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Abstract

We study the stability of traveling waves of the nonlinear Schrodinger equation
with nonzero condition at infinity obtained via a constrained variational approach.
Two important physical models for this are the Gross—Pitaevskii (GP) equation
and the cubic-quintic equation. First, under a non-degeneracy condition we prove a
sharp instability criterion for 3D traveling waves of (GP), which had been conjec-
tured in the physical literature. This result is also extended for general nonlinearity
and higher dimensions, including 4D (GP) and 3D cubic-quintic equations. Second,
for cubic-quintic type nonlinearity, we construct slow traveling waves and prove
their nonlinear instability in any dimension. For dimension two, the non-degeneracy
condition is also proved for these slow traveling waves. For general traveling waves
without vortices (that is nonvanishing) and with general nonlinearity in any dimen-
sion, we find a sharp condition for linear instability. Third, we prove that any 2D
traveling wave of (GP) is transversally unstable, and we find the sharp interval
of unstable transversal wave numbers. Near unstable traveling waves of all of the
above cases, we construct unstable and stable invariant manifolds.

1. Introduction
Consider the Gross—Pitaevskii (GP) equation
L ou 5 3
15+Au+(1—|u| Ju=0, (t,x)eRxR, (D)
where u satisfies the boundary condition |#| — 1 when |x| — oo. Equation (1),
with the considered non-zero conditions at infinity, arises in lots of physical prob-
lems such as superconductivity, superfluidity in Helium II, and Bose—Einstein con-

densate (for example [1,10]). On a formal level, the Gross—Pitaevskii equation is a
Hamiltonian PDE. The conserved Hamiltonian is the energy defined by
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_l 2 l 122
E(u) = |Vul“ dx + (1 — u|*)” dx
2 R3 R3 4

and the energy space is defined by
Xo = {u € HL . (R®) : E(u) < +00}.

The momentum

ﬁ(u):%/m(ivu,u—l)

is also formally conserved, due to the translation invariance of (GP). We denote
1
P(u):—/ (i&xlu,u—l)dxz—/ (u1 — 1) O up dx 2)
2 JRr3 R3

to be the first component of P. The global existence of the Cauchy problem for
(GP) in the energy space X was proved in [29,30]. Some studies on the asymptotic
behavior of a solution with regard to (1) can be found in, for example, [35,36].

Traveling waves are solutions to (GP) of the form u(z, x) = U.(x — ceit),
where e¢; = (1, 0, 0) and U, satisfies the equation

—ic0y Ue + AU+ (1 — |U P U, = 0. (3)

Such traveling waves of finite energy play an important role in the dynamics of
the Gross—Pitaevskii equation. In a series of papers including [39,40], JONES,
PurTERMAN and ROBERTS used formal expansions and numerics to construct trav-
eling waves and studied their properties for both 2D and 3D (GP). For 3D, they
found a branch of traveling waves with the travel speed in the subsonic interval
(0, v/2). These traveling waves tend to a pair of vortex rings when ¢ — 0 and to
solitary waves of the Kadomtsev—Petviashvili (KP) equation when ¢ — /2. Start-
ing in late 1990s [13], BETHUEL and SAUT initiated a rigorous mathematical study
of the program of Jones, Putterman and Roberts. Since then, there have been lots
of mathematical studies on this subject. We refer to the survey [14] and two recent
papers [49,51] on the existence and properties of traveling waves of (GP). In par-
ticular, the existence of 3D traveling waves in the full subsonic range (0, ﬁ) was
proved in [49]; non-existence of supersonic and sonic traveling waves was shown
in [50]; symmetry, decay and regularity of both 2D and 3D traveling waves were
studied in [14,31]. However, the stability and dynamics of these traveling waves
have not been well studied. Recently, CHIRON and MARIS [51] constructed both 2D
and 3D traveling waves of (GP) by minimizing the energy under the constraint of
fixed momentum. They showed the compactness of the minimizing sequence and
as a corollary the orbital stability of these traveling waves was obtained. However
the range of traveling speeds that these stable traveling waves cover is not clear.
Moreover, for 3D (GP) it is known that only one part of the traveling waves branch
could be constructed as energy minimizers subject to fixed momentum.

In the physical literature [12,39], the following linear stability criterion for
3D traveling waves was conjectured based on numerics and heuristic arguments:

there is linear stability of the branch of traveling waves U, satisfying % > 0,
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commonly referred as the lower branch, and linear instability on the branch with
dp (g” < 0, commonly referred as the upper branch. More specifically, numerical

evidence [12,39] suggests that there exists ¢* € (0, v/2) such that dP(U‘ > ( for

c € (0, c*) and de(gf < 0for ¢ € (¢*, v/2). Here, our definition of P (u) follows
the notation in [49] and differs from that of [12,39] by a negative sign. In this paper,
we rigorously justify this stability criterion under a non-degeneracy condition (24)
or its cylindrical symmetric version (56). Roughly, we show the following main
theorem for (4), a more general (than (1)) nonlinear Schrodinger equation with
non-vanishing condition at infinity:

Main Theorem 1. Ler 0 < ¢y < /2 and U., be a traveling wave solution of (4)
radial in (x7, x3) directions constructed in [49].

e Suppose the nonlinearity F in (4) satisfies (F1-2) and a non-degeneracy condi-
tion (24) holds. Then for c in a neighborhood of cy, there exists a locally unique
C! family of traveling waves U. If, in addition, U, satisfies 3P3(£]‘) le=co > 0,
then the traveling wave U, is orbitally stable in the energy space Xy.

e Suppose F € C° and that a cylindrical version of the non-degeneracy condition
(56) holds. Then for ¢ in a neighborhood of cq, there exists a C' family of
traveling waves U, locally unique in cylindrically symmetric function spaces.
If, in addition, U, satisfies ap 3(5]‘) le=co < 0, the linearized equation at U, has
an unstable eigenvalue and locally U, has a 1-dim C 2 unstable manifold and
a 1-dim C? stable manifold, which yields the nonlinear instability.

Here assumptions (F1-2) are given in Section 2.5. The existence of the local
C! family of traveling waves are due to the Implicit Function Theorem based on
the non-degeneracy assumption, see Theorem 5.3. We refer to Theorems 2.1, 2.2,
3.1 and Corollary 2.2 for more precise statements on the stability/instability, where
the exact meaning of the orbital stability is also given. In fact we do not have to
limit ourselves to those traveling waves constructed in [49]. The main properties on
U, we really need are that, as critical points of the energy-momentum functional
E. 2 E + ¢P, the Hessian E !’ of E. at U, has exactly one negative direction, in
addition to the non-degeneracy (24) of E/.

Condition (24) states that the kernel of the Hessian £,/ of the energy-momentum
functional E. is spanned by the translation modes {ax,. UC} only. Equivalently,
the linearization of the (elliptic) traveling wave equation has only solutions of
translation modes. Such a condition is commonly assumed in the stability analysis of
dynamical systems (for example [32,33]). It is a nontrivial task to confirm the non-
degeneracy condition for a given traveling wave associated to a specific nonlinearity,
which mainly involves the analysis of the linearized elliptic equation of traveling
waves. In Appendix 2, we verify such kinds of conditions in certain cases.

Remark 1.1. Assume U, is a family of traveling waves C! in c. If the stability
sign condition 9P (U‘) le=co, = O is satisfied, actually we can still obtain the spectral
stability of U, even if the non-degeneracy condition (24) is not satisfied. Here
the spectral stability means that the spectrum of the linearized equation at Uy, is
contained in the imaginary axis on the complex plane. This is a consequence of the
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results in a more general setting in a forthcoming paper [46]. However, the linear
stability is not guaranteed as linear solutions may grow like O ().

We give a brief description of key ideas in the proof. The troubles from the
non-zero condition at infinity can be seen from the linearized operator, which is

of the form JL., where J = and L. (defined by (20)) is the second

-1 0
variation operator of the Hamiltonian £ + c¢P. When |x| — oo, the operator L.

has the asymptotic form
—A+2 —coy
c0y, -A )

which implies that the essential spectrum of L. is [0, 400) for any ¢ € (0, ﬁ).
Therefore, there is no spectral gap for L. between the discrete spectrum (negative
and zero eigenvalues) and the rest of the spectrum, so we cannot use the stan-
dard stability theory for Hamiltonian PDEs as in [32,33], which requires such a
spectral gap condition. To overcome this issue, we observe that the quadratic form
(Lc-, -) has the right spectral structure in the space X1 = HI(R3) x H! (R3). More
precisely, the quadratic form of L. is uniformly positive definite modulo a finite
dimensional negative and zero modes. However, another issue arises since the op-
erator J—! = —J does not map X to its dual (X;)* = H 'R x H™'(R?).
The boundedness of J~! @ X; — (X))* is required in [32,33] and is true for
Schrodinger equation with vanishing condition where X; = H'! x H'. We use a
new argument to avoid using the boundedness of J ~! and prove the linear instability
criterion % < 0 (Proposition 3.3) under the non-degeneracy condition (56).

To study the nonlinear dynamics, we use a coordinate system of the (non-
flat) energy space X over the Hilbert space X|. More precisely, there exists a bi-
continuous mapping ¥ : X1 — Xo as defined in (11), which was first introduced in
[30] to understand the structure of the energy space Xo. The nonlinear stability on
the lower branch with % > (is proved by the Taylor expansions of Hamiltonian
functional (E + cﬁ)(w(w)) for w € X near w,, where U, = ¥ (w,) and P(u)
is the extended momentum (defined in (12)) in the energy space Xo. The proof
of stability (Theorem 2.1) implies that the stable traveling waves are local energy
minimizers with a fixed momentum.

To study the nonlinear dynamics near the linearly unstable traveling waves on
the upper branch, we rewrite the (GP) equation in terms of the coordinate func-
tion w € Xy, where u = ¢ (w) satisfies the (GP) Equation (1). We construct
stable (unstable) manifolds near unstable traveling waves by this new equation for
w € X3 = H? x H?, on which the nonlinear term of the w-equation is shown to be
semilinear in Appendix 1. The linearized operator for w is similar to the operator
J L., that is, of the form K —1JL.K, where K is an isomorphism of X defined in
(22). Thus the study of the linearized w equation is reduced to the study of the semi-
group e’/ To show the existence of unstable (stable) manifolds, first we establish
an exponential dichotomy estimate for e’/ in X3. That is, to decompose X3 into
the direct sum of two invariant subspaces, on one the linearized solutions have an
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exponential growth and on the other one have strictly slower growth. It is highly
nontrivial to get such an exponential dichotomy for ¢’/ from the spectra of J L,
due to the issue of spectral mapping (see Remark 3.3). In this paper, we develop
a new approach to proving the exponential dichotomy of ¢’’L<, which might be
useful for very general Hamiltonian PDEs. The idea is very simple and natural. We
observe that the quadratic form of (L.u (¢) , v (¢)) is invariant for any two linearized
solutions u () and v (¢). This implies that the orthogonal complement (in the inner
product (L.-, -)) to the unstable and stable modes defines a subspace invariant under
the linearized flow ¢’/ L<. The quadratic form (L., -) restricted to the above defined
space is shown to be positive definite modulo the translation modes. By using this
positivity estimate and the invariance of (L., -) under e’ JLe the solutions on this
subspace are shown to have at most polynomial growth. Therefore it serves as the
invariant center subspace of the linearized flow and the exponential trichotomy of
the linearized flow between the stable, unstable, and the center subspaces is estab-
lished. Consequently, the existence of unstable (stable) manifolds follows from the
standard invariant manifold theory for semilinear equations (for example [7,22]).
In a future work we will construct center manifolds near the orbital neighborhood
of the unstable traveling waves in the energy space X. The positivity of L. on the
center space (modulo the translation modes) then implies the orbital stability and
local uniqueness of the center manifold.

The above study of stability of traveling waves can be generalized to the non-
linear Schrodinger equation with general nonlinear terms or in higher dimensions.
Consider

3
ia—l: + Au+ F(u?)u =0, 4)

where (¢, x) € R x R” (n > 3) and u satisfies the boundary condition |u| — 1 as
|x] — oo. Assume that the nonlinear term F (u) satisfies the assumptions (F1)—(F2)
or (F1)—(F2') in Section 2.5 for n = 3 and in Section 6 for n = 4. These include
the 4D (GP) and 3D cubic-quintic equations, which have the critical nonlinearity.
Then the sharp linear instability criterion % P (U.;) < 0 can be proved in the same
way (see Theorems 2.2, 3.1 and Corollary 2.2), by studying the quadratic form
(Lc+, -) in the same space X| = H' (R") x H' (R") for n = 4. The unstable
(stable) manifolds can then be constructed near unstable traveling waves by using
the Equation (4). To prove orbital stability when %P (U.) > 0 for dimensions
n 2 4, a coordinate mapping v relating X| and the energy space X is required.
For n = 4, such a mapping is simply given by ¥ (w) = 1 4+ w, w € X; and the
global existence of 4D (GP) was recently shown in [41]. We refer to Section 6 for
more details on the extensions.

The above approach does not work for dimensions n = 1, 2. First, the quadratic
form (L.-, -) is not well-defined in the space X| = H! (R") x H' (R") forn = 1, 2.
Second, the energy space X cannot be written as a metric space homeomorphism
to X1, due to the oscillations of functions in X at infinity (see [30]). However,
when the traveling wave U, has no vortices, that is, U, # 0, we can study the linear
instability of U, by the following hydrodynamic formulation. By the Madelung
transformation u = ﬁe”’, the Equation (4) becomes
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’ez+|ve|2—%%Apﬁﬁwmhnp):o )

pr +2V.(pVO) = 0.
Define the velocity v = V@. Then the first equation of (5) is the Bernoulli equation

for the vector potential 6 and the second equation is the continuity equation for the
density p. Define the energy functional

1 IVol? >
E("’(’):E/R,, 2+ pIVOR + V(o) . ©)

The Equation (5) is also formally Hamiltonian as

9, (g) = JE (p, 0).

Linearizing above equation at the traveling wave (o, 6.), we get

8,(g)=JMC(g), 7)

where J is as before and M, is defined in (90). We show that for any dimension
n 2 1, the quadratic form (M,-, -} has the right spectral structure for (p,6) €
H' (R") x H' (R"), that is, it is positive definite modulo with a one-dimensional
negative mode and translation modes. By the same proof as in the 3D (GP) case,
the linear instability criterion % P (U,) < 01is obtained under the non-degeneracy
assumption (see Proposition 5.3). As an example, we consider the cubic-quintic

equation with F(s) = —a1 + a3s — a5s2, where a1, 3, a5 are positive constants
satisfying
3 5 1
— <ojas/ai< —. 8
T s/a3 1 (8)

This equation has many interpretations in physics. For example, in the context of
a Boson gas, it describes two-body attractive and three-body repulsive interactions
[4,5]. Different from the (GP) equation, the cubic-quintic type equations have un-
stable stationary solutions for any dimension n = 1 [4,5,24]. First, by using the
hydrodynamic formulation we show the existence of traveling waves for cubic-
quintic type equations with small traveling speeds (Theorem 5.2) in any dimension
n 2 2. This gives a simplified proof of the previous results on the existence of slow
traveling waves in the work of MaRris [48] for n 2 4 and in an unpublished man-
uscript of Lin [45] for n = 2, 3. Moreover, our proof implies the local uniqueness
and differentiability of the traveling wave branch. For n = 2, we are also able to
show that the non-degeneracy condition (56) is satisfied for these slow traveling
waves (see Appendix 2 and Proposition 5.2). Then, we show that the slow travel-
ing waves are linearly unstable (Theorem 5.4). This follows from the computation
of the sign of dp (ﬁ]“) |c=0 for stationary solutions. To construct unstable (stable)
manifolds, it is not convenient to use the hydrodynamic formulation (5) which has
the loss of derivative in the nonlinear terms. Our strategy is to construct unstable
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(stable) manifolds by the original Equation (4), based on the linear exponential
dichotomy in (H k(R™))? which is first obtained in the (p, ) coordinates. This is
possible due to the observation that the unstable (stable) eigenfunctions do have
the L? estimate for 6.

Lastly, we show that any 2D traveling wave of (GP) is transversely unstable. In
Theorems 4.1 and 4.2, we find the sharp range of transverse wave numbers for linear
instability, and construct unstable and stable manifolds under 3D perturbations. For
the proof, we observe that the linearized problem with transversal wave number
k is reduced to the study of the spectrum of the operator J (LC + k2), where L.
is defined by (44) for 2D traveling waves. For k > 0, the spectrum of L. + k>
has the gap structure in the usual space (H™ (R?))? and thus the proof of linear
instability follows by that of Proposition 3.3 in a much simpler version. In the
physical literature [11,43], the transversal instability of 2D traveling waves of (GP)
was studied by the asymptotic expansions and numerics, in the long wavelength
(or small wave number) limit.

This paper is organized as follows. In Section 2, we study the spectral structures
of the second variation of energy-momentum functional and then prove the orbital
stability on the lower branch of 3D traveling waves of (GP). In Section 3, we prove
linear instability of 3D traveling waves on the upper branch and then construct
unstable (stable) manifolds. Section 4 is to show the transversal instability of 2D
traveling waves of (GP). In Section 5, we construct slow traveling waves of cubic-
quintic type equations and then prove their instability. Section 6 extends the main
results to other dimensions and more general nonlinear terms. In the appendix, we
give the proof of several technical lemmas.

We list some notations and function spaces used in the paper. For any integer
k = 1,n = 1, denote the space

AR = {u | Vu,..., Viu e 12 (R},

with the norm |lu|| g = ZI;=1 ||Vju||Lz. For n 2 3, by Sobolev embedding

we can impose the condition u € LH%(R”) when u € H LRM). Let H{i(R”)
(HE(R™)) be all the real valued functions in H¥(R") (H*(R™)). Let X;(R") =
H{{ (R™) x H{{ (R™) be equipped with the norm

lwllx, = llwillge + lwallge,  w = (w1, w2) € Xi.

So as to avoid confusion, we write X; (R"), Hlli(R”) (I-'II’E(R”)) simply as X,
H* (H%). For n = 2, denote L? , H; ' and HF (H} ) to be the cylindrically
symmetric subspaces of L2, H~! (the dual of H') and H* (H*). A function u is
cylindrically symmetricifu = u (x1, 7)) withx| = (x2,...,x,), r1 = |x1|. De-
note X} to be the cylindrically symmetric subspaces of Xy, thatis, X = H,kL X I-.I,]‘L.

2. Orbital Stability of Lower Branch Traveling Waves

In this section, we prove nonlinear orbital stability for 3D traveling waves ob-
tained via a constrained variational approach on the lower branch with % P U.) >
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0. The proof is to expand the energy-momentum functional near the traveling wave
and show that the second variation is positive definite and dominant. A corollary
of this proof is that the stable traveling waves are local energy minimizers with
fixed momentum. We give the detailed proof for (GP) and then discuss briefly the
extensions for general nonlinearity.

The energy functional of (GP)

2
E(u) = %/m |:|Vu|2+%(|u|2 - 1) ]dx

is defined on the energy space
Xo = {u € HL.(R*; C) | Vu e L>(R®), |u|* — 1 € L2(R3)} : )

By [30],foranyu € Xo,wecanwriteu = ¢ (1 4+ v) wherec € S'andv € H! (R3).
Given u = ¢ (1 + v) and it = ¢ (1 4 v), we define the natural distance in X by

dy (u, @) = | — & + IVv — Vil + H|v|2+2Rev — 15 —2ReﬁHL2. (10)

The global well-posedness of (GP) equation on X was proved in [29]. More-
over, if u () is the solution of (GP) with u (0) = ¢ (1 + vy) where ¢ € S! and
vo € H' (R¥), thenu (1) = ¢ (1 + v (1)) with v (r) € H' (R3). Thus, for stability
considerations, we only need to consider ¢ = 1, which will be assumed for the rest
of this paper.

2.1. Momentum

Besides the energy, another invariant of (GP) is the momentum which is due to
the translation invariance in x; of the equation. For

u=u;+iurel+ H' R} c Xo

the momentum is defined by (2). However, that form of momentum is not defined
for an arbitrary function u in the energy space Xo. So, first we need to extend the
definition of P to all functions in X¢. For this and the proof of main Theorem, we
use the following manifold structure of X given in [30]. Let x € C{° (R3, 10, 1)
be a real valued and radial function such that x (§) = 1 near £ = 0, and consider
the Fourier multiplier x (D) defined on &’ (R?) by

(X (D)u)(&) = x(E)i(§).
Define
w2
Y(w)=1+w; — x(D) 72 +iwy, forw = (wy,wy) € Xj. (11)
By Proposition 1.3 in [30], the mapping w — ¥ (w) is locally bi-Lipschitz between
X1 and (X0, d1). So the space X can be considered as a manifold over the coor-
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dinate space X . For any u = ¥ (w) € Xo with w € X1, we define the momentum

by
~ u)2
P(u)= —/ [wl +(1 - x(D))(—z)] dy, wy dx. (12)
R3 2

By Proposition 1.3 of [30], we have

lx(D)fllLrare < Cllfllr, YV feLP, 1< p < oo, (13)
(1= x(D)(fll2 S CUVfl2lVEl2, Y fige H(RY. (14)

So the right~hand side of (12) is well:deﬁned. First, we show that when u € 1 +
H! (R3), P (u) = P (u), that is, P is an extension of P. Indeed, when u €
1+ H' (R?), or equivalently, u = ¥ (w) with w € H' (R?), we have

1
P u) = §/R3(i3x1¢(w), ¥ (w) — 1) dx

w2
= —/ (wl — x(D) (—2)) Oy, w2 dx
R3 2
w2 1
= —/ |:w1 + (1 — x(D)) (_2):| 0y, w2 dx + —/ wgax,wz dx.
R3 2 2 R3

~ 1 3
= P(u) + EAS axlU)2 d.x.
Since wg € L?and Oy, w% = 3w%8xl ws € LY, thus P (u) = P (u) by the following

lemma.

Lemma 2.1. Let X = {3,,¢ | ¢ € L*(R®)}. Ifv € L'(R})NX, then [p; v(x) dx =
0.

Proof. The proof is similar to that of Lemma 2.3 in [49], so we skip it. O
We collect the main properties of P (u).

Lemma 2.2. (i) The functional P (w):=Poy(w)is C®™® forw € X|.
(i1) P (u) is the unique continuous extension of P (u) from 1+H! (R3) to (Xo, dy).
(iii) When u (1) is the solution of (GP) with u (0) € Xo, P (u (1)) = P (u (0)).

Proof. (i) Since

s 1
Poy(w) = —/ widy, wy dx — -/ (1 — x(D)w3dy, wy dx
R3 2 R3

By (wy, w2) + By (w2, wa, wy),

where

B (wl,H)z)z—/ wlaxlwzdx:Hl x H' - R
R3
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and

1 .
By (w1, wp, w3) = ‘E/Rg“ = X (D)) (wiwn) dyyws dx : (H)* — R

are multi-linear and bounded, so it follows that P o Y(w) is C*° on X|.

(ii) follows from (i), the bicontinuity of i : (Xl, II ||X1) — (Xo, d1), and the
density of 1 + H! (R%) in (Xo, dy).

(iii): When u (0) € 1+ H' (R?), we have u (t) € 1 + H' (R?). The global
existence in this case was first proved in [13]. It is straightforward to show that
P (u (1)) = P (u (1)) is invariant in time by using the translation invariance of (GP).
For general u (0) € X, we can choose a sequence {u, (0)} C 1 + H' (R3) such
that [|u, (0) —u (0)|lz, — O when n — oo. Then for any r € R, P (u, (1)) =
P (u; (0)), letting n — oo, we get P (u (1)) = P (u(0)) due to the continuous
dependence of solutions to (GP) on the initial with respect to the distance d; (see
[29]). O

Remark 2.1. In [49], the momentum was extended from 1+ H! (R3) to the energy
space X in a different way and it was shown that such extended momentum is
continuous on (Xg, d1). So by Lemma 2.2(ii), the extended momentum in [49]
gives the same functional as P (1), but the form of P (u) given in (12) is more
explicit.

2.2. The Energy-Momentum Functional

First, we show that the functional £ o ¥ : X1 — R is smooth.

Lemma 2.3. The functional

_ 1 1

E(w)=Eoyw) = E/Rs [|W(w)|2 + 5 ()l — 1)2} dx (15
is C*® on X;.
Proof. For w = (w;, wy) € X1, thatis, w; € H', w, € H',

Vi (w) = Vwy — x (D) (waVwa) +iVuws,
w2 z
[y (w)> — 1 = (wl — x(D) (72)) + 2wy + (1 — x(D))(w3),

and by (13) and (14),
Vwi, x (D) (waVwa), Vuy, (1 — x(D))(w3) € L*

2
Wi, X(D)(%) e L*

We can write the right hand side of (15) as a sum of multilinear forms, as in the
proof of Lemma 2.2. The C* property of E o ¥ (w) thus follows. O
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Define the energy-momentum functional E. (1) = E (u) + ¢P (u) on Xg and
Ec(w)=Ecoy (w)=Ew)+cPw), weX (16)

which is a smooth functional on space X;. Let U, = u, + iv. be a finite energy
traveling wave solution of (GP) equation, that is, (u., v.) satisfies

[Auc+caxlvcz—(1—|UC|2) e, a7

Ave — cdyue = — (1 — [Uc?) ve.

Lemma 2.4. Let w, = (wi¢, wa) € X be such that w(y)c) =U, = u, +ive.
Then U, solves the traveling wave equation if and only if E.(w.) = 0.

Proof. Since Eé.(wc) e Xj and the Schwartz class is dense in X, we have
E!(w;) = 0 if and only if (E./(w.), ¢) = 0 for all ¢ in Schwartz class. One
may compute by integration by parts that, Eé(wc) satisfies, for any ¢ = (¢1, ¢2)
in Schwartz class,

(B (we), §) = /R A= (1= U — e uel @1 — X (D) (e
+/3[—Avc—(1—|UC|2>vc+caxluc]¢z dx. (18)
R

Therefore, it is clear that E ! (wc) = 0if and only if (17) holds. O

We now compute the second variation of E. (/). By straightforward computa-
tions using the criticality of w,, we have, for any ¢ in Schwartz class,

(E." (we)p, ¢) = qc(9)
_ /R}nw)l — X (D) (W) + [V
+@u +v2 = D)1 — x (D) (et |* + (u? + 307 — 1) ||
+ducve (91 — x(D) (ve2)) ¢ — 2¢ (¢1 — X (D) (veh2)) dx, 2] dx.
(19)

Since the functional E, (w) is smooth on X1, its second variation at w, which is
given by the quadratic form g, of (19) is well-defined and bounded on X.
Define the operator

L= (—A —143u2+ v —cdy + 2ucv, ) ’ 20)

COy; + 2ucve —A — 14 u2+ 302

then formally we can write

00) = <Lc (¢1 ~xD (vc¢2)) , («m ~x(® (vc¢2))>. o

Here we use (-, -) for the dual product of X; = H ' H! and its dual X 1‘ =
H'x H~!, and (., -) is used for the inner product in X;. By [14], the traveling
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wave solutions (i, v.) of (GP) equation satisfy: u. — 1, v, € H k for any k = 0,
andu, —1=0 (#) ve =0 (#) for |x| — o0. Since ¢, € H! implies that
X (D) (veo) € L2, the mapping K : X1 — X defined by

o1\ _ [ b1 — x(D) (ve2)
k()=("r20) @

is an isomorphism on X . To study the quadratic form ¢g.(¢) on X, it is equivalent
to study the quadratic form

Ge(@) = (Le (91,027, (91, 92) ")

on X . To simplify notations, we write (L. (¢1, ¢2)" , (¢1, 2)T) as (L., ¢). The
quadratic form (L ¢, ¢) is well defined and bounded on X, by the boundedness
of g.(¢) and the isomorphism of K on X;. This can also be seen directly by using
the Hardy inequality

u

x|

<
L2(RN) - N-2

||Vu||Lz(RN) , forany N = 3. (23)

Since |u2 4 3v2 — 1], |v| £ & we have

2
/ U2 + 302 — 1)¢? dx gc/ ¢—22dx§C/ Ve |? dx
R3 R3 |X] R

and

®

= Clignllge
|x|

/ ucve $1¢2 dx
R3 LZ

< 2 2

S Clligills2 +1IVe2lly2) -

Remark 2.2. The quadratic form ¢.(¢) = (E.”(wc)¢, ¢) given in (19) and (21)
can be seen in the following way. Suppose w € H', thenu = ¢ (w) € 14+ H' and

E.(w):=E.oy(w) = E (u) +cP (u).

If the first order variation of w at w, is Sw = ¢, then du = K¢ and §%u =
—x(D)(#3). So

(E! we) ¢, 9) = (EL (U) du, 8u) + (EL (U, , 8%u)
= (Lc (K@), K9),

since E// (U¢) = L and E.. (U.) = 0 by the Equation (17).
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2.3. Spectral Properties of Second Order Variation

Differentiating the traveling wave equation (17) in x;, we get L.dy, U, = 0. We
assume that these are all the kernels of L., that is,

ker L. = Z = span{dy, U, i = 1,2, 3}. 24)

Remark 2.3. The non-degeneracy condition (24) for ¢ = ¢g implies that the trav-
eling wave Uy, is locally unique. More precisely, there exists a unique C! curve of
traveling waves passing through (co, Ue,). See Theorem 5.3 for the proof.

In [49], traveling wave solutions to (GP) were found by minimizing E,. subject
to a Pohozaev type constraint. Our main result of this section is to give a spectral
decomposition of the quadratic form g.(¢) which is the quadratic part of E. at U,.

Proposition 2.1. For0 < ¢ < «/2, let U, be a traveling wave solution of (GP) con-
structed in [49] and L be the operator defined by (20). Assume the non-degeneracy
condition (24). The space X is decomposed as a direct sum

X1=N®ZDP,

where Z is defined in (24), N is one-dimensional and such that g.(u) = (L.u, u) <
O0for0 # u € N, and P is a closed subspace such that

Ge(w) Z 8 lull%k, . VueP,
for some constant § > 0.
Proof. Define the isomorphism G : L> — X/ by
1 1
Gp=(=A+1D"2¢1 +i(=A) 2¢2, (25)

f0r¢:(p1+i<pzeL2.Let£C ::GoLCoGwith

_1
G=(CA+b 0 ) 26)
0 (—A)2
and define the quadratic form on L; by
Pe(@) = Gc (Gp) = (Le (91, 927, (91, 92)7) := (Lo, 9). 27)

Then
(@) _ pe(G'9)
lel%, 167"l

and it is equivalent to prove the conclusions of proposition for the quadratic form
pe(p) on L2, Since u, — 1, v, — O as |x] = oo, let

[ —A+2 —coy,
e o8)

, forany ¢ € X1,
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and g¢ oo (@) = (L¢ 0@, ¢). Correspondingly, let
ZC,OO =Go Leosoo G

and pc.oo(p) = (L c.00®, ¢). The properties of the quadratic form p.(¢) on L?
follow from the spectral properties of the operator L. We claim that:

i) I; 2 — L2 is self-adjoint and bounded.
(i) L. one-dimensional negative eigenspace,

ker Lo = {G7 19, U.,i =1,2,3]),
and the rest of the spectrum are uniformly positive.

The proof of these claims will be split into a few lemmas to be proved later and
we outline the rest of the proof of the Proposition based on these lemmas.

To prove claim (i), first we note that the constant coefficient operator LC 0o -
L% — L? s self-adjoint and bounded. We shall show that the operator L. — LC 00
is compact on L?. Indeed,

Le—Leoo
(A1) (B2 =342 (—A+ 177 2(=A+ D Tuv(~A)7
2(=A) B uve(—A + 1)2 (—A) 7 (U2 — 1+ 302) (—A) "2

L L 29)
Ly Ln)

By Lemma 2.5, the operators L;; (i, j = 1, 2) are all compact on L? (R3) More-
over, L1y, Ly, are symmetric and Ly; = L7,, thus L. Lc o 18 bounded and
self-adjoint and (i) is proved.

To prove claim (ii), first we note that by Lemma 2.9, there exists §o > 0, such
that

(Leop.0) 2 80 lllZ -

Thus oe“(Lc ) C [80, +00). By Weyl’s theorem and the compactness of L —
LC 0, We have aess(Lc) = aess(Lc o) C [60, +00). This shows that the negative
eigenspace of L. is finite-dimensional. By assumption (24), ker L. = ={Goy,U., i =
1,2, 3}. By Lemmas 2.7 and 2.8, the negative eigenspace of L. is one-dimensional.
This proves claim (ii) and finishes the proof of the proposition. O

From the above proposition and the relation
(E"(w)p. ¢) = (Le (K$) . Kp), (30)
where K is defined by (22), we immediately get the following.

Corollary 2.1. Under the conditions of Proposition 2.1, the space X1 is decom-
posed as a direct sum
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Xi=NeaeZeP,

where Z' = {0, we, 1 = 1,2,3}, N’ is a one-dimensional subspace such that
qc(w) = (E."(we)u,u) < 0for0 # u € N', and P’ is a closed subspace such
that

ge(u) 2 8 |lul%, . VYueP'
for some constant § > Q.
Proof. We define N' = K~!N, Z/ = K~'Zand P’ = K~'P, where N, Z, P
are defined in Proposition 2.1. Then the conclusion follows by (30). In particular,
7 =K1z = {8xiwc,i =1,2, 3} since

0y, Ue = 0, (we) = K9y, we.

O

Now we prove several lemmas used in the proof of Proposition 2.1. We use C
for a generic constant in the estimates.

Lemma 2.5. The operators L;j (i, j =1,2) defined in (29) are compact on
L* (R%).
Proof. Since V| (x) = 3u§ -3+ vg — 0 when |x| — 00, and the operator
(—A+ 1)_% : L? — H'isbounded, thus (3143 -3+ v?) (—A+ 1)_% is compact
on L? by the local compactness of H' — L2. So Ly is compact on L2.

Take a sequence {vx} C L? (R¥) and vy — ve weakly in L2. To show an

operator T is compact on L2, it suffices to prove that Tvy — Tvso strongly in L.
By Hardy’s inequality in the Fourier space,

1 1 "
IL21 (i — voo)llf2 = H|§—| (2ucvc(—A + 172 (n — Uoo)) ) .
L

<C H Ve (2ucvc(—A + 1)‘% (v — Uoo))A é)

L2
< C|Inlwe=A + 172 (0 — vo0)|

— 0,
L2

since the operator |x| v.(—A + 1)_% is compact by using |x| v, = O (li—l) Then
Ly = L%, is also compact.
To show the compactness of L, first note that V, (x) = (u% -1+ 3vg) =

0] (#) Let x € Cgo (R3, [0, 1]) be a radial cut-off function such that x (&) =1
when |£] < % and x(§) = O when |§] = 1. Forany R > 0, let xg = x (%)
Denote u; = (—A)_% (Vk — Voo), then [lugll g1 = [lvg — veoll2 < C. Thus
1L22 (vk — voo) ll 12
= Clllx] Vo (x) ugll 2
< C (H1x] V2 () xgull g2 + 2] Va (0) (1= xr) uill2)

)

1 1
S C | lxl Vo () xrukllz2 + — | — (1 = xr) ux
R | |x]



158 ZHIWU LIN, ZHENGPING WANG & CHONGCHUN ZENG

We have
1
(= xR uk| = CIVIUI = xg) ulll 2
x| L2
< 1 X
< ¢ (Vi +| 59 ()| el
S ClIVuklz2
SO % p]c_\ (1 — xR) uk 12 can be made arbitrarily small by taking R sufficiently

large. For fixed R, by the compactness of HO1 ({|x| < R}) — L2, we get that
l1x| Va (x) xgugll 2 — 0, whenk — oo.

Thus ||L22 (vk — Veo)llz2 = 0 when k — oo and this finishes the proof of the
lemma. 0O

Define the functional P, : X; — R by
- ~ 1
Pe(w) =/RS 19y ¥ () dx+2cP01ﬁ(w)+/R35(1—|w(w)|2)2 dx. (1)

Lemma 2.6. Assume thatgo_e X satisfies (P, (w.), ¢) = 0, where w, = I/I_l e,

c
then there holds q.(¢) = (E.”" (w¢)e, ¢) = 0.

Proof. First, we note that P,'(w.) # 0. Indeed, suppose P.’(w.) = 0. Define
_ 2 2
A(u) = /3 [0, u|” + |Oxsu|” dx.
R.

Then since E./(w,) = 0and E. (w)— 1 Pe (w) = Aoy (w), we have (A o )’ (w,)
=0, that is, K* (Ax,x, Uc) = 0. Here,

* 4 ¢l
Ko = (¢2 _— (X(D)¢1)) 42

is the adjoint of K defined in (22). Thus A, U. = 0 which implies that U, = 1,
a contradiction.

Thus we can choose ¢ € X; such that (ISC’(wC), ¢) # 0. Set G(o,s) =
P.(we + 0¢ + s@). Then

G(0,0) = Pe(w.)
:/ |85, Ue|* dx +20/ (idy, (1 —Up), 1 —Up) dx
R3 R3

1
+/ S = U*)? dx
R3 2
=0,
by the Pohozaev-type identity (see Proposition 4.1 of [50]). Since

0G -
8_(0’ 0) = (P (we), ¢) # 0,
o
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by the implicit function theorem, there exists a C! function o (s) near s = 0 such
that 0(0) = 0 and

G(0(s), 5) = Pe(we+ 0 (s)¢ + s¢) = 0.

Then from %G(a(s),s)h:o = 0, we get (P./(we), 0’ (0)p + @) = 0. Since
(P./(we), @) = 0 and (P./(we), ¢) # 0, we get o’ (0) = 0. Let w(s) = w, +
o(s)¢ + s¢ and g(s) = E.(w(s)). Then we have w(0) = w,, w'(0) = ¢ and
P.(w(s)) = 0. By the variational characterization of traveling wave solution [49],
we know that s = 0 is a local minimum point of g(s). So, we get g”(0) = 0. This

implies that (E.” (w:)g, @) 2 0. O
The above lemma implies the following:

Lemma 2.7. For any 0 < ¢ < V2, iCO has at most one-dimensional negative
eigenspace.

Proof. We assume by contradiction that ¢, § € L? are two linearly indepen-
dent eigenfunctions of Lcocorrespondlng to negative eigenvalues. Since LCO is
self-adjoint, we can assume that (L. ¢, @) = 0. Let w,, € X; be such that
Y (we,) = Ug,. From the definition of ZCO, for any ¢, ¢~) € L%, we have

(Lo, ) = (Eey (we) K ™' G, K7'G), (33)

where the mapp_ings G, K are defined in (25) and (22). Let w = K _1Gg0, w =
K~'G@, then (E.,” (we,)w, W) = 0 and

(Ecy" (Weo)w, w), (Ecy (we), w) < 0.
By Lemma 2.6 we have
((Py 0 ¥) (wep), w) 7# 0, ((Pey 0 ) (wey), W) # 0O

Thus there exists & % 0 such that

((Pey 0 Y1) (wey), £0) = 0, for &o = w + aib.
Again by lemma 2.6, we get

(Ecy" (wey)&o, &0) = 0.
This is in contradiction to
(Ecy (weg)60, §0) = (Ecy" (weg)w, w) + & (Eey (weo) b, ®) < 0,

o} ECO has at most a one-dimensional negative eigenspace. O

Lemma 2.8. For any 0 < co < +/2, ico has at least one negative eigenvalue.
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Pl_'oof. By (33), it suffices to find a test function wog € X; such that g.(wp) =
(Ecy" (wey)wo, wo) < 0. By (30), it is equivalent to find ¢ € X; such that
(LCO¢, ¢> < 0. We note that the traveling wave solutions of (17) constructed in

[49] are cylindrical symmetric, that is, U,, = U, (x1,r1) withr; = ,/x% + x32.
Differentiating (17) to r |, we get

1
Leydr, Uey = =50, Uey.
1

In Appendix 3, we show that 9, U. € H I(R3) and 8rl U € L? (R3) Thus

2
< 0.

1
(LC(]aFLUC()v arlUco) = - HZBHUCO )
L

This proves the lemma. O
Lemma 2.9. For any 0 < ¢y < /2, there exists 8o > 0 such that

Pco, 0o () > 5o,

Vel (34)
||<p||

Proof. By (27), it suffices to prove that there exists §o > 0 such that

%CO*“(w) — 28, Yw=uw +iw € Xy, (35)
lwil2, + w21,

Since 0 < ¢p < V2, there exists 0 < ap < 1 such that 2 — > (. Then for

Q
omow

w=w; +iwy € X1, we have

Gep.00 (W) = / (V12 4+ 20 + Vil = 2600y wayw; | dx
R.
2
=/ |Vw |* + g w} 4 (1 — ad)(8,, wy)?
R3 ag
2
+ (B w2)? 4 (s w2)® + (_Owl - a08x1w2) ) dx.
. C(% 2 2 2
2 min {2 2. 1-aj (w30 + i, ) -
2
Thus (35) holds for § = min {2 - 2—3 1— ag]. O
0
2.4. Proof of Nonlinear Stability

We can now prove the orbital stability of traveling waves on the lower branch
(that is when 25| _ > 0).
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Theorem 2.1. For 0 < ¢¢ < V2, let Uc, be a traveling wave solution of (GP)
constructed in [49], satisfying (24) and [)Pa(g”) le=co > 0. Then the traveling wave
U, is orbitally stable in the following sense: There exists constants g9, M > 0

such that for any 0 < ¢ < &g, if

u0) e Xo, di (u 0), UCO) < Me, 36)
then

sup inf d (u (1), Ugy (- + Y)) <eé&.

0<t<oo YER3

The proof of this theorem basically follows the line in [32]. However, the more
precise stability estimate (36) was not given there. The proof given below is to
modify the proof of Theorem 3.4 in [32] and get (36). First, we need the following:

Lemma 2.10. Ler 22U | _ > 0. If ¢ € X, is such that
(P" (we) . ¢) = (0x,wey. ) =0, i=1,2,3,
then
(E" (we)$. ) Z 8 16%, -
for some § > 0.

The proof of this lemma is essentially the same as in [32], by using Corollary 2.1
on the spectral properties of the quadratic form (E.” (w¢,)-, -).

Proof of Theorem 2.1. Let u (r) = ¥ (w (¢)). Since the mapping
¥ (X1, -llx,) = (Xo,d)

is locally bi-Lipschitz with the local Lipschitz constant invariant under translation,
it suffices to show the following statement: if w (0) € X1, |w (0) — we, || X < Me,
then

0<S;l<poo yiéll{s Jw @) = we, ¢+ “X1 <&

Let y (w (r)) € R? be such that the infimum
yi£1£3 lw @) —we + )y, = yienI£3 Jw (.- =) —we, O,

is obtained. Below, we use |[|-|| for ||-||x, for simplicity and denote T (y) w (¢) =
w (t, - + y). Then by definition
(T (y (w () w (1) — wey, 0, wey) =0, i =1,2,3.
Denote u (1) =T (y (w (1)) w (t) — we,, and d (1) = |lu (1)|1?. Since
[P (T (y ) w () = P (wey)| = [P (w(0) = P (wey)|
< C w0 - we,| = Clld O]
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and
PT (v @) w @) = P (wgy) = (P (we,) . u 0) + 0 (Il 0),
SO

(P (wey) . )] £ € (d ) + 1d O17) (37)

Let I : X; — (X1)* be the isomorphism defined by (/u, v) = (u,v) for any
u,v € Xi. Define ¢ = I7'P’ (wCO) and decompose u () = v + aq, where
a=(u,q)/(q,q) and (v,q) = (P’ (we,) , v) = 0. Then (37) implies that

[(P" (weo) , u )]

la| =
(g.9)

<c(dm+1d]?).
Moreover,
(v, 9, wep) = (u (1), By, wey) — a (P (wey) , dx,wey) = 0.
So by Lemma 2.10, we get (Ec”(wco)v, v) = §||v]|%>. We start with
Ec (T (y ) w () = Ec (wey) = Ec (w (0) — Ec (we) - (38)
The Taylor expansion of the left hand side of (38) yields

(B wepu (1) 1 @) + O (I )

N =

1,-
= S {E wa)v @) v ) + 0 (1a +a vl + ul?)

1
> 1 2 2 3
2 3817 = C (lal® +alvll + el
1
> 2 v 2 3
2 58 lul> = €' (lal® +aull + ul)
1 2
= 38d—C' ((d +VAO) +(d+Vd©) ﬂ+di)

1 " 2 3
;8d-C (d +d3 +d(0)),

1\

here, in the second inequality above we use
lull = lalligll = lvll < llull + lal lig|

and in the last inequality we use

Jd 0)Wd < % (nd + %d (0)) . n= %5.

The right hand side of (38) is controlled by Cd (0). Combining above, we get
d(t) —CF(d(t) = Cad (0), (39)

for some C1, C, > 0 and F (d) = d* + d%. The stability and the estimate (36)
follows easily from (39) by taking M = C% O
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Remark 2.4. In [51], CHIRON and MARIs constructed 3D traveling waves of (4)
with a nonnegative potential function V (s), by minimizing the energy functional
under the constraint of constant momentum. They proved the compactness of the
minimizing sequence and as a corollary the orbital stability of these traveling waves
is obtained. There are two differences between their result and Theorem 2.1. First,
in [51], the orbital stability is for the set of all minimizers which are not known to
be unique. Moreover, the more precise stability estimate (36) cannot be obtained
by such compactness approach. Second, the stability criterion apa(g‘) le=co > 0
obtained in Theorem 2.1 (under the non-degeneracy assumption) confirmed the
conjecture in the physical literature [ 12,39]. No such stability criterion was obtained
in [51]. In our proof, the variational characterization (such as in [49]) is only used in
Lemma 2.6 to show that the second variation of energy-momentum functional has
at most one negative direction. We do not need the compactness of the minimizing
sequence and the traveling waves constructed by other variational arguments (for
example [15]) also fit into our approach.

2.5. The Case of General Nonlinearity

In this section, we extend Theorem 2.1 on nonlinear stability to general non-
linearity F satisfying the following conditions:
(F1) F € C'R™) n €90, 00), C? in a neighborhood of 1, F(1) = 0 and
F'(1)=—1.
(F2) There exists C > 0and 0 < p; < 1 £ pg < 2 such that |F'(s)] <
C(1 4 sP=1 4 gPo=1yforalls > 0.

Remark 2.5. The exponent pg in condition (F2) restricts the growth of F” atinfinity
and p; is the order of singularity allowed for F’ at s = 0, which means F is only
assumed to be Holder near s = 0. Condition (F2) implies that | F (s)| £ C(1+ sP0)
for all s > 0. The nonlinearity of Gross—Pitaevskii equation is F (s) = 1 —s which
certainly satisfies (F1)(F2).

The energy function is now given by
_ l 2 2
E(u) = [IVul”+ V(u|7)] dx,
2 R3

where V(s) = fsl F(t)dt. By the proof of Lemma 4.1 in [49], E (u) < oo if
and only if u € Xo (defined in (9)). So we can use the same coordinate mapping
u =Y (w) (w e Xy) for the energy space. For w € X, define

- 1

Ew):=Eoyw) =3 /wuwwn2 +V(y@)Pldr.  40)
In order to prove the smoothness of E, we need the following standard properties
of Nemytskii operators:

Lemma 2.11. Suppose g € C(R™,R) and |g(s)| < |s]° for some qy > 0 and
all s € R™, then the mapping G(¢p) = g o ¢ is continuous from L7 (R", R™) to

q1
L (R", R) where g1 € [min{l, qlo}, ool.
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The proof is simply a modification of the one of Theorem 2.2 of [3] based on
Theorem 4.9 in [17], the latter of which is valid on R” in particular.

Lemma 2.12. Assume (F1)(F2). Then the functional E (w) : X1 — R is C2.

Proof. For w = w +iwy € X, we set

2

w
Jl<w>=/ |vw(w)|2dx=/ |Vw1—VX<D>(—2)|2+|sz|2dx,
R3 R3 2

h(w) = / V(Y (w) ) dx.
R3

Then E (w) = %(]1 (w) + Jo(w)). Since J; (w) € C*®°(X;,R) as shown in the
proof of Lemma 2.3, it suffices to show that J, € C 2 (X1, R). In the sequel, let
C(Jlwllx,) be a positive constant depending on [|w/|| x, increasingly.

Following the notation in Appendix 1, we denote

Wy (w) = ¢ (w)]* =1

2
_ w3 )
= (wl — x(D) (7)) + (1= (D)) w} + 2wy

Then by (13) and (14), it is easy to show that ¥, € C* (X, L? N L3). By (F1),
F(s) = F() + F'(D(s — D) + (s = De(s — 1),
where £(t) — 0 ast — 0. Thus there exists § € (0, 1) such that
|F(s)| =|F(s)— F(1)| £2|s — 1|, foralls € (1—p8,1+p8). 41
We choose three cut-off functions &1, &>, &3 with supports in
0,1-8/2), A=p,1+pB) and (1+p5/2,00)

respectively, and 0 < & < 1, Z?:l & = 1. Denote F; (s) = F (s)&; (s), and
Vi(s) = fsl F;(t)dz. Then by (41), |F2 (s)| £ 2|s — 1] and by (F2)

IFL ()= C I1F3() = C(1+57) = [Fi(s)], 1F3(s) = C'|s — 1|7,

since |s — 1| = /2 on the supports of Fy, F3. By Lemma 2.11 we have

Fi((yw)2), By (w)[?) € C(X,, L)
and F> (| (w)|?) € C (X1, L?). Thus the Gateau derivative of J>(w) at ¢ € X

3
(3 (w), $) = —Z/m Fi(lyr (w) %) (W3 (w) ) dx
i=l

is continuous in w € X; and thus J, € C! (X1, R).
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Now we consider the Gateau derivative of Jz’(w). Forany ¢ = ¢1 + i, h =
hy+ihy € Xy, we have

3
I (w) (¢, h) = — Z/m Fi(ly (w) [*) (W5 (w) (¢, h)) dx
i=1 :

3
=3 ) P (95 ) 6) (95 ) ) s
i=1 :
=141L

It is not difficult to verify that the above is indeed the Gateau derivative of J;(w)
and we skip the details. Now we show the continuity of J)'(w) (¢, &) in w, which
implies that it is the Fréchet derivative of Jz’(w). The continuity of [ to w € X
follows by the same reasoning for Jz’(w). We write

Z/ F (1Y ) %) (W5 (w) ¢) (¥3 (w) h) d ZH (w)($. h).

i=1

Since F2”3 are continuous on R and satisfy | F; (s)|, |F3(s)| < C|s—1|,Lemma2.11
and the smoothness of ¥ : X; — L3 imply F2/‘3(|1//(w)|2) is continuous from X

to L3, and consequently the uniform continuity of the quadratic forms Il 3(w) on
X1 with respect to w € X. To see the uniform continuity of the quadratic forms
II; (w) in w, we write it more explicitly:

I ()@, h) = /R (@) (Fy @) Py @y (v w)e) dx
where in the above the complex valued ¥ (w), ¥'(w)h, ¥'(w)¢ are viewed as 2-
dim column vectors. Since F| is supported on [0, 1 — 5) with 8 € (0, 1) and

satisfies |[F{| < C(1 +sP171), p € (0, 1], we have

F{ (¥ ) Py )| £ 6l 1) Ypz0.

As W (w) = | (w)|> — 1 is a smooth mapping from X to L?>N L3 Lemma?2.11
implies that w — F{ (| (w) 1) (w)y (w)T is a continuous mapping from X

to L3 Therefore, the uniform continuity with respect to w of the quadratic form
11 (w) on X follows from the smoothness of ¢ : X; —> H I and this completes
the proof of the lemma. O

A traveling wave U, = u, + iv. = ¥ (w,) of (4) satisfies the equation
—icaxlUc+AUC+F(|UC|2)UC =0. (42)

Under (F1)—(F2), forany 0 < ¢ < V2, traveling waves were constructed in [49] as
an energy minimizer under the constraint of Pohozaev type identity. As in the (GP)
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case, w, is a critical point of the momentum functional E. (w) = E (w) +cP (w).
The second variation functional can be written in the form

(E (W), ¢) = (L (K), K) (43)
where K is defined in (22) and
L2 F (IU:) = F' (1U?) 2u? —cdy, — 2F (1UcI?) ucve
o cy, — 2F (UP) ueve —A—F(UP) = F (1U?) 202 )
(44)

Assuming that the traveling wave solution U, = u.+iv, satisfies the decay estimate

1 1
—1:0(W), vczo(m), 45)

and the non-degeneracy condition (24) as in the (GP) case, we can show the same
decomposition result for the quadratic form (E.” (w¢)¢, ¢), as in Proposition 2.1
and Corollary 2.1. Then by the proof of Theorem 2.1, we get the same nonlinear

stability criterion for traveling waves of (4). That is, we have:

Theorem 2.2. Assume (F1-2). For0Q < ¢ < V2, letUq.bea traveling wave solution
of (4) constructed in [49]. Assume the (24) type non-degeneracy condition:

ker(L¢) = span{oy,Uc | j = 1,2, 3}.

8P(Uc)

Then the traveling wave U, satisfying lc=co > 0 is orbitally stable in the
same sense (in terms of the distance dy) as m Theorem 2.1.

In fact, the above theorem also holds for some cases when py = 2 in the as-
sumption (F2). More precisely, assume that:

A

(F2") There exists C,ap,50 > 0, and 0 < p; < 1 po < 2, such that

IF'(s)] < C(1 4+ 5P~ + 570~ forall s > 0 and F(s) < —Cs® forall s > s.

Corollary 2.2. Assume (F1) and (F2'). For 0 < ¢ < V2, let U. be a traveling
wave solution of (4) constructed in [49], satisfying dP(U‘) le=cy > 0. Assume the
(24) type non-degeneracy condition: ker(L.) = span{ax_/ Uc | j=1,2,3}). Then
the traveling wave U, is orbitally stable.

Remark 2.6. This corollary applies to the cubic-quintic nonlinear Schrodinger
equation where the nonlinearity corresponds to

F(s) = —a; +a3s — a5s2, a3 > 0.

For 3D, the cubic-quintic equation is critical and its global existence in the en-
ergy space was shown recently in [41]. For dimension n < 4 and rather general
subcritical nonlinear terms, the global existence in the energy space was shown in
[27].
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Remark 2.7. The decay property (45) for traveling waves was proved for (GP)
equation in [31]. It seems possible to use the arguments of [31] to get the same
decay (45) for general nonlinear terms.

In fact, if pp = 2, the energy and momentum functional £ and P are still
C? on Xj. Supposed U, is a traveling wave, that is, a critical point of the energy-
momentum functional E., such that E/(U,) is uniformly positive as in the sense of
Lemma 2.10, then the same proof as the one of Theorem 2.1 applies and we obtain
the orbital stability of U,.

In assumption (F2), pg < 2 is assumed so that the existence of traveling waves
is obtained through a constrained minimization approach as in Theorem 1.1 in [49],
where the compactness of the embedding is needed.

Fortunately, with assumptions (F1) and (F2"), Corollary 1.2 in [49] applies and
thus traveling waves exist through constrained minimization. The idea is that (F2')
allows us to carefully modify the nonlinearity F' to Fj; such that

Fu(s) = F(s), Vsel0,s1], Fu(s)=—-Cis? V525,

where Cy, B, s1, sp are some constants satisfying s; = sg, s >> s1, and 8 €
(0, 2). The construction of F); ensures that (F1-2) are satisfied, which implies
the existence of a constrained minimizer U, of the energy-momentum functional
E. u associated to Fyy and Ly = Eé/’M(UC) can be analyzed as in the above.
Moreover, one can prove that the range of U, is contained in [0, s1]. Therefore,
U, is also a traveling wave of the original equation. More details on the existence
through the calculus of variation can be found in [49]. Finally, due to the fact
E!(U;) = Eé”M(UC) as Fyy = F on the range of U., we obtain the uniform
positivity of E//(U,) in the sense of Lemma 2.10 and the nonlinear stability follows
subsequently.

3. Instability of Traveling Waves on the Upper Branch

In this section, we prove the instability of 3D traveling waves obtained via
a constrained variational approach when 9P a(g”) le=c, < 0. First, we prove lin-
ear instability by studying the linearized problem. Then, instead of passing linear
instability to nonlinear instability, we will prove a much stronger statement by

constructing stable and unstable manifolds near the unstable traveling waves.

3.1. Linear Instability

In the traveling frame (¢, x — cet), the nonlinear equation (4) becomes
i0,U —icd,, U+ AU + F(UHU =0, (46)

where u (t,x) = U (t, x — cet).
Near the traveling wave solution U, = u. + iv. satisfying (42), the linearized
equation can be written as

3, (Z;) = JLC(Z;), (47)
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0 1
= (50)
and L. is defined by (44).

We construct invariant manifolds by using the nonlinear equation for w € X1,
where u = ¥ (w) satisfies the (GP) equation. The reason is two-fold. First, we
need to use the spectral properties of the quadratic form (L., -) in the space X
(Proposition 2.1) to prove the exponential dichotomy of the semigroup ¢//%¢ in
Lemma 3.1 below. Second, to ensure that the constructed invariant manifolds lie in
the energy space (see Remark 3.4). Denote U, = ¥ (w.) and w, = wie + iwye.
Let

where

U =Y (wie + wi, wae + w2)

2
w
=U:+w _X(D)(w20w2+72)+iw2- (48)

Plugging (48) into (46), we get

2
dwy = Awy — Ax (D) (w2cw2 + %) + ey wa + [F(U*) — F(UH)uc
w2
+F(UP) | w1 — x(D) | wacws + 72 : (49)

2
w
rwy = —Awy + x (D)((w2e + w2)0,w32) + €0y, [wl —x(D) (w20w2+72):|

+IF(|UN?) — FU P ve — F(UPws. (50)

The above two equations can be written as

idw —icdyw+ Aw = ¥(w), (51
where
_ w3 N 2
ReW(w) = Ax(D)| waew + = )+ [F(Ue*) = F(U ) Jue
w2
—F(UP [wl — x(D) (wzcwz + 72)} : (52)
and

2
Im ¥ (w) = x(D)((wae + w2)0,w2) — cdy, x (D) (wzcwz + %)

+IF(UN?) — F(UP e — F(U)wa. (53)
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Instead of linearizing the nonlinear term W(w) at w = 0 directly, we derive the
linearized equation of (51) by relating it with the linearized equation (47) for u. The
linearization of the coordinate mapping u = ¥ (w) at w. yields u = Kw, where
K is defined by (22). Thus, the linearized equation of (51) at w = 0 takes the form

3, (xi) — K YLK (3;) (54)

(3;) ) =K 'e’tK (z;) 0). (55)

So it suffices to study the spectrum of JL. and the semigroup e’/L<. Note that
the traveling wave U, is cylindrical symmetric, that is, U, = U, (x L ]xt |) with
x1T = (x2, x3). We will prove linear instability in X 1 the cylindrical symmetric
subspace of X 1. Assume the non-degeneracy condition in the cylindrical symmetric

space, that is,

which implies that

ker Lo N X} = {0y, U} . (56)
We have the following analogue of Proposition 2.1:

Proposition 3.1. For 0 < ¢ < V2, let U. = ¥ (we) be a traveling wave solution
of (4) constructed in [49] and L. be the operator defined by (44). Assume (56). The
space X{ is decomposed as a direct sum

X;=NeZoP,

where Z = {3x1 Uc} , N is a one-dimensional subspace such that (L.u, u) < 0 for
0 #u € N, and P is a closed subspace such that

(Leu,u) 26 ||u||§(1 foranyu € P,
for some constant § > 0.

The proof is the same as that of Proposition 2.1, by observing that the negative
mode constructed in Lemma 2.8 is cylindrical symmetric. Now we show the linear
instability of traveling waves on the upper branch.

Proposition 3.2. Let U,, ¢ € [c1, c2] C (O, \/5), beaC! (with respect to the wave
speed c) family of traveling waves of (4) in the energy space Xo. For co € (c1, ¢2),
assume

1. F e C' on U, (RY);
2. L, satisfies (56);

3. %h’:eo < 0;

then there exists 0 # w, € X7 and Ay > 0, such that e*lw, (x) is a solution of
(54).
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In particular, this proposition applies to those traveling waves obtained in [49]
via a constrained variational approach.

Proposition 3.3. Assume (F1-2) or (F1)—(F2'). For 0 < ¢y < V2, let U, be

a traveling wave solution of (4) constructed in [49], satisfying %lczm < 0.

Assume (56). Then there exists a linearly unstable mode of (54). That is, there exists
0 # wy, € X{ and &, > 0, such that eMlw, (x) is a solution of (54).

Proof of Proposition 3.2. By (55), it suffices to show that the operator J L, has
an unstable eigenvalue in the space X7{. The proof is to modify that of Theorem 5.1
in [33], as explained in Remark 3.2 below. Define the following subspace of X} by

Y: = {u e X! | <u I, UCO> - <u J‘lacUclc=co> = 0}. (57)

‘We show that the quadratic form (LC0 . ) restricted to Yf is non-degenerate. Indeed,
any u € X can be uniquely written as

u= aaxl Uco + bacUc|C:co + v, (58)
where v € Y7,

aPU)

a=—{u. 978 Uclecr) 1 : (59)
C c=c(
and
aP (U,
b=<u,J7]8xlUCO>/M . (60)
BC c=c(
Here, we use the identity
LcdUe=—P'(U) = —J '8y, Ue. (61)

Suppose (L, -, -) is degenerate on Y7, then there exists ¢ € Y} such that(L¢, ¢, v) =
0 for any v € Y;. This implies that (L¢,¢, u) = 0 for any u € X3}, by the decom-
position (58). So ¢ € ker L. N X7 and by assumption (56), ¢ = cdy, U, which
implies ¢ = 0 since 9y, Uc—¢, ¢ ¥}

Moreover, since L¢,dy,Ue, = 0, (61) and the definition of ¥} imply a.) the
splitting of X7} into ¥} and span{dy, Uy, 9:Uc|c=c,} is orthogonal with respect to
the quadratic form L, and b.) span{dy, Uy, 9.Uc|c=c,} is invariant under J L., and
thus so is Y], which also imply their invariance under the linearized flow ¢’ The,

Denote n(L¢,|x) to be the number of negative modes of the quadratic form
(Lo, -) restricted to a subspace X C X7. We show that n(L,, |Yf) = 1. Indeed, for
any u € X3, by (58) and (61), we have

(Lcoua u) = b2 <LC()8€UC|C=C(19 8cUc|c=co) + (Lv,v).
Since n(LCO|Xa|') = 1land

_ aPU.)

(LC()BCU(,"C:C()a 8CUC|C:C()> = 9

|c:co > 0,



Stability of Traveling Waves of Nonlinear Schrodinger Equation 171

SO i’l(LC0|in) = 1.LetY] = N® P, whereon P and N, the quadratic form (LCO-, )
is positive and negative definite respectively, dim N = 1, and N, P are orthogonal
in the inner product [-, -] := (LCO-, )

It can be verified that

D (JL¢y) = D (Ley) = X3.

Indeed, JL¢y, Loy : X3 — H I Since Y i is separable, there is an increasing
sequence of subspaces P C P of odd dimension 7 such that U X is dense in
Y7, where X = N + P™. We can choose N and Pto lie in X3. Denote by
7, =T and 7™ the orthogonal projections of Y/ toN, Pand X ) respectively
in the inner product [-, -]. Consider the set

C = {u ey | [ﬂ_u,u] =1, (Lc()u, u) = O}
and C" = C N X™ . Forv e X", consider the mapping
fo(0) =™ (JLCOU) + [n_ (JLcov) , v] v. (62)

In the above definition, we use the observation that J L.,v € ¥} forany v € ¥;. It
is easy to check that [n_f,, (v), v] = 0and

(fa W), Legv) = [fn (v) ,v] = [JLeyv, v] + [77 (JLeyv) L v] [0, v]
= (JLCOU, LC()v) + [n_ (JLCOU) , v] (v, LCOU) =0.
Therefore, f, is a tangent vector field on the manifold C", which is the union of
two spheres $”~! and thus has non-vanishing Euler characteristic. Thus f,, must

vanish at some y, € C". That is, there is a real scalar a, = — [n_ (JLCOUn) , vn],
such that

[JLCOy,,, w] =ay [yn, w], foranyw € x®, (63)

Let y, = y, + y,, where y, € N and y, € P Let v, = byx— with
<Lc0 X—» X—> = —1, then [yn_, yn_] = —1 implies that |b,| = 1. We can normalize
b, = 1. Since

0= <Lco)’n» yn) =-1+ <Lc0y,-,|—7 y:)

and(LcO~, ) | p is positive, |y,;F HX1 isuniformly bounded. So y, — yo € ¥} weakly
in X1. We note that y», 7 0since 7~y = x— # 0. We claim that {a,, } is bounded.
Suppose otherwise, a, — oo when n — o0o. For any integer k € N and a fixed

w e X%, when n 2> k, by (63) we have

1 1
[Vn, w] = — [JLcoyn, w] = <JLCOyna LCOw) 64)
an an
1 1
= _a (Lcoyn’ JLcow) = _a_n [y"’ JLCUw] ’

Let n — o0 in (64), we have [y, w] = 0. By the density argument, this is also
true for any w € Y} and thus yo, = 0 since [-, -] is non-degenerate on Y;. This
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contradiction shows that {a,} is bounded. So we can pick a subsequence {ny} such
that a,, — a, for some a € R. For convenience, we still denote the subsequence
by a,. By (63),

- [}’nv JLcow] = [JLC()ynv w] = ap [yn, w].
Passing to the limit of above, we have
— [yoos JLegw] = a [yoo, w1,

forany fixedw € X®.Forany v € X3NY?, JL.v € X; and by density argument,
we have

— [yoos JLeov] = a[yoo, v1. (65)

It is easy to see that (65) is also satisfied when v € {3x1 Uy, 0c UC|C:CO}. Thus by
the decomposition (58), the Equation (65) is satisfied for any v € X3 N X7. Thus,

_(y007 LC()Jw) =a <y007 w)

for any w € R (LCO), which is the orthogonal complement of d, U.. Therefore,
there exists a constant d, such that y,, € ¥ is the weak solution of the equation

JLcoyOO = dYco +dax|Uco~ (66)

Wemusthavea # 0,since 0 # yoo € Y7 and ¥{ N{dx, Uy, 0:Ucle=c,} = @.Byel-
liptic regularity, yoo € D (JL¢,) = X3 and then yoo = 1 (J Ly Yoo — 8y, Uey) €
H!, so Voo € H3.If U-el+ H* for some integer k, then it can be shown that
Voo € H¥. Since (66) implies that

d d
JL., ()’oo + ;am Uco) =a ()’oo + Zam UCO) )

a # 01is an eigenvalue of J L.

For any nonzero eigenvalue A of J L., with an eigenfunction y, we must have
u = Ly # 0, so we obtain from L., Ju = Au that X is also an eigenvalue of
L, J = —(JL¢y)*. Therefore —A is an eigenvalue of J L., as well. This and the
above argument imply that £a are eigenvalues of J L. This finishes the proof that
J L., must have a positive eigenvalue. O

Remark 3.1. By the above proof, there also exists a stable eigenvalue A; < 0 of
J L., which gives an exponentially decaying solution eMwe(x) (wy(x) € X ) of
the linearized equation (47). This is due to the Hamiltonian nature of the equation.

Remark 3.2. The invariant subspace Y} is used to remove the generalized kernel
{3x1 Ucy 0c UCO} of L, in X7. This space also plays an important role in proving the
exponential dichotomy of the semigroup e’/ £« below. In [32,33], a general theory
was developed for studying stability of standing waves (traveling waves etc.) of
an abstract Hamiltonian PDE ﬁ—? = JE' (u). In this framework, the symplectic
operator J should be invertible in the sense that J -1 . X — X*is bounded,
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where X is the energy space. In our case, the space X is X; = H! x H!, X * is

X* = H~" x H~" and the operator

(0 1
=a=(0 7).

soJ7l: X — X7 is not bounded since H! ¢ H~! and we cannot apply the
theory of [32,33] directly. In [47], an abstract theorem was given for the case when
J is not onto. However, as also commented in [19], it would take substantial effort
to verify some of the assumptions in [47], particularly the semigroup estimates, for
our current case and the instability of slow traveling waves in Section 5.

To handle this issue, we modify the proof of linear instability in [33] (Theorem
5.1) to avoid using the invertibility of J. Our modified argument could be used for
general Hamiltonian PDEs with a non-invertible symplectic operator. We do not
need to assume the semigroup estimates as in [47].

3.2. Linear Exponential Dichotomy of Semigroup

To construct invariant manifolds, the first step is to establish the exponential
dichotomy of the linearized semigroup. First, we prove this for the semigroup
generated by J L.

Lemma 3.1. For0 < ¢ < \/E, let U, be a traveling wave solution of (4) constructed
in [49] and L. be the operator defined by (44). Assume (56) and % < 0. The
space X{ is decomposed as a direct sum

X} = E" @ E®, (67)

satisfying: (i) Both E* = span{w,} and E® are invariant under the linear semi-

group é' JLe (i) there exist constants M > 0 and A, > 0, such that

et']LrlEcs g M(l + t), Vit z 0 and |et]LC|E“|X1 g Me)‘ut’ Vit g 0.

Proof. Let w,, wy; € X] be the unstable and stable eigenfunctions of JL. as
constructed in Proposition 3.3 and its subsequent remark. Denote

E* = span{w;}, E" =span{w,}, E" = span{w,,ws}.

First, we claim that (L.w,, ws) # 0 and the quadratic form (L., -) | g«s has one
positive and one negative mode. Suppose, otherwise, that (L.w,, ws) = 0, then
(L¢+, -) |Evs is identically zero since (Lw,,, w,) = (Lws, ws) = 0 due to the skew-
symmetry of J. By Proposition 3.3, (Lc-, -) |ys is non-degenerate and has exactly
one negative mode. Let Y] = N @ P besuchthat N = {u_} with (Lcu_,u_) <0
and (L., -) |p > 0. Then we can decompose w,, = aju—_+bip; and wy = aru_ +
by pr where py, po € P. Since ay, ay # 0, we define w = w, — Z—fws e E¥NP.
This is a contradiction since w 7% 0. Thus (L., -) | gus is represented by the 2 x 2

matrix
( 0 (Lewy, wy) )
(Lewy, wy) 0 ’

which has one positive and one negative mode.
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We define the subspace E€ by
E¢={u€Y}| (u, Lewy) = (u, Lews) = 0}.

Let Eifer = span {9y, Uc,, 0. Uc} be the generalized kernel of J L. in X3. For any
two solutions u (¢) , v (¢) of the linearized equation du/dt = J L.u, the quadratic
form (u (t), L.v (¢)) is independent of ¢, since

d
d_l (u(),Lev (@) =(JLeu, Lev) + (u, LeJ Lev)
= (JL.u, L.v) 4+ (Leu, JL.v) =0.

By using this observation and the invariance of Y} and E*’, it is easy to show that
the subspace E¢ is invariant under the semigroup e’/ “<. Furthermore, we show that
there exists C > 0, such that for any u € E¢ and ¢ € R,

e Eeu] = clully, (68)
X1

In fact, we note that any v € Y’ can be decomposed as
vV =Wy, + cswg + vp, (69)
where
cu = (Lev, wy) /(Lewy, ws), ¢s = (Lev, wy) / (Lewy, w)
and v; € E°. Thus we have
(Lewy ) lyy = (Levs ) [gws + (Levs -} |Ees

and a counting of negative modes on both sides shows that (L, -) |ge > 0. Then the
estimate (68) follows by the invariance of the quadratic form (L.-, -). Combining
the decompositions (69) and (58), we have

Xi:Eu@ESGBEE@E};CI‘:EM@ECS’
where
cs _ S e ker
E” =FE" 6@ FE @Eg .
For any ¢ = 0, we have

Lol o Le

< Me™™,

s

| E;er

SM(1+1),
X

X1

and this finishes the proof. O

Next, we prove the exponential dichotomy in X3, the cylindrical symmetric
subspace of X3 which is the domain of L. and J L.

Lemma 3.2. Under the conditions of Lemma 3.1, the space X5 can be written as

X5 = E" @ ES’, where EJ' = X3NE® (70)
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satisfying: (i) Both E* and E5’ are invariant under e''Le_(ii) There exist constants
M > 0and A, > 0, such that

elJL

“leg| SM(+1), Vi20 and |e"Ee|pu|x, £ MeM', Vi <0,
3

(71)

Proof. Since the eigenvectors w,, w; € X3, we have E* C X3. The invariance of
ES’ clearly follows from the invariance of X3 and E under ¢’ JLec The direct sum
decomposition of X3 is a direct consequence of that of X7.

To complete the proof, we only need to show estimate (71) on ES*. It is easy
to check that the norm ||ul| x, is equivalent to the norm |lullx, + [|JLcullx,, so
we only need to estimate the growth of ||e’/Leu ”X| + || T Lce Eeu Hxl' For any
u € E5°, by Lemma 3.1, we have

Het]LcuHX S M +1) lully,
1

and

HJLCe”quH

el L S M0 1 Leully,
1

X1

This finishes the proof of the lemma. O

By using the relation (55), we get the exponential dichotomy for solutions of
the linearized equation (54).

Corollary 3.1. Under the conditions of Lemma 3.1, the space X35 can be decom-
posed as a direct sum

X§ — Eu D Ecs’

satisfying: (i) Both E* and E* are invariant under the linear semigroup S (1)
defined by (54). (ii) there exist constant M > 0 and A,, > 0, such that

|S(t)|ECS|X3§M(1+t), Vi>0 and |S®)|zlx, £ M, ViZ0.

Remark 3.3. The linear exponential dichotomy is the first step in constructing
invariant manifolds. In general, it is rather tricky to get the exponential dichotomy
of the semigroup even if its generator has a spectral gap. This is due to the issue
of spectral mapping. More precisely, let o (L) and o (e”) be the spectra of the
generator L and its exponential e”. In general, it is not true that o (¢%) = ¢7"). In
the literature, the exponential dichotomy was proved by using resolvent estimates
[28] or compact perturbation theory of semigroups [55,56] or dispersive estimates
[34,52]. In the current case, it seems difficult to apply these approaches. In Lemma
3.1, we prove the exponential dichotomy of ¢’/ L« by using the energy estimates and
the invariant quadratic form (L., -) due to the Hamiltonian structure. This could
provide a general approach to get the exponential dichotomy for lots of Hamiltonian
PDE:s.
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In the construction of unstable (stable) manifolds, we only need to establish the
exponential dichotomy in the cylindrical symmetric space X} since the unstable
modes are cylindrical symmetric. This also yields cylindrical symmetric invariant
manifolds. By using the non-degeneracy condition (24) and the proof of Lemma
3.1, we can also get the exponential trichotomy in the whole space X . This will be
important in a future work for the construction of center manifolds in the energy
space.

Lemma 3.3. For0 < ¢ < \/E, let U. be atraveling wave solution of (4) constructed
in [49] and L. be the operator defined by (44). Assume (24) and % le=co < O.
Then the space X is decomposed as a direct sum

Xl — Eu @EC @ES,

satisfying: (i) E*, ES and E€ are invariant under the linear semigroup e'’ <. (ii)
There exist constant M > 0, A, > 0, such that

erelps| SMeM, V120, |ete|pulx, £ MM, Vi Z0.

Xi

and
le"/ e pelx, S M(1+1), VieR,. (72)

Proof. Denote E¥ = {w,} and E* = {w,}, where w,, wy are the unstable and
stable eigenfunctions of J L. Let wl = —0.U,, then JLCwl = 0y, U.. Let w2, w3
be such that

JLew? =3,U., JLow® =3,U..

The above two equations are solvable since the kernel of —L.J = (JL/)* is
spanned by J_IE)XI. Us,i=1,2,3,and

<J—1ax.,. Ue, by, Uc> —0, fori,j=123,

by the translation invariance of the momentum P (U.) = (/7105 Ue, Ue — 1)).
Denote the generalized kernel of J L, by

E;fer = span {ul?:]{axi Uc» wi}} .
Define
Yi ={u e X1| (u, Lewy,) = (u, Lows) =0} .

Clearly Eg“ C Y1, due to the symmetry of L. and the skew-symmetry of J.

Moreover Y is invariant under ¢/ < due to the invariance of span{w", w*} and the

invariance of the quadratic form given by L.. Let

E¢ = {u = <u J—1w> —0, Vw e E{;ef}.
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It is straightforward to check that E¢ is invariant under e’/ < due to the invariance
of Y; and Elger.

By the arguments in the proof of Lemma 3.1, we have (L., -) |y, = 0. This
implies that

(Lew' wi) >0, fori=1,2.3,
by noting that w' € Y;. Indeed, supposing otherwise, we would then have

<Lcwi, wi> =0 = min (L.w, w).
weY

Thus (L.w', w) = 0 for any w € Yy, and it follows that (L.w’, w) = 0 for any
w € Xq. Thus, Lcwi = 0, a contradiction, so for any u € X, we can write

3
U= cywy + csws + Z (aiaxl. U, +biwi) + vy,
i=1
where v| € E¢,
cu = (Leu, wg) / (Lewy, ws) , ¢5 = (Leu, wy) / {(Lewy, wy),
and
a; = —<u, Jflwi>/<LCwi, wi>, b, = <u, rlax,. UC>/<Lcwi, wi>.
Here we used the facts that
(wf, J—lax,.UC> - <w", J_le> —0 and i #J,
due to the even or odd symmetry of w' and Ox; U in xj. Thus we get the direct sum
decomposition
X\ =E'"@E ®@E @E".

By the proof of Lemma 3.1, it follows that the quadratic form (L., -) | ge is positive
definite. This implies that

le"/Le|pelx, SC, Yt eR
for some constant C. Define E€ = E¢ @ E?er. Since |e!/L¢| Eker | x, has only linear
growth, the estimate (72) follows. This finishes the proof. O
3.3. Invariant Manifolds and Orbital Instability

In Appendix 1, we prove that the nonlinear term W (w) in the Equation (51) is
C%(X3, X3). Thus, by the standard invariant manifold theory for semilinear PDEs
(for example [7,22]), we get the following:
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Theorem 3.1. For 0 < ¢y < V2, let Uy =V (wco) be a traveling wave solution

of (4) constructed in [49], satisfying 9P 8(5]()
in a neighborhood of the set |U, (R3)|2 and the non-degeneracy condition (56).
Then there exists a unique C? local unstable manifold W* of we, in X3 which

satisfies:

le=cy < 0. Assume in addition F € cd

1. It is one-dimensional and tangential to E* at w,.

2. It can be written as the graph of a C*> mapping from a neighborhood of W, in
E" 10 E.

3. It is locally invariant under the flow of the Equation (51), that is solutions
starting on W" can only leave W" through its boundary.

4. Solutions starting on W" converge to w, at the rate Ml ast — —o0.

The same results hold for the local stable manifold of w., as the Equation (51)
is time-reversible.

Corollary 3.2. By using the transformation u = y(w), we get the stable and
unstable manifolds W** =y (W"*) near U, in the metric

d3 (u, i) = dy (u, i) + Hv2 u — i)

gt [P -0l

12’

which is equivalent to the metric |lw — w|| x, for w. Since W" is one-dimensional,
the dz topology and d| topology are equivalent on W*. Then an immediate con-
sequence of the above theorem is the nonlinear instability in d| metric with initial
data slightly perturbed from U, in the d3 metric.

To compare with the orbital stability result, it is more desirable to get an orbital
instability result as follows:

Corollary 3.3. Under the assumptions of Theorem 3.1, the traveling wave solution
U., is nonlinearly unstable in the following sense:

360, C > 0, such that forany § > 0, there exists a solution ug (t) of Equation (4)
satisfying

ds (u5 (0), Ugy) <6, (73)
and

sup inf |V (usi (1) = Uepi C+ )|, 260, i=1.2. (74)
0<r<Clin5| YER?

Here, us (1) = us,1 (t) +ius2 (t) and Ugy (x) = Ucy,1 (x) +iUcy 2 (%).

Proof. First, weobserve thatifu, = ug 1+iug > € H? isanunstable eigenfunction
of JL., thenug; # 0 fori = 1, 2. Suppose otherwise, that is, that ug | = 0, then
from the equation J L.ug = A ug (A, > 0), we get

cotyttg.2 = (2F" (1U?) weve + 1) g2 = 0.
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This implies that ug » = 0, thus u, = 0, which is a contradiction. Similarly, we can
show thatu, » # 0. The nonlinear instability in ||V (u; — Ue,.; )| ,» follows directly
from the existence of unstable manifold and the above observation. To show orbital
instability, we follow the proof of Theorem 6.2 in [33]. We only show the orbital in-
stability in the norm |V (u1 — Uc,1) ||L2, since the proof for |V (us — Uq.») ||L2
; | be the projection of ug 1 onto the space Z f‘—the orthog-
onal complement space of Z; = span {Bx,. Ueg1,1=1,2, 3} in the inner product
((u1,v1)) = (Vuy, Vur).Fix gg sufficiently small and forany § > 0, we can choose
the solution s (¢) on the unstable manifold W, such that d3 (u(g ), UCO) <6,

”V (M5’1 (t) — UCOJ)”LZ < Cgy, forO<t<T
<<M5,1 (T) = Uey,1, u;1>> = &0,

where 71 = C |In§|. Here C may depend on &g, but is independent of § > 0. Let
h = h(t) € R3 be such that

IV (5.1 (1) = Ueo1 - + W) || 2 < 26,
6 = inf ||V (us1 () — Ueq1 ¢+ )|,z
yeR3

is the same. Let u

Then
IV (Ucot () = Uyt - + )| 2 3|V (us,1(6) = Uey1) | ;2 < 2Ce0,

thus |h| = O (&g). Therefore we can write
Usgot (5 4 1) = Uyt () + - VU1 () + O (23)
This implies that
€0 2 ({51 = Ueosr -+ 1), ufy))
({1 = U1 1)) = 0 (8) = e0/2.

by using the orthogonal property of u; 1 and Z;. This finishes the proof. O

1\

Remark 3.4. By using the exponential dichotomy for the semigroup e’’%e

(Lemma 3.2), we can construct unstable (stable) manifolds near U, directly from
Equation (46) in the space H 3 (R3) x H3 (R3). However, the functions in U, +
H? (R3) x H3 (R?) are not guaranteed to be in the energy space X. To get the
invariant manifolds lying on X, we use the coordinate mapping U = { (w) to
rewrite the Equation (46) as (51) forw € H 3 (R3) x H3 (R3).

Remark 3.5. Since the eigenfunctions of J L. actually belong to H¥, instead of
constructing the unstable/stable manifolds of traveling waves through the coordi-
nate change U = ¥ (w) and working on (51), one can also work on (46) directly
in the space U, + H*. The details are similar to the proof of Proposition 5.4 and
Corollary 5.1. However, that approach, based on the improved properties of unsta-
ble eigenfunctions, would not be useful when we construct the center manifolds in
the energy space in the forthcoming work.
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Remark 3.6. For the (GP) equation, numerical computations [12,39] suggested
that % < 0iff ¢ € (¢*, V/2) for some c* € (0, +/2), so for the 3D traveling
waves of (GP), the instability sets in at a critical velocity c*. By contrast, for the
cubic-quintic equation, we have % < 0, and thus the instability when c is

near 0 and /2. Thus there may not exist a critical speed for instability. The case
for small ¢ is proved in Theorem 5.4 and % < 0 for ¢ near +/2 can be seen
from the transonic limit [6,20,39] of traveling waves of (4) to solitary waves of the
Kadomtsev—Petviashvili (KP) equation.

4. Transversal Instability of 2D Traveling Waves

In this section, we prove the transversal instability of 2D traveling waves of (4).
Unlike the 3D instability result (Proposition 3.3 and Theorem 3.1), we do not need
to assume the non-degeneracy condition (24) for the 2D traveling waves.

To state the result, first we introduce some notations. Assume F € C! (R™). For
0 < ¢ < /2, consider the operator L. defined by (44), where U, (x1 — ct, |x2])isa

2D traveling wave solution of (4). Then it is easy to show that L.. : (H 2 (Rz))2 —
(L? (Rz))2 is self-adjoint and

Ocss (L) = Oess (Lc,oo) = [0, +o0), foranyc € (Oa \/5) )
where L. « is defined in (28). Let Ao (L) be the first eigenvalue of L.

Theorem 4.1. For 0 < ¢ < ~/2, let U. (x| — ct, |x2|) be a 2D traveling wave
of (4). Suppose ro(L:) < 0. Let .y < 0 be the second eigenvalue. Then U, is
transversely unstable in the following sense: for any

k e (\/ —A1, —)\()) ,
there exists an unstable solution
MRSy (e, x2), with Ay > 0,ug € (H?(R%))? (75)

for the linearized equation (76). If k > /—Aq, then no such solution with A,, > 0
exists, that is, there is spectral stability.

Remark 4.1. Denote the momentum by

1
P (u) = E/z(iaxlu,u) dx = —/2u13xlu2 dx.
R R

When 28U | _ "> 0, the instability condition Ag (L¢) < O is satisfied by the

c
traveling wave U,,. This is due to the identity
P (Uc)

(LedeUe, 0:Ue) = — (P/(Uc)v aCUC> = 3¢

’

by (61). Numerical evidence [11,39] shows that the condition a’}—ij“) > ( is satis-

fied for 2D traveling waves of (GP). Moreover, 2D traveling waves of (GP) were
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constructed in [15,51] as energy minimizers subject to a fixed momentum. This
implies (by a similar proof to Lemma 2.7) that L. can have at most one negative
eigenvalue. Thus, for any 0 < ¢ < V2, we have Ao (Le) < 0and Aq (L) = 0 for
any 2D traveling wave of (GP). By Theorem 4.1, any 2D traveling wave of (GP) is
transversely unstable if and only if the transversal wave number k € (O, J—_M))
When k — 0+, see the asymptotic analysis in [11,43]. In the limit ¢ — 0, the 2D
traveling waves of (GP) consist of an antiparallel vortex pair [13,40]. In this case,
the mechanism of transversal instability is analogous to the Crow instability of an
antiparallel vortex pair of incompressible fluid [23].

Proof. The linearized equation of (46) near U, (x1, x2) can be written as

du

= JL.u, (76)
where
d2
—= 0
~ 2
Lc = Lc + dX3 42
0 ~az

Finding an unstable solution of the form (75 ) for the linearized equation (76)
is equivalent to solving the eigenvalue problem J (LC + k2) ug = Ayug. Denote
Lok = Le + k2, then for k € (v/=A1, v/—X0), the operator L x has one negative
eigenvalue, no kernel and the rest of the spectrum is contained in (8p, 00) with
80 = k? + A1 > 0. The existence of an unstable eigenvalue of J L follows by
the line of proof of Proposition 3.3, in a much simplified way since o (Lc,k) does
not contain 0. When k > /=X, the operator L is positive. This implies the
non-existence of unstable modes since any such mode satisfies (L gug, ug) = 0.
0

We now prove nonlinear transversal instability under the instability condition
in Theorem 4.1. For any kg € (/—X1,+/—Ap), denote H™(R? x S%ﬂ) to be all
0

functions in H™ (R2 x [0, %]) which are i—’g-periodic in x3. Let

2
X1k = Iu(x1,x2,x3) € (H1 (R2 X Sin)) | uis oddinx3] ,
0
2
X3ko = X140 (H3 (R2 x sz,,)) ,
ko

From Theorem 4.1, we have a linearly unstable mode of the form

and

e sin (kox3) ug (x1, x2)

in the space X3 x,. We will construct unstable manifold near the traveling wave
U, (x1, x2) in the space 1+ X3 x,. First, we show the exponential dichotomy of

e'Le in the space X3 k.
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Lemma 4.1. For any

ko € (max[ﬁ,‘/?],\/jxo), (77)

the space X3y, is decomposed as a direct sum

satisfying that: (i) both E* and E* are invariant under the linear semigroup e'’

X3,k0 — Eu @ ECS,

Le

(ii) There exist constants M > 0 and A, > 0, such that

and

el]LC |Ecx

)§M, Vit=0,

H3| R2x S,
ko

le"Le | pu| < MM, Vi <0,
H3(R2><Szl)
ko

Proof. First, we show the exponential dichotomy in the space X ,. Any function
u € Xy, can be written as

and

‘We have

o
w (x1, %2, x3) = D sin (jkoxs) u; (x1,%2) ,

j=1
]| = il ey + 32w} : (78)
Hl(szs%) ;(U il ey + 97| JHLz(Rz))

o0
u(t) =eley = Zsin (jkox3) (etJL”*-""O uj) (x1, x2) .
=1

By assumption (77), the operator L. i, has one negative eigenvalue and the rest
of the spectrum lies in the positive axis, and {Lc ji,} (j = 2) are positive, so
by the proof of Theorem 4.1, there exist a pair of stable and unstable modes of
the form e y®* (1, > 0), where u™ = sin (kox3) u+ (x1, x2). Define E¥ =
span {u*}, E* = span{u~} and

oo
EC = qu= D sin(jkoxs)uj (1, x2) € X1, | (Legour, u™) =0

j=1

Then by the arguments in the proof of Lemma 3.1, for any u € E°, we have

t«ch,kO <
He ui HHI(RZ) < Clluy ||H1(R2) , for some constant C,
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and by the positivity of L jk, (j = 2),

e/ 0s
HI(R?)

< € (sl ey + 7 s 32y

with some constant C independent of j. So by (78), we have

e”L‘uH < Cllul . foru e E°.
HI(RZXSL,) HI(RZXSZJ)

ko ko

2
2| L g, .
tJ He Yl ey

Define E“* = E* U E°. Then X, = E* @ E is a direct sum decomposition for
the exponential dichotomy of e’/ <. Define

ES = {u € X3,1] JZ,CM € ECS}.

Then X3, = E* @ E5’ and the exponential dichotomy follow by the same argu-
ment in the proof of Lemma 3.2. 0O

In the Equation (46), we let U = U, + u, with u € X3 x,. Then the equation
can be written as

U; :Ji,cu+\ll(u).

If F € C (R), itis easy to show that the nonlinear term W (u) is C? (X3,k0, X3,k0).
By using Lemma 4.1, we have the following:

Theorem 4.2. For 0 < ¢y < V2, let Uc, be a 2D traveling wave solution of (4),
satisfying apa(éj”) le=cy > 0 or more generally Aoy (L) < O. For any ko satisfying
(77), there exists a unique C! local unstable manifold W* of U, in X3k, which
satisfies that:

1. It is one-dimensional and tangential to E* at Uy,.

2. It can be written as the graph of a C' mapping from a neighborhood of U, in
E" to ES’.

3. It is locally invariant under the flow of the equation (46).

4. Solutions starting on W" converge to Uy, at the rate Ml ast — —o0.

As a corollary of the above theorem, we get nonlinear transversal instability of
any 2D traveling wave of the (GP) equation.

Remark 4.2. Assumption (77) ensures that the unstable subspace of the linearized
equation in X3 4, is 1-dimensional. In fact this assumption can be generalized to

3 jo = 1 such that jokg satisfies (77). (79)

Since the subspace corresponding to the jo-th mode is decoupled in the linearized
equation, this assumption ensures that there exists a 1-dimensional unstable sub-
space in the jp-th mode which implies the linear instability with possibly multiple
dimensional unstable subspaces. L. is uniformly positive in all but finitely many
directions, one may prove the linear exponential dichotomy and the existence of

unstable manifolds through a similar procedure.
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5. Slow Traveling Waves of Cubic-Quintic Type Equations

In this section, we assume that the nonlinear term of (4) satisfies the following:

(Hl) F € CL([0, 00)), F(rg) = 0, and F'(ro) < 0, where ry is a positive
constant.

(H2)3C > Osuch that |[F/ (s)| < C[s|?~", fors > 1, where pg = 2.

(H3)3r; suchthat 0 < r; < rgand V(r;) < 0, where V(r) = for F(s) ds.

A typical example is the so-called cubic-quintic (or ¥ — ) nonlinear
Schrddinger equation

iV + AY — a1y + a3yl ? —asylyl* =0, x e R, (80)

where o1, o3, a5 are positive constants satisfying (8). The main result of this section
is to show the existence and instability of traveling waves with small speeds.

5.1. Existence of Slow Traveling Waves
First we recall the result of stationary solutions.

Theorem 5.1. [24] Under assumptions (H1)—(H3), there exists a real-valued func-
tion o € C*(R™) satisfying:

1. ¢po(x) = ¢o(|x]|) (that is ¢ is radially symmetric)
2.

Ago + F(¢g)do =0, inR" (n = 2). (81)
3.0 < ¢o(r) < /ro, Yr € [0, 00), and lim, _, oo o (r) = /10

4. ¢((0) =0, ¢y(r) > 0Vr € (0, 4+00)
5. There exist C > 0,8 > 0 such that: Vo € N" with |a| < 2,

10% (po(x) — /T0)| £ Ce™ ¥l Vx e R,

The steady solution ¢ constructed above is called a stationary bubble of (4).
To simplify notations, below we assume ro = 1, F’ (1) = —1. Denote the operator
A: H*(R") — L*(R") by

Ai=—A-F@} —2F (83) 43. (82)

Note that A is the linearized operator with the steady equation (81). Differentiating
(81) to x;, we get 9y, ¢o € ker A. We state the following non-degeneracy condition

kerA:{Z)X[.q)o,i:l,...,n}. (83)
First, we study the two and three dimensional cases.

Theorem 5.2. Let n = 2, 3. Under assumptions (H1)-(H3), and the condition
(83), there exists by > 0, such that for any ¢ € (—by, by) , there exist (p¢, 0.) € X3
such that
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@° (x1 —ct, xL) = ((,00 + pc)% eief) (x1 — ct, xl)

is a cylindrically symmetric traveling wave solution of Equation (4). Here, /py =
¢o () is the stationary solution to (4). Moreover, (p., 0.) is c! forc € (—by, by),

locll g2 =+ 116c 1l g2 <K|c|, forsomeK > 0.

For n = 2, the non-degeneracy condition (83) is proved for cubic-quintic non-
linearity in Appendix 2.

To prove the existence of traveling waves, we use the hydrodynamic formulation
(5). The traveling wave solution

Y(x1 —ct,x1) = /pe' (x1 —ct, x1)
satisfies
—cO, + VA2 =1L Ap + L L \Vp2 —F(p)=0
x| 2p i, (84)
cpx; —2V.(pVO) = 0.

We define S(p, 0; c) to be the left-hand side of (84), then (84) becomes S(p, 0; ¢) =
0. First, we define several function spaces. Define the spaces

. 2 7—1 :
Z =12 NH. withnom [z = [l + Il 51 -

and Y = L% X Z. The energy functional is defined by (6) and the momentum is

1
P(p.6) = —5/ (0 —1)6y, dx,
Rll
where (p, ) € (po, 0) 4+ By, with
Bey ={(0.0) € X3 | lpllp2 + 10152 < €0}

Since H? (R") «— L>® (R") forn = 2,3 and po (r) = po (0) > 0, thus when &g
is small enough, the functional E and P are well-defined.

Proof of Theorem 5.2. When c is small enough, we look for solutions of (84) in
the form (p + po, €) where (p, 0) € By, with &g small enough such that p+ o9 > 0.
First, we note the following variational structure of (84):

S(p + po,0;¢) =2Dp0) (E(p + po,0) +cP(p+ po,0)).

Since the functionals E, P are translation invariant to x, the above implies that
<S<p+po,e;c>, (3’” (”+”°))>=o (85)
Oy, 0

for any (p, 0) € Bg,. Define Ko = span{(ax1 po(x), 0)}. Let KOJ- be the orthogonal
complement of Ko in Y, and [T+ : ¥ > Kd- be the L? orthogonal projection. We
solve the equation

S(po 4 p,0;¢) =0, (p,0) € Ky, (86)
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near (0, 0; 0) by the implicit function theorem. The linearized operator of S with
respect to (p, ) at (0, 0; 0) is

M; O )
D.0)S(p0, 0;0) :== My = ( 01 Mz) DX Y (87)
where
\Y 11 Apo
My =-V. (—) ———3|V,00|2+—2—F/(p0), (88)
2p0 2 5 2p4

My = =2V - (poV).

. . . L . . . L
The linearized mapping of [T S (po+p, 9; C)IKOLF‘ZXE at(0,0;0)isI1 M0|X§mKOL =
M| X3NKE It can be checked that for any p € H-,

P 1
e 89
2@) 7 )

which also follows from (99) below. So by the assumption (83),

M1,0=A(

ker M| = span {max,¢o} = span {axl,oo} , on Hri.

Moreover, (M6, 0) > Oforany 0 € H'.Thusker M = {(axlpo(x), 0)} = Ko.By
Lemma 5.1 below, the operator My : X3 N Kd- — Kd- is bounded with a bounded
inversion. Moreover, it is easy to show that S(p+p9, 6; ¢) € C! (BSO x R; Y). Thus
by the Implicit Function Theorem [21], there exists a neighborhood Bs, x (—bo, bo)
of (0,0; 0) in (X3 N K) x R such that

(p (), 0 (c)) : (=bo, bo) — Bs,

is the unique solution to (86) near (0, 0; 0) which is C' in c. Moreover, as implied
by the proof of IFT, we have

o @llp2+ 10 @©llg2 = K 1IS(po, 05 0)lly = K |c|

for some constant K. We claim that (p (c¢) , 6 (c)) solves the original problem, that
is, S(p (¢) + po, O (c) ; c) = 0. Indeed, by equation (86), we have

S(p (¢) + po, 0 (c); ¢) = k(dx, po(x), 0)

for some constant k. We claim that k = 0. Suppose otherwise, that is, that k 7~ 0,

then by (85),
dup0) (B 0@+ _,
0 ’ 9y, 0 (c) 7

or || 9y, 00 ||i2 4+ O (c) = 0, which is a contradiction. This finishes the proof of the
Theorem. 0O
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It remains to show that the operator M| X3NKE has a bounded inversion. We

study this in a more general setting. For 0 < ¢y < /2, suppose (pco, 960) is a
traveling wave solution satisfying (84) and min p., > 0. The linearized operator of
S(p + peys 0 + Ocy; ) at (0, 0; o) is

Dip.5)S(Pegs Ocy; €0) 1= Mgy = (%; %Z) D XS Y. (90)
Here,
My =-v. (ZZ) - %pigow%ﬁ + % —Flpe), O
My = =2V - (p, V),
and
My = cody, — 2V - (Vb,") , (92)

M = M;l = —cp0y, +2V0,, - V.

Define K¢, = {(0x, 0cy. 9x,6c,) } Let K CJ(; be the orthogonal complement of K, in
Y, and l'[iz) Y - KCJ(-) be the orthogonal projection. Note that HcloMc’o|K}0er§ =

Meol gt nxs-
Lemma 5.1. Assume
ker M¢, = span {(dx, pcy, 9x,6c,)} on X3. 93)
Then there exists y > 0, such that for any (p, 0) € KCJ(; n X3,
|Mey(p, 0)]y Z v 110, 0)llxs - o4

In particular, MC0|KCLOQX§ : Kci0 nx;— ch) is invertible and

-1 -1
HM“"K%OOX% :

Sy

Proof. We follow the arguments of the proof of Proposition 2.3 in [25]. Suppose
(94) is not true. Then there exists a sequence

lﬂn=(,0n,9n)€K$ﬂXS, n=1,2,...,

such that ||y, ||y, = 1 and | Mc, s |, — 0 when n — oc. Since [[¥, [y, = 1, we
may assume (by passing to a subsequence) that ¥, — /o weakly in X3 for some
VYoo € X5. The fact that {1, } is orthogonal to K, implies that {o, € K CJ(-) N X3.
The weak convergence of v, to ¥, in X3 implies the weak convergence of M,
t0 Moy Yoo in L2, Tt follows from | Meya ||, — O that M, Yoo = 0. Thus oo = 0
since Y is orthogonal to ker M., = K.
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Denote the operator

MY —cod \Y 1
me =" i witthf=—v.( )+—. (95)
cody; M 2pc, Peq

‘We claim that || M é’(f Y || y = 0whenn — oo. First, 1, — 0 weakly in X, implies

that p, — 0 weakly in H? and 6, — 0 weakly in H?. Thus, for any bounded
function a (x) decaying at infinity, we have a (x) p,, a (x) Vp,, a (x) V6, — 0
strongly in L2, since the restriction of Pn> Vpn, VO, to a bounded domain implies
strong convergence. Thus, we have

(M1 — M) pu 2 = O,
| (M21 = c0dx,) pul[ 2 =2V - (VOeopn) | 2 = O,
| (M12 + codx,) 6n | ;2 = 2| VOey - VO | 2 — O,

and
(421~ coie) pull -1 < € [V8egpu] 2 = 0.

This shows that || (MCO — Mgf) /s || y — Oandthus ||Mfoow,, || y — 0.By Lemma5.2
below, there exists n > 0 such that

MWy = 0 lullx, = 1.
This contradiction proves the lemma. 0O

Lemma 5.2. Assume 0 < co < ~/2 and inf Peo (X) = 8o > 0. Then there exists
n > 0 such that

M2y, Znlvix, . (96)
forany yr € X5.

Proof. Take any v = (p, 0) € X3. First, we estimate ||| ;;1, ;1 as in the proof of

2
Lemma 2.9. Since 0 < ¢p < /2, we can choose 0 < ap < 1 such that 2 — Z—g > 0.

0
Then,

co V> X1 co
( w w) 12 . | V | —+ Cco + | V | X ( )

0

—/ [ 1 |Vp|2+i(1—a3)p2+2p
- C|
R 206 Pe ’

€0

2 2
C, 2 app €0

+12- 2 ) oc |01, 6] +( — —0,,0 pCO) dx
ag LN agp

2 no (Ilpl3 + 1615, ) . for some o > 0.

2
vLel
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Therefore,

mo (Mol + 1612, ) = [MEW ] 2y s (Il 22 + 1611 1)

and thus

1
510 (1ol + 100 51) < [MGW] 2, gy

From the standard elliptic estimates, there exists C > 0 such that

V20|

T H v20 ‘
L2

L= C (ol + 1011+ [MEV o) -

Combining above two inequalities, we get (96). O

For dimension n = 4, we need to study the equation in the function space
of higher regularity. Choose k > % such that H* (R") < L (R"). Let ¥; =

H,kl_2 X (H,"i_2 N Hril). We construct traveling waves near stationary bubbles by
solving the equation S(p+ po, 0; ¢) = Oin the space X3 . Assuming that F' € ck-1,
from Lemma 5.1, by bootstrapping we get the estimate

|Meo (0. 0)]y = ¥ llCo. D), -

and thus Mey| g1 qy: * K &N X} — Kz NYis invertible. Then by the same proof
€0

of Theorem 5.2, we get the existence of slow traveling waves near pg for n = 4 in
the space X;.

Remark 5.1. The two non-degeneracy conditions (93) and (56) are equivalent.
This can be seen from the relation of operators M., and L. For a traveling wave
Uy = /Pege'%0 with no vortices, denote the matrix operator

1_1 :
2 7= €08 00y —/Pecy SIN By

T,=( " (98)
3 T sin 6, /Peq €08 O
Then
My = 2T} Ly Ty, (99)

Since T, is obviously an isomorphism of X, we have
Tz, (ker MCO) =ker L,

which implies the equivalence of (93) and (56). To show (99), we note that: 1)
M., and L., are from the second variation of the energy-momentum functional
2(E+cP) in (p,0) and E + cP in (u, v) respectively and 2) the first order
variations of (u, v) and (p, 6) are related by the matrix 7.
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Remark 5.2. The existence of slow traveling waves for cubic-quintic type equa-
tions was proved forn = 4 in [48] by using the critical point theory, and forn = 2, 3
in an unpublished manuscript of LIN [45] by using the hydrodynamic formulation
and Lyapunov—Schmidt reduction. The proof we give here adapts the formulation
of [45], but it is much simpler and works for any dimension n = 2. The new ob-
servation is to use the variational structure of the traveling wave equation (84) in
hydrodynamic variables to reduce it to equation (86) which is solved by the implicit
function theorem. Moreover, as a corollary of the proof we get the local uniqueness
and differentiability of the traveling wave branch.

5.2. Continuation of Traveling Waves

By using Lemma 5.1 and the proof of Theorem 5.2, we get the following result
on the continuation of traveling waves without vortices (that is |U.| # 0):

Proposition 5.1. For n = 2, fix k > 5 and assume F & CH10 < o < V2,
(,oco , 900) is a cylindrically symmetric traveling wave of (84) satisfyinginf p, (x) >
0 and the non-degeneracy condition (93). Then 3 g9 > 0, such that for

¢ € (—& +co, 80 +co) C (0, \/5)

there exists a locally unique C! solution curve (pcs 0c) of (84), with (pc — Peoys 6’0) €

X,i That is,
¢° (X1 —ct, ,xl) = ( pcei(") (m —ct, ,xL)

are the only traveling wave solutions of (4) near (pCO, GCO).

For n = 3, we can prove the continuation of general traveling waves even with
vortices, under the non-degeneracy condition (56). Instead of using the hydrody-
namic formulation, this is achieved by using the original equation (42). First, we
need an analogue of Lemma 5.1. We still use X, Y for the cylindrical symmetric
spaces defined before.

Lemma 5.3. Forn = 3 and 0 < ¢y < V2, let Uey = Ugy + ive, be a traveling
wave solution of (42) satisfying the decay condition (45). Let L, : X5 — Y be the
operator defined in (44). Assume (56), that is,

ker Loy = Koy = {05, Uco} . on X3,

and denote K CJ(; 10 be the L?* orthogonal complement of IZCO in Y. Then, there exists
y > 0, such that

|Leyd]y Z v pllxs, foranyd € Kiyn XS,
In particular, L, : IZCLO N X% — IE'CLO is invertible and

-1
_ —1
H (L60|KL%0X§) :

Sy
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Proof. The proof is almost the same as that of Lemma 5.1. So we only point out
some key points in the proof. For any sequence {1/} € X3 with ||, ]|y, = 1 and
¥, — 0 weakly in X5, we show that

|(Ley = Leg.oo) ¥n ||y — 0,

L [ —A+2 —cooy
€0,00 =™ coOy, —A ’

Let Ley = (L) and Ly oo = (Li;f;) i, j=1,2,and Y = un + ivy. By (45),

L — ng;) =d’(x)=o0 (i) , a®? x)=o0 (L) .
%] lx?
Then, since u, — 0 weakly in H 2
(GO
(- 2
- 2

by the local compactness of H2 < L2. Since v, — 0 weakly in H2, we have

where

— 0,

|
j- Ha () ttn L2

— 0,

_ |2
- Ha ) ttn]

L2

< 21
g = HIXIa @) ,

— 0,

(1= 28] = om0
(2= )] = om0

H (L22 — ng) Un — 0,

by the arguments in the proof of Lemma 2.5.
By Lemma 2.9, there exists 79 > 0 such that

(Leyoot 8) Z m0 91171, 51 forany ¢ e H' x H'.

Then by the same proof of Lemma 5.2, for some 1 > 0,

| Leg.oo® ||y Z nlilly, . forany ¢ € X5.

The rest of the proof is the same as Lemma 5.1. O

. < HIXI a* (x) vy
H-! L2

Theorem 5.3. For 0 < ¢o < ~/2, assume that Uy =Y (wCO) is a cylindrical sym-
metric 3D traveling wave solution of (4) satisfying the non-degeneracy condition
(56). Then 3 &y > 0, such that for

¢ € (=& +co, 80 +co) C (0, \/5) ,

there exists a locally unique_ C! solution curve U, = ¥ (we) of (42) near Uy,
where we € HY, (R?,R) x H (R*,R) and ||we — we, | = O (Ic — col).

1L
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Proof. By Lemma 2.4, for a traveling wave solution U, = ¢ (w,), it is equivalent
to solve (E.) (we) = 0 for we. Define K¢, = span {9y, we, }. Let KCJ(-) be the
L? orthogonal complement of K in Y, and Hé) Y = K }0 be the orthogonal

projection. Let K }0 be orthogonal complement of K in X3, in the inner product
[-,-] = (K-, K-), where the operator

k(2 = (¢ — x(D)(ed2)
(o)) [05)
is defined in (22). We use the implicit function theorem to find solutions (we, + w, c)
near (we,, co) of the equation
I'Ii)E_C’(wCO +w)=0, we Igfo
The linearized operator with respect to w of the left hand side above at (wco, co) is

1L
o’

Mg Eey (wey)| ks = Ea"(wa)lgy Ky — K
which will be shown to be invertible below. In fact, by (30), we have
Eco”(wco) = K*LCOK,
where K* is given by (32). So by (56),
ker E," (wey) = K¢y = {0y, we, }
and
HCJ{) ECO//(wCO) |]€CJ(-) = ECO//(wCO) |I€CJ(_) .
By the definition of I%clo, ¢ € I%CLO iff K¢ € I%clo N X3 where IZCO is defined in
Lemma 5.3. By Lemma 5.3, there exists y > 0, such that
|LoK o]y Z v 1Koy, forany¢ e K. (100)

Itis easy to show that the mappings K : X5 — Xj and K* : Y — Y are isometric,
that is, there exist C;, C> > 0, such that

Ciligllx, = IKllx, = C2lIglx,
and
Cilgly < [K*¢[, = C2l8lly .
Thus by (100), there exists some y; > 0, such that
|K*LeoK oy = 71 6, . forany ¢ e K.
That is, the operator
ECO”(wCO)% = K*LCOK¢|&% (Ko — K

has a bounded inverse. The rest of the proof is the same as that of Theorem 5.2, so
we skipit. O
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5.3. Instability of Slow Traveling Waves

In this subsection, we prove the instability of slow traveling waves constructed
in Theorem 5.2. The approach is the same as developed in Section 3. The linearized
equation is (7). To find unstable eigenvalues of J M., we first study the quadratic
form (M u, u), where u = (p,0) € X3, the cylindrical symmetric subspace of
X; = H' (R") x H' (R").

Proposition 5.2. Assume (H1)—(H3) and the non-degeneracy condition (83) on the
stationary bubble. Then 3 ag € (0, «/5), such that for any 0 < ¢ < ay, there exists
a traveling wave solution U, = \/Eeief of (4) without vortices and (56) is satisfied.
Moreover, the space X| can be decomposed as a direct sum

XN=N®Z®P,

where Z = {(Bxl Pes 3x19c)} , N is a one-dimensional subspace such that (M u, u) <
0for0 # u € N, and P is a closed subspace such that

2
(Mcu,u) 2 8 |luly,, YueP,
for some constant § > 0.

Proof. The proof is similar to that of Proposition 2.1, so we only sketch it. The
existence of traveling waves is shown in Theorem 5.2, for ¢ € [0, bg), by > 0.
Define the operator

]l;lc.::f}oMcof}:LfL—>L2

rype
where G is defined in (26). We will show that there exists ag > 0, such that when
c €10, ap):

(i) M. : L* — L? is self-adjoint and bounded.

(ii) L. has one-dimensional cylindrical symmetric negative eigenspace,

ker MC N L'%L = {é_l (axl,OCa 8)(196)} ’

and the rest of the spectrum is positive.

The conclusions in the Proposition follow from the above properties of the
operator M. Denote M := G o M o G, where M is defined in (95). Then
it is easy to see that Mcoo is bounded and self-adjoint, and by the estimate (97),
the essential spectrum of 1\7150 C [80, 00) for some §y > 0. We show that MC isa
compact perturbation of M,f?o . Indeed, M, — A;Ifo = (M; 1), where M, =0,

~ 1 !

My = (—A+1D"2a; (x) (A +1)72,

- 1 " -3 Y y
My = —2(—A)"2V - <a2 x)(=A+1) 2) . M= My,

with
11 Ape, , 1
ar (x) = =—|Vpg,|* — — F'(pey) — — — 0,
208 70 202 T e

ay (x) = Vb, — 0,
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when |x| — oo. Thus by the local compactness of H! < L2, the operators
M 11, M21 and M 12 are compact, so by the perturbation theory of self-adjoint op-
erators, M, is self-adjoint and bounded, with its essential spectrum in [8p, 00). By
Lemma 5.4 below, ker Mo N L%L ={G! (0x, 00, 0)} and My has exactly one neg-
ative eigenvalue which is simple with radially symmetric eigenfunction. Since the
traveling wave solution (pc, 6c) is C! for ¢ € [—by, by), the discrete spectrum of
M is continuous in c. Thus, there exists ag > 0 such that for ¢ € [0, agp), M has
a one-dimensional kernel in L%l spanned by G~ (axl LOcs axlec) and exactly one
negative eigenvalue which is simple with a cylindrically symmetric eigenfunction.

O

Lemma 5.4. Assume (H1)—(H3). Let ¢o = ./po be a stationary bubble of (4)
obtained in [24] (via constrained minimization) satisfying (83). Then

ker Mo N L%L = span {G_l (8)”,00, O)} ,

and My has exactly one negative eigenvalue which is simple and with a radially
symmetric eigenfunction.

Proof. Since Mo =Go My o G,itis equivalent to show that
ker My N LfL = {(8xlp0, O)} ,

and M has only one negative eigenvalue which is simple with a radially symmetric

eigenfunction. Recall that
M 0
My = ;
0 M

1 1
M =A (2\/% ) m, M> 2V - (poV).
Since M> > 0, by (83) the cylindrically symmetric kernel of M is spanned by
dx; po. It remains to show that the operator A has only one negative eigenvalue
which is simple with a radially symmetric eigenfunction. This property was shown
in Lemmas 2.1 and 2.2 of [48] for n = 3. The proof for n = 2 is almost the same
and we sketch it below. By Lemma 3.3 of [24] or Lemma 2.1 of [48], A has at least
one negative eigenvalue with radial symmetric eigenfunction. It was shown in [2,9]
that ¢9 minimizes the functional

where

1
Tw == [ |Vul* dx
2 R2

subject to the constraint

I ) =/R2v(|u|2)dx —0.

By the arguments in the proof of Lemma 2.7 or the proof of Lemma 2.2 in [48],
it follows that A has at most one-dimensional negative eigenspace. Thus A has
exactly one-dimensional negative eigenspace. O
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Remark 5.3. In Appendix 2, we prove the non-degeneracy condition (83) for cubic-
quintic nonlinearity and n = 2. For n = 3, the condition (83) was proved in [48]
for nonlinearity satisfying some additional condition ((H5) in P. 1209 of [48]).
However, our computation indicates that this additional condition appears to be not
satisfied by the cubic-quintic nonlinearity.

Much as Proposition 3.2 and Lemma 3.2, we have the same linear instability
criterion % < 0 and the subsequent linear exponential dichotomy.

Proposition 5.3. Let U, = ,/pceief, ¢ €[c1, 2], bea Ct (with respect to the wave
speed c) family of traveling waves of (4). For ¢y € (c1, ¢2), assume that:

1. Ugy(x) # 0, for all x € R";

2. non-degeneracy condition (93) is satisfied,

3. F e C'onU.,R";

4. M., satisfies the decomposition result stated in Proposition 5.2, and

9P (U, .
5. 800 . <0
then there exists w, € X} and ), > 0, such that eMlw, (x) is a solution of (7).

Moreover, the linearized semigroup '’ ™M

the space X3.

0 also has an exponential dichotomy in

After these preparations, we show the linear instability of slow traveling waves
of (4) with cubic-quintic type nonlinear terms.

Theorem 5.4. Assume (H1)—(H3) and (83). For any n = 2, 3e9 > 0, such that

for all 0 < ¢ < &g, the traveling wave solutions U, = ,ocem" constructed in
Theorem 5.2 are linearly unstable in the following sense: there exists an unstable
solution e’ w,, (x) with

wy = (pu, 0u) € X5, Ay >0,

tIM,

of the linearized equation (7). Moreover, the linearized semigroup e also has

an exponential dichotomy in the space X3.

Proof. Since the traveling wave branch U, constructed in Theorem 5.2 is C! for

¢ € (—by, by), according to Proposition 5.3, it is reduced to show that 9P W) le=0 <

ac
0. We note that
1 I _
EMcac(pc» 90) = _P/(;ch 96‘) = _5-[ laxl (Pm ec)a

since (p¢, 0.) satisfies (E’ + cP’) (pc, 0:) = 0 and (E” + cP”) (pc, 0:) = %Mc.
Here, we use ’ to denote the functional derivative in (p, 8). Thus
aPU.)

9 <P/(pc‘a 0c), ¢ (o, 90)>|c=0

c=0

1 1,
= 3 (0P 00). (0,85, p0)) = =35 (M5 "32100. 81, 00) < 0

since M, = —2V.(ppV) > 0.

By Proposition 5.2, we can show the exponential dichotomy for the semigroup
e'/Me in the space X%, as in Lemma 3.2. The proof is the same as in Lemmas 3.1
and 3.2, thus we skipit. O
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Due to the presence of derivative terms in the nonlinearity of the hydrody-
namic equation (5), it is much easier to obtain the unstable manifolds and thus
the nonlinear instability of traveling waves by working with the original form of
the nonlinear Schrodinger equation (4), which is semilinear, based on the linear
instability obtained in the above theorems. We first state the following proposition:

Proposition 5.4. Foranydimensionn 2 1, letk > 5 beanintegerand Q21 C R"!
be a smooth domain. Consider (4) for x € Q@ = R x Q] subject to homogeneous
Dirichlet, Neumann, or periodic boundary condition on 9. Suppose F € C**!
and U, = u, + ive be a traveling wave of (4) on 2 such that

ue— 1€ HYQ) and v. € HX(Q).

Assume the linearized flow e''Lc where L. is defined in (44), has an exponen-
tial dichotomy in H*(Q) x H*(Q), that is there exist closed subspaces E*" C
H*(Q) x HY(Q) and Ay.cs, M = 0 such that A, > heg, €'/ Le E4CS = E*S and

e le|pes| < MM, Vi > 0.

et”“’|5u’ <M, Vi <0 and

Ecs

Then there exists a unique C! locally invariant unstable manifold W* C U, +
H*(Q) x H*(Q) of U, in the sense as described in Theorem 3.1.

Remark 5.4. If 2, and U, are invariant under certain symmetries like rotations or
reflections, then one may work in the subspace of H(€2) with the same symmetries
and thus the unstable manifold would consist of functions in U, + H¥(2) x H¥(2)
with the same symmetries.

The proposition can be obtained from the general theorems in [7,22] simply
based on the observation that, under the above assumptions, the dynamic equation
of z(t,x) = U(t,x — cté)) — U.(x — cté;), where U(¢, x) is a solution of (4),
has the linear part J L.z and its nonlinear part defines a C’ transformation from
HK(Q) x HX(Q) to itself. As a corollary, we have

Corollary 5.1. Let n 2 2 and U, = ﬂeieﬂ be a traveling wave of (4), radially
symmetric in x| and linearly unstable with the linear exponential dichotomy for
(p,0) € H,kL (R™) x I-'Irkl (R™) (k > 2) , including those proved in Theorem 5.4.
Assume F € C*!_ then there exists a unique C' local unstable (stable) manifolds
W (W*) of U in U + Hf (R") x HF (R").

Proof. In order to prove the corollary, we only need to establish the linear ex-
ponential dichotomy of e//%¢ in HrkL x H,fi. Since JL. and JM,, where M, is
defined in (90), are conjugate through 7, defined in (98 ) and T is an isomorphism
on Hrkl x H,kL, we only need to obtain the exponential dichotomy of e’/ on
H,kL X H,kl. Based on Theorem 5.4, it is straightforward to repeat the arguments
to derive the exponential dichotomy of e’/™e in H¥ x Hf . The form of J M.

implies that its unstable and stable eigenfunctions in HrkL X I-.I,kL actually belong
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to Hrkl X Hr’l, that is, E*, ES C HrkL X HrkL. Indeed, for an unstable eigenvalue

Ay > 0, the eigenfunction (py, 6,) € Hrkl X I-'IrkL satisfies

O = —% (My1py + M128,) € L?,
u

and the same is true for the stable eigenfunction. Here, M1; and M1, are defined
in (91)—(92) and we use the observation that M1,0 contains only 90(¢), instead
of 6(r) itself. It is easy to see that E® = E® N H,kl X H,kL is a closed subspace
of HrkL x Hr’l, invariant under e'’#c_ and Hrkl x H,kl = E"* @ E. To complete
the proof, we only need to obtain the following growth estimate of |6(¢)|;2 where
2(t) = (p (1), 0 (1)) = e"?Me0 for 0 € ES. When 2% = (p (0), 6 (0)) € E,
we have that for any ¢ = 0,

t
00,2 < 1000)],2 +/0 6,(5)] ds
t
< 1(0)]2 +/0 (IM11p ()12 + [M1a6 (5)],2) ds
t
< 10,2 +C/0 (1 )2 + 18 (5)] 1) ds

t

<1002 + C/ Me 120 i e ds
0

< / dest 1,0

S M A +0)e™ |27 gho k-

In the above, we use the special form of M1, again and the exponential dichotomy
of the linear equation z;(t) = JM.z(¢) in H,kl X H,"L. Therefore the exponential

dichotomy of ¢’/Me holds in H,kL x H,kL with A, and any Aes € (Aes, Ay). O

As a corollary, we get nonlinear orbital instability for slow traveling waves in
dimension n = 2.

Remark 5.5. The instability of stationary bubbles was proved in [24]. It is possible
to show the instability of slow traveling waves by certain perturbation argument.
However, the instability proof of Theorem 5.4 contains more information than what
can be obtained from a perturbation theory. First, it yields the exponential dichotomy
of the semigroup which is essential for constructing invariant manifolds. The un-
stable manifold theorem automatically implies the optimal orbital instability result,
that is, the instability is measured in a weak norm with initial deviation in a strong
norm and the growth is exponentially fast. By contrast, the nonlinear instability
proof in [24] used an abstract theorem of [37] (see [54] for a similar theorem). It
does not require the exponential dichotomy or the precise growth estimate of the
semigroup, but the instability was proved in a strong norm H* (k > %) and no esti-
mate of the growth time scale was given. Second, the proof of Theorem 5.4 actually
gives a instability criterion % < 0 under the non-degeneracy condition (56).
In particular, the instability of stationary solution persists until the first travel speed
¢ at which either 22Y<) = 0 or the condition (56) fails.
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6. Extensions and Future Problems

In this section, we discuss the extensions of the results in previous sections. We
also mention some remaining issues on stability of traveling waves of (4).

In the one-dimensional case, when 0 < ¢ < ﬁ, the traveling waves U, of
(4) is nonvanishing. In this case, a sharp stability criterion was obtained in [44] by
using the hydrodynamic formulation and the theory of [32]. The traveling waves
are stable if and only if diP (U;) > 0, where

c

P (u)= —/ Im (i) (l - Lz) dx.
R lul

However, in [44] nonlinear instability was only proved in the energy space and
without any estimate of the growth time scale, as in [16,32], where the linear
instability problem was bypassed and the nonlinear instability was proved by a
contradiction argument. Recently, the nonlinear orbital instability with exponential
growth was proved in [19] by studying the linearized problem. In Remark 6.1 below,
we comment on some possible gap in the proof of [19]. By using the methods in
Sections 3 and 5.3, we can prove the existence of unstable (stable) manifolds near
U, and thus obtain the optimal nonlinear instability result when %P (U:) <0.In
fact, for 1D traveling waves, the spectral property of the quadratic form (M., -) as
in Proposition 5.2 was essentially proved in [44]. By using this spectral property, the
linear instability when % P (U.) < 0 and the exponential dichotomy of the linear
semigroup ¢'/M¢ can be proved by the same approach as in Section 3. Then the
unstable (stable) manifolds can be constructed via Theorem 5.4 as in corollary 5.1.

Another extension is to prove the transversal instability of any 1D traveling
waves of (4) by the approach of Section 4. Let

. 32— F (IU:?) = F' (|U:I?) 2u? —cdy — 2F (|U:I?) ucve
o cdy = 2F (|U:%) ueve —02 — F (|U?) = F' (1U.) 202 )
(101)

When 0 < ¢ < +/2, the operator L. has exactly one negative eigenvalue Ao < 0
and the second eigenvalue is zero. Since by the analogue of the formula (99) in
1D, the number of negative modes of the quadratic form with L. equals that of the
quadratic form (M,-, -). The latter number was shown to be the one in [44]. Thus,
by the same proof of Theorem 4.1, when k € (0, \/—_)\0) the 1D traveling wave is
transversal unstable with the transversal period 27” and is transversely stable when
k = /—Xo. Similar to the proof of Lemma 4.1 and Theorem 4.2, we can construct
unstable (stable) manifolds from the above transversal instability. For (GP), when

¢ = 0, the stationary solution Uy = tanh (%) vanishes at x = 0, the operator

—32 — 143U 0
Lo= 2 2
0 —02 -1+ U}

can be verified to have exactly one negative eigenvalue, so the above discussions
on transversal instability are also valid for Uy. We should note that in [53], the
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linear transversal instability of 1D traveling waves of (GP) was shown for k near
+/—Ag by adifferent method. Our results are novel in the following two respects: 1)
locating the sharp interval for unstable transversal wave numbers; 2) constructing
the unstable (stable) manifolds.

Remark 6.1. In [19], the proof of nonlinear orbital instability of 1D traveling waves
(Theorem 4 and Corollary 3) consists of several steps. For linear instability when
%P (U.) < 0, the author cited the result in [8]. Then, an abstract result (Theorem
B.3in[19]) is used to get the growth estimate (and actually exponential dichotomy)
of the semigroup e’/ %< in H I(R) x H' (R), where the operator L. is defined in
(101). By using this semigroup estimate, the nonlinear orbital instability follows
since the equation (4) is semilinearin H! x H'. However, the operator L, does not
satisfy Assumption (A) for Theorem B.3, which requires that oegs (L) = [80, +00)
for some 89 > 0. Since by (99) we have oegs (L¢) = Oess (M) = [0, 400), where
M. is the 1D version of the operator defined in (90). Such a lack of spectral gap
is exactly one of the main difficulty for studying stability of traveling waves of
(4) with nonvanishing condition at infinity. To overcome this difficulty in 1D, first
we get the exponential dichotomy of ¢'/Mec on H¥ x H* (k > 2) where M, has
a spectral gap. Then we lift this exponential dichotomy of e//M to H* x H* by
noting that the unstable eigenfunction lies in this space. The exponential dichotomy
of e'/Lc on H* x HF then follows.

Theorems 2.1, 3.1 and Corollary 2.2 in Sections 2 and 3 give a completed theory
for the orbital stability (instability) of 3D traveling waves. We briefly comment on
the extensions to higher dimensions n = 4. Assume that the nonlinear term F (i)
in (4) satisfies:

(F1) F e C'(R), C%*ina neighborhood of 1, F(1) =0and F'(1) = —1;

(F2) there exists 0 = p; = 1 = po < ;=5 such that [F'(s)| = C(1 + 7'~ I+
sPo~1) for all s > 0.

Under the assumption (F1)-(F2), as in 3D case, the traveling waves have been
constructed in [49] by minimizing the energy subject to Pohozaev type constraint,
for n = 4. We can prove the spectral property for the quadratic form (L., -) as in
Proposition 2.1, in the space X 1 H' (R") x H' (R"). This allows us to prove a
linear instability criterion that 2 ( Uc) le=co, < O where

1
P(u):—/ (idyu,u —1)dx = — (1 — 1) Oy u2 dx.

2 R)l Rn
To pass to nonlinear results, first we note that when n = 4, it was shown in [48]
that the energy-momentum functional E. = E + ¢P is C? on the space 1 + X|.
Thus, by the proof of Theorem 2.1, we can prove that the traveling waves with
Mh =co > 0 is orbitally stable in the distance |lu — Uc||x,. Moreover, when
n = 4, it can be shown that the energy space

Xo={ulVuer(®), Vel R}

=[ulvuer?(®), 1-uP e (r")]



200 ZHIWU LIN, ZHENGPING WANG & CHONGCHUN ZENG

exactly consists of functions of the form {c (1 +w) |c € S', w € X;}. Thus,
dP(U()

when n = 4, le=c, > 0O is sharp for orbital stability in the energy space.
Whenn > 4, the energy space X( might be strictly larger than the set {c¢ (1 + X1)}.
To show the orbital stability in X( for n > 4, we need to find a coordinate map-
ping u = g(w),w € X foru € Xy, as for the 3D case. To construct unstable
(stable) manifolds under the instability criterion oF ( Ye) le=co < 0, we first note that
the exponential dichotomy is still true in X and then in X; = H* x H* for any
integer k > 1, by the proof of Lemmas 3.1 and 3.2. Then we write U = U, + w
(w € Xy) in (46). It can be shown that, assuming F € C k42 the nonlinear term
F (|U |2) U e C? (Xy, Xy) for k large. Therefore, the unstable (stable) manifolds
can be constructed in the space U, + X, which is contained in the energy space
by [48] as mentioned earlier.

We notice that equation (GP) for n = 4 is just the borderline case and does
not satisfy (F2) for nonlinear stability (keep in mind (F1-2) are not needed for
unstable manifolds). Exactly as in Corollary 2.2, we may instead assume (F);
there exists C,ap,50 > 0,and 0 < p; <1 < pg < % such that |F'(s)| <
C(1 4 s~ 4 spo=lyforall s = 0 and F(s) £ —Cs* forall s > so.

Following the same argument for Corollary 2.2, we obtain the nonlinear instability
of traveling waves obtained in [49].

Now we discuss the 2D case. When the traveling wave U, has no vortices
(U, # 0), we can use the Madelung transform to derive the instability criterion
op <Uf) le=c;, < 0 and construct stable (unstable) manifolds. See Theorems 5.4
and 5.1. However, things get more tricky for traveling waves with vortices. The
Madelung transform is not applicable. Also, it is improper to use the base space X
to study the linearized problem (47) for two reasons. First, the Hardy’s inequality
(23) is not valid for n = 2, so we cannot even define the quadratic form (L., -) on
X1. Secondly, due to the oscillations at infinity of functions in X, we don’t have
a manifold structure of X with the base X;. In [30], a manifold structure of X is
given with the base space

X = i (R7)  (xk (R2) + 1k (R2))

where Xllz = {u €L*®| Vue Lz}. However, it is unclear how to use X’ in place
of X1 in our approach.

In an ongoing work, we construct center manifolds near the unstable 3D travel-
ing waves of (GP) as proved in Proposition 3.3. The linear exponential trichotomy
of the semigroup e’/ has been established for the space X in Lemma 3.3. This
trichotomy can also be lifted to the space X3, similar to Lemma 3.2. Then we can
construct center manifold in the orbital neighborhood of w, in X3. However, it is
more desirable to construct center manifold in the energy space X1. We note that in
Lemma 3.3 it is shown that the second variation of the energy-momentum is positive
definite when restricted on the center space and modulo the generalized kernel, so
the construction of the center manifold in X; would imply that the orbital stability
is restricted there and also the local uniqueness of the center manifold. Together
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with the unstable (stable) manifolds in Theorem 3.1, these will give a foliation of
the local dynamics near the unstable 3D traveling waves.
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Appendix 1

In this appendix, we prove the C? smoothness of the nonlinear term W (w) (defined
in (52) and (53)) on X3. Indeed, we will show that ¥ € C* (X3, H* (R%; C)).

Let U, = u. + iv. be a finite energy traveling wave solution of Equation (4), that
is, |Uc]2 = 1, VU € L%R?). Let U. = ¥ (w,), then w. € X; = H' x H'.
Moreover, by the proof of Lemma 5.5 of [49], u. — 1, v, € H 3(R3), so it follows
from the definition of the coordinate mapping ¥ that

wie € HYRY), wa € H*R3).
Lemma 7.1. Assume that F € CO(R) and F (1) = 0. Then ¥ € C*(X3, H?).

Remark 7.1. For the construction of unstable (stable) manifolds, we work on a
small X3 neighborhood of a linearly unstable traveling wave U.. By Sobolev em-
bedding, X3 < L*° (R3), so we only need to assume the smoothness of F in a
finite interval [min |U.|? — &9, max |U.|* + 80] for some g9 > 0. In particular, for
traveling waves with no vortices (U, # 0), we do not need to assume the smooth-

ness of F (s) near s = 0.

Proof. In the sequel, let C(]lw|x,) be a constant depending (increasingly) on
lwllx,. In the proof, we will use the following basic facts:
() Letn € N, F € C3*"(R) with F(0) = 0, and g € H>(R3). Then

F(g) € H3R3) and FeC" (H3, H3); (102)

(ii)
Ifellys S Clflpslglys ¥ feH ®), ge H®RY);  (103)

(iii)
Ifellgs < Clifligslighys. ¥ fgeH R (104)

(iv) Let x € C°(R3, [0, 1]), then ¥ f, g € H*(R?),

IAX(DY(f)gs < CIUEN+ &P Fellz2 < Cllfllgallgl s (105)

and

ID*x(DY(f) s = Clf I gsligllgs, YOS Jef < +oc. (106)
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Here, (i) is by Moser’s composition inequality, (ii)-(iv) can be shown by Sobolev
embedding and Fourier transforms.

Step 1. Show Re W (w) € C*(X3, H?). i
Let F(s) = F(s + 1), then F € C’(R) and F(0) = 0. Denote U = ¥ (w + w,),
we write

w2
ReW(w) = Ax (D) (W2cw2 + 72) +F(U) = F(UP)ue

2
—F(UP) [wl — x(D) (wzcwz + %)}

_ 2 w3
= F(Ue[)ue + Ax (D) | waews + =

w2
_ F(|U|2) |:Mc + w; — x(D) (wQsz + 72):| .

= F(|Uc|* — Due + W1 (w) + F (W2 (w + we)) W3 (w),

where
w2
Wi (w) = Ax(D) (wzcwz - 72)
w2 :
W (w) = [ (w)]> — 1= (1 +w; — X(D)(Tz)) +ws—1
w2 :
= (w1 - x(D)(Tz)) + (1 = x(D)) w3 + 2wy,
and

2
w
W3 (w) = ue + w1 — x(D) (wzcwz + 72)
Since F € C? (H3, H3), by (104) and (103) it suffices to show that Wy, W, €
C? (X3, H?) and W3 € C? (X3, H?). It follows from (105) and (106) that ¥; €
C> (X3, H) and W3 — 1 € C*° (X3, H3). Let

Wy (w) = (Vs (w))? + Ws (w),

where

2
v}

Wy (w) = wy — X(D)( >

), Ws (w) = (1 — x (D)) w3 + 2w.
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By (14), (103) and (106), for any f, g € H3(R?),
(1= x(D) (f)llps = Cllfllgallglgs-
This implies that Us € C* (X3, H?). By (14),
Ix(D) (f)lps = Clfllgilighg
Combining with (106), this implies that
Wy (w) € C® (X3, 4N H3)

and thus (W) € C® (X3, H3) by (104). This finishes the proof for Re ¥ (w).
Step 2. Show Im W (w) € C*(X3, H?).
We write

2
Im W(w) = x(D)((w2e + w2)d,wz) — oy, x (D) (w2cw2 + %)

+F(U*) — FQU P ve — F(UP)ws
= F(|Uc/Pve + We () + W7 (w) — F (W2 (w + we)) (ve + w2)
(107)

where

W6 (w) = x(D)((wae + w2)Ws (w)),
Wg (w) = d;wy = Awj + cdy, w2 — Re W (w),

and

w2
V7 (w) = —cdy x (D) | wacwz + 72 :

By the proofin Step 1, thelasttermin (107)isin C2(X3, H3) and g € C2 (X3, Hl).
Since for any f € Hl,g e H',

Ix(D)(f)gs < Clifelia £ CUF g lglan
so Wg € Cc? (X3, H3). For any f, g € Hl, by (13) we have
[0x, x (D) (f2)| ;2
= [x(D) (f0x18 + 80 /)| 2 = C [ foug +89x /] 5
S C(Iflzs [0x & 2 + Mgl |00 £l 12) S CUF N llgl g -
Combined with (106), above implies that
|06, x (D) (&) 13 = ClI f 3l gll g3

for any f, g € H3(R3). Thus W7 € C*® (X3, H3). This finishes the proof for
ImW¥(w). O
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Appendix 2

In this Appendix, we show the non-degeneracy condition (83) of stationary bubbles
¢o of the cubic-quintic equation for N = 2. Consider the cubic-quintic nonlinear
Schrodinger equation (80). Denote

F(s) = —a; +azs — Ot5S2, oy, a3, a5 > 0,
with
a5 c 3 1 (108)
a% 16°4)"
+/ai—4
Set py = ——L5 =" then F(pp) = 0 and F'(pp) < 0. Define

—F((J/po— ) (/oo — ), 0=s= /po.
g5) =10, $ 2 7, (109)
—g(—s), s < 0.

According to Theorem 2.1 of [24], if (108) holds, the semilinear elliptic equation
—Au=gw), ueH'®RY), u#0 (110)

has a positive radially symmetric, decreasing solution Q (|x]) € (0, \/po), which is
usually called a ground state. Then ¢pg = ,/po— O (|x|) is a stationary bubble of (80)
with the nonzero boundary condition |¢o| — /00 as |x| — oo. See Theorem 5.1
for more properties of ¢y.

Theorem 8.1. For N = 2, let Q (|x|) be the ground state of (110) with the cubic-
quintic nonlinear term g (u) defined in (109). Consider the operator

Lo=—A—g'(Q): H? (RZ) Ny (R2) .
Then

ker Lo = span {9y, Q, dx, 0} . (111)
First, we check some properties of the cubic-quintic nonlinear term.

Lemma 8.1. Let O‘;# € (%, 41—1), then g satisfies the following conditions
3

(G1) g(0) = 0 and g'(0) < 0,

(G2) there exists ug € (0, \/po) such that g(ug) = 0, g'(up) > 0, g(u) < 0 forall
0 <u <ug, and g(u) > 0 forall ug < u < /po.

Furthermore, there exists co € (%, 12—010)andu1 € (uo, v/p0) suchthat lf% = ¢p,
then g satisfies ‘

(G3) g'(u1) =0, g'(u) < O0foralluy <u < /po, g (w) > 0forallug <u < u
and G(uy) = fo'” g(s)ds =0,G) <0forall0 < u < uy, and G(u) > 0 for
alluy <u < \/po.

(G4) forany B > 0, Pg(u) = Bug' (u) — g(u)) — 2g(u) has exactly one zero in

(10, /P0)-



Stability of Traveling Waves of Nonlinear Schrodinger Equation 205

Proof. By the definition of g, we have for u € [0, \/p0),

g () = (= Doy — 3a3(/po — u)? + Sas(/po — u)*1,
¢ () = —6a3(/po — u) + 20as(/po — u)>.

a3—‘/a§—4o{1015 ~ 30{3—}-,/90{;—20011015 3013—,/9013 —2Oa1a5

Let pr =  2a5 pPo = — 10a5 = — 105

a1a5
a2 6(16 4) we have

p1 < p1 < Po < po.
Choose ug = /po — /p1. Then (G1)(G2) hold.
Choose u1 = /po — \/,57 Then u; € (uo, \/p0),

g'(1) = (=Dlar — 3a3p1 + Saspi] = 0,
g' ) <Oforallu; <u < ﬂandg (u) > Oforall ug < u < uy.
Letc = “1“5 fce (16, 100) we have g”(u) < 0 forall ug < u < ./po. Then for
any 8 > O
<I>:3(u) = Bug”(u) —2¢'(w) <0, VYu e [ug, uil.

Moreover, ®g(ug) > 0, Pg(u1) < 0and Pg(u) < O0forall u; <u < /po.

By direct calculations, we have

o [3 — V9 =20¢ (14c 9-99— 20c)

Glu) = ——

2 10

15 100
I+ «/ —4c
- 8= (1+V1— )]] 3h( ).
5
Since h(3) > 0, h(&5) < 0, there exists co € (£, #%) such that G(u) = 0 if

% = ¢o. Then (G3)(G4) hold. O

Let u(c«, r) be the solution of the initial value problem

// N 1./
[ )+ X' (1) + gw) =0 i)
u(0) =a, u'(0) =0.
Then ¢ (a, r) = ‘)”(a ") solves
Vi E ’ ’ —
¢"(r)+ ==¢'(r) + g'(u(a,r))¢p =0 113)
¢(0) =1, (}5/(0) = 0.

Let O (]x|) = u(wo, |x|) be a ground state of (110). To show the non-degeneracy
condition

kerLo:{ale,.n,axNQ}’

it suffices to show that the function ¢ («g, r) does not vanish at infinity. (See [57] or
[48] for the proof). When N = 2, such a result is provided in the following lemma,
which was motivated by [18] and [38].
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Lemma 8.2. Suppose that (G1)—(G4) hold and let u(oo, r) be a ground state of
(110), then lim,_, 4 5 ¢ (o, ) # O when N = 2.

Proof. To simplify notations, we denote u(wq, r), ¢ (xo, r) by u(r), ¢ (r) respec-
tively. Since u(r) is a ground state of (110), then u(r) > 0, u’(r) < Oforall r > 0
andu; < u(0) < ./po. Moreover, by (G1), it follows from Lemma 6 of [42] that ¢
becomes monotone for large . Therefore lim,_, 4 ¢ () exists. In order to prove
this lemma, we suppose to the contrary that lim,_, 4o ¢ () = 0.

Claim 1. ¢ has exactly one zero in (0, +00).

Let Ag = —9? — N;IE), — ¢/ (u(r)). From Agu’ = — (N — 1) r~2u’, we deduce
that the first eigenvalue of Ag is negative. By Proposition B.1 of [26], the second
eigenvalue of Ag is nonnegative. Since Ag¢ = 0 and lim,_, 4, ¢ (r) = 0, 0 must

be the second eigenvalue of Ag. Thus, ¢ has exactly one zero z; € (0, +00).

Claim 2. Let rg € (0, +00) be such that u(rg) = ug, then 0 < z1 < ro. Here, ug is
defined in (G2).
For B 2 0, let vg(r) = ru’(r) + Bu(r). Then vg solves

vg(r) +

" vg(r) + &' (uyvg = dp(u), (114)
where ®g(u) = B(ug’(u) — g(u)) — 2g(u). By (114) and Green’s Theorem, for
any 0 < r| < rp, we have

n
/ PN 1opa0¢ dr = Y e 0)Uh () — v ()]

1

—r T eV () — vpGr¢ (1. (115)

Set H(B) = ¢>(ro)v/’3 (ro) — vg(ro)¢’(ro). By the proof of lemma 2.8 in [38], we
deduce that H(0) > 0. Then from (115) we get

/ " ogg dr = Y HO) > 0. (1o
0

By (G2) we know that ®g(u) = —2g(u) < Oforall ug < u < /pg. If ¢ > 0 on
[0, rp), it is impossible by (116). Thus we must have ¢ (r9) < 0and 0 < z; < rg.
Claim 3.0(r) = %;gr) is increasing in (0, rg).

For the proof of this claim, we need N = 2. In fact, by (112) we have (—ru/(r)) =
rg(u(r)) for N = 2. Thus, from (G2) we know that (—ru’(r))’ > 0in (0, r¢). Since

u(r) is decreasing in (0, +00), we get that 6 (r) = _%()r) is increasing in (0, rg).

Set By = %’1()21)’ then By > 0 and vg,(z1) = 0. From (115), we get

/Zl Nl g (u)g dr = 0. (117)
0

By (G2)(G3), we have &g (u) < O for all uy < u < /po. Note that ¢ > 0 on
[0,z1),u'(r) <Oforallr > 0and u; < u(0) < /pg, then from (117) we deduce
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thatu(z1) < uyand ®g,(u(z1)) > 0.Furthermore, by (G4) we have ®g, (u(r)) > 0
for all » € (z1, o). Since ¢ < 0 on (z1, o], we have

/ro Nl g (u)g dr < 0. (118)

1

On the other hand, from (115) we get

ro
/ PN g, ) dr = 1) g (ro) v, (ro) — v (ro)d (ro)l. (119)
Claim 4. (]b(ro)v/’go (ro) — vg, (ro)¢’ (ro) > 0.

By Claim 4 and (118) (119), we get a contradiction.

Proof of Claim 4. Let H(B) = ¢(r0)v;3 (ro) — vg(ro)¢’(ro), then

H(B) = H(0) + Blo(ro)u’(ro) — ¢’ (ro)u(ro)]. (120)
We show H (Bp) > 0 in two cases.

Case 1. ¢(ro)u'(ro) — ¢'(ro)u(rg) = 0. In this case, by H(0) > 0 and (120) we
obviously have H () > 0.

Case 2. ¢ (ro)u'(rg) — ¢’ (ro)u(rg) < 0. Since ¢ (rg) < 0, u'(r9) < 0, u(rg) > 0,
we must have ¢'(ry) > 0.

Let by = _r;)z‘r/o()m). Since z; < rg and (r) = _;”(‘;gr) is increasing in (0, ro),
we have By < by. Then by ¢ (ro)u’(ro) — ¢'(ro)u(ro) < 0 and (120) we get
H(Bo) > H(by). Note that v}y_,(r0) = —rog(uo) = 0 by (G2) and vy, (rp) = 0.

If by = N — 2, we have Uél(rO) < vy _,(ro) = 0and

H(b1) = ¢ (ro)vp, (ro) — vp, (r0)¢’ (ro) = ¢ (ro)vp, (ro) = 0.

This finishes the proof of the lemma for N =2. O

Appendix 3

Consider a function in the form of U (x1, x;) = U(xy,r 1), where x| = (x2, x3)
and r; = |x|, and assume VU € H® (R3), s > 1, not necessarily an integer. In
this appendix, we prove

1 23 13
—d,, U e L“R’) and 9, U € H (R?),
ry
which are needed in Lemma 2.8 to show that the Hessian L. of the energy functional
has a negative mode.

Due to the density of Schwartz class functions, we will work on Schwartz class
functions, but keep tracking of the norms carefully. Denote €| = % (0, x1), then

X1 .
0 Ux1,r) =V, Ulxy,x1) - . =DU(x1,x1) €L
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and
3,0 Ux1,71) = D*U(x1, x1) (€1, €1).

Moreover, since 9, U(x1, x 1) is radial in x, its gradient in x; must be in the
radial direction and thus

S5 o (XL
Ve 8 Ux1,x1) = D*U(x1,x1) (€1, 81) o

Therefore 0, U € H I(R?) is obvious. Computing higher order derivatives in a
similar fashion and applying an interpolation argument if s is not an integer, one
can prove 9, U € H*(R3).

To show %8, U e L*(R?), we first observe that the radial symmetry of U implies
its linearization at x ] = 0 is also a radially symmetric linear function, which can
only be 0, and thus

Ve, U(x,0)=0 =5 3, U(x;,0) =0.

Fix x1, on the one hand, one may estimate by using the Cauchy—Schwarz inequality

2 =
(8, U(x1,r1)) 22/ O Ux1, 7)o, Uxr, r) drly
0

1
<o T " NIFrAY
SCr" VUKL )| pore ; F|0r U (x1, 7)) |7 dr

p—2

S Cry" VUG ) s ey DU (1) Lol f<r )
p=2
SCry" VUG )y

for some p > 2. Integrating in x| we obtain

2 -2
/R(BQU(Xl,u)) dxy = Cry ]|VU|%1~V(R3)'

On the other hand, via integration by parts, we have

1 1 5 1
/ — (0, Uy, 7)) dr = —2/ (logr')oy U(xy, ), Uxy,r))dr]
Py L

— (log 71) (3, U (x1,71))°.

Integrating it with respect to x1, letting 7} — 0+, and using the above inequality,
we obtain

2

1
= —2/ (logr1)d, U(x1,r1)0r r U(xy,ry) dx.
L2({|xy|<1}) [x1l<l

U

_1 1
Splitting the integrand on the right side into the product of r| *8, U, r{ 9, , U,
1 1

and riiﬁ logr) and applying the Holder inequality first with indices % %, and



1
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n
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— % to the integral in x; and then the Cauchy—Schwarz inequality to the x

integral, we have

1 2
—9,, U
Fi L2({|xL|<1))
1 2
=C — 0, U(xy, ) DU (x1, )Lr(fjx, <1 dx1
RITL L2({lx1|<1})
1
g C —3”_U |VU|HS(R3)
L L2({|x1]<1})

Therefore we obtain

laU
}”J_rl

L2({lx]<1})

As the estimate is trivially true on {|x | > 1}, the proof is complete.
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