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There is a non-Van Douwen MAD family

Abstract

Two functions f and g on N are almost disjoint if and only if f and g agree on finite many natural numbers,
i.e., {n ∈ N|f(n) = g(n)} is finite. A set A ⊂ NN is an almost disjoint family if and only if for any two functions
f and g in A, f and g are almost disjoint. A maximal almost disjoint (MAD) family is with respect to the
almost disjointness in NN. A Van Douwen MAD family is maximal in NN, moreover it is also maximal with
the respect of infinite partial functions on N.

In [5] D. Raghavan proved the existence of a Van Douwen MAD family, thus he closed a long standing
question in set theory. On the other hand, although obviously, Axiom of Choice (or Zorn’s Lemma) implies
the existence of a MAD family, we do not know whether such a MAD family is Van Douwen or not.

In this short article, the author gives some attempt to construct a MAD family which is not Van Douwen
under the Continuum Hypothesis. He hopes the method that is used here can shed some light on the con-
struction of a non-Van Douwen MAD family in ZFC and some related problems, e.g. whether or not there is
a closed MAD family in NN, etc., see [1].

The results in this paper was initially inspired by Yi Zhang’s talk in ShenZhen Middle School in October
2010.
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1 INTRODUCTION

In this paper, we will make an attempt to shed some light on the structure of a maximal almost
disjoint family in NN. Namely we will try to construct a maximal almost disjoint family which is not
Van Douwen [5] under the Continuum Hypothesis. Two functions f and g in NN are said to be almost
disjoint if they only have finite intersections. So we use the following as our definition of the almost
disjointness.

Definition 1.1. Functions f and g in NN = {f |f : N→ N} are said to be almost disjoint if and only
if |f ∩ g| < ℵ0, i.e. {n ∈ N|f(n) = g(n)} is finite.

For a set of functions in NN, if all functions in the family are pairwise almost disjoint, we call such
family an almost disjoint family.

Definition 1.2. A family A in NN is called an almost disjoint family if and only if for any two
functions f and g in A, |f ∩ g| < ℵ0. An almost disjoint family A in NN is called a maximal almost
disjoint family or a MAD family, if and only if for any function g in NN there is a function f in A so
that f and g are not almost disjoint.

Van Douwen asked whether there is a MAD family of functions A in NN that is also maximal with
respect to all infinite partial functions [3]. We call such a family Van Douwen MAD [5].

Definition 1.3. A MAD family A in NN is called a Van Douwen MAD family if and only if for any
infinite partial function g, |fi ∩ g| = ℵ0, for all fi ∈ A.

Van Douwen’s question dates to the 1980s. It occurs as problem 4.2 in A. Miller’s problem list [3].
By axiom of choice or by Zorn’s lemma, we know that there is a MAD family, e.g. see [6]. But we
do not have sufficient details to determine whether the MAD family is Van Douwen or not. In 1999
Y. Zhang [7] got some partial results on this problem. He showed the cardinalities of Van Douwen
MAD families are independent of ZFC, etc. D. Raghavan [5] solved this problem in 2010. He showed
that there is a Van Douwen MAD family in ZFC. Van Douwen’s problem was solved. By solving this
problem, Raghavan got the Sacks Prize. We now know that there is a Van Douwen MAD family in
ZFC. Naturally we can also ask whether or not all MAD families are Van Douwen. If a MAD family
is not Van Douwen, we call the family a non-Van Douwen MAD family.

Definition 1.4. A MAD family A in NN is called non-Van Douwen if and only if there is an infinite
partial function g, for any function f in A, f and g are almost disjoint.

In this paper, unless otherwise defined, we will use the standard terminology of set theory, see,
e.g. [2]. In Section 2 we will discuss some lemmas which are essential for the process of the construction.
We will also define an infinite partial function for the construction of the non-Van Douwen MAD family.
Then in Section 3 we will construct a Van Douwen MAD family step by step under the Continuum
Hypothesis. We will also show that Continuum Hypothesis implies that there is a dense non-Van
Douwen MAD family. However, the existence of non-Van Douwen MAD family in ZCF is still an open
question.
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2 SOME TECHNICAL LEMMAS

In this section we will discuss some lemmas which are essential for the construction of a non Van
Douwen MAD family. We will also list some well-known results as lemmas for later use.

Lemma 2.1. The biggest prime number does not exist.

Definition 2.2. Let g be an infinite partial function such that the dom(g) = {p, pp, ppp , · · · }, in
which p is a large enough prime number, and g(p) = pp, g(g(p)) = pg(p), g(g(g(p))) = pg(g(p)), · · · ,

g(g(· · · g(p) · · · ))︸ ︷︷ ︸
n gs

= p

(n−1) gs︷ ︸︸ ︷
g(· · · g(p) · · · ), · · · .

We will frequently use this function g in later sections.

Lemma 2.3. Let A = {α ∈ ord|0 ≤ α < ℵ1} and B = {β ∈ ord|ℵ0 ≤ β < ℵ1}. There is a bijection
between A and B.

Proof. Let f be the bijection from A to B.

f(x) =

 ℵ0 + 2x+ 1 if 0 ≤ x < ℵ0,
ℵ0 + 2y if ℵ0 ≤ x < ℵ0 + ℵ0 and x = ℵ0 + y,

x if ℵ0 + ℵ0 ≤ x < ℵ1.

So there is a bijection between A and B.

Lemma 2.4. For a function f in NN and an countable almost disjoint family A in NN, if A∪{f} is
also an almost disjoint family, but f is not almost disjoint with the infinite partial function g, which
was defined in Definition 2.2, we can always construct a new function f ′ such that
(1) |f ′ ∩ f | = ℵ0, and
(2) |f ′ ∩ h| < ℵ0, for h ∈ A, and
(3) |f ′ ∩ g| < ℵ0.

Proof. By Definition 2.2, dom(g) = {p, pp, ppp , · · · }. Assume that the almost disjoint family

A = {fi ∈ NN|0 ≤ i ≤ α,ℵ0 ≤ α < ℵ1}.

Let

f ′(x) =

{
1 + g(x) + f(x) +

∑x−1
i=0 fi−1(x) if x ∈ dom(g),

f(x) if x ∈ N− dom(g).

Since f is almost disjoint with all functions in A, and

if x ∈ dom(g), f ′(x) > fi(x), for 0 ≤ i < x,

f ′ is almost disjoint with all functions in A. Also since for x ∈ dom(g) f ′(x) > g(x), f ′ is almost
disjoint with g.

The following are lemmas that are essential for the construction of a dense non-Van Douwen MAD
family.

Lemma 2.5. There are countably many finite partial functions from N to N.

Lemma 2.6. A set D is dense in NN if and only if for any basic open set Bs, D ∩ Bs 6= ∅.
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3 CONSTRUCTING A NON-VAN DOUWEN MAD FAMILY UNDER THE
CONTINUUM HYPOTHESIS

In this section, we will prove our main theorem, i.e. we will construct a non-Van Douwen MAD
family.

Theorem 3.1. Continuum Hypothesis implies that there is a non-Van Douwen MAD family.

Proof. By definition of the non-Van Douwen MAD family, to construct a non-Van Dauwen MAD
family, we need to fix an infinite partial function. Let this infinite partial function be the function g
that we defined in Definition 2.2. To construct a non-Van Douwen MAD family, we first construct an
almost disjoint family Aℵ0 as following,

Aℵ0 = {fi ∈ N|fi(x) = i, i ∈ N}.

We will extend Aℵ0 to a non-Van Douwen MAD family. By Lemma 2.3 and CH, we can list all
functions in NN as follows: fℵ0 , fℵ0+1, fℵ0+2, · · · , fα, · · · , where ℵ0 ≤ α < ℵ1. At each stage α, we can
do as following. For the function fα, if {fα} ∪ Aα is not an almost disjoint family, let

Aα+1 = Aα,

if {fα} ∪ Aα is an almost disjoint family, and fα is almost disjoint with g, let

Aα+1 = {fα} ∪ Aα,

if {fα} ∪ Aα is an almost disjoint family, but fα is not almost disjoint with g, by Lemma 2.4 we
construct a new function f ′α such that
(1) |f ′α ∩ fα| = ℵ0, and
(2) |f ′α ∩ h| < ℵ0, for h ∈ Aα, and
(3) |f ′α ∩ g| < ℵ0,
and let

Aα+1 = {f ′α} ∪ Aα.

For a limit ordinal α, we let

Aα =
⋃

ℵ0≤β<α

Aβ .

We start with Aℵ0 to continue doing this process under the Continuum Hypothesis and we will get
a series of almost disjoint families:Aℵ0 , Aℵ0+1, Aℵ0+2, · · · , Aα, · · · (α < ℵ1). Let

A =
⋃

ℵ0≤α<ℵ1

Aα.

A is a non-Van Douwen MAD family.

We will first verify that the family is a maximal almost disjoint family.

Suppose that there is a function h in NN − A such that h is almost disjoint with all functions in
A. Let us consider h in the following two cases.

a. Let h be almost disjoint with g, which was defined in Definition 2.2.
Since we have considered all functions in NN, there must be a β such that h = fβ , ℵ0 ≤ β < ℵ1.

Now for the family Aβ , h is the next function we need to consider. Since h is almost disjoint with all
functions in A, h is almost disjoint with all functions in Aβ . Also h is almost disjoint with g, which
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was defined in Definition 2.2. As a result based on the rules of the process, we would add h into Aβ :
let Aβ+1 = Aβ ∪ {h}. Therefore if there were a such function h, h should have been in A. Thus h
should not exist.

b. Let h be not almost disjoint with g, which was defined in Definition 2.2.
Since we have considered all functions in NN, there must be a β such that h = fβ , ℵ0 ≤ β < ℵ1.

For the almost disjoint family Aβ , h is the next function we need to consider. We know that h is
not almost disjoint with g, which was defined in Definition 2.2. Based on the rules of the process, we
would change part of h to construct a new function h′ in NN such that h′ is almost disjoint with all
functions in Aβ and h′ is almost disjoint with g, which was defined in Definition 2.2. Then we added
h′ into Aβ instead of h: let Aβ+1 = Aβ ∪ {h′}. We can inferred that h′ ∈ A, but we know that h is
not almost disjoint with h′. Therefore such function h could not exist.

Hence such function h in the assumption above does not exist.

Secondly, we will verify that A is a non-Van Douwen MAD family.
We know that functions in Aℵ0 = {fi ∈ N|fi(x) = i, i ∈ N} are almost disjoint with g. Based

on the rules of the construction, we know that the functions we added into Aℵ0 later are all almost
disjoint with g. As a result all functions in A are almost disjoint with g. A is a non-Van Douwen
MAD family.

In NN, we consider its natural topology, e.g. see [4], i.e. the basic open set Bs = {f ∈ NN|f ⊃ s},
where s is a finite partial function. We know that it is an open problem whether there is a closed MAD
family in NN, see e.g. [1]. However, by our construction of non-Van Douwen MAD family above, we
can easily prove the following corollaries.

Corollary 3.2. Continuum Hypothesis implies that there is a dense non-Van Douwen MAD family
A ⊆ NN.

Proof. We will use a similar way to construct a dense non-Van Douwen MAD family. By Theorem 2.5,
we can list all finite partial function as following: S0, S1, S2, · · · , Sn, · · · , in which n ∈ N. Let

fn(i) =

{
sn(i) if i ∈ dom(sn),
n if i 6∈ dom(sn),

and
Aℵ0 = {fi|, i ∈ N}.

For any basic open set Bs, there must be a natural number n such that fn ∈ Bs. As a result for any
basic open set Bs, Aℵ0 ∩ Bs 6= ∅. By Lemma 2.6, we know that Aℵ0 is dense in NN. Then we list all
functions in NN as follows: fℵ0 , fℵ0+1, fℵ0+2, · · · , fα, · · · , where ℵ0 ≤ α < ℵ1, and use similar method
to construct Aℵ0+1, Aℵ0+2, · · · , Aα, · · · , where α is an ordinal such that ℵ0 < α < ℵ1. Then similarly
we let

A =
⋃

ℵ0≤α<ℵ1

Aα.

Since Aℵ0 ⊂ A is dense in NN, A is dense in NN. Therefore A is a dense non-Van Douwen MAD
family.

Corollary 3.3. There is a dense MAD family A ⊂ NN
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