements, respectively. Hence the total number of DOF's for E is 1440192.
In this case, the time step 7 = 5-107'%. The calculated E, components at various
time steps are plotted in Figure 4, which shows clearly that the wave propagates
backward inside the metamaterial slab. After the wave exits the metamaterial region,
the wave bends its propagation direction according to Snell’s law.

5.4. Investigation of another PML. In this last section, we show some results
obtained by using an unsplit PML. The original split PML proposed by Berenger [7]
was found to be only weakly well posed, and it may suffer explosive instability [1, 39].
Later, Becache and Joly [4] showed that the split PML has at most a linearly growing
solution in the late time. Hence, it is suggested that an unsplit PML may be the most
appropriate for problems requiring long-time simulation [5].

Following the idea of [39], we can convert the split PML (5.15)—(5.18) into an
unsplit PML. Let us define the Fourier transform of a function f(t) as f(w) =
[75 etp(t)dt.

Taking the Fourier transform of (5.17) and (5.18), we have

. OF
(Z'OJ,LLQ + Umz)Hzr + a—xy = Oa
, . OE,
(twpto + Omy) Hy — 3—y =0.
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Fi1G. 4. Ezample 3. Electric fields Ey at various time steps. Top left: 2000 steps. Top right:
4000 steps. Bottom left: 6000 steps. Bottom right: 8000 steps.

Multiplying the first and second equations by (iwpg + Omy) and (iwpo + Oma ), respec-
tively, then adding the results together and using the definition H, = H,, + H,, we
obtain

(5.23)
. . A . Omy aEy . Oma \ OF,

H, 1 _— — 1 =0.
(twpo + Oma) (twpo + omy ) H +iwpio ( + iw,uo) 5y WHo ( + iW/,L0> 9 0
Introducing auxiliary variables

. 1 - - 1 - A 1 -
(5.24) P,=——=F, P =—2%F, Q.=-—H,
Wwito Wwito Wwito
and we can rewrite (5.23) as follows:
5.25) [iwpo+(0me+0m ﬁz+0mx0m Qz+8(Ey + Omy Py) -~ O(Ey + oma Py) —0.
H y y

or Jdy

Changing (5.24) and (5.25) into time domain, and putting the original PML
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equation (5.19) together, we obtain the unsplit PML model equations:

(5.26) EO%_Et: + ( UOU C?z ) E=V xH,,

537 10 0 4 (i + o) He + ¥ % B4 0maomy s+ omy o — s e =,
(638 war = B,

(629 w2 = B,

(5.30) p Bgiz - H,.

To couple with our metamaterial model, we construct a leap-frog scheme for
solving the unsplit PML equations: find EkJrl € V k+2 € Uy, such that

Ek+1 _Ek
(531) €0 <hfh,¢h> + <( 0(-)1/ 0(_1 > k+2a¢h) = ( fJ}:zvv X ¢h)

k43 k+3

P _
(532)  po—"t——" = B
prtE _ phts
h h
(5:33) ottt — Bl
QU - @k ket L
(5.34) Mo%’h - HZIz’
k+3 k+i
HIYE gt k1
(535) Ho <%7wh> + ((Umm + Umy) ZJ;L 71/1}1) + (V X EZJrlawh)

—k+1 —k+1
OP oP
k+1 y,h x,h
mxzIm ) m — Oma ) =0
+ (0 Tmy Q2 wh) + <0 VT o By 1/%)

hold true for any ¢;, € V% and any vy, € Up,.

Example 4. We simulate Example 2 by using the same data, except that we
replaced the split PML by this unsplit PML scheme. We obtain very similar results;
see Figure 5, which basically has no difference from Figure 1. The reason may be that
our simulation is not long enough to see the real advantage of the unsplit PML.

Example 5. This final example is another demonstration of the unsplit PML.
In this example, the physical domain is chosen to be [0,0.13] m x [0,0.08] m. The
incident wave is a point source wave (the same f(t) in Example 2) located at the
point (0.02 m, 0.04 m), which varies only in time and has the same form as Example
2. Here the wave is imposed as the H, component, and the metamaterial slab is
from 0.04 m to 0.08 m in the z-direction, and from 0.002 m to 0.078 m in the y-
direction. Outside the slab is a vacuum. This example is solved using 285776 uniform
rectangular elements with a mesh size h = 0.0002, which lead to the total DOFs for
H, to be 285776, and the total DOFs for F to be 570454. The calculated H, and
E,, components at various time steps with a time step size 7 = 2 - 10713 are plotted
in Figures 6 and 7, respectively. These figures show the effectiveness of the unsplit
PML, and demonstrate the nice refocusing property for metamaterials.
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FI1G. 5. Electric fields Ey at various time steps used the unsplit PML. Top left: 1200 steps.
Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom: 5000 steps.
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FiGc. 6. Ezample 5. Electric fields Ey at various time steps used the unsplit PML. Top left:
1000 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom left:
5000 steps. Bottom right: 6000 steps.
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0.15

0.15

0.15

F1G. 7. Ezample 5. Magnetic fields H, at various time steps used the unsplit PML. Top left:
1000 steps. Top right: 2000 steps. Middle left: 3000 steps. Middle right: 4000 steps. Bottom left:
5000 steps. Bottom right: 6000 steps.
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6. Conclusions. In conclusion, we have developed a leap-frog-type finite ele-
ment method for modeling the backward wave propagation in metamaterials. The
stability and error estimate of the proposed method are investigated. The algorithm
is first tested for the optimal convergence rate using a smooth analytic solution, then
generalized to the coupled metamaterial and vacuum media case. The simulation re-
sults not only confirm the theoretical analysis, but also demonstrate the effectiveness
of our algorithm for modeling various wave propagation phenomena occurring in het-
erogeneous media. More efficient numerical techniques such as multiscale techniques
[44], discontinuous Galerkin methods [15, 18, 20, 21, 23], and adaptive finite element
methods [2, 12, 37] will be investigated in the future.
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