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Abstract 
 

In this paper, we first give two proofs of Euler-Maclaurin formula in 

section 1. The estimation of the remainder term and some relevant theorems 

are also stated in this section. In section 2, we apply similar method to get 

some further results, which generalized Euler-Maclaurin formula. In section 

3, we show how Euler-Maclaurin formula is applied to deal with some 

elementary summations. In section 4, we deal with some infinite series to 

prepare for the work in next section. In section 5, we apply Euler-Maclaurin 

formula to some series and give the orders of some finite summations.  
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Introduction 
 

In eighteenth century, Euler and Maclaurin both obtained independently a formula linking 

discrete summations with continuous integrals almost at the same time. Maclaurin applied it to the 

numerical computation of definite integrals, while Euler used it to calculate series. It has an 

extensive application in many subjects of mathematics, such as number theory and combinatorics. 

And relevant research followed continuously since then.  

 

 

Definitions 
 

        The difference of a function )(xf  is defined as )()1()( xfxfxf −+=∆ . If there exists a 

function )(xφ  such that )()()1( xfxx =−+ φφ , then we call )(xφ  the inverse difference of )(xf , 

and denote it as xxf ∆∑ )( . We know if )(xφ  is the inverse difference of )(xf , so is Cx +)(φ , 

where C  is a function of period 1 (including a constant), and vice versa
[1]

. In this paper, the 

‘constant’ C  is always omitted, since it always vanishes in a certain summation.  

        Bernoulli numbers nB  are defined as the coefficients of the Taylor expansion of 
1−xe

x
, i.e. 
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 gives Bernoulli polynomials )(xBn .  

 

 

Main Results 
 

1. Proofs of Euler-Maclaurin Formula 

 

In order to calculate a discrete summation ∑
−

=

1

)(
b

ax

xf , the method of  inverse difference is 

effective. If one has found a function )(xφ  such that )()()1( xfxx =−+ φφ , then ∑
−

=

1

)(
b

ax

xf  is simply 

equal to )()( ab φφ − . This is the main idea of the following theorem. And let us see how it is 

achieved.  

Before we have a rigorous statement, we show the method in a rough way so that the idea will 

be showed more clearly.  

 

Since our purpose is to find a function )(xφ  such that )()()1( xfxx =−+ φφ , recall the Taylor 

expansion of a function at a point, we have  
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xxxxx
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Let 1=∆x , we have ...
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Equivalently, ...
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We wish to express )(xφ  via )(xf , therefore, derivative either side of the equality respect to x , 

and we obtain ...
!

)(

!2

)(
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′′′
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n
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Similarly, ...
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+

n

xx
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… 

Then we multiply every of these identities by a coefficient, and add them together. The coefficients 

are chosen so properly that all derivatives of )(xf  vanish except )(xf ′ .  

Therefore, we obtain )()(
0

)( xfax
n

n

n∑
∞

=

=′φ , and )()(
0

)1( xfax
n

n

n∑
∞

=

−=φ is followed.  

After some calculations we can figure out that 
!n

B
a n
n = , where nB  denote Bernoulli number.  
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Then we prove it rigorously. First, a lemma is needed. 

 

Lemma 1: dt
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Then we turn to the main theorem of this paper.  

 

Theorem 1 (Euler-Maclaurin): If )(xf  and its derivatives to 1−n  are continuous in the interval 

[ ]ba, , then n

k
n

k
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B
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, where nR  is the remainder term. 
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Proof: Refer to Taylor formula, we have 

dt
n
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Namely, dt
n
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Integrate and derivative either side of the equality respect to x , apply lemma 1, and make the last 

term before the integral remainder term in Taylor series be a multiple of )()1( xn−φ , thus we obtain  

dt
n
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t
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Multiply every of these identities by a coefficient ka , and add them together. Assume 10 =a and  

0
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, and we obtain dt
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 Then we figure out the coefficients. The recurrence equation is 0
)!(

1
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=
−∑

−

=

n

k

k
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a
 with the initial 

condition 10 =a . Let 
!n

b
a n
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
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. Therefore, nb  is 

Bernoulli number.  
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Then we consider the remainder term.  

Theorem 2: dxxxBxf
n
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n

R
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a
n
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
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Since )1]([ xxBn −+  is a periodic function of period 1, we can rewrite the summation as 



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
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If we use )1)(()1()1( ≥−=− nxBxB n

n

n , we can obtain dxxxBxf
n

R
b

a
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n
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n ∫ −−=
−

])[()(
!
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Theorem 3: ( ))()( )1()1( afbfOR nn

n

−− −= .  

Proof : Since )1]([ xxBn −+  is a periodic function and has no singular point, we know 

)1]([ xxBn −+  is bounded. Namely, )1(])[( OxxBn =− .  

Therefore, 




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−
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a
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[5] showed that 
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
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∞
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,
)2(
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We distinguish two cases before a further consideration. If there exists an n  that )()1( xf n−  is 

bounded, then ( )1ORn = , and the first 1−n  terms gives the main part of this summation. If any of 

)()1( xf n−  goes to infinity, then ( ) )()()1( ∞→= − bbfOR n

n .  
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Theorem 4: If  ∑
∞

=

−

1
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nnnnn ∫ +
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)!1(
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1
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)!1(

+
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+
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B
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If ∑
∞

=

−

1

)1( )(
!n

nn xf
n

B
 converges uniformly, so does ∑

∞
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−
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!ni
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B
, therefore, ∑

∞

+=

−=
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!ni

ii
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B
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!1

)1( →∑
∞
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−
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ii xf
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B
, 0→nR . Hence, ( )∑∑

∞

=
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=
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n

nnn
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B
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Therefore, an effective estimation of the remainder term depends on the behavior of the derivatives 

of )(xf . Namely, we need an n  such that )()1( xf n−  is bounded. Therefore, if a function increases 

so rapidly that all its derivatives tend to infinity, then Euler-Maclaurin formula doesn’t work now. 

However, in this case, the first few terms are so inferior to the last one that they can just be dropped. 

For instance, one can easily find that !!
1

0

xn
x

n

≤∑
−

=

. The following theorem gives a criterion of this case.  

 

 

Theorem 4: Assume 0)( ≥xf  and 0)( ≥′ xf  if 0xx > . ( ) )()()( ∞→′= xxfoxf .  

Then ( ) )()()(
1

0

∞→=∑
−

=
xxfonf

x

xn

.  

Proof : ))](([)( ∞→′= xxfoxfQ , ∴Given 0>∀N , Nx∃ , if Nxx > , we have N
xf

xf >
′

)(

)(
. 

Namely, )()( xNfxf >′ .  

dttfNdttf
x

x

x

x ∫∫ >′∴
00

)()( , dttfNxfxf
x
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0

)()()( 0 , dttfNxf
x
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0
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Since )(xf  increases, we have ∑∑∫∫
−

=

−
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+
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x

xn

x
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>
∑
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=
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, ))](([)(

1

0

∞→=∑
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xxfonf
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.  

 

 

We now fix a , denote it as 0x , and consider ∑
−

=

1

0

)(
x

xn

nf  as a function of x . We rewrite the formula as 

n

n

k
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n

x
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B
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−
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0

0

, where nC  is a constant and nR  is the remainder 

term.  
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Sometimes ∑∫
∞

=

−++
1
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!
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x
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Cdttf  diverges almost everywhere. But 

∑∫
∞
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x
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Cdttf  may be the asymptotic series of ∑

−
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0
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nf . We have the following 

theorem:  

Theorem : Assume ))(1()()1( ∞→=− xoxf N , and )))((()( )1()( ∞→= − xxfoxf nn  for Nn ≥ , then  
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Proof : We know the remainder term dt
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= ∫
∞
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∞
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x

x

x

xn

x −∞→−
=

−
−

=

∞→
=

−−− ∑∫∑
 

)(

)!1(

)1]([
)()(

)!1(
lim

)(

!

)1]([
)(

lim
)1(

1)1()(1

)1(

)(

xf

dt
n

ttB
tfxf

n

B

xf

dt
n

ttB
tf

n

n

x

nnn

xn

n

x

n

x −

+∞ ++

∞→−

∞

∞→

+
−+

+
+=

−+

=
∫∫

 

0
)(

)!1(
)(

lim
)(

)!1(

)1]([
)(

lim
)(

1)1(

)1(

1)1(

=+
−

=+
−+

=

++

∞→−

+∞ +

∞→

∫
xf

n

B
xf

xf

dt
n

ttB
tf

n

nn

xn

n

x

n

x
.  

Hence, )()(
!

)(~)(
1

)1(
1

0
0

∞→++ ∑∫∑
∞

=

−
−

=

xxf
k

B
Cdttfnf

k

kk
x

x

x

xn

.  

 

 

Now let us consider the problem in another way. Since Weierstrass theorem states that any function 

continuous in a closed interval can be approximated by polynomials, now we use Bernoulli 

polynomials to expand a function.  

 

Similarly, we have a rough sight on the operating first.  

 

Assume that )(xf can be expanded via Bernoulli polynomials, i.e., ∑
∞

=

=
0

)()(
n

nn xBaxf , where na  is 

undetermined coefficients. To decide 0a , we integrate either side of the expansion from 0=x  to 

1=x , and notice that 




>
=

=∫ 0,0

0,1
)(

1

0 n

n
dxxBn . Therefore, we obtain ∫=

1

0
0 )( dxxfa . To decide 1a , 

we derivative the expansion, and notice that 




>
=

=′
− 0),(

0,0
)(

1 nxnB

n
xB

n

n . We obtain 

∑
∞

=
−=′

1

1 )()(
n

nn xBnaxf . Similarly, we integrate from 0=x  to 1=x , and obtain ∫ ′=
1

0
1 )( dxxfa . 

Since ∑
∞

=
−+−−=

mn

nn

m xBamnnnxf )()1)...(1()( 1

)( , eventually we obtain ∫=
1

0

)( )(
!

1
dxxf

n
a n

n .  
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Hence, ∑ ∫
∞

=

⋅=
0

1

0

)( )()(
!

1
)(

n

n

n xBdxxf
n

xf .  

Let 0=x , and notice that nn BB =)0( , we obtain 

( )∑∫∑ ∫∑ ∫
∞

=

−−
∞

=

∞

=

−+==⋅=
1

)1()1(
1

0
0

1

0

)(

0

1

0

)( )0()1(
!

)()(
!

)0()(
!

1
)0(

n

nnn

n

nn

n

n

n ff
n

B
dxxfdxxf

n

B
Bdxxf

n
f .  

We now come back to ∑ ∫
∞

=

⋅=
0

1

0

)( )()(
!

1
)(

n

n

n xBdxxf
n

xf , and replace )(xf  with )( ixf + , we obtain 

∑ ∫∑ ∫
∞

=

+∞

=

⋅=⋅+=+
0

1
)(

0

1

0

)( )()(
!

1
)()(

!

1
)(

n

n

i

i

n

n

n

n xBdxxf
n

xBdxixf
n

ixf .  

Therefore, ( )∑∫
∞

=

−−+
−++=

1

)1()1(
1

)()1(
!

)()(
n

nnn
i

i
ifif

n

B
dxxfif .  

( ) ( )∑∫∑ ∑∫∑
∞

=

−−
−

=

∞

=

−−+−

=

−+=






 −++=
1

)1()1(
1

1

)1()1(
1

1

)()(
!

)()()1(
!

)()(
n

nnn
b

a

b

ai n

nnn
i

i

b

ai

afbf
n

B
dxxfifif

n

B
dxxfif .  

And we have ‘proved’ Euler-Maclaurin formula in another way.  

 

 

To make a rigorous statement, we should consider the remainder term in the expansion, i.e.  

∫ ∑∫ ∑∫∑ ∫ 






 −=−=⋅−
===

1

0
0

)(
1

0
0

)(
1

0
0

1

0

)( )(
!

)(
)()(

!

)(
)()()(

!

1
)( dttf

n

xB
xfdttf

n

xB
dtxfxBdxxf

n
xf

N

n

nn
N

n

nn
N

n

n

n .  

I have tried to express it as an integral, but failed. Therefore, let us consider  

dttf
n

B
fdttf

n

B
f

N

n

nn
N

n

nn ∫ ∑∫ ∑ 






 −=






 −
==

1

0
0

)(
1

0
0

)( )(
!

)0()(
!

)0(
)0(  instead.  

We use the Maclaurin expansion of )()( tf n : ξξξ d
nN

t
ft

i

f
tf

nN
t

Ni
nN

i

in
n

)!(

)(
)(

!

)0(
)(

0

)1(

0

)(
)(

−
−+=

−
+

−

=

+

∫∑ ,  

to obtain 

dtd
nN

t
ft

i

f

n

B
fdttf

n

B
f

N

n

nN
t

Ni
nN

i

in
n

N

n

nn ∫ ∑ ∫∑∫ ∑ 


















−
−+−=







 −
=

−
+

−

=

+

=

1

0
0

0

)1(

0

)(
1

0
0

)(

)!(

)(
)(

!

)0(

!
)0()(

!
)0( ξξξ  

∫ ∫∑∫ ∑ ∑ −
−−








−=

−
+

==

−

=

+
1

0 0

)1(

0

1

0
0 0

)(

)!(

)(
)(

!!

)0(

!
)0( dtd

nN

t
f

n

B
dtt

i

f

n

B
f

nN
t

N
N

n

n
N

n

i
nN

i

in
n ξξξ  

∫ ∫ ∑∫∑ ∑ −
−−−=

−
+

==

−

=

+
1

0 0

)1(

0

1

0
0 0

)(

)!(

)(
)(

!!

)0(

!
)0( dtd

nN

t
f

n

B
dtt

i

f

n

B
f

nN
t

N
N

n

ni
N

n

nN

i

in

n ξξξ  

∫ ∫∑ ∑ −−
+

−= +

=

−

=

+
1

0 0

)1(

0 0

)(

)()(
!

1

)!1(

)0(

!
)0( dtdtBf

Ni

f

n

B
f

t

N

N
N

n

nN

i

in

n ξξξ .  

Use the property of nB , the first term eventually vanishes, therefore, 

∫ ∫∫ ∑ −−=






 − +

=

1

0 0

)1(
1

0
0

)( )()(
!

1
)(

!
)0( dtdtBf

N
dttf

n

B
f

t

N

N
N

n

nn ξξξ , 

( ) ∫ ∫∑ −−−= +

=

−− 1

0 0

)1(

0

)1()1( )()(
!

1
)0()1(

!
)0( dtdtBf

N
ff

n

B
f

t

N

N
N

n

nnn ξξξ .  

To compute ξξξ dtBf
t

N

N )()(
0

)1( −∫
+ , we notice that ξξξ dtBf

dt

d t

N

N )()(
0

)1( −∫
+  

t

N

N
t

N

N tBfdtB
t

f
0

)1(

0

)1( )()()()( ξξξξξ −+−
∂
∂= ++

∫ )()0()()( )1(

0
1

)1( tBfdtBfN N

N
t

N

N +
−

+ −−= ∫ ξξξ .  
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ξξ
ξ

ξξξξξξ dtB
d

d
ftBfdtBf

t

N

N
t

N

N
t

N

N

∫∫ −−−=−+

0

)(

0

)(

0

)1( )()()()()()(

ξξξ dtBfNtBf
t

N

N

N

N

∫ −+−= −
0

1

)()( )()()()0( .  

Therefore, ξξξξξξ dtBfdtBf
dt

d t

N

N
t

N

N )()()()(
0

)1(

0

)( −=− ∫∫
+  

∫ ∫∫ ∫ −=−+ 1

0 0

)(
1

0 0

)1( )()()()( ξξξξξξ dtBfddtdtBf
t

N

N
t

N

N  ξξξ dBf N

N )1()(
1

0

)( −= ∫  

ξξξξ dBf N

N )1]([)(
1

0

)( −+= ∫ .  

Similarly, ( ) ∫∑
+

=

−− −+−−+=
1

)(

0

)1()1( )1]([)(
!

1
)()1(

!
)(

i

i
N

N
N

n

nnn dBf
N

ifif
n

B
if ξξξξ .  

Therefore, ( ) ∫∑∑ −+−−=
=

−−
−

=

b

a
N

N
N

n

nnn
b

ai

dBf
N

afbf
n

B
if ξξξξ )1]([)(

!

1
)()(

!
)( )(

0

)1()1(
1

.  

 

 

Since Euler-Maclaurin formula has a long history, I believe a lot of papers have been written on it, 

which means a probability of great numbers of proofs. I came up with these two proofs by myself 

before I knew there exists such a formula. Later I have read [3], [4], [5] and [6], which all give 

some proofs. But their proofs are not the same as ‘mine’. However, I still cannot decide whether 

these proofs are truly ‘new’. Therefore, I merely say ‘two proofs’ in my title rather than ‘two new 

proofs’.  

 

 

2. Generalizations of Euler-Maclaurin Formula 

 

What we have considered in section 1 is actually the solution of recurrence equation 

)()()1( xfxx =−+ φφ  with the initial condition )()( aa φφ = . Applying similar idea, we can obtain 

solutions to some other recurrence equations. 

We know the solution of an inhomogeneous linear ordinary recurrence equation 

)()()1()1()( 011 xfxpxpkxpkx k =+++…+−+++ − φφφφ  with the initial condition )()( aa φφ = , 

)1()1( +=+ aa φφ , …, )1()1( −+=−+ kaka φφ , where 110 ,,, −… kppp  are constants is that to 

corresponding homogeneous equation 0)()1()1()( 011 =+++…+−+++ − xpxpkxpkx k φφφφ  

added by a special solution of the original equation. The following theorem gives a method of 

finding the special solution.  

 

Similarly, we have the following lemma. Since the proof of it is almost the same as that of 

lemma 1, we just omit it.  

         

Lemma 2: dt
n

tix
tfdt

n

tix
tf

dx

d ix

x

n
m

ix

x

n
m

∫∫
+ ++ −+=−+

!

)(
)(

!

)(
)( )1()( , where i  is a positive integer.  

 

Theorem 3: We denote 0n  as the lowest non-negative integer such that 

0)1(10 110 ≠+−⋅…+⋅+⋅ −
nn

k

nn kkppp , where 1≥k  and 110 ,,, −… kppp  are constants. Here we 

define 100 = , and ∑
=

− −=
k

i

n

ikn ikpkP
0

)()( . If )(xf  and its derivatives to n  are continuous in a 

subset of real numbers, then one solution of 

)()()1()1()( 011 xfxpxpkxpkx k =+++…+−+++ − φφφφ  is given by  
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n

n

i

nii

n

Rxf
i

b

kP

n
x += ∑

=

−
)(

!)(

!
)(

0

)(0 0

0

φ , where nb  is given by the generating function 

∑
∑

∞

=

=

⋅−
−

=
0

0

)( !

0

n

nn

k

i

xik

ik

n

x
n

b

ep

x
 and nR  is the remainder term.  

 

Proof : Refer to Taylor formula, we have 

)()1()1()()( 011 xpxpkxpkxxf k φφφφ +++…+−+++= −       

dt
n

tix
tpx

i

kP k

i

ix

x

n
n

i

n

i

ii ∑ ∫∑
=

+ +

=

−++=
1

)1(

0

)(

!

)(
)()(

!

)( φφ

dt
n

tix
tpx

i

kP k

i

ix

x

n
n

i

n

ni

ii ∑ ∫∑
=

+ +

=

−++=
1

)1()(

!

)(
)()(

!

)(

0

φφ .  

 

We apply the same method in theorem 1, and obtain 

dt
n

tix
tpx

i

kP
xf

k

i

ix

x

n
n

i

n

ni

ii ∑ ∫∑
=

+ −
+

−

=

+

−
−++=′

1

1
)1(

1
)1(

)!1(

)(
)()(

!

)(
)(

0

φφ .  

dt
n

tix
tpx

i

kP
xf

k

i

ix

x

n
n

i

n

ni

ii ∑ ∫∑
=

+ −
+

−

=

+

−
−++=′′

1

2
)1(

2
)2(

)!2(

)(
)()(

!

)(
)(

0

φφ .  

… 

dt
n

tix
tpx

n

kP
xf

k

i

ix

x

n
n

i

nnnn ∑ ∫
=

+ +− −++=
1 0

)1()()(

!

)(
)()(

!

)(
)(

0

0 φφ .  

dt
n

tix
tpxf

k

i

ix

x

n
n

i

nn ∑ ∫
=

+ −
++−

−
−+=

1 0

1
)1()1(

)!1(

)(
)()(

0

0 φ .  

… 

dttixtpxf
k

i

ix

x

n

i

n ∑ ∫
=

+ +− −+=
1

)1()1( ))(()( φ  

dttpxf
k

i

ix

x

n

i

n ∑ ∫
=

+ +=
1

)1()( )()( φ . 

And similarly, ∑ ∑ ∫∑
= =

+ −
+

= −
−++=

n

j

k

i

ix

x

jn
n

ij

n

i

i

i

n

n
dt

jn

tix
tpaxfa

n

xkP

0 1

)1(

0

)(

0

)(

)!(

)(
)()(

!

)()( 0

0 φ
φ

 

∑ ∑∫∑
= =

+ −
+

= −
−++=

k

i

n

j

ix

x

jn

j

n

i

n

i

i

i dt
jn

tix
atpxfa

1 0

)1(

0

)(

)!(

)(
)()( φ .  

∑ ∑∫∑
= =

+ −
−+

=

−

−
−++=

k

i

n

j

ix

x

jn

j

nn

i

n

i

ni

i

n
dt

jn

tix
atpxfa

n

xkP

1 0

)1(

0

)(

0 )!(

)(
)()(

!

)()(
000 φ

φ
.  

 

Then we deduce the generating function of ia .  

 

The recurrence equation is 0
)!(

)(
0

=
−∑

=
−

n

i

i

in
in

a
kP  with the initial condition 10 =a . Since 

)(0)( 0nnkPn <= , it can also be written as 0
)!(

)(
0

0

=
−∑

−

=
−

nn

i

i

in
in

a
kP .  

 

E07

Page - 11



 

Let 
!i

b
a i
i = , then 0

)!(!
)(

0

0

=
−⋅∑

−

=
−

nn

i

i

in
ini

b
kP . 0)(

0

0

=







∑
−

=
−

nn

i

ini kPb
i

n
.  

Consider the sequence ib′  given by ∑
∑

∞

=

=

⋅−
−

′
=

0

0

)(

0

!

!

)(
00

n

nn

k

i

xik

ik

nn

x
n

b

ep

x
n

kP

, we have ∑
∑

∞

=
∞

=

′
=

0

0

!

!

)(

!

)(

0

00

n

nn

nn

nn

nn

x
n

b

x
n

kP

x
n

kP

, 

∑∑∑∑
∞

=

∞

=

+
∞

=

∞

=

′
⋅

+
=

′
⋅=

00 000 !)!(

)(

!!

)(

!

)(
00

0

00

n

nn

n

nnnn

n

nn

nn

nnnn
x

n

b
x

nn

kP
xx

n

b
x

n

kP
x

n

kP
. 

∑
∑

∑
∑ ∞

=

=
−+∞

=

=

−+ ′






 +
+

=
−+

−
′









=
0

0

0

0

0

0 0

0 !

)(
)!(

!

!

)!(

)()!(

!

)( 0

0

0

n

n

n

i

inni

n

n

n

i

inn

i

n
x

n

kPb
i

nn

nn

n

x
n

inn

kPin
b

i

n

n

kP
.  

10 =′∴b . )1(0)(
0

0

0
≥=′







 +
∑

=
−+ nkPb

i

nnn

i

inni
.  

Hence, ii bb ′= , the generating function of nb  is ∑
∑

∞

=

=

⋅−
−

=
0

0

)(

0

!

!

)(
00

n

nn

k

i

xik

ik

nn

x
n

b

ep

x
n

kP

.  

We define )(ξnb  a polynomial of ξ  by ∑
∑

∞

=

⋅

=

⋅−
−

=
0

0

)(

0

!

)(!

)(
00

n

nnx

k

i

xik

ik

nn

x
n

b
e

ep

x
n

kP

ξξ . Therefore, we have 

∑
∑

∑∑
∑

∑
∞

=

=

−
∞

=

∞

=

⋅

=

⋅−
−

∞

=










=⋅==
0

0

00

0

)(

0

0 !!!

!

)(

!

)(
00

n

n

n

i

in

i

n

n
n

n

nnx

k

i

xik

ik

nn

n

nn x
n

b
i

n

x
n

x
n

b
e

ep

x
n

kP

x
n

b
ξ

ξξ ξ .  

Hence, ∑
=

−








=

n

i

in

in b
i

n
b

0

)( ξξ .  

∑ ∑∫∑
= =

+ −
−+

=

−

−
−++=

k

i

n

j

ix

x

jn

j

nn

i

n

i

ni

i

n
dt

jn

tix
atpxfa

n

xkP

1 0

)1(

0

)(

0 )!(

)(
)()(

!

)()(
000 φ

φ
 

∑ ∑∫∑
= =

+ −
−+

=

−

−⋅
−++=

k

i

n

j

ix

x

jn

j

nn

i

n

i

nii dt
jnj

tix
btpxf

i

b

1 0

)1(

0

)(

)!(!

)(
)()(

!
00 φ  

∑ ∫∑
=

+ −+

=

− −++=
k

i

ix

x
n

nn

i

n

i

nii dttixbtp
n

xf
i

b

1

)1(

0

)(
)()(

!

1
)(

!
00 φ .  

 

Hence, n

n

i

nii

n

Rxf
i

b

kP

n
x += ∑

=

−
)(

!)(

!
)(

0

)(0 0

0

φ , where nR  is the remainder term and 

∑ ∫
=

+ −+ −+=
k

i

ix

x
n

nn

i

n

n dttixbtp
kPn

n
R

1

)1(0 )()(
)(

1

!

!
0

0

φ .  
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We sometimes encounter the summation ∑
=

n

i i

if

0 !

)(
. It is somewhat difficult to deal with by means of 

Euler-Maclaurin formula, as 
!

)(

i

if
 is not a continuous function. If we replace 

!

)(

i

if
 with 

)1(

)(

+Γ i

if
, 

then its derivatives are complicated. Therefore, we come back to the former method.  

 

Assume 
!

)(

)!1(

)(

!

)1(

x

xf

x

x

x

x =
−

−+ φφ
, i.e. )()()1( xfxxx =⋅−+ φφ .  

Refer to Taylor formula, 

dt
n

txx
tx

n

x
x

x
xxxxx

xx

x

n
nn

n

∫
∆+ + −∆++∆+…+∆

′′
+∆′+=∆+

!

)(
)(

!

)(

!2

)(
)()()( )1(

)(
2 φφφφφφ .  

Let 1=∆x , we have dt
n

tx
t

n

xx
xxx

x

x

n
n

n

∫
+ + −+++…+

′′
+′+=+

1
)1(

)(

!

)1(
)(

!

)(

!2

)(
)()()1( φφφφφφ .  

Therefore,  

dt
n

tx
t

n

xx
xxxxxxxf

x

x

n
n

n

∫
+ + −+++…+

′′
+′+−=⋅−+=

1
)1(

)(

!

)1(
)(

!

)(

!2

)(
)()()1()()1()( φφφφφφφ .  

Derivative it, we obtain 

dt
n

tx
t

n

xx
xxxxxf

x

x

n
n

n

∫
+ −

+

−
−++

−
+…+

′′′
+′′+′−+−=′

1
1

)1(
)(

)!1(

)1(
)(

)!1(

)(

!2

)(
)()()1()()( φφφφφφ .  

dt
n

tx
t

n

xx
xxxxxf

x

x

n
n

n

∫
+ −

+

−
−++

−
+…++′′′+′′−+′−=′′

1
2

)1(
)()4(

)!2(

)1(
)(

)!2(

)(

!2

)(
)()()1()(2)( φφφφφφ .  

… 

dttxtxxxxnxf
x

x

nnnnn

∫
+ +−−− −+++−+−−=

1
)1()()1()2()1( )1)(()()()1()()1()( φφφφ .  

dttxxxnxf
x

x

nnnn

∫
+ +− +−+−=

1
)1()()1()( )()()1()()( φφφ .  

Suppose 

dt
kn

tx
xtxxx

kn

x
xxfx

x

x

n

k

kn

k

nn

n

n

k

n

k

n

k

k

k ∫ ∑∑∑
+

=

−
+

−

== −
−++−+

−
=

1

0

)1()(
1

0

)(

0

)(

)!(

)1(
)()()()()1(

)!(

)(
)()()( αφφαφαα .  

The recurrence equation is 0)()1()()1(
)!(

)(
1

1

0

=+−−+
− +

−

=
∑ xnxx

in

x
nn

n

i

i ααα
 with the initial condition 

1)(0 =xα . Let 
!

)(
)(

n

x
x n

n

βα = , then we can rewrite the recurrence equation  as 

0
)!1(

)(
)1(

!

)(
)1(

)!(!

)( 1
1

0

=
+

+−−+
−⋅

+
−

=
∑

n

x
n

n

x
x

ini

x nn
n

i

i βββ
, 0

!

)(

!

)(
)1(

)!(!

)( 1
1

0

=−−+
−⋅

+
−

=
∑

n

x

n

x
x

ini

x nn
n

i

i βββ
,  

!

)(

!

)(

!

)(

)!(!

)( 1
1

0 n

x

n

x
x

n

x

ini

x nnn
n

i

i +
−

=

+=+
−⋅∑

ββββ
, 

!

)(

!

)(

)!(!

)( 1

0 n

x

n

x
x

ini

x nn
n

i

i +

=

+=
−⋅∑

βββ
, 

)()()( 1

0

xxxx
i

n
nn

n

i

i +
=

+=







∑ βββ .  

Assume n

n

n

n

x
x ξβξ ∑

∞

=
=Β

0 !

)(
),( , then we have n

n

nn

n

n

n

x

n

x
x ξβξβξξ ∑∑

∞

=

+−
∞

=
=

−
=Β

0

11

1 !

)(

)!1(

)(
),( .  
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).,(),(
!

)()(

!

)(

!

)(

!

1
),(

0

1

0

0

00

ξξξββξ
β

ξβξξ ξ
ξ xxx

n

xxx

n

x
i

n

n

x

n
xe n

n

nnn

n

n

i

i

n

n

nn

n

Β+Β=
+

=









=⋅=Β⋅ ∑∑
∑

∑∑
∞

=

+
∞

=

=
∞

=

∞

=

),()(
),( ξ

ξ
ξ ξ xxe

d

xd Β−=Β
, ξ

ξ
ξ ξ dxe

x

xd
)(

),(

),( −=
Β
Β

, Cxex +⋅−=Β ξξ ξ),(log , Cxeex +⋅−=Β ξξ
ξ ),( .  

Since 1)()0,( 0

1 ===Β + xex C β , we obtain 1−=C , 1),( −⋅−=Β ξξ
ξ xeex .  

 

Notice that n

n

ne

n
e ξβξ

ξ

∑
∞

=

− ==Β
0

1

!
),0(  gives Bell number, and ∑

∞

=
=

0 !k

n

n
k

kβ . There seems no wonder 

why ),( ξxΒ  appears here.  

 

Hence, 

dt
knk

tx
xtx

n

x
x

knk

x
xxf

k

x x

x

n

k

kn

k

nnn
n

k

n

k

n

k

kk ∫ ∑∑∑
+

=

−
+

−

== −⋅
−++−+

−⋅
=

1

0

)1()(
1

0

)(

0

)(

)!(!

)1(
)()()(

!

)(
)1(

)!(!

)(
)()(

!

)( βφφβφββ
,  

dt
kn

tx

k

x
t

n
x

n

x
xf

k

x x

x

n

k

kn

knnn
n

k

kk ∫ ∑∑
+

=

−
++

= −
−++=

1

0

)1()(1

0

)(

)!(

)1(

!

)(
)(

!

1
)(

!

)(
)(

!

)( βφφββ
.  

1)1(

0

0

00

)1(1

!

)1)((

!

)1(

!

)( −⋅−−
∞

=

=

−
∞

=

∞

=

⋅−+−⋅− =
−+









=−+⋅=⋅ ∑
∑

∑∑ ξξξ ξξ
ξ

β
ξξβ ten

n

n

i

in

i

n

n

n
n

n

ntxxe e
n

txx
i

n

n

tx

n

x
ee .  

Hence, dttt
n

x
n

x
xf

k

x x

x
n

nnn
n

k

kk ∫∑
+ ++

=

−+=
1

)1()(1

0

)( )1()(
!

1
)(

!

)(
)(

!

)( βφφββ
. 

dttt
nxn

x
xf

k

x

x

x

x
n

n

n

nn

k

kk

n

∫∑
+ +

+=+

−+=
1

)1(

1

)(

0

)(

1

)1()(
!

1

)(

1

!

)(
)(

!

)(

)(

1 βφ
β

φβ
β

. 

dttt
nx

xf
k

x

xn

x x

x
n

n

n

n

k

kk

n

n

∫∑
+ +

+=+

−−=
1

)1(

10

)(

1

)(

)1()(
!

1

)(

1
)(

!

)(

)(

1

!

)( βφ
β

β
β

φ
.  

 

Integrate the equation, and we obtain the result.  

 

 

3. Applications of Euler-Maclaurin Formula to Elementary Summations 

 

We list some elementary summations in this section. All these results can be established in 

elementary methods. In spite of it, we want to show how Euler-Maclaurin formula can be used to 

deal with these problems in a common way.  

 

        Refer to [5], we know the convergence radius of ∑
∞

=
=

− 0 !1 n

nn

z
z

n

B

e

z
 is π2 . Therefore, in the 

disk center at 0=z  with radius π2 , we can derivative the series term by term.  

 

Theorem 2: (1) ∑
∞

= −
=

0 1

1

!n

n

en

B
;  

(2) 
1!

)1(
0 −

=−∑
∞

= e

e

n

B

n

nn ;  

(3) 






=−∑
∞

= 2

1
cot

2

1

)!2(
)1(

0

2

n

nn

n

B
;  
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(4)
2

0

1

)1(

1

! −
−=∑

∞

=

+

en

B

n

n ; 
3

0

2

)1(

)3(

! −
−−=∑

∞

=

+

e

ee

n

B

n

n ; 
4

2

0

3

)1(

)22(2

! −
−−=∑

∞

=

+

e

eee

n

B

n

n ; ... 

Proof : From ∑
∞

=

=
− 0 !1 n

nn

x
x

n

B

e

x
, we obtain ∑

∞

= −
=

0 1

1

!n

n

en

B
.  

Replace x  with x− , we obtain ∑
∞

=
− −=

−
−

0 !
)1(

1 n

nnn

x
x

n

B

e

x
. Therefore, 

11

1

!
)1(

0
1 −

=
−

−=−∑
∞

=
− e

e

en

B

n

nn .  

∑
∞

=−

−

=






=
















−

+=








−
+=+

− 0

22

22

22

)!2(2
coth

221

1

221 n

nn

xx

xx

x

x

x
x

n

Bxx

ee

eex

e

exx

e

x
. Replace x  with ix , we obtain  

∑
∞

=

=






=








0

22 )(
)!2(2

cot
22

coth
2 n

nn ix
n

Bxxixix
∑

∞

=

−=
0

22

)!2(
)1(

n

nnn x
n

B
. Therefore, 







=−∑
∞

= 2

1
cot

2

1

)!2(
)1(

0

2

n

nn

n

B
.  

∑∑∑∑
∞

=

+
∞

=

−
∞

=

∞

=

=
−

===
−

+−−=
− 0

1

1

1

00
2 !)!1(!!)1(

1

1 n

nn

n

nn

n

n

n

n

nn

x

xx

x
x

n

B
x

n

B

n

x

dx

d
Bx

n

B

dx

d

e

exe

e

x

dx

d
.  

Therefore, 
2

0
2

1

)1(

1

)1(

1

! −
−=

−
+−−=∑

∞

=

+

ee

ee

n

B

n

n .  

Similarly, 
3

0

2

)1(

)3(

! −
−−=∑

∞

=

+

e

ee

n

B

n

n , 
4

2

0

3

)1(

)22(2

! −
−−=∑

∞

=

+

e

eee

n

B

n

n , ... 

 

 

        Then we consider some most basic summations. We focus on the application of Euler-

Maclaurin formula.  

 

(1)∑
−

=

−
1

1

1
x

n

kn   

The inverse difference of 1−kx  is given by 

∑∑∑∑
=

−

=

−∞

=

−
−

−
−










=
−

−==∆
k

on

nk

nk

on

nk

n

on

k

n

n

nk

k

xB
n

k

nk

xk

n

B
x

dx

d

n

B
xx

)!(

)!1(

!!

1

1

1
1 .  

Hence, we have ∑∑∑∑∑
==

−

=

−

−
−

=

−









−









=









=∆=
k

oi

ik

oi

nk

i

x

k

oi

ik

i
x k

x

n

k

k

B
i

k

k

xB
i

k

k

xB
i

k

nnn

1

1

1
1

1

1 .  

Since 0
1

=









∑
−

=

k

oi

i

k

B
i

k

, we can simplify it as follow,  

k

BxB
i

k

k

B

k

xB
i

k
k

k

oi

nk

i

k
k

oi

nk

i −








=−








∑

∑ =

−

=

−

.  
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A similar method can be used as follow. 

k

BxB
i

k

k

B

k

xB
i

k

k

xB
i

k

nnnn

k

k

oi

nk

i

k
k

oi

nk

i

x

k

oi

ik

i
x k

x

n

k
x

n

k

−








=−









=









=∆==
∑

∑∑∑∑∑ =

−

=

−

=

−

−
−

=

−
−

=

−

0

0

1
1

0

1
1

1

1 .  

 

        Suppose )(xP  is a polynomial of degree 1−k , we have 0))(()( =≥ knxP n . Therefore, its 

inverse difference is a polynomial of degree k . The method of undetermined coefficients is 

applicable, Newton series is also effective. However, I think Euler-Maclaurin formula is more direct 

and convenient.  

 

 

(2)∑
−

=

1

0

x

n

ne .  

The inverse difference of xe  is given by 
1!!! 1

1

−
=⋅===∆ ∑∑∑∑

∞

=

∞

=

∞

=
−

−

e

e

n

B
ee

n

B
e

dx

d

n

B
xe

x

on

nx

on

xn

on

x

n

n

nx .  

Hence, we have 
1

1

1
0

0

1

0 −
−=

−
=∆=∑∑

−

= e

e

e

e
nee

x
x

n
x n

x

n

n .  

 

 

(3)∑
−

=

⋅
1

1

x

n

nen .  

We prove a lemma first.  

Lemma 2: ( ) )()( Nnenxex
dx

d xx

n

n

∈⋅+=⋅ .  

Proof : If 0=n , then ( ) xxx exexex
dx

d ⋅+=⋅=⋅ )0(
0

0

.  

Notice that ( ) ( ) ( ) xxxxx

k

k
x

k

k

enxenxeenx
dx

d
ex

dx

d

dx

d
ex

dx

d ⋅++=⋅++=⋅+=







⋅=⋅+

+

)1()()(
1

1

.  

Hence, from mathematical induction we know it is true for Nn∈ .  

 

The inverse difference of )sin(x  is given by  

x

on on

nnx

on

xn

on

x

n

n

nx en
n

B

n

B
exenx

n

B
ex

dx

d

n

B
xex ⋅+⋅⋅−=⋅−+=⋅=∆⋅ ∑ ∑∑∑∑

∞

=

∞

=

∞

=

∞

=
−

−

!!
)1()1(

!! 1

1

 

2

1

)1(1

)1(

!1

)1(

−
−

−
⋅−=⋅+

−
⋅−= ∑

∞

=

+

e

e

e

ex

n

B
e

e

ex xx

on

nx
x

.  

Hence, we have  










−
−−

−
−

−
⋅−=









−
−

−
⋅−=∆⋅=⋅ ∑∑

−

=
22

1

21

1

1 )1()1(1

)1(

)1(1

)1(

e

e

e

e

e

ex

e

e

e

en
nenen

xx
x

nn
x n

x

n

n  

2

1

22 )1(

)1(

1

)1(

)1()1(1

)1(

−
−−

−
⋅−=

−
+

−
−

−
⋅−=

−

e

ee

e

ex

e

e

e

e

e

ex xxxx

.  
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Similarly, we have 
3

1

2

21

1

2

)1(

)1)(1(

)1(

)1(2

1

)1(

−
−++

−
⋅−−

−
⋅−=⋅

−−

=
∑

e

eee

e

ex

e

ex
en

xxxx

n

n , 

3

12

32

231

1

3

)1(

)1)(14(

)1(

)1()1(3

)1(

)1(3

1

)1(

−
−++−

−
+⋅−+

−
⋅−−

−
⋅−=⋅

−−

=
∑

e

eeee

e

eex

e

ex

e

ex
en

xxxxx

n

n , ... 

 

 

(4)∑
−

=

1

1

)sin(
x

n

n .  

The inverse difference of )sin(x  is given by  

)sin(
2

1
)cos(

2

1
cot

2

1
)sin(

2

1
)cos(

)!2(
)1()sin(

!
)sin( 21

1

1

xxxx
n

B
x

dx

d

n

B
xx

on

nn

on
n

n

n −⋅






−=−−==∆ ∑∑∑
∞

=

−
∞

=
−

−

















 −
−=




























⋅






+⋅








−=


















⋅


















+⋅


















−=

2

1
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4. Some Infinite Series 

 

We consider some infinite series in this section. They may seem to have little to do with our 

subject. However, it is these series that led me to the discovery of Euler-Maclaurin formula. 

Moreover, some of the results are relevant to the issues in section 6. 

The relevant research is so plentiful that I can hardly decide whether the results have already 

been in literature. I will point it out if I know it has already been known. 

 

(1) )1(
1

1

>∑
=

s
x

n

x
s

.  
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The last formula can serve as an equivalent definition of )(sζ  on the real axis 1>s .  
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We know it is Hurwitz zeta function ),( asζ .  

 

 

Lastly,  
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Notice that the series converges uniformly. Change the order of series and integral, we obtain 
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We prove a relevant theorem before we consider this series. A lemma is needed first.  
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The formula can be simplified as follow. 
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Notice that the series converges uniformly. Change the order of series and integral, we obtain 
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Notice that the series converges uniformly. Change the order of series and integral, we obtain 
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.  

Let tex −= , we obtain ∑
∞

=
− ⋅1
1 !

1

x
n xx ∫ −−⋅⋅⋅

−
−= −1

0

1 ))ln(())ln((
)!1(

1
xdxex

n

nx  

∫ 






−⋅⋅⋅⋅
−

−= −1

0

1 1
))(ln(

)!1(

)1(
dx

x
xex

n

nx
n

( ) ( )∫ ∫
−

−
−

−

⋅⋅
Γ
−=⋅⋅

−
−=

1

0

1

0

1
1

1
1

)ln(
)(

)1(
)ln(

)!1(

)1(
dxxe

n
dxxe

n

nx
n

nx
n

.  

 

 

Let us have some further consideration on it. If we define ∑
∞

=
− ⋅

=
1

1 !

1

x
nn

xx
ε , then we know 10 −= eε ,  

e=−1ε , … In general, eBnn ⋅=−ε  for 1≥n , where nB  denotes nth Bell number, whose 

exponential generating function is ∑
∞

=

− =
0

1

!n

nne x
n

B
e

x

. Hence the generating function of n−ε  for 0≥n  

is ∑
∞

=

−+=
0 !

1
n

nne x
n

e
x ε

. As for the generating function of nε  for 0≥n , we have the following result: 

 

Theorem : The generating function of nε  for 0≥n  is given by n

n

n

nxt xdtte ∑∫
∞

=
−=⋅

0

1

0
)1( ε .  

Proof : ( ) ( )
∑∫∫∑∑

∞

=

∞

=

∞

=

⋅⋅=⋅⋅⋅=−
0

1

0

1

0
00 !

)ln(
)ln(

!

1
)1(

n

n

tnnt

nn

n

n

n dt
n

xt
exdtte

n
xε .  

Notice that the series converges uniformly. Change the order of series and integral, we obtain 

( ) ( )
∫∫∫ ∑∑∫ ⋅=⋅=⋅⋅=⋅⋅ ⋅

∞

=

∞

=

1

0

1

0

)ln(
1

0
00

1

0 !

)ln(

!

)ln(
dttedteedt

n

xt
edt

n

xt
e xtxtt

n

n

t

n

n

t .  

 

 

(4) ∑
∞

=







1 2

1

n

n

n
 

 

We use the identity ),()()()( βαβαβα B+Γ=ΓΓ  to transform the summand into 

)12(

)1(

2

1 2

+Γ
+Γ=








 n

n

n

n
)1,1(

)12(

)22( ++⋅
+Γ
+Γ= nnB

n

n
)1,1()12( +++= nnBn ∫ −+=

1

0
)1()12( dxxxn nn

∫ −+=
1

0

2 ))(12( dxxxn n .  

Therefore, ∑∫∑
∞

=

∞

=
−+=








 1

1

0

2

1

))(12(
2

1

n

n

n

dxxxn

n

n
.  
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Notice that the series converges uniformly. Change the order of series and integral, we obtain 

∫ ∑∑∫
∞

=

∞

=

−+=−+
1

0
1

2

1

1

0

2 ))(12())(12(
n

n

n

n dxxxndxxxn
27

32

3

1

)1(

3421

0 22

234 π+=
−−

−+−−= ∫ dx
xx

xxxx
.  

 

 

Similarly, we can calculate ∑
∞

=







1 2

1

n s

n

n
n

 at where 1≤s . ∑
∞

=

−










−
1

1

2

)1(

n s

n

n

n
n

 at where 1≤s  can also be 

computed in this way. Some other identities includes 
18

)2(
3

1

2

1 2

1 2

πζ ==









∑

∞

=n

n

n
n

, 

3240

17
)4(

36

17

2

1 4

1 4

πζ ==









∑

∞

=n

n

n
n

, )3(
5

2

2

)1(

1 3

1

ζ=










−
∑

∞

=

−

n

n

n

n
n

. etc. Since these identities appeared in Apery’s 

paper proving )2(ζ  and )3(ζ  are irrational, we have some further consideration.  

 

 

Let us begin from ∑
∞

=







1 2
2n

n

n

n
n

x
, we transform it into 

( ) n

n

n

nn

n

x
n

n
x

nn

n

n

n
n

x
∑∑∑

∞

=

∞

=

∞

=

−==








 1

2

1
2

2

1 2 )!2(

)!1(

)!2(

)!(

2
 

dtx
n

tt
x

n

nn
x

n

nnn
x

n

n n

n

n
n

n

n

n

n

n

∑∫∑∑∑
∞

=

−∞

=

∞

=

∞

=

−=Β=
+Γ

ΒΓ=
+Γ

Γ=
1

1

0

12

111

2

2

)(

2

),(

)12(

),()2(

)12(

)(
.  

 

Notice that the series converges uniformly. Change the order of series and integral, we obtain 

( ) 2

1
1

0 2

2
1

0
1

12

1

1

0

12

2
sin2

)(2

)(1log

2

)(

2

)(










=

−
−−−=−=− −

∞

=

−∞

=

−

∫∫ ∑∑∫
x

dt
tt

xtt
dtx

n

tt
dtx

n

tt n

n

n
n

n

n

.  

Hence, we obtain )2(
3

1

182

1
sin2

2

1 22

1

1 2

ζπ ==






=









−

∞

=
∑
n

n

n
n

.  

Then let us consider ∑
∞

=







1 3
2n

n

n

n
n

x
 . We can obtain =









∑

∞

=1 3
2n

n

n

n
n

x
∫ 









−x

x

dxx

0

2

1

2
sin2 .  

Therefore, =









∑

∞

=1 3
2

1

n

n

n
n

∫ 








−1

0

2

1

2
sin2

x

dxx
.  

Apply the variable substitution xu = , we obtain ∫∫ 






=








 −− 1

0

2

1
1

0

2

1

2
sin4

2
sin2

u

duu

x

dxx
.  
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Similarly, =≥









∑

∞

= +

)1(
21 2

s

n

n
n

x

n s

n

∫ ∫ ∫ 












−x

s

x x

dxdxdx
x

x

0
2

0 0
1

1

2

11 ...
1

2
sin...2

3 2

 

∫ ∫ ∫∫ ∫ ∫ 












=














= −− x

s

x

s

x

dxdxdx
xxx

xxx
dxdxdx

xx

xx

0
2

1

0
1

1

0
321

2

3211

0
2

0
1

1

0
21

2

211 ...
1

2
sin...2...

1

2
sin...2

3

∫ ∫ ∫ 












== −x

s

s

s
dxdxdx

xxx

xxx

0
2

1

0
1

1

0
21

2

211 ...
...

1

2

...
sin...2...

∫Ω
−














= s

s

s
dxdxdx

xxx

xxx
...

...

1

2

...
sin2 21

21

2

211 .  

Hence, ∫∑ Ω

−
∞

= +













=≥









s

s

s

n s

dxdxdx
xxx

xxx
s

n

n
n

...
...

1

2

...
sin2)1(

2

1
21

21

2

211

1 2

.  

The integral area is a s-dimensional unit cube s]1,0[ . 

We apply the variable substitution 

























=























−1

2

1

21

3

2

1

...

...

...

s

s

s x

x

x

xxx

u

u

u

u

, i.e. 





























=























s

s

uuu

u

u

u

u

x

x

x

x

...

......

32

2

1

4

3

2

3

2

1

.  

To calculate the Jacobi determinant of it, we may notice that 

2

32

2

1

2

32

2

1

3

2

2

2

1

32

1

21

21

...
...

.........

2
1...000

...............

0...100

0...010

),...,,(

),...,,(

ssss

s

s

uuu

u

uuu

u

uuu

u

uuu

u

uuu

xxx

−−−

=
∂
∂





























−++








−−−= −

0...00

............

0...00

0...10

...
...

1...00

............

0...10

0...00

...

1...00

............

0...10

0...01

...

2
)1(

2

32

2

1

3

2

2

2

1

32

11

sss

s

uuu

u

uuu

u

uuu

u
.  

Notice that if there is a line filled by 0 , then the determinant vanishes. Therefore, only the first term 

remain, and we obtain 
s

s

s

s

uuu

u

uuu

xxx

...

2
)1(

),...,,(

),...,,(

32

11

21

21 −−=
∂
∂

.  

 

The new integral area is ]1,
...

[...]1,[]1,[]1,[]1,0[
132

2

1

32

2

1

2

2

12

1

−

×××××
suuu

u

uu

u

u

u
u .  
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∫∫ Ω

−

Ω

−

∂
∂








=













s

s

s
s

s

s
dududu

uuu

xxx

u

u
dxdxdx

xxx

xxx
...

),...,,(

),...,,(1

2
sin2...

...

1

2

...
sin2 21

21

21

2

1

2

11

21

21

2

211

∫∫ Ω

−

Ω

− 






=






= s

s

s

s

dududu
uuuu

u
dududu

uuu

u

u

u
...

...

1

2
sin4...

...

21

2
sin2 21

321

2

11

21

32

1

2

1

2

11

∫ ∫ ∫ ∫






= −1

0

1 1 1

...3

3

2

2

1

1

2

11

2
1

32

2
1

1-32

2
1

...
2

sin4
u

uu

u

uuu

u

s

s

s
u

du

u

du

u

du

u

duu
.  

To compute ∫ ∫ ∫
1 1 1

...3

3

2

2

2
1

32

2
1

1-32

2
1

...
u

uu

u

uuu

u

s

s

s
u

du

u

du

u

du
, we denote it as )( 1uI s . Then 

.......)(
1

2

2

2

1
1 1

1

1

...

1
1

1

3

3

2

2
1 1 1

... 1

1

3

3

2

2
11 2

1
2
1

3

2

2

1

43

2

2

1

2
1

32

2
1

32

2
1 ∫∫ ∫ ∫∫ ∫ ∫ 













===




























+

+

+

+
+

u
s

u

uu

u

uuuu

u
s

s

u
uu

u

uuu

u

s

s
s

u

du

u

u
I

u

du

u

du

u

du

u

du

u

du

u

du
uI

s
s

1)( 11 =uI , )log()( 112 uuI −= , assume 1

11 )log()( −= s

ss upuI , where sp  is a constant, then 

∫∫∫ 


























−=














=














=

−−

+

1

2

1

1

2

1
1

2

2

1

2

1
1

2

2

2

1
11 2

1
2
1

2
1

loglog2log)(
u

s

s
u

s

s
u

ss
u

u
d

u

u
p

u

du

u

u
p

u

du

u

u
IuI

s

s

ss

u

s

s upu
s

p

u

u

s

p
)log()log(

2
log

2
111

1

2

1

2
1

+=
−

=












−
= .  

Therefore, 
s

p
p s
s

2
1

−
=+ , ss psps )!1(2! 1 −−=+ , 1)2()!1( −−=− s

sps , 
)!1(

)2( 1

−
−=

−

s
p

s

s .  

Hence, 
( )

du
u

uu

s
s

n

n
n

ss

n s

∫∑
−

−
+∞

= +










−
−=≥










1

0

12

1
1

1 2

)log(

2
sin

)!1(

)2(
)1(

2

1
.  

 

Apply the variable substitution 






= −

2
sin 1 uξ , we obtain  

( ) ( ) ξξξ
ξ

ξπ

d
s

du
u

uu

s

s
sss

)cos(2))sin(2log(
)sin(2)!1(

)2()log(

2
sin

)!1(

)2(
6

0

1
21

1

0

12

1
1

∫∫
−

+−
−

+

−
−=









−
−

  

( ) ξξξξ
π

d
s

s
s

∫
−

+

−
−= 6

0

12
1

))sin(2log()cot(
)!1(

)2(
.  

Notice that ))sin(2log()cot( ξ
ξ

ξ
d

d= . Therefore, we have  

( ) ( )∫∫ −
−=

−
− +

−
+

6

0

2
1

6

0

12
1

))sin(2log(
)!1(

)2(
))sin(2log()cot(

)!1(

)2(
ππ

ξ
ξ

ξξξξξ s
s

s
s

d

d

s
d

s
  

( ) ( ) ( )∫∫ −
−−=










−

−
−=

++
6

0

2

6

0

6

0

2
1

))sin(2log(
)!1(

)2(
))sin(2log(2))sin(2log(

)!1(

)2(
πππ

ξξξξξξξξ d
s

d
s

s
s

ss
s

.  

 

 

Let us consider the case when 1=s .  
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We have ∑
∞

=







1 3
2

1

n

n

n
n

ξξξ
π

d∫= 6

0

2 )cot(4 . Apply the Fourier expansion of )cot(ξ ,  

∑
∞

=

=
1

)2sin(2)cot(
n

nxξ , we have ξξξξξ
ππ

dnxd
n

∫ ∑∫
∞

=

= 6

0
1

26

0

2 )2sin(8)cot(4 .  

Notice that the series converges uniformly. Change the order of series and integral, we obtain 

∑∫∫ ∑
∞

=

∞

=

=
1

6

0

26

0
1

2 )2sin(8)2sin(8
nn

dnxdnx ξξξξ
ππ

∑
∞

=


















−









+









+









−=
1

332

2 23
cos

2
3

sin

3

23
cos

9n nn

n

n

n

n

n ππ
π

π
π

 

Since 0
3

)1(

2

3)1(

2

13
cos

1

1

1

1

1

=−−−=









∑∑∑
∞

=

−∞

=

−∞

= n

n

n

n

n nnn

nπ

, 

)3(
3

1
)3(
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5. Applications of Euler-Maclaurin Formula to Series 

 

The applications of Euler-Maclaurin formula should not stop here. We continue to use it to 

deal with some series in this section.  
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∞
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x x
.  

 

It is the well known series as zeta function at 2=s , and we  know it is precisely 
6
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. We have 

transformed it into a definite integral in section 4. This time we apply Euler-Maclaurin formula 

directly.  
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Hence, from mathematical induction we know it is true for all Nn∈ .  

 

We may use Euler-Maclaurin formula to obtain its inverse difference as follow. 
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But this series diverges everywhere except when ∞→x  it tends to 0 .  

 

We may deal with this series as follow. Anyone who first see it may think it too lax. However, since 

theory of divergent series has already been established, a strict foundation may also be built up. 
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Amazingly, the result is true.  
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It is zeta function on the real axis 1>s . 
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It is known as harmony series and has been solved at least since Euler. We just have a look at how 

Euler-Maclaurin formula is applied in this case.  
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The proof is omitted.  

 

We only take the first term of Euler-Maclaurin formula, but that is enough to obtain 
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The proof is omitted. 

 

We take the first two terms of Euler-Maclaurin formula to obtain 
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To know more about the constant, we take all of the last terms,  
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We take the first three terms of Euler-Maclaurin formula to obtain 
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Equate the coefficients of the two equalities, we obtain 
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We take the first two terms of Euler-Maclaurin formula to obtain 
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I have computed the summation to some magnitude, and found that the last formula did 
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This theorem is also commonly used in number theory.  

 

 

(9) ∑∑∑
∞

=

−

=

−

=















 +−=














 +−−=






 −−
xn

x

n

x

n n

n

nn

n

n
x

n

1
log

11
log

1
)log(

1 1

1

1

1

γγ .  

 

We take the first term of Euler-Maclaurin formula to obtain 
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






+−






 ++=














 +−+
















 +−=














 +−∑ ∫
∞

=

∞

2

1
1

1
log)1(

1
log

11
log

11
log

1

x
O

x

x
x

x

x

x
Od

n

n

nxn
x

ξ
ξ

ξ
ξ

.  

Hence, )(1
1

log)1(~
1

log
1 ∞→−







 ++














 +−∑
∞

=

x
x

x
x

n

n

nxn

 or 






=














 +−∑
∞

= x
O

n

n

nxn

11
log

1
.  
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