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The paper aims at analytically exhibiting for the first time the fundamental
mechanisms underlying the fact that effective biological tissue electrical properties
and their frequency dependence reflect the tissue composition and physiology. For
doing so, a homogenization theory is derived to describe the effective admittivity of
cell suspensions. A new formula is reported for dilute cases that gives the frequency-
dependent effective admittivity with respect to the membrane polarization. Different
microstructures are shown to be distinguishable via spectroscopic measurements of
the overall admittivity using the spectral properties of the membrane polarization.
The Debye relaxation times associated with the membrane polarization tensor are
shown to be able to give the microscopic structure of the medium. A natural measure
of the admittivity anisotropy is introduced and its dependence on the frequency of
applied current is derived. A Maxwell-Wagner—Fricke formula is given for concentric
circular cells, and the results can be extended to the random cases. A randomly
deformed periodic medium is also considered and a new formula is derived for the
overall admittivity of a dilute suspension of randomly deformed cells.
© 2015 The Authors. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

RESUME

Dans cet article, on introduit une approche spectroscopique afin d’imager les
propriétés électriques d’un tissu biologique. On construit un dévéloppement
asymptotique de admittivité effective du tissu en fonction de la fraction volumique
des cellules et du tenseur de polarisation de la membrane cellulaire. On étudie
les propriétés de ce tenseur et on introduit le concept de temps de relaxation
pour des géométries de cellules quelconques. Ce concept permet de distinguer
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différentes organisations cellulaires du tissu a partir de mesures spectroscopiques de
ladmittivité effective.
© 2015 The Authors. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The electric behavior of biological tissue under the influence of an electric field at frequency w can be
characterized by its frequency-dependent effective admittivity ke := oep(w) + iweer(w), where o¢f and
¢y are respectively its effective conductivity and permittivity. Electrical impedance spectroscopy assesses
the frequency dependence of the effective admittivity by measuring it across a range of frequencies from
a few Hz to hundreds of MHz. Effective admittivity of biological tissues and its frequency dependence
vary with tissue composition, membrane characteristics, intra- and extra-cellular fluids and other factors.
Hence, the admittance spectroscopy provides information about the microscopic structure of the medium
and physiological and pathological conditions of the tissue.

The determination of the effective, or macroscopic, property of a suspension is an enduring problem in
physics [44]. It has been studied by many distinguished scientists, including Maxwell, Poisson [52], Faraday,
Rayleigh [54], Fricke [31], Lorentz, Debye, and Einstein [26]. Many studies have been conducted on ap-
proximate analytic expressions for overall admittivity of a cell suspension from the knowledge of pointwise
conductivity distribution, and these studies were mostly restricted to the simplified model of a strongly
dilute suspension of spherical or ellipsoidal cells.

In this paper, we consider a periodic suspension of identical cells of arbitrary shape. We apply at the
boundary of the medium an electric field of frequency w. The medium outside the cells has an admittivity
of kg := oy + iweg. Each cell is composed of an isotropic homogeneous core of admittivity &y and a thin
membrane of constant thickness § and admittivity k,, := o, + iwe,,. The thickness ¢ is considered to be
very small relative to the typical cell size and the membrane is considered very resistive, i.e., o, < 09.
In this context, the potential in the medium passes an effective discontinuity over the cell boundary; the
jump is proportional to its normal derivative with a coefficient of the effective thickness, given by dkg /K.
The normal derivative of the potential is continuous across the cell boundaries.

We use homogenization techniques with asymptotic expansions to derive a homogenized problem and to
define an effective admittivity of the medium. We prove a rigorous convergence of the original problem to the
homogenized problem via two-scale convergence. For dilute cell suspensions, we use layer potential techniques
to expand the effective admittivity in terms of cell volume fraction. Through the effective thickness, § ko /km,
the first-order term in this expansion can be expressed in terms of a membrane polarization tensor, M, that
depends on the operating frequency w. We retrieve the Maxwell-Wagner—Fricke formula for concentric
circular-shaped cells. This explicit formula has been generalized in many directions: in three dimension
for concentric spherical cells; to include higher power terms of the volume fraction for concentric circular
and spherical cells; and to include various shapes such as concentric, confocal ellipses and ellipsoids; see
[14,15,28-30,43,55-57].

The imaginary part of M is positive for é small enough. Its two eigenvalues are maximal for
frequencies 1/7;,7 = 1,2, of order of a few MHz with physically plausible parameters values. This dispersion
phenomenon well known by the biologists is referred to as the S-dispersion. The associated characteristic
times 7; correspond to Debye relaxation times. Given this, we show that different microscopic organizations of
the medium can be distinguished via 7;,7 = 1, 2, alone. The relaxation times 7; are computed numerically for
different configurations: one circular or elliptic cell, two or three cells in close proximity. The obtained results
illustrate the viability of imaging cell suspensions using the spectral properties of the membrane polarization.
The Debye relaxation times are shown to be able to give the microscopic structure of the medium.
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In the second part of this paper, we show that our results can be extended to the random case by
considering a randomly deformed periodic medium. We also derive a rigorous homogenization theory for
cells (and hence interfaces) that are randomly deformed from a periodic structure by random, ergodic,
and stationary deformations. We prove a new formula for the overall conductivity of a dilute suspension
of randomly deformed cells. Again, the spectral properties of the membrane polarization can be used to
classify different microscopic structures of the medium through their Debye relaxation times. For recent
works on effective properties of dilute random media, we refer to [7,17].

Our results in this paper have potential applicability in cancer imaging, food sciences and biotechnology
[41,42], and applied and environmental geophysics. They can be used to model and improve the MarginProbe
system for breast cancer [61], which emits an electric field and senses the returning signal from tissue
under evaluation. The greater vascularization, differently polarized cell membranes, and other anatomical
differences of tumors compared with healthy tissue cause them to show different electromagnetic signatures.
The ability of the probe to detect signals characteristic of cancer helps surgeons ensure the removal of all
unwanted tissue around tumor margins.

Another commercial medical system to which our results can be applied is ZedScan [62]. ZedScan is
based on electrical impedance spectroscopy for detecting neoplasias in cervical disease [1,20]. Malignant
white blood cells can be also detected using induced membrane polarization [53]. In food quality inspection,
spectroscopic conductivity imaging can be used to detect bacterial cells [12,59]. In applied and environmental
geophysics, induced membrane polarization can be used to probe up to subsurface depths of thousands of
meters [58,60].

The structure of the rest of this paper is as follows. Section 2 introduces the problem settings and state
the main results of this work. Section 3 is devoted to the analysis of the problem. We prove existence and
uniqueness results and establish useful a priori estimates. In section 4 we consider a periodic cell suspension
and derive spectral properties of the overall conductivity. In section 5 we consider the problem of determining
the effective property of a suspension of cells when the volume fraction goes to zero. Section 6 is devoted
to spectroscopic imaging of a dilute suspension. We make use of the asymptotic expansion of the effective
admittivity in terms of the volume fraction to image a permittivity inclusion. We also discuss selective
spectroscopic imaging using a pulsed approach. Finally, we introduce a natural measure of the conductivity
anisotropy and derive its dependence on the frequency of applied current. In section 7 we extend our results
to the case of randomly deformed periodic media. In section 8 we provide numerical examples that support
our findings. A few concluding remarks are given in the last section. For simplicity, we only treat the
two-dimensional case. Our results can be extended into the three dimensional setting [35].

2. Problem settings and main results
The aim of this section is to introduce the problem settings and state the main results of this paper.
2.1. Periodic domain

We consider the probe domain €2 to be a bounded open set of R? of class C2. The domain contains a
periodic array of cells whose size is controlled by €. Let C be a C?" domain being contained in the unit
square Y = [0, 1]2, see Fig. 2.1. Here, 0 < < 1 and C represents a reference cell. We divide the domain €
periodically in each direction in identical squares (Y. ), of size €, where

Yo =en+eY.

Here, n € N, := {n € Z*|Y. , N Q # 0}.
We consider that a cell C; , lives in each small square Y, ,,. As shown in Fig. 2.4, all cells are identical,
up to a translation and scaling of size ¢, to the reference cell C:
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Fig. 2.1. Schematic illustration of a unit period Y.

VYne N, C.p=cen+eC.
So are their boundaries (I'; ,)nen,. to the boundary I' of C:
VYne N, TI'cp=en+el.

Let us also assume that all the cells are strictly contained in €2, that is for every n € N, the boundary
I'c,, of the cell C¢ , does not intersect the boundary 9€:

0N (| J Tem) =0.

neNe

2.2. Electrical model of the cell

Set for any open set D of R?:

13(D) = { f € 1(D)| / f(@)ds(z) = 0
oD

and
H'Y(D) = {f c LQ(D)‘|Vf| c L2(D)}.

We consider in this section the reference cell C' immersed in a domain D. We apply a sinusoidal electrical
current g € L2(0D) with angular frequency w at the boundary of D.

The medium outside the cell, D\ C, is a homogeneous isotropic medium with admittivity ko := oo +iwe.
The cell C' is composed of an isotropic homogeneous core of admittivity kg and a thin membrane of constant
thickness ¢ with admittivity k,, := 0., + iwe,,. We make the following assumptions:

g9 > 0,0, >0,¢g >0,¢,, > 0.

If we apply a sinusoidal current g(x)sin(wt) on the boundary 0D in the low frequency range below
10 MHz, the resulting complex-valued time harmonic potential 4 is governed by

V- (ko + (m — ko)xps)Vil) =0 in D
o _
°Bnlop ~

where T° := {x € C' : dist(z,T') < d} and xrs is the characteristic function of the set T°.
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The membrane thickness § is considered to be very small compared to the typical size p of the cell,

U
i.e., 0/p < 1. According to the transmission condition, the normal component of the current density ko——

oD

on
can be approximately regarded as continuous across the thin membrane I'.
We set 3 := o Since the membrane is very resistive, i.e. 0., /00 < 1, the potential % in D undergoes
m
a jump across the cell membrane I', which can be approximated at first order by Bkoa—u. A rigorous proof
n
of this result, based on asymptotic expansions of layer potentials, can be found in [37].
More precisely, we approximate % by u defined as the solution of the following equations [37,50,51]:
V- koVu=0 in D\ C,
V- kOVu =0 in C,
0 0
o—u‘ = o—u‘ on I,
onl+ onl-
ou (2.1)
uly —u|l- — fkg=— =10 on T,
on
0
oa—Z‘aD =g, /g(a:)ds(x) =0, / u(z)dz = 0.
D\C

Here n is the outward unit normal vector and u|y(z) denotes lim+ u(z £+ tn(z)) for x on the concerned
t—0

3_Z ‘i = tlirgl+ Vu(z £ tn(x)) - n(x).
Equation (2.1) is the starting point of our analysis.
For any open set B in R?, we denote H{(B) the Sobolev space H'(B)/C which can be represented as:

boundary. Likewise,

Hi(B)={ue HY(B) | /u(m)dm =0
B

The following result holds:
Lemma 2.1. There exists a unique solution v := (u*,u™) in H.(DT) x HY (D7) to (2.1).

Proof. To prove the well-posedness of (2.1) we introduce the following Hilbert space: V := HL(D) x H'(D)
equipped with the following natural norm for our problem:

Yu € Vully = [Vutll2p+) + IVu™[[L2p-) + llu™ = u™ || L2y,
We write the variational formulation of (2.1) as follows:

Findu € V such that for allv := (vF,0v7) € V' :

/ koVu™ (z) - Vo~ (x) dr + / koVu™(z) - Vo~ (v) dw

D+ D-
1 —_— 1
+ ko /(u+ —u ) (vt —v7)do(z) = o /gﬁda(x).
r 0
1 m m . .
Since R(ky) = 09 > 0 and %(BT) = %;:'650 > 0, we can apply Lax—Milgram theory to obtain
0 0

existence and uniqueness of a solution to problem (2.1). O
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Fig. 2.2. Real and imaginary parts of the potential u outside and inside the cell.

0.3

Fig. 2.3. Gradient vector fields of the real and imaginary parts of u.

We conclude this subsection with a few numerical simulations to illustrate the typical profile of the
potential u. We consider an elliptic domain D in which lives an elliptic cell. We choose to virtually apply
at the boundary of D an electrical current g = e**3%7.

We use for the different parameters the following realistic values:

o the typical size of eukaryotes cells: p ~ 10-100 pm;

o the ratio between the membrane thickness and the size of the cell: §/p = 0.7 - 1073;
« the conductivity of the medium and the cell: 09 = 0.5 Sm™!;

« the membrane conductivity: o, = 1078 Sm~1;

« the permittivity of the medium and the cell: ¢g = 90 x 8.85-107'2 Fm™!;

o the membrane permittivity: ,, = 3.5 x 8.85-10712 Fm~!;

o the frequency: w = 10° Hz.

Note that the assumptions of our model § < p and o,, < o are verified.
The real and imaginary parts of u outside and inside the cell are represented in Fig. 2.2.

We can observe that the potential jumps across the cell membrane. We plot the outside and inside

gradient vector fields; see Fig. 2.3.
2.3. Governing equation

We denote by QF the medium outside the cells and Q7 the medium inside the cells:

of =an(J Yen\Con), Q= | Cenn.
n€Ne neN,
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Fig. 2.4. Schematic illustration of the periodic medium €.

Set ' := U I'. . By definition, the boundaries 9} and 97 of respectively QF and Q satisfy:
n€EN,

00 =o0url,, 09. =T..

We apply a sinusoidal current g(z)sin(wt) at x € 9, where g € LZ(9€2). The induced time-harmonic
potential u. in ) satisfies:

V- kVul =0 in QF,
V.-koVu; =0 in Q_,
+ —
k‘o aue = k'() 8U5 on FE,
on on (2.2)
. dut :
ul —u; — e Pk o =0 on I'g,
ug | _ / (x)ds(z) =0 /u*(x)dx =0
0 on 90 =g, g — Y, 5 — Y
o ot
+ in OF
where u, = { ¢ Qi’
uz in Q7.

Note that the previously introduced constant 3, i.e., the ratio between the thickness of the membrane
of C and its admittivity, becomes 3. Because the cells (C; ,)nen. are in squares of size ¢, the thickness of
their membranes is given by 0 and consequently, a factor € appears.

2.4. Main results in the periodic case

We set YT := Y \ C and Y~ := C. For any open set D in R?, we denote H(D) the Sobolev space
H'(D)/C which can be represented as

H{(D)={ue HY(D) | /u(:p)dw =0
D

Throughout this paper, we assume that dist(Y —,0Y) = O(1). We write the solution . as

Vo € Q u(x) = up(x) + euq (z, g) +o(e) (2.3)

with
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+ inQxY™
y — uy(x,y) Y-periodic and u;(x,y) = { Zi_g:z; EQ i Y*j
The following theorem holds:

Theorem 2.1.

(i) The solution wu. to (2.2) two-scale converges to ug and Vu.(x) two-scale converges to Vug(x) +
xy+ W) Vyul (z,y) + xy- () Vyui (z,9), where xy= are the characteristic functions of Y.
(ii) The function ug in (2.3) is the solution in HE(Q) to the following homogenized problem:

V-K*Vug(z) =0 inQ, (2.4)
n-K*Vug=g on 09, '
where K*, the effective admittivity of the medium, is given by
Y(i,5) € {1,2}?, K =ko | 0ij + /(XYij +xy-Vw; ) -e; |, (2.5)
Y
and the function (w;);=1,2 are the solutions of the following cell problems:
V- koV(w] (y) +yi) =0 in Y,
V- koV(w; (y) + ;) =0 iny-,
0, . 0, _
ko (wi" (y) +yz—) = kop—(wi (y) +v:) onT, (2.6)
w — i —Bkog - ( S (y) +yi) =0 onT,
y — w;(y) Y—perzodzc.
(iii) Moreover, uy can be written as
V(z,y) € A xY, uy(z, Z@uo (2.7)
y ) 1 y (9.%‘1 '
We define the integral operator Lr : C>"(T') — C1(T), with 0 < < 1 by
0% In|z — y|
L =— [ ———— d I. 2.8
rlel(z) = o ()0 y) p(y)ds(y), x € (2.8)
r

Lr is the normal derivative of the double layer potential Dr.

Since Lr is positive, one can prove that the operator I + aLr : C2"(T") — C*"(T") is a bounded operator
and has a bounded inverse provided that o > 0 [23,47].

As the fraction f of the volume occupied by the cells goes to zero, we derive an expansion of the
effective admittivity for arbitrary shaped cells in terms of the volume fraction. We refer to the suspension,
as periodic dilute. The following theorem holds.

Theorem 2.2. The effective admittivity of a periodic dilute suspension admits the following asymptotic
expansion:
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K* = ko <I+ fM (1— gM>_ ) +o(f?), (2.9)

where p = \/|Y "], f = p?,

M= | My = Bho / 037 (5)ds(y) , (2.10)
P (i.5)€{1,2)2
and 1} is defined by
Wi = — (I + BkoL,r) " [ndl. (2.11)

Note that p~'T" is the rescaled membrane and therefore, M is independent of p.
2.5. Description of the random cells and interfaces

We describe the domains occupied by the cells. As mentioned earlier, they are formed by randomly
deforming a periodic structure. We transform the aforementioned periodic structure by a random diffeo-
morphism ® : R? — R2. Let

R = |Jn+Y"), Ry=Jm+Y"), T:=[J@n+D) (2.12)

n€ez? nez? nez?

The cells, the environment and the interfaces are hence deformed to ®(R; ), ®(RJ) and ®(T'). We emphasize
that the topology of these sets are the same as before. Finally, the deformed structure is scaled to size ¢,
where 0 < ¢ < 1, by the dilation operator €I where I is the identity operator. The final sets e®(R; ),
£®(T) and e®(Ry) thus are realistic models for the random cells, membranes and the environment for the
biological problem at hand.

To model the cells inside an arbitrary bounded domain  as in (2.2), we would like to set QF := QNe® (RS )
and I'; := QN ed®(T). However, a technicality is encountered, precisely, the intersection of e®(I") with the
boundary 992 may not be empty. In this case, some cells are cut by the boundary of the body, which is not
physically admissible. Moreover, an arbitrary diffeomorphism ® may allow some deformed cells in e®(R;)
to get arbitrarily close to each other. This imposes difficulties for rigorous mathematical analysis. In order
to resolve these issues, we will impose a few conditions on ® and refine the above construction in the
next subsection.

2.6. Stationary ergodic setting
Let (O, F,P) be some probability space on which ®(z,7) : R? x O — R? is defined. Throughout this

paper, we assume that F is countably generated so that the space L?(0) is separable. For a random variable
X € LY(O, dP), we denote its expectation by

EX = / X(7)dP (7).
(@]

Throughout this paper, we assume that the group (Z2,+) acts on O by some action {7, : O = O}, ¢z,
and that for all n € Z2, 7,, is P-preserving, that is,
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P(A) =P(r,A4), forall Ae F.

We assume further that the action is ergodic, which means that for any A € F, if 7,4 = A for all n € Z2,
then necessarily P(A) € {0,1}.
Following [19], we say that a random process F € L{ (R? L'(0)) is (discrete) stationary if

loc

VYneZ? F(x+n,v)=F(x,71,y) foralmost every x and 7. (2.13)

Clearly, a deterministic periodic function is a special case of stationary process. However, we precise that
the above notion of stationarity is different from the classical one, see for instance [49] and [39]. Throughout
this paper, we presume stationarity in the sense of (2.13) if not stated otherwise. What makes this notion
useful is the following version of ergodic theorem [25,34].

Proposition 2.1. (i) Let F € L (R?,LY(O)) be a stationary random process. Equip 7> with the norm
[n|oo = maxi<i<a |n;| for alln € Z2. Then

1 Lo
(2N +1)2 Z F(z,m07) oo EF(x,-)  fora.e veO. (2.14)

[n|ec <N

This implies in particular that
€ L weak-*

F (gﬂ) 0 E /F(a:, dx for a.e. v € O. (2.15)

e—

Y

(ii) For p € (1,00), suppose F € LP(O, L} (R?)) is a stationary random process, then the above conver-

loc

gence results still hold if we replace L™ by LY

loc*

We assume that for every v € O, ®(-,~) is a diffeomorphism from R? to R? and that it satisfies

V®(z,~) is stationary. (2.16)
ess inf det(V®(z,v)) =k > 0, (2.17)
y€O,zER2
esssup |V®(x,7y)|r =r" >0, (2.18)
yeO,xeR?
where | - |p is the Frobenius norm and ess inf and ess sup are the essential infimum and the essential

supremum, respectively. We point out that ® ! automatically satisfies similar conditions with constants &
and 7. By the uniform Lipschitz assumption on ® and ®~! above, we have

() My — y2| < |1, 7) — P(y2. )| < K'|y1 — w2l

So the cells remain well separated after the deformation. To avoid the intersection of 92 and the random
cells e®P(R; ), we erase those intersecting the boundary. More precisely, given a bounded and simply
connected open set ) with smooth boundary and a small number ¢ < 1, we denote by €2;,. the scaled
set {x € R? | ez € Q}. Let S?JE be the shrunk set

Oy = {x € Q). | dist(z,09,.) > dist(Y ~,0Y)}.
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We introduce for n € Z2, Y, and Y, the translated cubes, reference cells and reference environments:
Y, =n+ Y,Yni :=n+YE. Let Z. C Z? be the indices of cubes Y,, such that Y, € /.. Note that Z.
corresponds to IV in the periodic case. We set {27 to be

O- = e2(v,) (2.19)

ne’l,

and then QF = Q \E We also define the following two notations:

E, = U ed(Y,) and K.:= Q\E_6 (2.20)
nele

Clearly, E. encloses all the cells in e®(Y,),n € Z. and their immediate surroundings e®(Y,/); K. is a
cushion layer near the boundary that prevents the cells from touching the boundary. From the construction
we see that

inf dist(z,09) > Ce and  sup dist(xz,dQ) < Ce. (2.21)
€N rzc K,

Furthermore, we can check that

sup inf |z —y| > Ce. (2.22)
n,j€L. ,n#j x€E<I>(Y,f),y65<I>(Yj’)

Above, the constants C vary but all of them depend only on dist(Y~,Y), x and £’ and are uniform in e.
This shows that the cells in Q are well separated, i.e., with a distance comparable to (if not much larger
than) the size of the cells.

2.7. Main results in the random case

The first important result in the random case concerns an auxiliary problem which produces oscillating
test functions that are used in the stochastic homogenization procedure. In the following theorem, a function
f in W (R?) is said to be an extension of f € WoP(Ry) if f* = f on Ry and || f|wr.(x) <

loc loc

C(K, R;)Hf”WLS(R;ﬂK)? for any compact subset K.
The following theorem holds.

Theorem 2.3. Let ®(-,v) be a random diffeomorphism from R? to R? defined on the probability space
(O, F,P), and assume that (2.16)-(2.18) hold. For a.e. v € O and for any fized vector p € R?, the system

V- ko(Vw/ (y) +p) =0 in ®(RT,7),
V- ko(Vw, (y) +p) =0 in ®(R5,7),
ow ow;
P (y) - P (y) = (T
ko on (y) — ko o (y) =0 on ®(T,~),
Owy 2.23
wf -~y =t (L) +vp)  on (Do), (223)
wit(y,7) = wF (@ (y,7),7), Vi are stationary,
Jag € H. (R?) that extends v s.t. Voo = P (Vi)),
and E ([, V@& (g, )djy) =0,
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admits a unique (up to an addition of a random variable) weak solution w, = w;‘xq,(R;) + W, Xoms)
in HE (®(RF)) x HL (®(R3)) and the operator P above denotes the extension operator of Corollary

Appendiz A.1.

The precise weak formulation of the system above is postponed to section 7, where the proof of this
theorem is given; see (7.1). We remark that the non-unique additive random variable is not important and
what matters is the fact that the gradient Vw, of the solution is unique. The second main result in the
random case is the following homogenization theorem.

Theorem 2.4. Let Q be a bounded and connected open subset of R? with reqular boundary. Let ® be a
random diffeomorphism on (O, F,P) satisfying (2.16)-(2.18). Assume that the cells Q_ are constructed as
in Section 2.6. Then for a.e. vy € O, the solution uc(-,7y) = (ul,uz) of (2.2) satisfies the following properties:
(i) We can extend uZ(-,7y) to u®*(-,y) € H (), where uS*(-,7) converges weakly, as e — 0, to a deter-
ministic function ug € H'(Q).
(ii) The function u.(-,7) converges strongly in L?() to ug above. Further, let Q be the trivial extension
operator setting Qf = 0 outside the domain of f, and define

—1
0 := det ]E/V@(z, )dz , 0:=0FE / det VO(z,-)dz < 1, (2.24)
y Y-

where det denotes the determinant. Then, Qu_ converges weakly to Qug in L?(£2).
(iii) The function ug is the unique weak solution in HL(Q) to the homogenized equation

V- -K*Vuy(z) =0, z€Q,
(2.25)
n(x) - K*Vug(z) =g, x € 09Q,
The homogenized admittivity coefficient K* is given by ¥(i,j) € {1,2}2,
K, =ko | dij + 0E / €+ (X<I>(Y+)V’LU:: + xov V) (y,-) dy |, (2.26)

2(Y)

where {e;}2_, is the Euclidean basis of R? and for each p € R?, the pair of functions (w;j, w, ) is the unique

solution to the auziliary system (2.23).

We mention the fact that K* is uniformly elliptic, the proof of which is standard and is omitted. In the
dilute limit p := /|Y~| < 1, we obtain the following approximation of the effective permittivity for the
dilute suspension:

K} = ko(I + fEM;;) + o(f), (2.27)

where g accounts for the averaged change of volume due to the random diffeomorphism and f := gp? is the
volume fraction occupied by the cells; the polarization matrix M is defined by

Mi; = Bko / ding ds(f), (2.28)
p1e(T)
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where

by = —(I + Bkon - VDy-1g(ry) ' [nil,
with D,-14(r) the double layer potential associated to the deformed inclusion scaled to the unit length scale.
3. Analysis of the problem

For a fixed ¢, recall that H}(Q21) denotes the Sobolev space H'(Q2)/C, which can be represented as
HEQD) = uwe HY(Q) | /u(:z:)d:c =0,. (3.1)

The natural functional space for (2.2) is
W, = {u =utxT +u xZ |ut € Hé(Qj)ﬂf € Hl(Q;)} , (3.2)
where = are the characteristic functions of the sets QF. We can verify that

1
2

lullw, = (196 gy + 1907 B gy + 2l — ™ 2r,)) (3.3)

defines a norm on W-.. In fact, as it will be seen in Proposition 3.2, this norm is equivalent to the standard
norm on W, which is

N

”uHHé(Qj)le(Q;) = (Hvu-i—"iz(gz;r) + ||V’U’_||312(Q;) + HU_HiZ(Q;)) . (3'4)
3.1. FEzistence and uniqueness of a solution

Problem (2.2) should be understood through its weak formulation as follows: For a fixed ¢ > 0, find
ues € We such that

/kOVu Vot (z)dr + /kOVu (z) - Vo~ (z)ds(x)

= / ¥ =07 (z)ds(z) = / o(@) T (@)ds(z),  (35)

o0
for any function v € W_.
Define the sesquilinear form a.(-,-) on W, x W, by
ac(u,v) := /kOVu+ - Vutdz + / koVu™ - Vo—dz + —/ Yt — v~ )ds. (3.6)
ot Qe
Associate the following anti-linear form on W, to the boundary data g:

l(u) = / gutds. (3.7)

o
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The forms a. and ¢ are bounded. Moreover, a. is coercive in the following sense

1
R kylac(u,u) = / |Vu™ |2 de + / |Vu™ 2dz | + T / lut —u ’ds > Cllullfy., (3.8)
of Q- r.
where ' := §(ogom + w?eoem)/ (02, + w?e2)). Consequently, due to the Lax—Milgram theorem we have

existence and uniqueness for (2.2) for each fixed € and for almost every v € O. Note that C can be chosen
independent of €.

Proposition 3.1. Let g € H’1/2(8Q). There exists a unique us € W, so that
ac(ue, ) = L(p), Vo€ We. (3.9)
To end this subsection we remark that the two norms on W, are equivalent.

Proposition 3.2. The norm || - ||w. is equivalent with the standard norm on HE(QF) x HY (7). Moreover,
we can find two positive constants C; < Coq, independent of €, so that

Cillullw. < llullggxar < Collullw. (3.10)
for any uw € HL(QF) x HY(QD).

Similar equivalence relation was established by Monsurro [45], whose method can be adapted easily to
the current case. For the sake of completeness, we present the details in Appendix C.

3.2. Energy estimate

For any fixed v € O and a sequence of € — 0, by solving (2.2) we obtain the sequence u. = ul xT +u- x-.
We obtain some a priori estimates for u..

We first recall that the extension theorem (Theorem Appendix A.2) yields a Poincaré—Wirtinger in-
equality in HA(QF) with a constant independent of e. Indeed, Corollary Appendix B.1 shows that for all
vt € HL(QF), there exists a constant C, independent of e, such that

vl L2ty < VTl L2 )

Similarly, we can find a constant, independent of &, by applying the trace theorem in H(QF).
Using Corollary Appendix B.2; the following result holds:

Proposition 3.3. Let g € H*%((?Q). For almost any v € O, let @ = QF UT. U QZ. Then there exist
constants C’s, independent of € and vy, such that the solution u. to (2.2) satisfies the following estimates:

196 gty + 1905 aary < Clol gl o (3.11)
= ez, < Clhol Ve llgl -3 ooy (3.12)

Proof. By taking ¢ = u. in (3.9), and taking the real part of resultant equality, we get

IV 122 ) + VU 170 on) + (8D el = uc e, ) = Rhg ' g, ud). (3.13)



H. Ammari et al. / J. Math. Pures Appl. 105 (2016) 603-661 617

Here (g,ul) = /gEds is the pairing on H~2 (99) x Hz2 (9%), for which we have the estimate
o0

19w < 9l -3 o158 3 oy < Clll 3 o 1

thanks to the Cauchy—Schwarz inequality and Corollary Appendix B.2. C is here a constant which does
not depend on €.
Applying Proposition 3.2 yields
(9,45 < Callgl -3 o Nl
with a constant C5 independent of €.
Using this in (3.13) along with the coercivity of a we get

luellw. < Cslkol ™ 191l ;-4 e

where Cj is still independent of e.
It follows also that

(g, ul)| < CZCB‘kO‘_ngHH*%(BQ)'

Substituting this estimate into the right-hand side of (3.13), we get the desired estimates. O

Next, we apply the extension theorem (Theorem Appendix A.2) to obtain a bounded sequence in H'(£2)
for which we can extract a converging subsequence.

Proposition 3.4. Suppose that the same conditions of the previous proposition hold. Let Ps : HY(QF) — HY(Q)
be the extension operator of Theorem Appendixz A.2. Then we have

125 oy < Clool ™ gl - oy (3.14)
and
15— wellzaqey < Oclhol ™1+ VA gl oy (3.15)

Proof. The first inequality is a direct result of (A.11), (B.2) and (3.11). For the second inequality, we have

[1PSud — uellr2o) = 1Pul —usllp2qr)

< OVellPjul —uZ[lr2r.) + Cell V(Pud — ul)| g2z )

Here, we have used estimate (C.3). Now, [[Psul — u_||p2(r.) = |lud — uZ[|z2(r.) is bounded in (3.12).
The second term is bounded from above by

C‘SHVP:?U’;_”LQ(Q;) + CEHVUE_”L?(Q;) < CE(HVUS_HH(Qj) + ”VUE_HLQ(Q;))?
where we have used again (A.11). This gives the desired estimates. O

Remark 3.1. As a consequence of the previous proposition, we get a sequence in H(Q), namely P:?uj,
which is a good estimate of u. in L?(Q) and from which we can extract a subsequence weakly converging
in H'(Q) and strongly in L?(Q).
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4. Homogenization

We follow [5,6] to derive a homogenized problem for the model with two-scale asymptotic expansions and
to prove a rigorous two-scale convergence. In [45], the homogenization of an analogue problem is developed
and proved with another method.

4.1. Two-scale asymptotic expansions
We assume that the solution u. admits the following two-scale asymptotic expansion
Ve € Q u.(z) = up(x) + euq (z, g) + o(e),
with

ul (z,y) nQ x YT,

y — uy(x,y) Y-periodic and u;(x,y) = { up(a.y) inQ x Y-

We choose a test function ¢. of the same form as u,:
x
Ve € Q, pe(x) = ¢o(x) + ep1(z, g),

with ¢ smooth in Q, ¢1(z,.) Y-periodic,

F(z,y) inQ x Y+,
e1(z,y) = er y). _
SDI (x,y) anXY 9

and @i smooth in Q x Y,

In order to prove items (ii) and (iii) in Theorem 2.1, we perform an asymptotic expansion of the variational
formulation (3.9). We thus inject these ansatz in the variational formulation and only consider the order 0
of the different integrals.

At order 0,

Ve (z) = Vg (x) + Vyuy (z, g) + o(e).

Thanks to Lemma 4.1, we then have for the two first integrals:

/ ko (Vuo(x) + Vyuf (z, g)) . (V@O(aﬂ) + V77 (2, g)) dx

ot

= [ [ 10 (Funle) + 9y (2.9)) - (V%0 (2) + V7T (22) dady + ofe)
QY+

and
/ ko (Vuo(m) + Vyug (z, §)> . (V@O(x) +V, ¢ (z, g)) dx
Qg

- / / ko (Vuo(@) + Vyur (2,9)) - (VEo(@) + V, 51 (2,)) dady + ofe).
QY-
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We write the third integral in (3.6) as the sum, over all squares Y% ,, of integrals on the boundaries I, ,,.
We have

Let xz(, be the center of Y., for each n € N.. We perform Taylor expansions with respect to the
variable x around g, for all functions (u;);cf1,2y and (¢i)ieq1,2y on Yz n. After the change of variables
e(y — Yo,n) = & — To,n, We obtain that

uo(w0,n) + cur(z,y) + (¥ — Yo,n) - Vuo(zo,n) + ole),

IS
™
8
~—

|

pe(x) = @o(xon) +ep1(2,y) +(y —yon) - Vipo(zon) + ofe).
Consequently, the third integral in the variational formulation (3.9) becomes
e? n _ . _
7 S (wf (@om, y) = ui (o)) (B (@om: ¥) = By (zomsy)) ds(y).
nENfl"n
Finally, Lemma 4.1 gives us that

5 [ ) @t ) ds

T.

- %/ / (uf (@,9) =y (2,9)) (1 (z,9) = P (2,y)) deds(y) + ofe).
QT

Moreover, we can easily see that
/g@jds = /g@odero(e).
o oN

The order 0 of the variational formula is thus given by

[ o (Vo) + 9y () - (Vole) + V.21 (0.0) dady
QY+

[ [ ko (Vo) + Vi (@0) - (50(e) + V57 (2,0) dady

QY-

+3 Q/ / (ut (@) — up (2,9)) (@F (@) — 7 (1)) deds(y)

- / 9(2)B0(x)ds(x) = 0.

o0

By taking ¢¢ = 0, it follows that
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/ / o (Vuo(w) + Vyuf (2,9)) - Vo5t (2, y)dady

/ / (Vuo () + Vyuy (2,9)) - Vyy (2, y)dzdy

QY-

% / / ut (@,y) —ui (@) (7 (@) - F1 (@,y)) deds(y) =
QI

which is exactly the variational formulation of the cell problem (2.6) and definition (2.7) of u;.
By taking ¢1 = 0, we recover the variational formulation of the homogenized problem (2.4):

[ [ 50 (Vo) + 9y (0.) - Vo (o)

QY+

+ / / ko (Vuo(z) + Vyuy (z,y)) - Vg (z)dzdy

QY-

- / o(2)B0(x)ds(x) =

o0

We introduce some function spaces, which will be very useful in the following:

« C3°(D) is the space of functions, which are Y-periodic and in C*°(D),

. L§ (D) is the completion of C£°(D) in the L*-norm,

. Hul (D) is the completion of C°(D) in the H'-norm,

« L*(Q,H/(D)) is the space of square integrable functions on € with values in the space H, (D),

o D(Q) is the space of infinitely smooth functions with compact support in €,

« D(Q, CB’O(D)) is the space of infinitely smooth functions with compact support in Q and with values in
the space C}°,

where Dis Y, YT, Y~ or I.
The following lemma was used in the preceding proof. It follows from [5, Lemma 3.1].

Lemma 4.1. Let f be a smooth function. We have

i) Y [ Heonisty) = / [ . gydods(y) + ofe):

neNep: i
(i) /fz—d;z:_ﬂ/ylfxydxdy+()
and /fx— dx-ﬂ/y/_fmy dxdy + o(e).

We prove that the following lemmas hold:

Lemma 4.2. The homogenized problem admits a unique solution in HL(Q).
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Proof. The effective admittivity can be rewritten as

K} =ko /(Vw;r +e)- (Vw_;f—i— e;j)dx + ko /(Vw; +ei) - (Vw; +ej)dx

v -

Y+
1 T T =\d 19
+B (wz _wi)(wj _wj)sv ) =14
r
Therefore, it follows that, for £ = (£1, &) € R?,
1
K*¢ &=k / |Vt + &2dx + ko / |Vw™ + &|?dr + 3 / lw — w™|?ds,
Y+ Y- r
where w = )", §&w;. Since R3 > 0,

K*¢-€> ko / |Vw™ + &2dx + ko / |Vw™ + £|de.
Y+ Y-

Consequently, it follows from [3] that there exist two positive constants C; and Cy such that
Cile]* < RK™¢ - € < Oale]™.

Standard elliptic theory yields existence and uniqueness of a solution to the homogenized problem in
HLQ). O

Lemma 4.3. The cell problem (2.6) admits a unique solution in H (Y)/C x H} (Y ™).
Proof. Let us introduce the Hilbert space
Wy = {v =T xy+ +v xy- (v vT) € HE(YT) x Hl(Y_)} ,
equipped with the norm
[ollf, = Vo 122 vsy + VO [ Z20vy + 07 =07 (122
We consider the following problem:

Find w; € Wysuch that for allp € Wy

/ KoV (y) - VP (y)dy + / KoV (y) - Vo (y)dy

v -

+% F/ (w —wi) (9) (@7 = %7) (Wds(y) = (4.1)

_ / koVys - Vot (y)dy — / Koy - Vo (y)dy.

v+ Y-

Lax-Milgram theorem gives us existence and uniqueness of a solution. Moreover, one can show that this
ensures the existence of a unique solution in Hj (Y+)/C x H}(Y ™) for the cell problem (2.6). O
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Fig. 4.1. Real and imaginary parts of the cell problem solution ws.
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Fig. 4.2. Real and imaginary parts of the cell problem solution wa.

Fig. 4.3. Gradient vector field of the real and imaginary parts of wj.

We present in the following numerical examples (Figs. 4.1-4.4) the real and imaginary parts of the
solutions wy and wy of the cell problems.

4.2. Convergence

We present in this section a rigorous proof of the convergence of the original problem to the homogenized
one. We use for this purpose the two-scale convergence technique and hence need first of all some bounds
on u. to ensure the convergence.

4.2.1. A priori estimates
Theorem 4.1. The function ul is uniformly bounded with respect to ¢ in HY(QZF), i.e., there emists
a constant C', independent of €, such that

[ud |l g1 o2y < C.
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Fig. 4.4. Gradient vector field of the real and imaginary parts of ws.

Proof. Combining (3.11) and Poincaré~Wirtinger inequality, we obtain immediately the wanted result. O
The proof of the following result follows the one of Lemma 2.8 in [45].
Lemma 4.4. There exists a constant C', which does not depend on €, such that for all v e W:
07 2 0m) < Clivliwe. -

Proof. We write the norm [|v™[| ;2o as a sum over all the cells.

0 ooy = 3 N ey = X [ @)

€N, EN._ T
" [

We perform the change of variable y = ; and get
o ooy =2 Y [ s Py, (42)

N
ne cy-

where v (y) :=v (ey) forally e Y~ and Y, =n+Y~ withn € N..
Let W denote the following Hilbert space:

W= {v:=v"xy+ +v xy-|[(vT,07) € HL(Y ") x H'(Y)},
equipped with the norm:
ol = Vot [ Zaivsy + IVOT 22—y + [0F =07 (1221
We first prove that there exists a constant C7, independent of ¢, such that for every v € W:
[0 [2(v-) < Cillvllw- (4.3)
We proceed by contradiction. Suppose that for any n € N*| there exists v, € W, such that

_ |
lonllzr-y =1 and foallw < —.
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1
2v-) = Land [V, 2y -) < |lonllw < U is bounded in H*(Y 7). Therefore it converges

Since ||v,, ||

weakly in H'(Y ™). By weak compactness, we can extract a subsequence, still denoted v, , such that v,
converges strongly in L?(Y ~). We denote by [ its limit.

Besides, Vv, converges strongly to 0 in L*(Y ™). We thus have VI = 0 and [ constant in Y.

By applying in Y the trace theorem and Poincaré-Wirtinger inequality to v,", one also gets that

i
lvn 22y < ok = vp ey + g ey < llo = v 2@y + Cllot g v+ < -

Consequently, v, converges strongly to 0 in L?(I") and [ = 0 on T.

We have then [ = 0 in Y ~, which leads to a contradiction. This proves (4.3).
We can now find an upper bound to (4.2):

o s, <20 Y /|w wPdy+ [ (90 |dy+/|v ~(v)2ds().

N
ne Yo

After the change of variable z = ey, one gets

||U7||iz(gz;) <eCh (”VUJFHiZ(Q;r) + ”VUi”ZLz(Q;) _|'5||UJr - 'U7||2L2(FE)) :
Since € < 1, there exists a constant Cs, which does not depend on € such that for every v € W,
0720y < Callvllwe.,
which completes the proof. O

Theorem 4.2. u_ is uniformly bounded in ¢ in H'(QC), i.e., there exists a constant C independent of e,
such that

luc Nl g2 o) < €.

Proof. By definition of the norm on W, ||Vu5_||22(9,) < lwellfy. -
We thus have with the result of Lemma 4.4:

[lus < Cifluelly., (4.4)

I
e lg1(QD)

with a constant C; which does not depend on e.
Furthermore, using the result of Theorem 4.1, there exists a constant C5 independent of € such that

la(ue, us)| < Co.

We use the coercivity of a and get a uniform bound in € of u. in W,. This bound and (4.4) complete
the proof. O

4.2.2. Two-scale convergence
We first recall the definition of two-scale convergence and a few results of this theory [2,48].
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Definition 4.1. A sequence of functions u. in L?(£2) is said to two-scale converge to a limit uy belonging to
L*(Q x Y) if, for any function ¢ in L*(Q,Cy(Y)), we have

e—=0
Q

lim [ ue(2)y( x—dx—//uoajy (z,y)dxdy.

This notion of two-scale convergence makes sense because of the next compactness theorem.

Theorem 4.3. From each bounded sequence u. in L*(Q), we can extract a subsequence, and there exists a
limit ug € L?>(Q x Y) such that this subsequence two-scale converges to ug.

Two-scale convergence can be extended to sequences defined on periodic surfaces.

Proposition 4.1. For any sequence u. in L*(T'.) such that

5/ lu|2dz < C, (4.5)
I'.

there exists a subsequence, still denoted u., and a limit function ug € L*(Q, L?(T")) such that u. two-scale
converges to ug in the sense

lims/ug(x)i/}(m ) ds(x //uo 2, 9)0(@, y)dads(y),

e—0
FE

for any function ¢ € L*(Q, Cy(Y)).

Remark 4.1. If u. and Vu,. are bounded in L?(f2), one can prove by using for example [4, Lemma 2.4.9]
that u. verifies the uniform bound (4.5). The two-scale limit on the surface is then the trace on I' of the
two-scale limit of u. in 2.

In order to prove item (i) in Theorem 2.1, we need the following results.

Lemma 4.5. Let the functions (ue)e be the sequence of solutions of (2.2). There exist functions u(z) € HY(Q),
vt (z,y) € LX(Q,H (YY) and v~ (x,y) € L*(Q, H} (Y ™)) such that, up to a subsequence,

ue u(z)
Xj(f)Vu: two-scale converge to Xy +(y) (VU(I) + Vyvt(z, y))
<§>w xv- () (Va(@) + Vo (@,9)

Proof. We denote by * the extension by zero of functions on QF and Q_ in the respective domains Q2
and Q7.

From the previous estimates, ﬂgi and %j are bounded sequences in L?(Q2). Up to a subsequence, they
two-scale converge to 7% (z,y) and £*(x,y). Since uF and %j vanish in QF, so do 7% and ¢*.

Consider ¢ € D(1, C’B’"(Y))2 such that ¢ = 0 for y € Y—. By integrating by parts, it follows that

€ / Vul(z) - oz, g)dx =- /uj(:z:) (divy ?(z, g) + ediv, p(z, ;)) dx.

Qf Qf
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We take the limit of this equality as ¢ — 0:
= —/ / 1 (z,y)div, p(z, y)dxdy.
QY+

Therefore, 77 does not depend on y in Y+, i.e., there exists a function u* € L?(Q) such that 7+ (z,y) =
xy+(y)uT(x) for all (z,y) € A x Y.
Take now ¢ € D(Q,Cg°(Y))? such that ¢ = 0 for y € Y~ and div,p = 0. Similarly, we have

[ vut @) we Dyde = - [ u @pdiv, wo, D,

QF oF
and thus
//§+ z,y) - Pz, y)dedy = // x)div, Bz, y)dxdy. (4.6)
QY+ QY-+

For ¢ independent of y, this implies that u™ € H'(£2). Furthermore, if we integrate by parts the right-hand

side of (4.6), we get
//£+xy xydxdy—//Vu ?(x,y)dxdy,

QY+ QY+

for all ¢ € D(Q, C’é"’(Y‘"))2 such that divye = 0 and ¢(z,y) - n(y) =0 for y on T.
Since the orthogonal of the divergence-free functions are exactly the gradients, there exists a function
vt € L*(Q, H}(Y™")) such that

H(z,y) = xv+ () (Vut (z) + Vo' (z,y))

for all (z,y) € QA x Y.
Likewise, there exist functions u~ € H'(Q) and v~ € L?(1, Hﬁl (Y 7)) such that

T (@y) =xy-Wu (2), and & (,y) =xy- () (Vu (@) + Vv (2,9)),

for all (z,y) € A x Y.
Furthermore, thanks to Remark 4.1, we have also

s/uf(x)go(a: =)dx — // (z,y)p(z,y)dzdy,

e—0

=

for all ¢ € L*(Q, C°(T)).
Recall that u. is a solution to the following variational form:

/ koVul (z) - Vo (v)dx + / koVuZ (z) - Voo (z)dz

of c
b [ ) (pr -y ds ko [ gptas—o,
I. o0

for all (0%, ¢7) € (H'(2F), H'(Q7)).
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We multiply this equality by €2 and take the limit when e goes to 0. The first two terms disappear and
we obtain, for all (¢*,¢7) € D(Q,C°(Y™)) x D(Q,C°(Y7)):

1 - _ __
5[ [t @ = w @)@ @)~ 7w )dady =0
Qr
Thus v (x) = u™(z) for all x € Q, and u. two-scale converges to u = u* = u~ € H'(Q2). This completes

the proof. O

Now, we are ready to prove Theorem 2.1. For this, we need to show that u = ug, that v —ui" is constant,
and that v~ —u; is constant, where uli is defined in (2.7). The uniqueness of a solution for the homogenized
problem and the cell problems will then allow us to conclude the convergence, not only up to a subsequence.

Proof. We first want to retrieve the expression of u; as a test function of the derivatives of ug and the cell

problem solutions w;.
We choose in the variational formulation (3.5) a function ¢, of the form

pel@) = epr(, 2),

where 1 € D(Q,C°(Y™)) x D(Q,C°(Y7)).
Lemma 4.5 shows the two-scale convergence of the following three terms:

/kOVu Vel (z )dx—)//ko Vu () + Vyv (z, y)) Vyﬁf(:c,y)dxdy,

QY+

/ koVu (37) -V, (x)dz E) //k‘o (VU,(.L“) + Vy'uf(x’y)) -V, o1 (a?,y)dxdy,
Q QY-
[ st @yista) —o.

e—0
o0

We cannot take directly the limit as € — 0 in the last term:

ggt/) (2))(@F (x) — ¢, (x))ds(x)
=5 [ @ - w @) (@ D -7 0, 5) dsto)
e

Lemma Appendix D.1 ensures the existence of a function 6 € (D(£2, Hﬁl (Y1) x D(Q, Hﬁl(Y’)))2 such
that for all ¢ € H}(Y™")/C x H} (Y "):

/VW'-_wy@+/Vw )0 (z,y)dy
T / (0 () — o~ ) (BF () — B () ds(y) = 0. (4.7)
N

x
We make the change of variables y = —, sum over all (Y; ,,)nen., and choose ¥ = u. to get
€
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+ - =t BN o T _
(ug () —uz (2)) (91 (2, 2) =1 (2, ) ) ds(z) =

_ e Iy 0t (2. Byde — (. 5V 07 (. Dy
/Vu‘E (x,g) 0 (:c,g)dx /Vug (3:,5) 0 (3:,6) x.

of Q

We can now take the limit as € goes to 0:

lim [ (uf (@)~ (@) (77 (2. D) = 1 (2. 2)) ds() =
_ / (Vu(z) + Vvt (z,y)) .§+($,y)dxdy - / (Vu(@) + Vyo~ (z,y)) -0 (z,y)dzdy.

Finally, the variational formula (4.7) gives us

lim [ (uf (2) = uZ (@) (7 (@, 2) = 1 (@, ) dsa) =

e—0
FE

/ / (v (9) — v~ () (&7 (&) — B7 (.9)) ds(y).

QT

For pe(z) = ep1(x, E), with 1 € D(Q,C°(Y™)) x D(Q,C5°(Y ™)), the two-scale limit of the variational
5

formula is

[ [0 (Vut@) + 9,0t @) - V6 (o )iy
QY+

+ //ko (Vu(z) + Vyv~ (z,9)) - Vyo1 (@, y)dzdy
Qy-

n % 2/ / (v () — v~ () (@} (@) — 7 (.9)) ds(y) = 0.

By density, this formula holds true for ¢; € LQ(Q,Hﬁ1 (YH)) x L3(9, Hﬁ1 (Y7)). One can recognize the
formula verified by uljE as the definition of the cell problems. Hence, separation of variables and uniqueness
of the solutions of the cell problems in W give

vy = = Y SR ()

i=1,2
and, up to a constant:

8’[1,0

T

v (z,y) = uf = (z)w] (y)-

i=1,2

Q

N

We now choose in the variational formula verified by u. a test function o.(z) = ¢(z), with ¢ € C®(Q).
The limit of (3.5) as € goes to 0 is then given by
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//ko (Vu(z) + Vyu't(z,y)) - Vo(z)dzdy

QY+
+ //kzo (Vu(z) + Vyv~ (z,y)) - Vo(z)dzdy
Qy-
+/g(x)5(9c)ds(ac) =0.
o0

By density, this formula hold true for ¢ € H!(2), which leads exactly to the variational formula of the
homogenized problem (2.4). Since the solution of this problem is unique in HA(£2), u. converges to ug, not
only up to a subsequence. Likewise, Vu. two-scale converges to Vug + xy+ Vyuf +xy-Vyu;. O

5. Effective admittivity for a dilute suspension

In general, the effective admittivity given by formula (2.5) cannot be computed exactly except for a few
configurations. In this section, we consider the problem of determining the effective property of a suspension
of cells when the volume fraction |Y ~| goes to zero. In other words, the cells have much less volume than the
medium surrounding them. This kind of suspension is called dilute. Many approximations for the effective
properties of composites are based on the solution for dilute suspension.

5.1. Computation of the effective admittivity

We investigate the periodic double-layer potential used in calculating effective permittivity of a suspension
of cells. We introduce the periodic Green function Gy, for the Laplace equation in Y, given by

ei27rn~9c
Vr €Y, Gy(x) = Z 4m2|nf?’
nez\{0}

The following lemma from [11,9] plays an essential role in deriving the effective properties of a suspension
in the dilute limit.

Lemma 5.1. The periodic Green function Gy admits the following decomposition:
1
Ve €Y, Gy(z) = o In |z| + Ra(z), (5.1)
™
where Ry is a smooth function with the following Taylor expansion at 0:

Ro(a) = Ro(0) — (25 +23) + O(faf"). (5.2)

Let L3(I) :={ p € L2(F)‘ /cp(x)ds(x) ~0
I

We define the periodic double-layer potential Dr of the density function p € L3(T):

Drll(x) = %Gw Pew)ds(y).

The double-layer potential has the following properties [9].
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Lemma 5.2. Let ¢ € L2(T'). Dr[p] verifies:

(i) ADr[g] =0 inY*,
ADrlp] =0 nY ",
I
(i) 5-Dell|, = 5. Drlel| onl,

L 1 =
i) Brld], = (751 +Rr )] o,
where Kr : L3(T) ~ L3(T) is the Neumann—Poincaré operator defined by

veel, Rl = [ -Gyl — p)ew)dsty),

The following integral representation formula holds.

Theorem 5.1. Let w; be the unique solution in W of (2.6) for i = 1,2. w; admits the following integral
representation in Y :

w; = —Bko Dr (I + ,BkOZF) - ni], (5.3)

L andn = (ni)i=1,2 s the outward unit normal to T'.

D
on

where Zp =
-1
Proof. Let ¢ := —pko (I + Bkg,C) [n;]. ¢ verifies:

[ etwast) ==pto [ - Brlel) + wdsty) =

r r

The first equality comes from the definition of ¢ and the second from an integration by parts and the fact
that Dr[e] and I are harmonic. Consequently, ¢ € L3(T").
We now introduce V; := Dr[p]. V; is solution to the following problem:

V- -kVV;=0 inY™,

V- kVV; =0 inY~,
aV; aV;

ko—| =hko—— r
O on |+ Oon |- on

‘/2|+_‘/:L|7:90 on Fa

y — Vi(y) Y-periodic.

We use the definitions of ¢ and V; and recognize that the last problem is exactly problem (2.6).
The uniqueness of the solution in W gives us the wanted result. O

From Theorem 2.1, the effective admittivity of the medium K* is given by

V(’L,j) € {1,2}2, Ki*,j = ko (51']' =+ /sz €5
Y
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After an integration by parts, we get

v(i,j) € {1,2}*,  Kj;=ko 5ij+/wi(y)nj(y) dS(y)—/(wi*—wZ)nj(y) ds(y)

oY I

Because of the Y-periodicity of w;, we have: /wi(y)nj ds(y) = 0.

ay
Finally, the integral representation 5.3 gives us that

~ \ —1
W) (L2 K =k 8y~ (9k) [ (T4 Bkale)  mlns ds)
N

We consider that we are in the context of a dilute suspension, i.e., the size of the cell is small compared
to the square: |Y | < |Y| = 1. We perform the change of variable: z = p~'y with p = |Y~|2 and obtain
that

SN |
v(i,5) € {1,2}?, Kij=ko | dij — p*(Bko) / (I—|—pﬁk0£p) [ni](pz)nj(z) ds(z) | ,
p~Iil
where n is the outward unit normal to I". Note that, in the same way as before, § becomes p8 when we
rescale the cell. .
Let us introduce ¢; = — (I—|— pﬂkozp) [ni] and 9;(z) = pi(pz) for all z € p~'T. From (5.1), we get,

for any z € p~!T', after changes of variable in the integrals:

Erlpi(p) = 5-Drlo(p) = o - Dyporeliil(z / i a0z = )l pn)ds(s).

Besides, the expansion (5.2) gives us that the estimate

VRa(p(z — 1)) - nly) = =2(z = y) - n(y) + O(p"),

2
holds uniformly in z,y € p~'T.
We thus get the following expansion:
Erlodon) = Lyl - 5 3 ns [ mwitw)ds(o) + 000
] 1,2 —11’*
Using 1} defined by (2.11) we get on p~'T":
2
= vl okl Y w0 [ mw)ds) + o) (54)
Jj=12 ~1
p— T

By iterating the formula (5.4), we obtain on p~'T" that

b=+ AR Y | s + o).

j12 p*F

Therefore, one can easily see that Theorem 2.2 holds.
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5.2. Case of concentric circular-shaped cells: the Mazwell-Wagner—Fricke formula

We consider in this section that the cells are disks of radius rg. p_lI‘ becomes a circle of radius rg.
For all g € L%((0,27)), we introduce the Fourier coefficients:

2
1 .
vm ez, gm)= o [ gle)e " dg.
0
and have then for all ¢ € (0, 27):

gle)= Y a(m)e™?.

m=—0o0

For f € C%"(p~1T), we obtain after a few computations:

Vo €]0,2x], (I + BkoLyr) ' [£1(0) = D <1+6k0 m|>_ f(m)e™?,

2r
mezZ* 0

Forp=1,2, ¢y = —(I + BkoL,-11) ! [n,] then have the following expression:

-1
VO € (0,27), ¢, =— (1 + %> Np.

27"0

Consequently, we get for (p,q) € {1,2}2:

_ 5 Bkomro
qa — ~ “pq ’
14 Ok

27"0

M,

s

and hence,

Trodw(€moo — €00 m)
Cx —
SMp,q =0dpgq

3 5 (5.5)
2 2 2
(om + 00 2_7‘0) +w (em—ﬁ—eO%)
Formula (5.5) is the two-dimensional version of the Maxwell-Wagner—Fricke formula, which gives the
effective admittivity of a dilute suspension of spherical cells covered by a thin membrane.
An explicit formula for the case of elliptic cells can be derived by using the spectrum of the integral
operator £,-1p, which can be identified by standard Fourier methods [36].

5.3. Debye relazxation times

From (5.5), it follows that the imaginary part of the membrane polarization attains its maximum with
respect to the frequency at

O'm—‘ra'()?
0

T Em—‘r-ﬁo%
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This dispersion phenomenon due to the membrane polarization is well known and referred to as the
[B-dispersion. The associated characteristic time 7 corresponds to a Debye relaxation time.
For arbitrary-shaped cells, we define the first and second Debye relaxation times, 7;,7 = 1,2, by

1
— = argmax |\ (w)], (5.6)
T w
where A\; < \g are the eigenvalues of the imaginary part of the membrane polarization tensor M (w). Note
that if the cell is of circular shape, A\; = As.

As it will be shown later, the Debye relaxation times can be used for identifying the microstructure.

5.4. Properties of the membrane polarization tensor and the Debye relaxation times

In this subsection, we derive important properties of the membrane polarization tensor and the Debye
relaxation times defined respectively by (2.10) and (5.6). In particular, we prove that the Debye relaxation
times are invariant with respect to translation, scaling, and rotation of the cell.

First, since the kernel of £,-1p is invariant with respect to translation, it follows that M (C, Bko) is
invariant with respect to translation of the cell C.

Next, from the scaling properties of the kernel of £,-1r we have

Bko
aT)

M (sC, Bko) = s> M (
for any scaling parameter s > 0.
Finally, we have

M (RC, Bko) = RM(C, Bko)R" for any rotation R,

where t denotes the transpose.

Therefore, the Debye relaxation times are translation and rotation invariant. Moreover, for scaling, we
have

k
7:(hC, Bko) = 7:(C, %), i=1,2 h>0.

Since f is proportional to the thickness of the cell membrane, 8/h is nothing else than the real rescaled
coefficient 8 for the cell C. The Debye relaxation times (7;) are therefore invariant by scaling.

Since L,-1p is self-adjoint, it follows that M is symmetric. Finally, we show positivity of the imaginary
part of the matrix M for § small enough.

We consider that the cell contour I' can be parametrized by polar coordinates. We have, up to O(6%),

M B = =6 [ nty il ds, (5.7)
p~il

where again we have assumed that g = 1 and ¢y = 0.
Recall that

0om . dwem

8=

—1 .
2 222 2 2.2
oz, + w?e2, oz, +w?e?,

Hence, the positivity of £,-1r yields
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OWEm,

SM> —— "
~ 2p(07, +w?er)

I
for 0 small enough, where [ is the identity matrix.

Finally, by using (5.7) one can see that the eigenvalues of & M have one maximum each with respect to
the frequency. Let [;,i = 1,2, I; > I, be the eigenvalues of fp,lrnﬁpflp[n]ds. We have

202 WEmTm
2 2.2 V2"
(03, +w?ed)

OWEm,
plos, +w?e?,)

A=

| — i=1,2. (5.8)

Therefore, 7; is the inverse of the positive root of the following polynomial in w:
—ed ID|w* 4 652, 0mlipw? + o |T).
5.5. Anisotropy measure

Anisotropic electrical properties can be found in biological tissues such as muscles and nerves. In this
subsection, based on formula (2.9), we introduce a natural measure of the conductivity anisotropy and
derive its dependence on the frequency of applied current. Assessment of electrical anisotropy of muscle may
have useful clinical application. Because neuromuscular diseases produce substantial pathological changes,
the anisotropic pattern of the muscle is likely to be highly disturbed [21,32]. Neuromuscular diseases could
lead to a reduction in anisotropy for a range of frequencies as the muscle fibers are replaced by isotropic tissue.

Let Ay < X2 be the eigenvalues of the imaginary part of the membrane polarization tensor M (w).
The function

)\1(&))

W )\2((,0)

can be used as a measure of the anisotropy of the conductivity of a dilute suspension. Assume ¢y = 0.
As frequency w increases, the factor Skg decreases. Therefore, for large w, using the expansions in (5.8) we
obtain that

200.mp
(07, +w?eh)IT|

=1+ (1 —Ip) +0(6%), (5.9)

where [y <[5 are the eigenvalues of fp—lr nL,-1p[n]ds.

Formula (5.9) shows that as the frequency increases, the conductivity anisotropy decreases. The anisotropic
information cannot be captured for

1 200mp 2\1/2
w > e ((11 lz) |F| O'm) .

6. Spectroscopic imaging of a dilute suspension
6.1. Spectroscopic conductivity imaging

We now make use of the asymptotic expansion of the effective admittivity in terms of the volume fraction
f = p? to image a permittivity inclusion. Consider D to be a bounded domain in Q with admittivity
1+ fM(w), where M (w) is a membrane polarization tensor and f is the volume fraction of the suspension
in D. The inclusion D models a suspension of cells in the background (2. For simplicity, we neglect the
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permittivity €y of 2 and assume that its conductivity op = 1. We also assume that M (w) is isotropic. At the
macroscopic scale, if we inject a current g on 92, then the electric potential satisfies:

V-(1+4 fM(w)xp)Vu =0 in Q,
Z_Z 00 9, /g(x)ds(x) =0, /u(a:)d:ﬁ =0. (6.1)
00 A

The imaging problem is to detect and characterize D from measurements of u on 0.
Integrating by parts and using the trace theorem for the double-layer potential [23,47], we obtain,
Va e 09,

%U(l‘) + % / %uw)ddy) + % /g(y) In [z — ylds(y)
o0 o0

(z—y)
P y|2dy. (6.2)

- Ly [vuty)-

Since f is small,

|

(z —y) / (z —y)
Vu(y) - dy~ | VU(y) - dy
ALl = W famyp
D D
holds uniformly for & € 9f2, where U is the background solution, that is,
AU =0 in ,

ou
T lon =9 /U(x)dm =0.
Q

Therefore, taking the imaginary part of (6.2) yields

(x—y)
lz — g2

Sulo) + o |z — y[?

! L Su(y)ds(y) ~ - SM(w) v
o0 D

uniformly for z € 0X2, provided that g is real. Finally, taking the argument of the maximum of the right-hand
side in (6.3) with respect to the frequency w gives the Debye relaxation time of the suspension in D.

6.2. Selective spectroscopic imaging
A challenging applied problem is to design a selective spectroscopic imaging approach for suspensions
of cells. Using a pulsed imaging approach [33,38], we propose a simple way to selectively image dilute

suspensions. Again, we assume for the sake of simplicity that ¢g = 0 and g = 1.
In the time-dependent regime, the electrical model for the cell (2.1) is replaced with

u(z,t) = /ﬁ(w)ﬁ(w,w)ei“tdw,

where @(z,w) is the solution to
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AG(-,w) =0 in D\ C,
Ad(w) =0 in C,
aA('vw) _ aﬁ(aw)
on ’-s- ~ On ‘— ont (6.4)
A T T L I
(-, w) _ . _

and

= /ﬁ(w)ewtdw

is the pulse shape. The support of h is assumed to be compact.
At the macroscopic scale, if we inject a pulsed current, g(z)h(t), on 9, then the electric potential u(z,t)
in the presence of a suspension occupying D is given by

u(z,t) = /ﬁ(w)ﬁ(m,w)ei‘“tdw,

V(14 fM(w) in Q,

auén /

o

where

Assume that we are in the presence of two suspensions occupying the domains D; and Do inside €. From
(6.2) it follows that

%ﬁ(%WH%/%@(%w)dS@H%/g(y)lnw—yIdS(y)
o0
o I e —y) é )
~ ) D/ VUQ) - iy + 20 (w) D/ VU =L, (65)

and therefore,

gute )+ 5= [ dst) + o0 [ o) nle - ids(y
o0

|z —y|?
o0

~ g—;Ml(t)/VU(y)- |(;”’ y|) f2 2 Mot /VU |(;_;|)2dy, (6.6)
D,

uniformly in 2 € 992 and t € supp h, where
Mi(t) = / h(w) My(w)e™tdw, i =1,2.

As it will be shown in section 8, by comparing the Debye relaxation times associated to M; and Ms, one
can design the pulse shape h in order to image selectively Dy or Dy. For example, one can selectively image
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D, by taking ﬁ(w) close to zero around the Debye relaxation time of My and close to one around the Debye
relaxation time of Mj.

6.3. Spectroscopic measurement of anisotropy
In this subsection we assume that M is anisotropic and consider the solution « to (6.1). We want to assess

the anisotropy of the inclusion D of admittivity 1 4+ fM (w) from measurements of u on the boundary 9f2.
From (6.3) it follows that

~ /%M(w)VU(y) VU (y)dy, (6.7)
D

provided that g is real. Now, taking constant current sources corresponding to g = a - n, where a € R? is a
unit vector, yields

Sla] := /g(az) [1%u(x) + S / w%u(y)ds(y) ds(z) ~ %SM(w)|a|2|D|.
89

2 27 |z — y|?
o0
Since
min, Sla] A1 (w)
max, S[a] — Aa(w)’

where A\ and Ay (with Ay < \3) are the eigenvalues of SM, it follows from subsection 5.5 that

min, S|al
W —
max, S|a)
is a natural measure of conductivity anisotropy. This measure may be used for the detection and classification
of neuromuscular diseases via measurement of muscle anisotropy [21,32].

7. Stochastic homogenization of randomly deformed conductivity resistant membranes

The first main result of this section is to show that a rigorous homogenization theory can be derived
when the cells (and hence interfaces) are randomly deformed from a periodic structure, and the random
deformation is ergodic and stationary in the sense of (2.13).

7.1. Auziliary problem: proof of Theorem 2.3

In this subsection, we prove Theorem 2.3 about the existence and uniqueness of the auxiliary problem.
This is the key step in stochastic homogenization. The main difficulty is due to the fact that one does not
have compactness in the general stationary ergodic setting.

We first make the weak formulation of the system (2.23) precise. To this end, we introduce the space
H = L0, HE (RF) x HL_(Ry)) and the space Hs which is a subspace of H where the elements are
stationary. Define also the space H := {w = @Wo® ! | @ € H} and the space Hg := {w = Wo®~ ! | & € Hg}.
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We say that w, = w;xq,(R;) + W, Xomry) € H is a weak solution to (2.23) if Vw, is stationary and for
all ¢ € H with compact support K C R?, it holds that

E / ko(p + V) - Vode + E / ko(p+ Vw, ) - Vpdx
KN®(R3 ) KN®(Ry )

+E / %(w; - w;)(¢+ — % )ds(z) =0. (7.1)
KN®(T,y)

Since the integrals above do not control [lwy || 2 12 (a(r¥))) and the space H does not possess Poincaré

loc

inequality, the existence of weak solutions is not immediate.

Remark 7.1. Due to the separability of L2(0), one can show that for almost all v € O, the solution
w,(-,7y) satisfying (7.1) is also a weak solution in the usual sense. That is, for all ¢ = ¢ o =1 where
¢ € HE (Ry) x HE (R;) with compact support K C R?

/ ko(p + Vw}) - Vodz + / ko(p + Vw, ) - Voda

(KNRF ,7) S(KNR; )

+ / %(w;: —w )@ =@ )ds(z) =0. (7.2)
o

KNT,y)

We refer to [35, Proposition 4.1] for the proof.

Our strategy is as follows: First, an absorption term is added to regularize the problem. The sequence
of regularized solutions, which corresponds to a sequence of vanishing regularization, have a converging
gradient. Secondly, the potential field corresponding to the limiting gradient is shown to be a solution to the
auxiliary problem. Finally, using regularity results and sub-linear growth of potential field with stationary
gradient, we prove that the gradient of the solution to the auxiliary problem is unique.

Proof of Theorem 2.3. Step 1: The reqularized auxiliary problem. Fix p € R2. Consider the following regu-
larized problem where an absorption a > 0 is added.

-V ko(Vw;fa(y) +p)+ Ozw;,'fa =0 in ®RE,n),
n- kovw;a(y) =n- kovw;a(y)v in CI)(I‘a ’7)7
wz‘;a —w, o = Bkon - (Vw, , +p) in &T,7y),

wia (y,v) = {E;t,a(@_l(% v),7), and @;‘fa are stationary.

We first construct a solution for the above equation in Hg in a sense that seems weaker than (7.1). It can
be verified that Hg equipped with the inner product

(u,v)g = E / Vi - Vodr + / Va - Vodz + /aﬁdx , (7.4)

+ Y- Y

is a Hilbert space. For any fixed a > 0, define the bilinear form A, : Hg X Hs — R by



H. Ammari et al. / J. Math. Pures Appl. 105 (2016) 603-661 639

An(u,v) =E / koVu™ - Votds + / koVu™ - Vu—dx

S(Y ) oY)

+ / uﬁd:c+% /(qufu*)(v*fv*)ds ,

B(Y) @(To)

and the linear functional b, : Hg — R by

bp(v) = —koE / p- Votde + / p-Vu—dz
(Y +) (Y -)

We verify that A, is bounded and coercive, and b, is bounded. By the Lax—Milgram theorem, there exists
a unique element w, o € Hys satisfying

Aa(Wp,a,p) = bp(p), Vo € Hs. (7.5)

By choosing ¢ to be w), , we obtain the estimates:
St 2 -t ~— 2 . C
E [ Vi, ,|"<C, E [ |i,,—w,,"<C, E [ |b,|]"< o (7.6)
Y=+ To Y=+

Next we argue that for almost all v € O, the solution w, o (+,7) above satisfies (7.3) in the usual distribu-
tional sense. That is, for any ¢(z) € C>(R5) N C>(R; ), whose support K is a compactly contained in R,
we have

/ ko(p + Vw, ) - Vod + / ko(p + Vw, ,) - Voda
KN®(RY ) KN&(Ry ,7)

o fuedter [ S up)@ -3 s =0 (77

K KN&(T,y)

Indeed, due to the regularization, the above problem (with any fixed v € O and any fixed §) admits a
unique solution in the space HY_  (®(RF,v)) x HL .
(35, Lemma 4.3] for the proof. Then one can verify that the solution w, o(-,y) is stationary and satisfies

(7.5); therefore, it must agree with the solution provided by the Lax-Milgram theorem. As a consequence,

(®(R5,7)). This result is nontrivial and we refer to

Wp,o(x,7) is also a weak solution in H to (2.23) in the sense of (7.1).

Applying Corollary Appendix A.1 and Corollary Appendix A.2 to the family {0, o }o, we obtain a family
{uet = Pwf ,}a C L*(O, HIOC (R?)) and a family {w} = Pyw;l , }o. Further, {@¢¥}, are stationary. They
satisfy that wg* = @S o =1 and that

/|v ~ext|2 < C E/l ~ext ‘2 < C E/| ~ext‘2 < = (7.8)

Step 2: Extraction of a converging subsequence. The family {we"t }o may be studied from two view points.

Firstly, they form a bounded family in Hs. Secondly, they belong to H and for any compact set K C R2,
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the estimates (7.8) imply that

B [1VapiP <0, B [ lags -, < 0 /|~ext|2<c K. (19)
K

I'nkK

From the first point of view, there exists a subsequence, still denoted by wa,";, which converges weakly

as a | 0 to a function 75" € [L(O, L},.(R?)]?, where the subscript S indicates stationary. By a change of
variable, we also have that Vwg*! converges in [L*(O, L{,.(R?)]? to ng** and

0o (y,y) = V¥ (y, V)75 (5, 7), (7.10)

where ¥ = ®~! and § = ¥(y). Moreover, as gradients, V; we"t and Vy we"t

" ", are curl free. This property is

preserved by their limits:

By, ()5 = 0y, ()i 05 (1) = 05, (7" ")s, 4,5 € {1,2}. (7.11)

e ~ext

That is to say, n°** and 7, are also gradient functions. Consequently, there exist we"t and wext such that
net = Vyws™ and iyt = Vgwgt. The relation (7.10) implies that w(y) = eXt(\Il(y ’y) ) + Cp()
where Cj(7) is a random constant. We hence re-define w5 by adding to it the random variable C), so
that ws** = @ o U. By the same token, we have that Vi, , and Vw, ,
subsequence) to 7, € [LE(O, LY (Ry))]? and n, € [L*(O, LY (®(R3)))]* respectively. In addition, for
some w, € L*(O, Hlloc( 2)) and w, € L*(O, H| (R;)) satisfying that w, =, o ¥, we have 7, = Vi,

and 7, = Vw, . Similarly, due to the second bound in (7.8), one observes that {( I TIN |r}a converges

(through a subsequence) to some , € L%(O, L}

loc

converge (along the above

(T)). Again, by a change of Varlable {(we —wy, ) a(r) fo

p,@

converges to certain ¢, € L*(0, L, (T)) and it holds that ¢, = (, o ¥. Finally, since WY is stationary, one

has E [, Vyw$<tdy = 0. Passing to the limit, we get
E/vgngt(g)dg =0. (7.12)

Now, from the second point of view and the estimate (7.9), we can choose a further subsequence of the
converging subsequence obtained from the first view point, still denoted by {w, o} and so on, such that
_wp « | }Ot
(")) to Cp We then verify that these functions are stationary, and by the ergodic

~ext

ext ext

t converges in L?(O, [LE,

the family Vi, (R?)]?) to 7, { Vb, , }a converges to 7, and { (@

converges in LQ(O LE.

theorem they agree with the limits 75*", 7, and fp obtained from the first point of view. As a result, we
take expectation on the weak formulation (7.7), and then pass to the limit and obtain: for all ¢ € H with

compact support K C R?, we have

E / ko(p+ V) - Vpdz + E / ko(p + Vw, ) - Vpdz

KN®(RY ,7) KN®(R, ,v)
1
+E / Eg,,(a+ — % )ds(z) = 0. (7.13)
KN®(T,v)

This is almost (7.1) except for the interface term. By choosing ¢ compactly supported in ®(R}) (respectively
in ®(R;)) we verify that the first (respectively the second) equation of (2.23) is satisfied. By choosing ¢~ =0
first and then o+ = 0, and applying the divergence theorem we check that the third line of (2.23) is satisfied
and further
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810;t
o (50 + 40 =G

To relate ¢, with w; —w,, for any h € C*(®(T)) such that f<I>(Fk) h = 0 for each k € Z%, we can find ¢+
such that for some fixed ball B® CC Y which contains Y~ and its boundary is well separated from 9Y ~

—V - kVepE =0, in &Y, ) and &(k + B%)\ &(Y;),
n-koVet =n-kVe =h, on &%),
et =0, on ®(k+9IB°).

Use ¢ = (¢™, ™) in (7.13) and apply again the divergence theorem. We verify that wJr —w, = (+C(w, k)

on each ®(T'y). By adding the constant to w, , we may set ¢ = w; —w,, ; so the fourth hne in (2 23) is proved.
From the construction, it is easy to see that the last two lines of that equation also hold. To summarize

wy, X<I>(]R2 ) Wy Xa(ry) € H provides a weak solution to (2.23).

Step 3: Uniqueness of Vw,. For any two solutions wzl) and w of (2.23), let v, be their difference. Then it
satisfies (7.1) with p = 0. In addition, there is an extension of 7 denoted by #§**, such that Vog** = P(V1y)
where P is the extension operator of Corollary Appendix A.1, and 5% satisfies

V¥ is stationary, and E/V tdr = 0. (7.14)

In the usual weak formulation of the equations satisfied by (v, vy ), take vy itself as the test function
and integrate over ®(NY) for a large integer N. We get

/ ko| Vo |2dx + / ko|Vvy |?dx

B(NYNRY) S(NYNRy)
+4871 / lug — vy |Pds = / ko(n - Vv()")ﬁds.
®(NYNT) 0P(NY)

Invoking elliptic regularity, we can show that [Vog| < C|[Vuo| r2(a(v,)) along the boundary d®(NY).
Let Kyny) denote the indices of those cubes. By a change of variables and extension, we also have
such bound of Vog**. On the other hand, due to the assumption that Vo§** is stationary and satisfies
E fy Vogtdy = 0, in light of Lemma A.5 of [13], we conclude that 75** grows sublinearly almost surely.
Consequently, the integral on the right is of order o(N) ZkeKa(Ny) Vvoll 2 (a(vy,))- Divide the above equality
by N2, and change variable in the integrals, we have, with Z(N) being the indices of cubes {Y,, C NY}.

1
N2 Z /JO|VUO|dx+ / 00|V |?dz + R / log — vy |*ds

nEI(N) @(YJ) @(Yni) ‘P(F,,L)

converges to the limit of % 2 keKomy) V0§ L2(v,), Which is zero by the fact that the cardinality of
Kanyy is O(N) and by using ergodic theorem for this sum. By a change of variable with bounds (2.17)
and (2.18), the above implies

1
N2 Z /00|Vvo|dx+/oo\Vvo|d$—|—ﬁ /|Uo—v0|()d8() — 0.

n€Z(N) v+ v,
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By the stationarity of the integrands and again the ergodic theorem, we have
E / Vg |2di + E / |Voy |2dE + E/ o4 — oy |2(2)ds(z) = 0.
Y+ Y- To

This implies that @] = 9, = C(7) for some random constant. This proves the uniqueness of Viw,. O
7.2. Proof of the homogenization theorem

In this section, we prove the homogenization theorem using the energy method, i.e., the method of

oscillating test functions [46].

7.2.1. Oscillating test functions

We first build the oscillating test functions. For a fixed vector p € R?. Let (w;l,w, ) € H be the unique
solution (up to the addition of a random constant) of the auxiliary problem (2.23). In particular, w; has
an extension wg"t. We define

x
wi,(z,y) =z-p+ EwZXt(—,'y), z € R?,

€
v (7.15)
why(2,7) = z-p+eQu, (Z,7), @€ R?.

Here and in the sequel, @ denotes the trivial extension operator which sets @Q@f = 0 outside the spatial

support of f. By scaling the auxiliary problem, we verify that (wf,*, wy~), where wf)* is the restriction of

wf, in e®(R3) and wi™ is the restriction of w§, in e®(Ry ), satisfies
V- koVuwit =0 and V- koVw)™ =0 in e®(RY),
kon - Vws® = kon - Vw,™ and  wi™ —w;™ =efkon - Vw;~  on e®(T).

This means that for any test function ¢ = (p*, p~) € L2(0, HL (e®(RJ) x e®(R;))) compactly supported
on a bounded open set & C R?, we have that

E / /4;0Vw;+ -Votde + E / koVw,™ - Vp~dz
ONed(RY) ONe®(Ry)

+ (eB8)'E / (wp™ —wy " )t — ¢~ )ds = 0. (7.16)
ONed(T)
Clearly, this is the scaled version of (7.1). Remark 7.1 applies here also, so wj, solves the above equations

in the usual weak sense as well. We define the vector fields T]fji = kOwa,i. They satisfy the following
convergence results.

Lemma 7.1. Let wgi and the vector fields nf,i be defined as above and let € C R? be a bounded open set.
Then as € — 0, we have the following:

wi, = TP, uniformly in O a.s. in O; (7.17)
w5, = T - p, in L*(0) a.s. in O. (7.18)
Qn;i — oFE / ko (Vw;t(ac, ) +p)dz in [L?(0)]? a.s. in O. (7.19)

d(YE)
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w,) solves (7.1) and by the elliptic regularity theorem

Proof. To prove the first result, we recall that (w;, w,

adapted to the space H we have

E / |Vw,) (z,7)*dz < oo,  which implies /|V e (y, ) |*dy < oo

e(Y*7)

for some s > 2. In addition, Vwe"t is stationary and its integral over Y has mean zero. By a version of
Birkhoff’s ergodic theorem, see e.g. Theorem 9 of [40], we have that

x
lim sup ‘sﬁ)e"t (a'y)’ =0 P-as.
e—0 reK &

ext ext

» andw

for any compact set K C R2. The desired convergence result follows from the relation between w
For the second convergence result, we first observe the following decomposition

_,x xt (T xt (L
why == (0, () =0 (2)) o) 505 () Xeor

By the proof of the first result, the second item on the right above converges uniformly in & to zero and it
suffices to show that J. := [Jew, (e7'2) — ewd™* (e} )||L2(S<I>(R2_)ﬂﬁ) converges to zero. Given & and ¢, we
can find Z.(0) C Z? such that € C Ugez.e®(Y,,) and |Z.| < C(0)e~2. Then a.s. in O we verify that

J. < Z / we* )—w; (g)rdx:gl Z / |w§’“(x)—w;(m)|2dx
nEZE‘ID(Y[)
<Cet Z /|~‘3Xt ;(y)|2dy.

nEIE}/T:

In the last inequality, we used the change of variable y = ®~!(z) and the bounds (2.17) and (2.18). Using
the estimate (C.4), we have

2 ~ext 2
reo | S /|w ~ () dsty Y[|v () - Vi, ) dy

Note that the integrands above are stationary and the item inside the bracket is ready for applying ergodic
theorem. This item converges to

/ @~ o, Po)ds(u) + B [ (Va5 =V Py,
J

which is bounded for example by (7.6) and (7.8). Consequently, J. — 0, proving (7.18).
For the third convergence result, we set first

Qiy = (kolp + (V@) " Vi ] xzz

These functions are stationary and we have the relation ani = (Qﬁ;t) (q)_l(f,'y)) holds. By an ergodic
theorem adapted to the stationary ergodic setting of this paper given in Lemma 2.2. of [19], we
obtain (7.19). O
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7.2.2. Proof of the homogenization theorem

In this subsection we prove the homogenization theorem using Tartar’s energy method. Here is the
strategy: In the first step, we recall the energy estimates for the solution w. to the problem (2.2) and
extract a subsequence along which u¢* converges weakly in H(Q) to some ug, and the trivially extended
gradient functions QVul and QVu_ has weak limits in [L?(€2)]?. Passing to limits in the weak formulation
of (2.2), we obtain equations for these limits and the proper boundary conditions. In step three we
identify ug as the unique solution to a homogenized equation. This is done by choosing the oscillating test
functions (pw,, pw3,) for the u-equation and the oscillating test functions (pud , puz ) for the w-equation.
The uniqueness of the solution to the weak formulation of ug relies on the fact that the trivial extension of
uz converges weakly in L2(9) to Qug for some constant 6 < 1. This fact is proved in step two.

In view of Proposition 3.3, Lemma 7.1 and Theorem 2.3, there exists a faithful subset O; of O such that
the conclusions in these results hold. We henceforth fix a v € O; and ignore the dependence on +.

Proof of Theorem 2.4. Step 1: Extraction of converging subsequences. Let (ul,uZ ) be the solution to (2.2).
In particular, u} has an extension u** € H'(Q). Let the vector fields £& be koVuX. Then the estimates
(3.14) and (3.11) show that

w1 (e + 11QEF NliL2 @2 + 1QET lliL2 @y < C.
Consequently, there exists a subsequence and functions ug € H(2) and &;,& € [L?(2)]?, such that

uSt = uy weakly in HY(Q),  u®™" — ug strongly in L*(Q);

Q&r — & weakly in [L2(Q))2, Q& — & weakly in [L2(Q)]2. (7.20)
In the proof of Proposition 3.4, we also proved that

u™'xT — QuZ — 0 strongly in L*(Q). (7.21)

€

Now fix an arbitrary test function ¢ € C§°(Q2). Take (oxT,¢x-) as a test function in (3.5). Then the
interface term disappears and we get

[ ro(@et) - Tot + [ ro(@er) - Vi =0
Q Q
Passing to the limit ¢ — 0 along the subsequence above, one finds
/(él +&)-Vodz =0, Ve Ci°(Q). (7.22)
Q

Therefore, the limiting vector field &; + &> satisfies that
V- (61 + 52) = 07 in D/(Q)7 (723)

where D'(2) denotes the space of tempered distributions on Q. Now for any ¢ € C*°(0f2), we may lift it to
a smooth function ¢ € C°°(2) such that ¢ = ¢ on 9Q. Take (px, x> ) as the test function in (3.5) and
pass to the limit; we get

/(51 +&) - Vopdr = /95 ds. (7.24)

Q o
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Since & + & € L2(Q) and V - (&1 + &) € L?(Q), the trace n - (& + &2) on the boundary 99 is well defined.
Applying the divergence theorem and (7.23) we get

/n.(51+§2)5 ds:/ga ds, Vo€ O (Q).

o0 o0

This shows that, n- (£ +&2) = g at 9. Further, since the trace of Q- is zero for all &, the same argument
above shows that n - £&s = 0 at 0{2. We hence get

n-& =g at .

Step 2: Weak convergence of Quz . We can write Qu_ as u*x= + (Quz — u®*x7 ). Due to (7.21) and
the fact that u** converges strongly to ug, we only need to Verlfy that - converges weakly to 6. To this
purpose, fix an arbitrary open set K compactly supported in 2, and observe that for sufficiently small e,
K is compactly supported in E. defined in (2.20). Then we have

/XQ;dx = / doe = / XR;(E) det V@(g,'y)dz.
K

KNe®(R;) ed-1(E)

In [19,18], it is shown that the characteristic function e®~* (%) converges strongly in L!(R?) to that of

the set [E [, V®(y,-)dy] ' K. On the other hand, since the function Xg; detV® is stationary, by ergodic
theorem, we have

XR;(E)det V@(S,w) A E/XR; det VO(z,7)dz = 0o ", in L™(R?).
Y

Here, 6 is defined as in (2.24). Consequently, we observe that for any open set K compactly supported in 2,
we have

-1

/XKXQ; dr — 0o " / dr = 0o " det IE/V@(y7 dy |K|=0|K|.
[Efy Vq)(ya')dy]71K Y

Here, we used the fact that det (E [, V®(y,-)dy) = 0™, a fact also proved in [19,18]. Since linear combina-
tions of characteristic functions of compact sets in  are dense in L?(£2), we get the desired result. The fact
that 8§ < 1 is due to the fact that ® does not expand the cells dramatically. This completes the proof of
item two of the theorem up to a subsequence.

Step 3: Identifying the limit. Fix an arbitrary test function ¢ € C§°(€2). Recall the definitions of Q_, K.
and E. in (2.19) and (2.20). For sufficiently small e, the function ¢ is compactly supported in E..

Choose p = ex, k = 1,2 where e; = (1,0) and ez = (0,1). Let wi,, and w5,, be as in (7.15). In view of
Remark 7.1, the weak formulation (7.16) still holds if we remove the integral over v € O. Take (@E, @E)
as a test function there; we get

/ (QuED) - V(@u?)dx + / (QuEr) - V(us )de

Q

EB / wlek w?ek @( E )dS = O
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Similarly, in the weak formulation (3.5), take (w5, ,pws,, ) as the test function; we get

/ (QEF) - V(pus, )dx + / (Q€) - V(pus,, e

Q

Q
1 .
+ = / (uf - )p(ws,, —wS, )ds = 0.
I'.

Note that the integrating domains in the first formula can be taken as above because ¢ is compactly
supported in E., which implies that e®(I") N supp ¢ = I'- Nsupp ¢. Subtracting the two formulas above
and noticing in particular that the interface terms cancel out, we get

/ (@QnEF) - Voudda+ / (@Qng) - Voultdr + / (@) - Vo(Qul —ud™ X7 )dx
Q Q

Q
- / (QEF) - Vpui,, d + / (QE) - Vs, da = 0.
Q

Q

By the convergence results (7.19), (7.17), (7.18), (7.20) and (7.21), we observe that each integrand above is
a product of a strong converging term with a weak converging term. Therefore, we can pass the above to
the limit ¢ — 0 and get

/(nlek + 772ck)u0 : de = /(51 + gQ)xk : Wdfﬂ, (725)
Q Q

where 71., (resp. m2¢,) is defined as the right-hand side of (7.19) with the “+” (resp. “—") sign. The integral
on the right can be written as

[ +&) Flom - aglds = - [(@+8)- v,
Q Q

where we have used (7.22). For the integral involving 7., + 72¢,, we check that

€i - (Mey + M2ey,) = koo / (xovr+ € - Vwl (z,) + xar—€i - Vg (z,-) + &) da.
o(Y)
This shows that
& 9% 9%
(e, + e Juo - Vo =Y e« (Mey, + e, Juo = = Kijto g,

=1 8xj j

where we have used the definition of the matrix (K7;) in (2.26). Now (7.25) becomes

2

95
/ZKZjuoa—wdx = - /(51 +&2) - ex Pda.
o J=1 T

Q

Since ¢ € C5°(R2)) is arbitrary we conclude that
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0
(61 +&)-ex = ZKkJ Y0 for all k.
Substitute this relation in (7.22) and (7.24); one obtains

/K Vug - Vodr = /gap, for all ¢ € H'(2)). (7.26)
o)

Finally, we recall that for all v € Oy,
/Qu:(xv’y)dm = 07 and Q’u’a—(?’Y) - HUO(a’Y) Weakly in LQ(Q)

indicate that

/u (@, 7)dz =lim [ (Quf (z,7) + Quc (z,7))dx

Q Q

—hm Qu (z,7v)d zﬁ/uox'y
Q

Since # < 1, we obtain

/uo(az,v)dm =0. (7.27)

Q

In summary, the weak limit ug(z,v) provides a solution to the problem (7.26)(7.27). Thanks to this
normalization condition and the fact that K* is uniformly elliptic, the proof of which is not difficult and is
omitted, the solution to this problem is unique.

We check that the unique deterministic solution to the homogenized equation (2.25) solves the problem
(7.26)—(7.27). By uniqueness of the latter problem, we conclude that ug(z, ) obtained in step one for all
~v € Op must agree with the deterministic solution to (2.25). We denote this solution as ug(z). Consequently,
all converging subsequences of (ul,u_) converge to ug(z) and hence the whole sequence converges to
this limit. This completes the proof. 0O

7.3. Effective admittivity of a dilute suspension

In this subsection, we consider the case when the cells are dilute. We aim to derive a formal first order
asymptotic expansion of the effective admittivity in terms of the volume fraction of the dilute cells.
In the formula of the homogenized coefficient (2.26), the integral term has the form

Jij=E / ej- Vw;(y7~) dy+E / ej - Vwg (y,-) dy.
a(Y+) (Y -)

Thanks to the ergodic theorem, J;; also takes the form

. 1 _
Jij = J\}lm N2 Z / ej - Vwé:_(y,) dy + / ej - Vwg (y,-) dy

—00
n€I(N) \g (v B(Yi)
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Here, Z(N) is the indices for the cubes {Y,} inside the big cube NY. Now using integration by parts, we
simplify the above expression to

. 1
gy=Jim s | [ el - Y [ - wn) oy dsty)

OB(NY) ne€Z(N)r,

Here, n denotes the outer normal vector along the boundary of ®(NY) and ®(Y,; ), n € Z(N); nj = n - e,
denotes its j-th component. Note that the boundary terms at {0®(Y},) }rez(v)N®(NY) are canceled because
two adjacent cubes share the same outer normal vector at their common boundary except for reversed signs.

Finally, we have seen that w has sub-linear growth. Since the surface ®(NY’) has volume of order O(NN),
the sub-linear growth indicates that the boundary integral at 9®(NY) is of order o(N?). Consequently, when
divided by N? this term goes to zero. By applying the ergodic theorem again, we obtain that

Jy=Jim sy Y [ - won dst) =B [ (g - w)on ds). (129

neZ(N)r, 80(Y )

In the following, we investigate this integral further by deriving a formal representation for the jump w;t —w,
in the case when the inclusions are dilute, i.e., small and far away from each other.

To model the dilute suspension, we assume that the reference cell Y~ is of the form pB, where B is a
domain of unit length scale and unit volume, and p := /|Y~| < 1 denotes the small length scale of the
dilute inclusions. Due to the assumptions (2.17) and (2.18), the length scale of the cell ®(Y ™) is still of
order p. Further, by our construction the distance of the cell ®(Y ~) from the “boundary” 0®(Y") is of order
one, which is much larger than the size of the inclusion.

Since the distances between the inclusions are much larger than their sizes, we may use the single inclusion

+

approximation. That is, w; can be approximated by the solutions to the following interface problem:

V- koVwE =0in ®(Y ") and R? \ &(Y "),

owg, 6‘w ow;,
— €i + T = €i Lo
8n 5 and w;, —w,, = pPBko( o +n-e;) on &),

w; — 0 at co.

Here, ®(T") denotes the boundary of the inclusion. Note that the extra p in the jump condition is due to the
fact that the length scale of the inclusion ®(Y ™) is of order p. Using double layer potentials, we represent
w} and w; as Dgr)[¢;] restricted to ®(Y ) and R? \ ®(Y ™) respectively. Due to the trace formula of
Dg(ry and the jump conditions above, the function ¢; is determined by

0Dy (1 [¢i] N

—¢i = pBho( n n;). (7.29)

oD <1><r>

Let us define the operator Lgr) by , then we have that

+

wl —w, = —¢; = pBko(I + pBkoLar)) '[ni], on ®(I).

As a consequence, we have also that

Jij ~ —pBkoE / I+ pﬁkoﬁ¢(r))71[ni}njd$.
a(I)
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Fig. 8.1. An ellipse translated, rotated and scaled. (For interpretation of the references to color in this figure, the reader is referred
to the web version of this article.)

Let us define ¢; to be —(I + pBkoLar)) ' [ni], that is ¢; + pBkon - VDge(ry[ti](z) = —n;. Define the
scaled function ;(Z) = 1;(pZ) on the scaled curve p~'®(T'). Using the homogeneity of the gradient of the
Newtonian potential, we verify that

Do) [1i] () = Dprary [i](2), and  pn- VDo(r)[1hi](z) = n - VD,mrq(r) [1hi](F),

where & = p~'x. This shows that t; = —(I+ ﬁkoﬁp_lq)(r))_l[ni]. Using the change of variable y — pg in
the previous integral representation of J;;, we rewrite it as

Ty =Bk [ vilppmds(on) = FORE [ dinsds(a)

p~1@(I) p (D)

Finally, the approximation (2.27) of the effective permittivity for the dilute suspension holds, where f = op?
is the volume fraction where g accounts for the averaged change of volume due to the random diffeomorphism;
the polarization matrix M is defined by (2.28) and is associated to the deformed inclusion scaled to the
unit length scale. Note that the imaging approach developed in subsection 6.2 can be applied here as well.

8. Numerical simulations

We present in this section some numerical simulations to illustrate the fact that the Debye relaxation
times are characteristics of the microstructure of the tissue.

We take realistic values for our parameters, which are the same as those used in Subsection 2.2 and let
the frequency w € [10%,10°] Hz.

We first want to retrieve the invariant properties of the Debye relaxation times. We consider (Fig. 8.1)
an elliptic cell (in green) that we translate (to obtain the red one), rotate (to obtain the purple one) and
scale (to obtain the dark blue one). We compute the membrane polarization tensor, its imaginary part, and
the associated eigenvalues which are plotted as a function of the frequency (Fig. 8.2). The frequency is here
represented on a logarithmic scale. One can see that for the two eigenvalues the maximum of the curves
occurs at the same frequency, and hence that the Debye relaxation times are identical for the four elliptic
cells. Note that the red and green curves are even superposed; this comes from the fact that M is invariant
by translation.

Next, we are interested in the effect of the shape of the cell on the Debye relaxation times. We consider
for this purpose, (Fig. 8.3) a circular cell (in green), an elliptic cell (in red) and a very elongated elliptic
cell (in blue). We compute similarly as in the preceding case, the polarization tensors associated to the
three cells, take their imaginary part and plot the two eigenvalues of these imaginary parts with respect
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Fig. 8.2. Frequency dependence of the eigenvalues of M for the 4 ellipses in Fig. 8.1. (For interpretation of the references to color
in this figure, the reader is referred to the web version of this article.)

0
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Fig. 8.3. A circle, an ellipse and a very elongated ellipse. (For interpretation of the references to color in this figure, the reader is
referred to the web version of this article.)

to the frequency. As shown in Fig. 8.4, the maxima occur at different frequencies for the first and second
eigenvalues. Hence, we can distinguish with the Debye relaxation times between these three shapes.

Finally, we study groups of one (in green), two (in blue) and three cells (in red) in the unit period
(Fig. 8.5) and the corresponding polarization tensors for the homogenized media. The associated relaxation
times are different in the three configurations (Fig. 8.6) and hence can be used to differentiate tissues with
different cell density or organization.
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These simulations prove that the Debye relaxation times are characteristics of the shape and organization
of the cells. For a given tissue, the idea is to obtain by spectroscopy the frequency dependence spectrum of
its effective admittivity. One then has access to the membrane polarization tensor and the spectra of the
eigenvalues of its imaginary part. One compares the associated Debye relaxation times to the known ones of
healthy and cancerous tissues at different levels. Then one would be able to know using statical tools with
which probability the imaged tissue is cancerous and at which level.

9. Concluding remarks

In this paper, we have explained how the dependence of the effective electrical admittivity measures
the complexity of the cellular organization of the tissue. We have derived new formulas for the effective
admittivity of suspensions of cells and characterized their dependence with respect to the frequency in terms
of membrane polarization tensors. We have applied the formulas in the dilute case to image suspensions
of cells from electrical boundary measurements. We have presented numerical results to illustrate the use
of the Debye relaxation time in classifying microstructures. We also developed a selective spectroscopic
imaging approach. We have shown that specifying the pulse shape in terms of the relaxation times of the
dilute suspensions gives rise to selective imaging.

An important problem is to investigate the frequency dependence of the effective electrical properties of
dense periodic arrangements of cells such as skin cells. Our classification approach proposed in this paper
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is expected to be applicable for nondilute suspensions but at given volume fraction. Another challenging
problem is to extend our results to elasticity models of the cell. In [10,8], formulas for the effective shear
modulus and effective viscosity of dilute suspensions of elastic inclusions were derived. On the other hand,
it was observed experimentally that the dependence of the viscosity of a biological tissue with respect to
the frequency characterizes the microstructure [16,24]. A mathematical justification and modeling for this
important finding are under investigation and would be the subject of a forthcoming paper.

Finally, it would be very interesting to develop a physics-based learning approach, based on Debye relax-
ation times, for classifying tissue organizations at the cell scale from macroscopic spectroscopic admittivity
measurements. One can learn from training examples such as biopsies the underlying microstructures and
then, classify unseen ones from spectroscopic measurements of their admittivities. For doing so, it is impor-
tant to construct a distance between spectroscopic measurements which allows to statistically classify or
separate different microstructures into different groups.

Appendix A. Extension lemmas

Due to the problem settings of this paper, we need to study convergence properties of functions that
are defined on the multiple connected sets Ry, ®(R}) and e®(R; ). Extension operators becomes useful to
treat such functions.

Consider two open sets U,V C R? with the relation U C V, and two Sobolev spaces WP(U) and
WLP(V), p € [1,00]. What we call an extension operator is a bounded linear map P : W1P(U) — WLP(V),
such that Pu = u a.e. on U for all u € WP(U). In this section, we introduce several extension operators
of this kind that are needed in the paper. They extend functions that are defined on Y, R;, CIJ(R;) and
e®(RS) (hence Q) respectively.

Throughout this section, the short hand notion M 4(f) for a measurable set A C R? with positive volume
and a function f € L'(A) denotes the mean value of f in A, that is

MA(h) = o [ @i (A1)
A

We start with an extension operator inside the unit cube Y. Since Y~ has smooth boundary, there exists
an extension operator S : WHP(Y+) — W1P(Y) such that for all f € WLP(Y+) and p € [1, 00),

ISfllzeyy S Clliflleecy+y,  ISFllwrryy < Cllfllwriry+), (A.2)

where C' only depends on p and Y. Such an S is given in [27, section 5.4], where the second estimate
above is given; the first estimate easily follows from their construction as well. Cioranescu and Saint Jean
Paulin [22] constructed another extension operator which refines the second estimate above. For the reader’s
convenience, we state and prove their result in the following. Similar results can be found in [34] as well.

Theorem Appendix A.1. Let Y, Y ' and Y~ be as defined in section 2; in particular, Y ~ is smooth. Then
there exists an extension operator P : WIP(Y+) — WLP(Y) satisfying that for any f € WEP(Y) and
p € [1,00),

IVPfllevy < CIV ey [1Pflleery < Clfleeer+), (A3)
where C' only depends on the dimension and the set Y ~.

Proof. Recall the mean operator M in (A.1) and the extension operator S in (A.2). Given f, we define P f
by
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Pf=My+(f)+5(f = My+(f)). (A4)
Then by setting 1 = f — My+(f), we have that

IVPflleeyy = IVSU| Lryy < Cllbllwiry+y < CIIVY | oy+y = ClIV fll Loy +)-

In the second inequality above, we used the Poincaré—Wirtinger inequality for 1 and the fact that 1 is
mean-zero on Y. The L? bound of Pf follows from the observation

v
My (F)llrr < (W) TP,

and the LP estimate of Sf in (A.2). This completes the proof. O
Apply the extension operator on each translated cubes in Ry, we get the following:
Corollary Appendix A.1. Recall the definition of Y,,,Y,} and Y,  in section 2. Abuse notations and define

(Pu)ly, = P(uly+), n€Z%ue W P(RS). (A.5)

loc

Then P is an extension operator from Wi)’f(R;) to I/Vlfj’cp(R2). Further, with the same positive constant C

in (A.3) and for any n € Z?, we have
IV Pullovay < CIVulwymys 1Pl < Cllull ey (A.6)

Given a diffeomorphism, the extension operator P can be transformed as follows. In the same manner,
under the map of scaling, the extension operator is naturally defined.

Corollary Appendix A.2. Let ®(-,v) be a random diffeomorphism satisfying (2.17) and (2.18). Denote the
inverse function ®~' by V. Define P, as

Pou=[Puo®)] oW, uecWLI(B(R])). (A7)

loc

Then Py is an extension operator from I/Vlf)cp(@(]R;)) to WI})’f(CI)(R%) which satisfies that

IVPyullLe(@(v,)) < CHVUHLP(@(}/;)): [ PyullLr(@(v,)) < C”U”Lp(cp(y;))a (A.8)
where the constant C depends further on the constants in (2.17) and (2.18).

Corollary Appendix A.3. Let ®(-,y) and U be as above. For each ¢ > 0, define P as follows: for any
ue WP (ed(RY)), Psu is defined on each deformed and scaled cube e®(Y,,) by

loc

T

Pu(e) = =Pa(¥ (%)), (A.9)

where @ = e 'uoe® and P is as in (A.G). Then P is an extension operator from Wﬁ)’cp(s@(Ré")) to
WhP (e®(R?)) which satisfies that for any n € 72,

loc
||VP§U||LP(5<I>(Y,L)) < C”VUHLP(E@(}/;)): ||P§U||LP(5<D(Y,L)) < CHUHLp(s@(y,;))v (A.10)

where the constant C depends on the same parameters as stated below (A.8).
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Proof. We focus on proving (A.10). Under the change of variable z = e®(y), we have
x a1, _
V. Pou(e) = Ve()v, Pate (1) = VR(8()V, Pily).

On each deformed and scaled cube e®(Y,,), we calculate

VPl oy = [ (VaPiu(o)Pde = / VU (B(y))V, Pii(y) <2 det(V (y))dy
e®(Yy)

<e /\v\p NIPIV, Pi(y)|P det(Vd(y))dy < Ce2 /|v Pa(y)|Pdy.
Y,

Here, we have used the Cauchy—Schwarz inequality and the bounds (2.17)-(2.18) on the Jacobian matrix
and its determinant. Upon applying (A.3), we get

IVESullLs oy, < OV s
Since @(y) = Tu(e®(y)), we have V,i(y) = V,®(y)V,u(e®(y)). Change variables in the last integral and
repeat the analysis above to get

IVyall} eI Vaull}

LP(Y+) L (e®(Yi"))"

Combining the above estimates, one finds some C' independent of ¢ or 7 such that (A.10) holds. Moreover,
the constant C' is uniform for all e®(Y;,). The L? estimate for PZu is simpler and ignored. This completes
the proof. O

Finally, we define the extension operator from W1?(QF) to W1?(2). This is essentially the same operator
in Corollary Appendix A.3. Indeed, recall that €2 is decomposed to the cushion K. and the cell containers F;
see (2.20). We only need to apply P5 in E..

Theorem Appendix A.2. Let the domains Qsi, K. and E. be as defined in section 2. Let ®(-,7) be a random
diffeomorphism satisfying (2.17)-(2.18). Define the linear operator PS as follows: for u € WhP(QF), let
Ptu be given by (A.9) in E., and let Piu = u in K.. Then PS is an extension operator from WP (Q}) to
WLP(Q) and it satisfies

HVRj“HLP(Q) < C”Vu”Lp(Qj)v ||P§U||LP(Q) < CHUHLP(Q;), (A.11)
where the constants C'’s do not depend on € or .

Proof. Since PS leaves u unchanged in K. and it satisfies the estimates (A.10) uniformly in the cubes
E. = Uper.e®(Y,), we have the following:

||VP§u||1£p(Q) = Hvu”ip(xg) + Z ||VP€U||LP(5<1>
neZ,

< IVl ey +C S IV, gy < IV, o
nel.

This completes the proof of the first estimate in (A.11). The second estimate follows in the same manner,
completing the proof. O
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Appendix B. Poincaré—Wirtinger inequality

Our next goal is to derive a Poincaré-Wirtinger inequality for functions in H'(Q}) with a constant
independent of € and ~y. The following fact of the fluctuation of a function is useful.

Lemma Appendix B.1. Let X C R? be an open bounded domain with positive volume and f € L'(X).
Assume that X1 C X is a subset with positive volume, then we have

If = Mx, (Dllzz ) < If = Mx(Hllzzx)- (B.1)
Proof. To simplify notations, let f; be the restriction of f on Xy, m; = Mx,(f1) and 6, = | X1|/|X]|.

Similarly, let fo be the restriction of f on Xo = X \ X7, mao = Mx,(f2). Let m = Mx(f). Then we have
that

f-m= fi—mi+ (1=0)(mi —ma), z€ X,
Ja —ma +0(mz —my), z € Xo.

Then basic computation plus the observation that f; — m; integrates to zero on X; for i = 1,2 yield the
following:

1f = mll72cx) = 1 = mallFece,y + I = mallfaix,) + (1= 0)8|X|(m2 —mi)*.
Since the items on the right-hand side are all non-negative, we obtain (B.1). O

Corollary Appendix B.1. Assume the same conditions as in Theorem Appendiz A.2. Then for any u €
HL(QT), we have that

[ull L2ty < ClIVUllL2 o) (B2)
where the constant C does not depend on € or .

Proof. Thanks to Theorem Appendix A.2, we extend u to PSu which is in H'(£2). Use (B.1) and the fact
that Mg+ (u) =0 to get

||UHL2(Q:) < HP,iu - MQ(P§U)||L2(Q)-
Now apply the standard Poincaré-Wirtinger inequality for functions in H*(£2), and then use (A.11). We get
[Pfu— Ma(Piu)llr20) < CIIVPSullr20) < CllVul| 2o

The constant C' depends on ) and the parameters stated in Theorem Appendix A.2 but not on € or 7.
The proof is now complete. 0O

Another corollary of the extension lemma is that we have the following uniform estimate when taking
the trace of u € W, on the fixed boundary 0.

Corollary Appendix B.2. Assume the same conditions as in Theorem Appendiz A.2. Then there exists a
constant C' depending on Q and the parameters as stated in Theorem Appendiz A.2 but independent of €
and v such that
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[l < ClIVull 2oy (B3)

H2 (09)
for any w € HY(Q7F).

Proof. Thanks to Theorem Appendix A.2 we extend u to PSu which is in H 1(Q). The trace inequality on
Q) shows

1P ull COIPyulla (- (B4)

H3 (00)

The desired estimate then follows from (A.11) and (B.2). O
Appendix C. Equivalence of the two norms on W,

In this section, we prove Proposition 3.2 which establishes the equivalence between the two norms on W-..
We essentially follow [45] where the periodic case was considered. The random deformation setting requires
certain modification. The details of such modifications are provided here for the reader’s convenience.

The first inequality of the proposition is proved by the following lemma together with the Poincaré—
Wirtinger inequality (B.2):

Lemma Appendix C.1. There exists a constant C independent of € or -y, such that
[ 2y < CE o 2aaz) + IV 20s) (BY
for any vt € HY(QF) and v= € HY(Q7).

Proof. According to the set-up, the interface I'c consists of e®(T';) where i = 1,---, N(g) are the labels for
the deformed cubes {®(Y;)} inside © and T'; are the corresponding unit scale interfaces.

Let us consider the case of vt € H'(QF); the other case is proved in the same manner. Denote by v;
the restriction of v on the deformed cube e®(Y;). We lift this function to 9;(y) = v;(e®(y)) which is now
defined on YiJr. For this function, we have the trace inequality

19l Z2 ) < CUITNT ¢y ) + IV Tl 2 )- (C.2)

Note that this constant depends on the reference shape Y~ but is uniform in 7.

On the other hand, because for any v € O, the diffeomorphism & satisfies (2.17) and (2.18), the Lebesgue
measures ds(z) on the curve e®(I';) and ds(y) on I';, which are related by the change of variable z = e®(y),
satisfy

Cids(z) < eds(y) < Cads(x)

for some constant C 2 which depend only on the constants in the assumptions and Y~ but uniform in e
and ~; see e.g. [35, Proposition A.1] for a precise relation between ds(z) and ds(y).
Consequently, we have

N(e) N(e)
[0y = Y [ I@Pdste) < €2 3 [l Pas)
i=1 g, i=1p,

Apply (C.2) and change the variable back; use again dz ~ edy and V,; = eV, v; to get
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N(e)

o e, < <3 /m 2 4+ [V, 0(y) Pdy

N(e)

ce' Y / lvs ()] + 2| Vu(z)|?dx

=loayh
This completes the proof of (C.1). O
The other inequality in (3.10) is implied by the following lemma:

Lemma Appendix C.2. There exists a constant C > 0 independent of € or v such that

ooy < € (Vellbllzacrn, + €l Vol agar) ) (3)
for allv e HY(Q).

Proof. We first observe that on the reference cube Y with reference cell Y, we have that

loliZar—y < € (I0l2rgy + V02— ) (C.4)

for any v € H*(Y~) where C only depends on Y~ and the dimension. Indeed, suppose otherwise, we could
find a sequence {v,} C H'(Y ™) such that |vy||f2(y-) =1 but

||’UnHL2(1"0) + ||an||L2 y — 0, asn— oo.

Then since ||v,||g: is uniformly bounded, there exists a subsequence, still denoted as {v, }, and a function
v € HY(Y ™) such that

vp — v weakly in H'(Y ™), Vv, — Vo weakly in L*(Y ™).

Consequently, ||Vv||zz < liminf ||Vu,|r2 = 0, which implies that v = C for some constant. Moreover,
since the embedding H*(Y =) — L?(T'g) is compact, the convergence v,, — v holds strongly in L?(T) and
o]l z2(ry < lim [|vp||L2(ry) = 0. Consequently v = 0. On the other hand, v, — v holds strongly in L*(Y ™)
and hence ||v||f2(y -y = lim |[vn|[z2(y-) = 1. This contradicts with the fact that v = 0.

To prove (C.3), we lift functions in e®(Y;”) to functions in ¥, as in the proof of the previous lemma,
and use the scaling relations of the measures: dz ~ e?dy and ds(x) ~ eds(y). We calculate

N(e) N(e)

||11H22(Q Z / |v]2dx < Ce? /|v| dy < Ce? Z/|v| ds + / |Vo|2dy

=aiy
where in the last inequality we used (C.4). Change the variables back to get

N(e)

1oll? 2 - <C€Z/ ~ 12 ds + / 42|V 2dy.

~hea(r) cB(Y,)

Note that we used again V,0 = ¢V, v. The above inequality is precisely (C.3). O
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Proof of Proposition 3.2. To prove the first inequality, we apply Lemma Appendix C.1 to get

ellut —u |2,y < 2(ellut e,y +ellu1720.y)

< C(||u+”L2 Q+ + ||u ||L2(Q )+€2HVU+HL2(Q+ +E2||vu+||iz(gg-))'

Only the first term in (B.2) does not show in || - || g1 g1, but it is controlled by [[Vu™| ;2 (q+) uniformly in
e and v thanks to (B.2).

For the second inequality, we only need to control ||u~||,» (o). We apply Lemma Appendix C.2 and the
triangle inequality:

o 122 ) < C (el IBaqr,y + ellut —w Paqry +2IVe 12 0- )

Only the first term does not appear in || - ||w., but using Lemma Appendix C.1 and (B.2) we can bound
it by

ellutllZzr,) < CUwF Tz + 2 IVUTIT:gs) < CIVUTII2 o -
This completes the proof. O
Appendix D. Technical lemma

Lemma Appendix D.1. Let oy be a function in D(Q, C°(Y™)) x D(Q,C°(Y 7)). There exists at least one
function 0 in (D(Q,Hﬁ1 (Y1) x D(Q, Hﬁl(Y’)))2 solution of the following problem:

~Vy -0 (z,y) =0 in YT,
—Vy -0 (z,y) =0 nY ",
0t (z,y) - n=0"(z,y) n on T, (D.1)

0F (z,y) - n =] (2,9) — 97 (z,y) onT
y — 0(x,y)Y -periodic.

Proof. We look for a solution under the form § = V7. We hence introduce the following variational problem:

Findn € (H} (Y+)/(C) x (H(Y~)/C)such that

/Vf@ @+/Vn (y)dy
Y+ Y-

- ﬁik [t =o0@ - )wisty)

for ally € (Hﬁl(Y"')/(C) X (H;(Y_)/(C),

for a fixed x € Q. Lax—Milgram theorem gives us existence and uniqueness of such an 7. Since ¢; €
D(Q,C2(YT)) x D(Q,C°(Y ™)), there exists at least one function § € (D(Q, Hy (Y1) x D(Q, H (Y ™))
solution of (D.1). Note that we do not have uniqueness of such a solution. O
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