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ABSTRACT. The main goal of this paper is to understand finer properties of the
effective burning velocity from a combustion model introduced by Majda and
Souganidis [20]. Motivated by results in [4] and applications in turbulent combus-
tion, we show that when the dimension is two and the flow of the ambient fluid
is either weak or very strong, the level set of the effective burning velocity has
flat pieces. Due to the lack of an applicable Hopf-type rigidity result, we need to
identify the exact location of at least one flat piece. Implications on the effective
flame front and other related inverse type problems are also discussed.

1. INTRODUCTION

We consider a flame propagation model proposed by Majda and Souganidis [20]
described as follows. Suppose that V : R® — R" is a given smooth, mean zero,
Z™-periodic and incompressible vector field. Let T'= T'(z,t) : R™ x [0,00) — R be
the solution of the reaction-diffusion-convection equation

1
T,+V -DI' =k AT + — f(T') in R" x (0,00)
Tr

with given compactly supported initial data T'(x,0). Here x and 7, are positive
constants proportional to the flame thickness, which has a small length scale denoted
by € > 0. The nonlinear function f(7") is of KPP type, i.e.,

f>0in (0,1), f<0in (—o00,0)U (1,00),
f'(0) = inf @ > 0.

In turbulent combustions, the velocity field usually varies on small scales as well. We

write V =V (8%) and, since the flame thickness is in general much smaller than the

turbulence scale, as in [20], we set v € (0,1) and write x = de and 7, = € for some
given d > 0. To simplify notations, throughout this paper, we set f'(0) = d = 1.
The corresponding equation becomes

5+ V (%) . DT® = eAT* + %f(TE) in R x (0, 00),
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which has a unique solution 7. It was proven in [20] that 7° — 0 locally uniformly
in {(z,t) : Z < 0}, as ¢ — 0, and 7° — 1 locally uniformly in the interior of
{(z,t) : Z = 0}. Here, Z € C(R™ x [0,400)) is the unique viscosity solution of
a variational inequality. Moreover, the set I'y = 0{z € R" : Z(z,t) < 0} can be
viewed as a moving front and it is shown to move with normal velocity:

vz = a(n),
where «, the so-called effective burning velocity, is defined as follows: for p € R"”,

Here, H :R"™ = R is a convex function called the effective Hamiltonian. For each
p € R", H(p) is defined to be the unique constant (ergodic constant) such that the
following cell problem

(1.2)  H(p+ Du,x) =|p+ Du)* +V(x) - (p+ Du) = H(p) in T" =R"/Z"

admits a periodic viscosity solution u € C%*(T™). See [18] for the general statement.
There is no viscous term in (1.2) because 7 < 1 (see [20, Proposition 1.1]). Note that
a, by definition, has positive homogeneity of degree 1. By the level-set approach,
the effective flame front I'; can be described as the zero level set of F' = F(z,t),
which satisfies

Ft+Oé(DF>:0

with I'y = {F(x,0) = 0}. Thus, a(p) can be viewed as one way to model turbulent
flame speed, a quantity of significant importance in turbulent combustion. See
[11, 25] for comparisons between «a(p) and the turbulent flame speed modeled by
the G-equation (a popular level-set approach model in combustion community).

The original Hamiltonian H(p,z) = |p|* + V(z) - p is similar to the so called
Mané Hamiltonian (or magnetic Lagrangian) in the dynamical system community.
Throughout this paper, we assume that V' is smooth, Z"-periodic, incompressible
and has mean zero, i.e.,

(1.3) div(V) =0 and / Vdx = 0.

Under these assumptions, it is easy to check that
H(0)=0, H(p)>Ip[* and a(p)>2|p|.

Moreover, a(p) is convex. See Lemma 2.1.

Practically speaking, it is always desirable to get more information of the turbu-
lent flame speed (effective burning velocity). In combustion literature, the turbulent
flame speed is often considered to be isotropic and various explicit formulas have
been introduced to quantify it. See [1, 2] and the references therein. So it is natural
to ask whether there exist some non-trivial V' such that the corresponding «(p) is
isotropic. In addition, from the mathematical perspective, it is a very interesting
and challenging problem to rigorously identify the shape of the effective Hamilton-
ian or other effective quantities. In this paper, we are interested in understanding
some refined properties of the effective burning velocity a(p). In particular,
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Question 1. If the flow is not at rest, that is, the velocity field V' is not constantly
zero, can the convex level set {p € R" : a(p) = 1} be strictly convex? A simpler
inverse type question is whether a(p) = ¢|p| for some ¢ > 0 (i.e., isotropic) implies
that V = 0.

Remark 1.1. When n = 2, a(p) is actually C* away from the origin (Lemma 2.1).
If the initial flame front is the circle S* = {x € R* : |x| = 1}, then, owing to
Theorem 2.4, the effective front at t > 0 is Ty = {x + tDa(x) : z € S'} which is a
C' and strictly convex curve. Obviously, if o is Fuclidean, that is a(p) = |p|, then
Iy is round for all t > 0. If the level curve {a(p) = 1} contains a flat piece, then
there exist xg, v1 € S' such that

Da(xs) = Da(xg)  for xs = (1 — s)xg + sx1 and s € [0,1] .

In view of the positive homogeneity of a, Da(p) = Da(xy) = Da(xy) for all p € S?
between o and x1, i.e. (p — xo) - (p — x1) < 0. Owing to the representation of
Iy, the arc between xo and x; of S' is translated in time and is contained in the
front T'y. This somehow implies that along the direction Da(xy), the linear transport
overwhelms the nonlinear reaction term and dominates the spread of flame, i.e., the
propagation behaves like Fy + Da(xg) - DF = 0.

Before stating the main results, we review some related works that partly motivate
the study of the above questions from the mathematical perspective. Consider the
metric Hamiltonian H(p,z) = >_,.; i<, aij(@)pip; with smooth, periodic and posi-
tive definite coefficient (a;;). It was proven in a very interesting paper of Bangert
[4] that, for n = 2, if the convex level curve {p € R? : H(p) < 1} is strictly convex,
then (a;;) must be a constant matrix. The argument consists of two main ingre-
dients. First, through a delicate analysis using two dimensional topology, Bangert
showed that if the level set is strictly convex at a point, then the corresponding
Mather set of that point is the whole torus T? and it is foliated by minimizing
geodesics pointing to a specific direction. Secondly, a well-known theorem of Hopf
[17], which says that a periodic Riemannian metric on R? without conjugate points
must be flat, was then applied for the conclusion. Part of Bangert’s results (e.g.
foliation of the 2d torus by minimizing orbits) was extended to Tonelli Hamiltonians
in [21] for more general surfaces. Combining with the Hopf-type rigidity result in
6] for magnetic Hamiltonian, still for n = 2, it is easy to derive that the level set
of the H associated with the Mafié-type Hamiltonian (1.2) must contain flat pieces
unless V' = 0. We would like to point out that the non-strict convexity has not been
established for general Tonelli Hamiltonian due to the lack of Hopf’s rigidity result
for Finsler metrics. See [26, 24] for instance.

The main difficulty in our situation is that the effective burning velocity « is
related to the effective Hamiltonian H through a variational formulation; see (1.1).
In particular, the level set of a is not the same as that of H and Hopf-type rigidity
results are not applicable. In contrast to the proof in [4], we need to figure out
the exact location of at least one flat piece in our proofs, which is of independent
interest.

In this paper, we establish some results concerning Question 1 when the flow is
either very weak or very strong. The first theorem is for any dimension.
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Theorem 1.1. Assume that V is not constantly zero. Then there exists €9 > 0
such that when € € (0, ), the level curve S. = {p € R" : a.(p) = 1} is not round
(or equivalently, the function a. is not Euclidean). Here, c. is the effective burning
velocity associated with the flow velocity €V .

In two dimensional space, thanks to Lemma 2.1, a(p) € C*(R*\{0}). We prove
further that the level curve of « is not strictly convex under small or strong ad-
vections by identifying the location of at least one flat piece. To state the result
precisely, we recall that, for a set S C R", a point p is said to be a linear point of
S if there exists a unit vector ¢ and a positive number iy > 0 such that the line
segment {p+tq : t € [0, o]} € S. In addition, k € Z™ is called a frequency of V' if
f(o,1)n Ve 2k dy 4 0. Write k* as the rotation of k by Z counterclockwise and

kL
(1.4) Fv = {@ : k is a frequency of V}.

Theorem 1.2. Assume that n =2 and V is not constantly zero. Then

(1) (weak flow) there exists eg > 0 such that when € € (0,¢), the level curve
S. ={p e R? : a.(p) = 1} contains flat pieces. Here, . is the effective
burning velocity associated with the flow velocity €V'. In particular, for any
q € Fv, there exists ¢, > 0 such that when ¢ € (0,¢,), any p € S: which has
q as its outward normal vector is a linear point of S..

(2) (strong flow) there exists Ag > 0 such that when A > Ay, the level curve
Sa={p € R? : a,(p) = 1} contains flat pieces. Here, ay is the effective
burning velocity associated with the flow velocity AV'. In particular, if the
flow & =V (&) has a swirl (i.e., a closed orbit that is not a single point), any
p € S which has a rational outward normal vector is a linear point of Sa
when A > Ay.

It is interesting to point out that, in the above Case (2) with a swirl, the outer
normal vector behaves like a Cantor function. We conjecture that flat segments
should exist for all amplitude parameters A € (0,00). So far, we can only show this
for some special flows. Precisely speaking,

Theorem 1.3. Assume either
(1) (shear flow) V(z) = (v(2),0) for x = (x1,29) € R?, where v : R — R is a
1-periodic smooth function with mean zero, or
(2) (cellular flow) V() = (= Ka,, Ky ) with K(z1,22) = sin(272y) sin(27zy) for
x = (11,29) € R?,
Then for any fized A # 0, the level curve Sy = {p € R* : as(p) = 1} contains flat
pieces. Here, as s the effective burning velocity associated with the flow velocity
AV, In particular, for (1), flat pieces appear at least at the location where the
outward normal vector is (£1,0) and for (2), flat pieces appear at least at the location
where the outward normal vector is (£1,0) or (0, £1).

We would like to point out that for the cellular flow in part (2) of Theorem 1.3,
it was derived by Xin and Yu [25] that
as(p)log A .

Jim SXEE (| + |y,
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for p = (p1,p2) € R? and a fixed constant C. See Remark 2.1 for front motion
associated with the Hamiltonian H(p) = |p1| + |p2|. Moreover, it remains an inter-
esting question to at least extend the above global result to flows which have both
shear and cellular structures, e.g., the cat’s eye flow. A prototypical example is
V(z) = (—Kqy, Kyy) with K (21, 22) = sin(27xq) sin(2mzs) + § cos(2mxy) cos(2mxs)
for 6 € (0,1).

General inverse problems. In general, the effective burning velocity cannot
determine the structure of the ambient fluid. The reason is that the function a(p)
is homogeneous of degree one and only depends on the value of H from (1.2) in a
bounded domain. So a(p) cannot see the velocity field V' in places where it rotates
very fast. See Claim 1 in the proof of Theorem 1.2. See also (9.5) in [3] for a related
situation. Nevertheless, we can address the following inverse type problem for the
effective Hamiltonian H (p).

Question 2. Assume that H;(p,y) = |p|>+ Vi(y)-p. Assume further that H, = Ho,
where H; is the corresponding effective Hamiltonian of H; for i = 1,2. Then what
can we conclude about the relations between V; and V,? Especially, can we identify
some common ‘computable” properties shared by V; and V57

This kind of questions was posed and studied first in Luo, Tran and Yu [19] for
Hamiltonians of separable forms, i.e., when H;(p,y) = H(p) + Wi(y) for i = 1,2.
Here H(p) is the kinetic energy and W; is the potential energy. As discussed in [19],
a lot of tools from dynamical systems, e.g. KAM theory, Aubry-Mather theory, are
involved in the study and the analysis of the problems. For Question 2, we conclude
that if the Fourier coefficients of V; for ¢« = 1, 2 decay very fast, then

Fl :ﬁg = |‘/1|2dy: |‘/2|2dy
Tn Tn

This follows from the approach of “asymptotic expansion at infinity” introduced in
[19]. The key idea is to expand H; “near” oo. Consider H;(sp) with s > 1:

|sp + Dwl|? + Vi(z) - (sp + Dw) = Hy(sp).
Dividing s% on both sides,

|

1 i
p+ Dusf? + i) - (p+ Dy = TP

where w, := 7. Then we can perform asymptotic expansions of w, and @ with
respect to the small parameter ¢ = % and compare coefficients of ¥ for k = 0,1,2
which involve Fourier coefficients of V;. Since the proof is similar to that of (3) in

Theorem 1.2 of [19], we omit it here.

Outline of the paper. For readers’ convenience, we give a quick review of Mather
sets and the weak KAM theory in Section 2. Some basic properties of a(p) (e.g.
the C! regularity) will be derived as well. In Section 3, we prove Theorems 1.1 via
perturbation arguments. Theorems 1.2 and 1.3 will be established in Section 4. The
use of two dimensional topology is extremely essential here and we do not know yet
if the results of Theorems 1.2 and 1.3 can be extended to higher dimensional spaces.
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2. PRELIMINARIES

For the reader’s convenience, we briefly review some basic results concerning the
Mather sets and the weak KAM theory. See [10, 12, 14] for more details. Let
T" = R™/Z"™ be the n-dimensional flat torus and H(p,z) € C*(R" x R™) be a
Tonelli Hamiltonian, i.e., it satisfies that

(H1) (Periodicity) = — H(p, z) is T"-periodic;
(H2) (Uniform convexity) There exists ¢y > 0 such that for all n = (ny,...,m,) €
R™, and (p,z) € R" x R",

> gy bl
NN = Coln|™
i1 8piapj !
Let L(q,z) = sup,egraip - ¢ — H(p, )} be the Lagrangian associated with H. Let
W denote the set of all Borel probability measures on R™ x T™ that are invariant
under the corresponding Euler-Lagrangian flow.

For each fixed p € R", an element p in W is called a Mather measure if

/ (L(¢,x) —p-q)dp = min/ (L(q,7) —p-q)dv,
Rn xT" VEW JRrnxTn

that is, if it minimizes the action associated to L(q,z) — p - ¢. Denote by W, the
set of all such Mather measures. The value of the minimum action turns out to be
—H(p), where H(p) is the unique real number such that the following Hamilton-
Jacobi equation

(2.5) H(p+ Du,z)=H(p) inT"
has a periodic viscosity solution u € C%1(T™). Equation (2.5) is usually called the
cell problem and H is called the effective Hamiltonian.

The Mather set is defined to be the closure of the union of the support of all
Mather measures, i.e.,

M, = | supp(p).

LEWp

The projected Mather set M,, is the projection of Mvp to T". The following basic
and important properties of the Mather set are used frequently in this paper.
(1) For any viscosity solution u of equation (2.5), we have that

(2.6) //\/lvp C {(g,x) e R" x T" : Du(z) exists and p + Du(x) = D,L(q,x)}.
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Moreover u € C*'(M,,). More precisely, there exists a constant C' depending only
on H and p such that, for all y € T” and x € M,,

lu(y) — u(x) — Du(z) - (y — 2)| < Cly — =,

| Du(y) — Du(z)| < Cly — .

(2) For any orbit £ : R — T" such that (£(t),£(t)) € M,, for all t € R, we lift £ to
R"™ and denote the lifted orbit on R” still by £&. Then, £ is an absolutely minimizing
curve with respect to L(q,z) —p-q+ H(p) in R", i.e., for any —0co < 85 < 51 < 00,
—00 < ty < t; < oo and 7 : [sg,51] — R™ absolutely continuous satisfying 7y(sz) =
&(ty) and y(s1) = £(t1) the following inequality holds,

/ Y (LG($).7(5) = p- 4(s) + H(p)) ds > /

s1 t1

to

(LEW®.&0) ~p- &) + Hw) ) de

which is equivalent to

20 [ (L) + ) ds |

S1 ty

to

(LE®.€) + H(p)) d.
Moreover, if £ is a periodic orbit, then its rotation vector

(2.8) §(T)T—§(0) € 0H(p).
Here T is the period of ¢ and OH (p) is the subdifferential of H at p, i.e., ¢ € OH(p)
if H(p') > H(p) +q- (p/ —p) for all p’ € R"™.

A central problem in weak KAM theory is to understand the relation between
analytic properties of the effective Hamiltonian H and the underlying Hamiltonian
system (e.g. structures of Mather sets). For instance, Bangert [3] gave a detailed
characterization of Mather and Aubry sets on the 2-torus T? for metric or mechanical
Hamiltonians (i.e., H(p,z) = 3, ic,, aijpip;+W (x) with a positive definite (a;;).).

Let us mention some known results in this direction which are more relevant to
this paper. As an immediate corollary of [7, Proposition 3], we have the following
result concerning the level curves of H in two dimensional space.

Theorem 2.1. Assume that n = 2. If H(p) = ¢ > min H, then the set OH(p) is a
closed radial interval, i.e., there exist a unit vector ¢ € R? and 0 < s; < sy such that
OH (p) = [s1q, s2q):= {sq : s € [s1, 82]}. In particular, this implies that the level set
{peR?: H(p) =c} is a closed C* convex curve and q is the unit outward normal
vector at p.

The following theorem was first proven in [12; Theorem 8.1]. It says that the
effective Hamiltonian is strictly convex along any direction that is not tangent to
the level set.

Theorem 2.2. Assume that p1, p, € R™. Suppose that H(p;) > min H and H is
linear along the line segment connecting p; and ps. Then

H(tp1 + (1 —t)pe) = H(pa) for allt € [0,1].

_In dynamical system literature, the effective Hamiltonian ﬁ_and its Lagrangian
L are often called a and 5 functions respectively. Since Q € 0H(P) < P € 0L(Q),
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that L is not differentiable at @ implies that H is linear along any two vectors in
OL(Q). Accordingly, as an immediate outcome of [21, Corollary 1], we have that

Theorem 2.3. Letn =2, ¢ > minH and p € T. = {H = c}. If the unit normal
vector of I'c at p is a rational vector and p is not a linear point of I'c, then M,
consists of periodic orbits which foliate T?.

For metric or mechanical Hamiltonians (i.e., H(p,z) = >\, ;<, aijpip; + W(x)),
the above result was first established in [4]. See also [22] for a closely related result
about twist maps.

In this paper we have the Mané Hamiltonian H(p,x) = |p|*> + V(z) - p, with
smooth periodic velocity field V' satisfying (1.3), and the main objective is to study
the properties of the effective burning velocity a(p) given by (1.1) and (1.2). In
particular, H satisfies (H1)—-(H2) and, hence, the previous theorems in this section
apply. We conclude this section with some useful properties of a.

Lemma 2.1. Fiz p € R"\{0}. The followings hold.

(1) a: R™ — R is convex, and there exists a unique A\, > 0 such that
_ 1+ H(\p)
Ap '
Moreover, there exists q € (9F()\pp) such that
¢ \pp=H(A\p) + L.

(2) Assume that n = 2. Then a(p) € CH(R™\{0}).
(3) Assume that n = 2. Then p is a linear point of the level curve {a = 1} if
and only if \yp is a linear point of the level curve {H = \, — 1}.

a(p)

Proof. (1) Taking integration on both sides of (1.2), since V' is incompressible and
has zero mean, we have that
H(p) > |pf*.

The existence of ), is clear. For the convexity of «, fix py, p1 € R™\{0} and choose
Ao, A1 > 0 such that
1+ H (A 1+ H(A

+ H(Aopo) and  apy) = + H( 1p1).
)\0 )\1

For 6 € [0,1], write ps = Op1 + (1 — O)py. If py = 0, the convexity is obvious

since a(0) = 0 and «a(p) > 2|p|. So we assume py # 0. Choose Ay > 0 such that
1

o= /\i + 1A—_‘9. It follows immediately from the definition of o and the convexity of
0 1 0

H that

a(po) =

1+ H(\
otp) < O

The convexity of « is proved. B
Next we prove the uniqueness of \,. Assume that for A\, A > 0, we have that
1+ H(\p 1+ H(\p

wtpy = L HOR) _ 1+ 0

< Ba(pr) + (1 = 0)a(po).
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Then da(p) € OH(\p) and da(p) € OH (Ap). Therefore, O0H (A\p) NOH (Ap) # 0. So
H is linear along the line segment connecting Ap and Ap. Then by Theorem 2.2,
H(\p) = H(\p), which immediately leads to A = .

Next we prove the second equality in Claim (1). For A > 0, denote by w(\) =
H(\p) > N\?|p|? and

14+ w(A)
= N
Since w(A) is convex, there exists a decreasing sequence {\,,} such that \,, | A,
and w is differentiable at \,, and h’'()\,,) > 0. Clearly,

h()\)

W' (Am) = g -p  for any g, € IH(Xyp).

Up to a subsequence, we may assume that g, — ¢* € OH(\,p). Then in light of
the fact that h'(\,;,) > 0, we deduce

q" - App > H(A\pp) + 1.
Similarly, by considering an increasing sequence that converges to \,, we can pick
q~ € 0H(\,p) such that

q - Ap < H(A\p)+ 1.
Since OH (\,p) is a convex set, we can find ¢ € 9H(\,p) which satisfies

q-App = ﬁ()‘pp) + 1.

(2) Apparently,

(2.9) g€ odalp) = qeIH(\p).

Owing to Theorem 2.1, da(p) is also a closed radial interval. Since «a(p) is homo-
geneous of degree 1, any ¢ € da(p) satisfies p - ¢ = a(p). Since p # 0 and «(p) > 0,
this interval can only contain a single point; it follows that « is differentiable at p.

(3) “=7: This part is true in any dimension. Clearly, that p is a linear point of
S = {a = 1} implies that there exists p’ € S such that p # p’ and

da(p) N oa(p’) # 0.

By (2.9), da(p) € OH(N\yp) and da(p’) € OH(A\yp'). Hence H is linear along the
line segment connecting A\,p and \,p’. Then Theorem 2.2 implies that H(\,p) =
H()\yp') and A\, = \y. The necessity then follows.

Now we prove the sufficiency which relies on the 2-dimensional topology. For
p € R? assume that A\,p is a linear point of the level curve C, = {H = )\, — 1},
i.e., there exists a distinct vector A\,p’ € C, such that the line segment [,, =
{sp+ (1 —s)p’ : s €]0,1]}, which connects p and p’, satisfies [, ,, C {G = 1}. Here
for ¢ € R?,

1+ H(\gq
)

4
By Theorem 2.1 and Da(p) € dG(p) = OH(\,p), we have that
9G(p) = {sDa(p) : s € |01, 6]}

for some 0 < 0y < 05. Therefore Da(p) - (p' — p) = 0, which implies that

1==G(q) > alq) > a(p) + Da(p) - (¢ —p) = a(p) =1

G(q)
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for any ¢ € I, ,y. Hence I,y C {a =1} and p is a linear point.
O

The following result characterizes the shape of the moving front when the initial
front is the unit circle in R2.

Theorem 2.4. Suppose that n =2 and o : R? — R is convex, coercive and positive
homogeneous of degree 1. Let u € C(R? x [0,+00)) be the unique viscosity solution
to

u + a(Du) =0 in R™ x (0, +00)

u(x,0) = |z| — 1.

Then u(x,t) = max{—ta(p) + x-p : |p| <1} — 1 and its zero level set is

(2.10) I[y={reR?: u(x,t) =0} ={p+tqg: pe S qgecoa(p)}
Also T'y is C*. Moreover,
(2.11) a € CHR*\{0}) <= T is strictly convex.

Proof. We first prove the representation (2.10). Due to the 1-homogeneity of a(p),
p-q = a(p) for any ¢ € da(p). The formula of u(z,t) then follows directly from
Theorem 3.1 in [5]. Clearly, if u(x,t) > —1, then

u(z,t) = max{—ta(p)+z-p: |p|=1} — 1.
Now fix z € R? such that u(z,t) = 0. Choose |[p| = 1 such that
(2.12) u(z,t) =p- -z —ta(p) —1=0.
By the Lagrange multiplier method, we get x — tq = sp for some ¢ € Ja(p) and
some s € R. We use (2.12) to deduce further that s = 1, and hence x = p + tgq.
Conversely, if z = p + tq for some p € S* and ¢ € da(p), we want to show that

u(x,t) = 0. In fact, in the representation formula of u, choosing p = p immediately
leads to u(x,t) > 0. On the other hand, for any |p| = 1, ¢ € 0a(p) implies

a(p) > a(p) +q- (p— D).
Therefore

—ta(p) +x-p < —ta(p) —tq- (p—p)+x-p=p-p< L
So u(z,t) < 0. Hence we proved that u(z,t) = 0.

Next we show that I'; is C'. Fix ¢t > 0. Owing to the above arguments, given
x € Ty, there exists a unique unit vector p, such that x = p,+q, for some ¢, € da(p,)
and

u(z,t) = —ta(py) + pe -z — 1.
The uniqueness is due to the convexity of a which implies that (p—p')-(¢—¢') >0
for ¢ € da(p) and ¢’ € da(p'). Hence z — p, is a continuous map from I'; to the
unit circle. Combining with p, € d,u(z,t), p, is the outward unit normal vector of
I'; at x and I} is C.

Next we prove the duality (2.11). Again fix ¢ > 0. This direction “<” follows
immediately from the representation formula (2.10). So let us prove “=". We argue
by contradiction. Assume that « is C' away from the origin. If T'; is not strictly
convex, then there exist x, y € I'; such that x # y and p, = p,. Hence ¢, # q,.
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However, ¢, = Da(p,) = Da(p,) = gy, which is a contradiction. This proves that
(2.11) holds. O

Remark 2.1. As mentioned in Remark 1.1, when n = 2, a flat piece on the level
set {a(p) = 1} leads to a translated arc of the unit circle on I'y. Moreover, singular
points of a (i.e., points where da(p) contains a line segment) generate flat pieces
on I'y. For example, if a(p) = |p1| + |p2| for p = (p1,p2), then the front T'y att =1
15 the closed curve shown in Fig. 1:

translated . - - I'h

arcs . \
1 ‘e

a flat piece
‘ from the
" | singular point (1,0)

F1GURE 1. Front propagation and the shape of I';.

3. THE PROOF OF THEOREM 1.1

Fix p € R" to be an irrational vector satisfying a Diophantine condition, i.e.,
there exist ¢ = ¢(p) > 0 and v > 0 such that

|p-kyz# for all k € 2"\ {0}.

For small ¢, let H.(p) be the effective Hamiltonian associated with |p|>+eV -p, i.e.,
(3.13) lp+ Duf|> + eV - (p+ Duf) = H.(p).

We now perform a formal asymptotic expansion in term of e, which will be proved
rigorously by using the viscosity solution techniques. Suppose that

u€:5¢1—|—62¢2+---
H.(p) = ao(p) + a1 (p) + 2as(p) + - -
We then get that

(3.14) ao(p) = |pl*
ai(p) =2p-Dp1+V -p=a1(p) =0

az(p) = 2p - Do + | D1 > + V - Dy = az(p) = | Doy |* dz:
Tn

Set

V — § :,Ukez?ﬂ'k-w

k0
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We need v, - k = 0 for all £ to have that divV = 0. Then we get

z27rk T

_ __Z (p- Uk
and

Z |p ve|? ||

B
4 [p-k
Thus, formally, we can conclude that

2 p - ox? kal2 3
H.(p) = |p| +e—z S HOED:
k40
We now prove this expansion formula rigorously. See related computations in [16].

Lemma 3.1. There exists 7 > 0, such that for all p satisfying a Diophantine
condition and |p| € [7,1], we have

(3.15) m.0) = o+ =23 0 o
k;éO

as € — 0. Here, the error term satisfies |O(e®)| < Ke? for some K depending only
on T,V and “%‘

Proof. As p satisfies a Diophantine condition, we are able to solve the following two
equations explicitly in T" by computing the Fourier coefficients

p-Dgy=—3V-p
p- Doy = 5 (az(p) — [Dé1|* =V - D).

Here ¢, g5 : T" — R are unknown functions.
Set w® = ¢y + €2¢9. Then, in light of the properties of ¢, ¢, w® satisfies

p + Dwf? + eV - (p+ Duw®) = [p|* + e%az(p) + O(€°).

By looking at places where u® — w® attains its maximum and minimum and using
the definition of viscosity solutions, we derive that

H.(p) = p]* + £%as(p) + O().
The error estimate can be read from the proof easily. U

It is obvious that as(p) is not a constant function of p. Hence Theorem 1.1 follows
immediately from the following lemma.

Lemma 3.2. Let p € R" be a vector satisfying a Diophantine condition. For each
€ (0,1], let a be the effective burning velocity function defined by (1.1) with H
replaced by associated to H.. Then

' e—0 e2|p|

= as(p).
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Proof. Since a.(p) is homogeneous of degree 1 and ay(p) is homogeneous of degree
0 (az(p) = az2(Ap) for all A > 0), we may assume that |p| = 1. Thanks to Lemma
3.1, we can write

v |2 k|2
(3.17) H.(p) = |p|* + %= Z p: ’“’k‘z | + 0% = 1+ 2as(p) + O(E%).
k;«éO |
Owing to Lemma 2.1, there exists a unique constant A\. = A\.(p) > 0 such that

au(p) = LEHOD) !

> A+ —.
Ae = At Ae
The second inequality is due to H.(q) > |q|?. By the definition, it is obvious that
a. <14 H.(p) =2 +%asx(p) + O(?).

Hence it is easy to see that A\. — 1 as ¢ — 0. Then by Lemma 3.1 and A\, + )\% > 2,
a.(p) > 2 + as(p) + O(?).
Therefore, the conclusion of the lemma holds. O

4. PROOFS OF THEOREMS 1.2 AND 1.3

Before proceeding to the proofs, we would like to point out some connection but
more importantly a crucial difference between the studies of the flat pieces of the
level curves of H and those of . Clearly, if the level curve {a = 1} of « is strictly
convex at p, the level curve {H = Ap — 1} of H must be strictly convex at ApDs
where )\, is determined by Lemma 2.1. Nevertheless, our results do not follow from
any rigidity result for H, namely that of [6]. Indeed, different p’s in {o = 1} might
correspond to different \,, which corresponds to different energy levels of H, but
the rigidity result from [6] can be applied only on the same energy level. A key
point of our proofs is to identify the exact location of at least one flat piece.

We first prove Claim (1) of Theorem 1.2.

Proof of Theorem 1.2 (1). We carry out the proof in a few steps.

Step 1: Due to Claim (2) of Lemma 2.1, the level curve S. is C'. Tt is worth
keeping in mind that a.(p) is homogeneous of degree 1. For each p € S;, denote n,,
the outward unit normal vector at p to S..

Step 2: Fix gy € Fy from (1.4). Then there exists ko € Z? \ {0} such that kg is
a frequency of V and qo = kg /|ko|. We claim that if V is not constantly zero, then
there exists xy € R? satisfying that

%ol 1
(4.18) / qo - DV (xo + qot) dt = / ky - DV (wg + kyt) dt # 0.
0

0

Here qo - DV = D(qo - V). Caution: gy - DV (x + qot) # %ﬁqm.
In fact, assume that V(y) = >,z vke™™, where {v;} C R? are the Fourier
coefficients of V. Since div(V) = 0 and [, V dz = 0, we have that vy = 0 and

(4.19) k-v,=0 forall ke€Z
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Also, vy, # 0 since ky is a frequency. Then for any q € R?,

kez2\{0}

Now for the vector gy = kg /|ko| that is fixed earlier, we deduce from the results
above that

1
/QO'DV(JI—l—kd‘t)dt:O forallz € R®> = ¢qo-wvy, = 0.
0

Combining with (4.19), we deduce that vy, = 0. This is a contradiction. So our
claim holds.

Step 3: For each € > 0, choose p. € S. such that n,. = qo = ki /|ko|.- To
simplify notations, we write n. = n, . We claim that when ¢ is small enough,
pe is a linear point of the set {a. = 1}. Suppose this is false, then there exists
a decreasing sequence ¢,, | 0 and a sequence {p., } such that p.  is not a linear
point of the set {a.,, = 1}. By (3) of Lemma 2.1, p.,, = A, pe, is not a linear
point of the level curve {H. = \. — 1} either. Here A, > 0 is from Lemma 2.1.
Clearly, the outward unit normal vector of the level curve {H,, = \.,, — 1} at .,
is also gp. According to Theorem 2.3, the projected Mather set Mj_ is the whole
torus T2. Moreover, by (2.8), there is a periodic minimizing orbit &, : R — R?
passing through xq from Step 2 such that &,,(0) = zo, & (tm) = xo + |ko|qo for some
t,, > 0 and ¢ satisfies the Euler-Lagrange equation associated with the Lagrangian
L(g,x) = {lg — emV[*

a(6nl) =2V ()
— — — (&n() = 2V (En(®)) ) - emDV (Em).

Taking the integration on both sides over [0, ¢,,], and by periodicity, we get

/ (€n(t) — enV (€nlt))) - DV (&) dt = 0.

Sending m — 400, we find

[%ol
/ qo - DV(LE(] + th) dt = 0.
0

This contradicts to (4.18). As a result, we identified a flat piece of S.. O
Next we prove Claim (2) of Theorem 1.2.

Proof of Theorem 1.2(2). Recall that, for A > 0 and p € R?, a4(p) is defined
as

. HA()\p) +1
= inf —————.
@alp) = fnf ===
Here H , is the effective Hamiltonian associated with H(p,z) = |p|> + AV - p. The
corresponding Lagrangian is

1
La(g,2) = gl — AV ().
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For p € R*\{0} and A > 0, by Lemma 2.1, denote A, 4 > 0 as the unique positive
number such that

HA()\%AP) +1
Ap.A ’

aa(p) =

Since V' is divergence-free and has zero mean, there exists a smooth periodic
function K (stream function) such that V = (=K,,, K,,). Clearly, we have that
DK -V = 0. We consider the dynamical system £ = V(£). The flow & : T?> — T2,
at each t > 0, is then Lebesgue-measure preserving and has zero mean translation.
It follows that, for each t > 0, & has fixed points; see for instance [8]. Since V' # 0,
the system must have non-critical periodic orbits on T2. Note also that the system
can also be viewed as defined on the whole space R?; we adopt both views in the
following proof. We have the following two cases.

Case 1: £ = V(€) has a non-critical contractable periodic orbit on T2. This
means the orbit on T? can be continuously shrunk to a point or, equivalently, the
lift of this orbit to R? is a closed curve in some compact set. By the stability in 2d,
there exists a strip of closed periodic orbits in its neighborhood. Without loss of
generality, we may label them as ~,(t) for s € [0, §] for some ¢ > 0 sufficiently small
such that K (vs(t)) = s and 75(0) = 75(7%s) for some Ty > 0 (minimum period). See
the following figure. Denote I' = (J o {7s(t) : ¢ € [0,7}]} as the union of these
closed curves and

7 =max|DK(x)| > 0.
zel

F1GURE 2. Closed periodic orbits in I"

Claim 1: For p € R2, if H 4(p) < ¢A? for ¢ = 4° then any unbounded absolutely

2.2
TsT

minimizing trajectory associated with L4 + H 4(p) cannot intersect 7.
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We argue by contradiction. If not, let £ : R — R? be an unbounded absolutely
minimizing trajectory with €N~ # (). Then there must exist t; < ty < t3 < t4 such
that

§(t1),€(ta) € 75, &(t2),€(t3) €70 and ([t o)) U E([ts, ta]) C T

See Figure 2 for demonstration. Set

E1:[12i|§_AV(£>|2 +ﬁA(p)dS and EQ:/ts4i|§—AV(§)|2+ﬁA(p)d8

Since
€= AV(g)] > %!é — AV IDK(9)| = %Mé — AV(€))- DE(9)] = %lw@)\
for w(t) = K(&(t)) and t € [t1,ta] U [t3, t4], we have that

e 1 to ta
Ey+ Ey > Ha(p)(ty —t1 +ty —t3) + — (/ \w(t)y2dt+/ |w(t)]2dt)
t1 t3

4712

> Ha(p)(ty —t +t t)+1 i + i
= 2 AP)(l2 1Tle—13 12\t —ts  th—1y

20 /=

> - H a(p).

However, if we travel from £(t1) to £(¢4) along the route y(s) = ~s(sA), the cost

is at most %ﬁA(p) < %\ /H 4(p). This contradicts to the assumption that ¢ is a
minimizing trajectory. Hence our above claim holds.

Now choose gy > 0 such that e2+ Mgy < & for M = maxry |V]. Owing to Lemma
4.2, there exists Ag such that if A > Ag, then

9
Apoa < §°A

for any unit vector p.

Claim 2: Assume that ps € Sy = {a4 = 1} has a rational outward normal vector.
Then p4 is a linear point of Sy if A > Aj.

In view of item (2) in Lemma 2.1, S is a convex C' curve, and the set of
outward normal vectors attached to Sy is the whole S*. The claim above, hence,
locates countably many flat pieces of S, provided that Case 1 occurs.

We prove Claim 2 by contradiction. Clearly, pa # 0, so the above is equivalent

to say that p = ﬁ is a linear point of the level curve {ozA(p) = ﬁ}. Suppose p

is not a linear point, by Theorem 2.3 and (3) of Lemma 2.1, H 4 is strictly convex
at A\p 4D and the associated projected Mather set M, ,p is the whole Torus. Due
to Claim 1, we must have that

H 4(A\p.ap) > cA®.
Since Ha(p) < |p|> + AM|p|, we have that A\;4 > g9A. This contradicts to the

choice of A. Therefore, the above claim holds and the result of this theorem follows.

Case 2: Next we consider the case when & = V(&) has a non-contractible periodic
orbit on T? or, equivalently, the lifted system on R? has a solution 1 : R — R2
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such that n(Ty) — n(0) € Z2\{(0,0)} for some Ty > 0. Denote gy as a rotation
vector of n. Clearly, ¢y is a rational vector. Since fTQ Vdx = 0, there also exists a

non-contractible periodic orbit 7(t) = V(7(t)) with a rotation vector —cgy for some
c > 0. See the following Figure 3.

FiGUurE 3. Unbounded periodic orbits n and n

90

Claim 3: Choose psy € S4 such that the unit outward normal vector at p4 is ool

Then when A is large enough, p4 is a linear point of Sy.

This is consistent with the last statement in Remark 1.1: when A is very large,
we expect the shear structure to dominate the flame propagation. Again, the set
of outward unit normal vectors of S, is the whole circle S*, so the p4 above exists.
Claim 3 hence locates at least one flat piece of Sy, provided that Case 2 occurs.

Again, the claim is equivalent to say that p = Ii_il is a linear point of the level

curve {a alp) = MTZ‘} for sufficiently large A. We argue by contradiction. If not,

then by (3) of Lemma 2.1, there exist a sequence A, — +00 as m — oo and
|pm| = 1 such that H 4, (Anpm) is strictly convex near A,,p,,. Here \,, > 0 is the
unique number satisfying (Lemma 2.1)

1+ Ha, (Ampm
0 () = e )

Therefore, by Theorem 2.3, the associated projected Mather set M, ;.. is the whole
torus. So there exists a unique periodic C! solution v, (up to additive constants)
to

AP + Dop|? + AV - Mupm + D) = Ha, (Ampm)  in R2,

Let Ty and T be the minimal period of 5 and 7 respectively. Then ¢y = %:7(0)
7(Th)—7(0)

- Taking integration along 7 and 7, we obtain that

and —cqy =
1 ["

ZTO |/\mpm + Dvm(n(3>)|2 ds + Amqo . /\mpm - HAm<)\mpm>
0
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and i
I e —
? / |)‘mpm + Dvm<77<3))| ds — cAmqo - AmPm = HAm()\mpm)'
0Jo

Accordingly, without loss of generality, we may assume that for all m > 1,

s A + Do (1(9)] 2 \/ Fa,, o)

So there exists z,, € n(R) N [0, 1]™ such that

(4.20) AP + D (2)] > v/ Ha,, AnDm).

Since the projected Mather set M, ... is the whole torus and the unit outward

normal vector of {Ha, = Ha,, (AmPm)} at Apbpm is also ‘Z—EP by (2.8), we may

find an non-contractable periodic minimizing trajectory &, : R — R? such that
Em(0) = x, and & (t) = T + aoqo (see Figure 3). Here ¢, > 0 is the minimal
period of &, and ag > 0 is the smallest positive number such that agqy € Z?. Note
that n(7o) — n(0) = agqo as well. Moreover, by (2.6),

(4.21) € = 2(AmDi + Dum(Em)) + AV (En)

and, by evaluating the cell problem along the curve &,, and differentiating in time,
we get, after some cancellation,

d(Em(8) = AnV (Em(s))) _ (e — AV (Em) A DV ().

ds
Since &, is an absolutely minimizing trajectory, we must have that
Ty — fm 1 _
(4.22) A—OHAm()\mpm) > / Z—l\fm(s) — A V(ED) P ds 4+t H A, (AnPm)-
m 0

The left hand side of the above is the cost of traveling along the route v(s) = n(s4,,)
from z,, to x,, + aqy. So t,, < g—i. Consider

Then w,, is an non-contractable periodic curve with a minimal period A,,t,, < T,

(4.23) imm — V(wm)* + %V(wm) (W = V(W) = W

and
(o) Z VL) — (i (5) = Vi (5)) - DV ()
Denote G(s) = |t(s) — V(wm(s))|?. Then
G'(s) < CG(s)

for C' = 2maxg: |[DV]. So w < C. This implies that for 0 < s; < s <
thm S TOa

Q

(s2

S 60(32—31) S GCTO
(s1

Q
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and

G(s1) _ G(s1+ Antm) < ClsrtAmtm=s2) < (CTo.
G(SQ) G(Sg)
Combining with the periodicity of GG, we obtain that

Mingeg [Wn(s) — V(wy,(s))| Ty

4.24 : 2 b =e 7
424) ke [ (5) — V(wn () =
Owing to (4.22), we obtain that
Amtm AToH A, (AP
(4.25) / [t (8) — V(wp(8))]|? ds < 0 AZ; 1% )
0 m

Owing to (4.23) and Lemma 4.2, maxseg |t (s)| is uniformly bounded.

Wi (Aptm) — wm(0) = apqo, it is clear that

liminf A,,t,, > 0.

m—-+00

Now combining (4.25), (4.24) and Lemma 4.2, it is not hard to show that

m—+00

and
(4.26) lim w,,(s) =n(s) uniformly in C*(R").

m—»+oo
Write ¢, = maxgeg |Wm(s) — V(wn(s))|. Note that

2(AmPm + Dvp (Wi (s)))
Am

+ V(wpm(s)).

wm(s) =

and by (4.23),

= V(W) 2Ha,Aup) 1
Cm N A2 ¢, 2¢,,

V(wm) -

i, — V(0|2

19

Since

Due to (4.20) and (4.21), ¢,nA, > 24/ Ha,,(Anpm). Combining with (4.26) and

Lemma 4.2, we have that

W (s) = V(wm(s))

(4.27) m1—1>I£oo V(wm(s)) - . =0 uniformly in R'.
Note that UK
A — DR (5)) - () = V(a5

Taking integration from 0 to t¢,,A,,, due to periodicity, we have that

A e KO

Cm

By (4.24), Mm&=Vlen(Dl ¢ 19, 1), Combining with (4.27), by sending m — +oc,

we obtain that .
0
/'M@WKm@ﬂwzo
0

for some a(t) > 0. This is a contradiction. So our claim holds.
Combining Case 1 and Case 2, we obtain the desired result.
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Lemma 4.1. Let H be the effective Hamiltonian of
lp+ Dv]>+ V(z) - (p+ Dv) = H(p).
Then for |p| > 0 > 0, there exists g > 0 depending only on 0 and V' such that

min q-p > H(p) + pe.
q€0H (p)

Proof. This follows easily from a compactness argument, H(0) = 0, H(p) > |p|?

and the strict convexity of H along the radial direction (Theorem 2.2). O
Due to the simple equality H(p) = ﬁ“‘Aff L ), we immediately derive the following

corollary. Recall that H 4 is the effective Hamiltonian from (1.2) with V' replaced
by AV.

Corollary 4.1. If |p| > 0A, then

min q-p > Ha(p) + ppA>.
q€IH 4 (p)

Lemma 4.2. For [p| =1 and A > 1, denote A\, 4 such that

_ Ha(pap) +1
Ap.A '

aa(p)

Then o
lim MaX|p|=1 Ap 4 — lm max|, =1 Ha(Ap ap)
A—+o0 A A—+o00 A2

=0.

Proof. Since H A(p) < |p|> + AM|p| for M = maxz: |V|, the second limit holds true
immediately once we prove the validity of the first limit.

We prove the first limit by contradiction. If not, then there exists a sequence
A, = 400 as m — +o00 and |p,,| = 1 such that for A\, = X, a,.,

A
li Imo_p .
im 1 o >0

m——+00 m

So by Lemma 2.1, there is q,, € OH 4, (Ampm) such that
G AmPm = HaA(Anpm) + 1.
This contradicts to Corollary 4.1 when m is large enough. O
Finally, we prove Theorem 1.3.

Proof of Theorem 1.3. It suffices to show that there exists a unit vector py such
that spg is a linear point of {H 4 = H a(spo)} for any s > 0.

(1) Assume that V' is the shear flow, i.e. V = (v(x3),0). Without loss of gener-
ality, we omit the dependence on A. Then the cell problem is reduced to 1d:

Ip1|* + |p2 + ' (y)]* + pro(y) = H(p).
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So H(p) — |p1|? is the effective Hamiltonian associated with the 1d mechanical
Hamiltonian Hi(ps,y) = Ip|? + prv(y), which is given by a simple explicit formula
([18]). Accordingly, H A(p) has the following explicit formulas: for p = (py, p2) € R?,

H(p) = |p1]* + h(p1, p2)
and h : R? — R is given by

{h(p) = M(p1) = maxyer pro(y) if [po| < [y /M (p1) — pro(y) dy

p2| = fol V h(p) — p1v(y) dy otherwise.

Hence H is linear near the point p = (s,0) as long as s # 0 and the corresponding
outward normal vector is either (1,0) or (—1,0).

(2) Now let V = (=K,,, K,,) for K(z) = sin(2rz;)sin(27z5). Recall that the
cell problem is

(4.28) Ip+ Dv|> + AV - (p+ Dv) = Ha(p) > |p|*.

Due to the symmetry, the proof for the cellular flow case of Theorem 1.3 follows
directly from the result of the following proposition.
O

Proposition 4.1. Fiz s > 0 and let Q = (s,0) € R% If A # 0, then Q is a linear
point of the level set {Ha = Ha(Q)}.

Proof. Let Mg be the projected Mather set at the point (). By symmetry, it is
easy to see that 9H (Q) is parallel to (1,0). Then due to Theorem 2.3, it suffices to
show that

(4.29) MoN{yeT?: yp =0} =0.

Step 1: We claim that there is a viscosity solution v to (4.28) which satisfies that
v(y1,y2) = v(y1, —y2). In fact, let us now look at the discounted approximation of
(4.28) with p = Q. For each ¢ > 0, consider

(4.30) ev* +|Q + Dv|* + AV - (Q + Dv°) =0 in T?,

which has a unique viscosity solution v* € C%!(T?). By the fact that Q = (s,0) and
the special structure of V, it is clear that (yi,y2) — v°(y1, —y2) is also a solution
to the above. Therefore, v¥(y1,92) = v°(y1, —yo) for all (y1,y2) € T?. Clearly, any
convergent subsequence of v® — v°(0) tends to a v which is a solution of (4.28)
and is even in the y, variable. We would like to point out that a recent result of
Davini, Fathi, Iturriaga and Zavidovique [9] (see also Mitake and Tran [23]) gives
the convergence of the full sequence v — v°(0) as ¢ — 0.

Step 2: Assume by contradiction that (4.29) is not correct. Suppose that
(10,0) € Mg {y € T? : y, = 0}.

Then v is differentiable at (p9,0) and v,,(po,0) = 0. Due to (2.6), the flow-
invariance of the Mather set and the Euler-Lagrangian equation, it is easy to see
that

{y € T : yy = 0} C Mo,



22 W. JING, H. V. TRAN, AND Y. YU

Hence v is C! along the y; axis and
(4.31) Uy, (y1,0) =0 for all y; € T.

Set w(y1) = v(y1,0). Plug this into the equation (4.28) of v with y» = 0 and use
(4.31) to get that

(4.32) s +w'|> — A(s +w') sin(27y;) = Ha(Q) > s* in T.

Clearly, s +w'(y1) # 0 for all y; € T in light of (4.32). Note further that v’ € C(T)
and

/0 (s +w'(y1)) dyy = s > 0.

Thus, s +w’' > 0in T and for all y; € T,
1 —
s+w'(y) = 3 (A sin(27y;) + \/A2 sin?(27my;) + 4HA(Q)) .

Integrate this over T to deduce that

1 14
s = / (s +w'(y1))dy, = / 3 (A sin(27y; ) + \/A2 sin?(2my1) + 4H 4(Q )
0 0

1
:/O %\/A251n2(27ry1)+4ﬁz4(@)d3/1> \/HA(Q >S

Therefore, all inequalities in the above must be equalities. In particular, the second
last inequality must be an equality, which yields that A = 0. U

Remark 4.1. Theorem 2.3 is not really necessary to get the above proposition. In
fact, using the same argument, we can derive that the Aubry set has no intersection
with the yy axis. Then by [15], there is a strict subsolution to (4.28) near the y
axis. The linearity of H near Q will follow from some elementary calculations.
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