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Strengthening proof of Bezout theorem

Yukun Ding

Abstract:

Bezout theorem is a very important theorem of elementary number theory. That

is when an integer array q,,a,,...,a, has the property that a,,a,,...,a, are relatively
prime, (i.e. (a,,a,,..,a,)=1), there exist an infinite number of integer arrays
(x,,%,,...,x,) which makes x,a, +x,a, +...+x a,=1. Here, there is no particular
limits to (x,,x,,...,x,), however, can we add some conditions to it and still keep the
conclusion? Firstly, our findings show that when an integer array a,,a,,...,qa,
satisfies (a,,a,,...,a,)=1 , there are an infinite number of integer arrays
(x,,%,,....,x,) which can make xa +x,a,+..+xa, =1 and xi|xl.+1 (1=1,2,...,n-2)
was established at the same time. Further, we found that when n + k integers

a,....a,,b,...,.b, meet (ay,...,a,,b,...b,) =1, there are an infinite number of

geees Uy

integer arrays (Xpseees X, Voo V) which can make

xa totxa, +ybt.+tyb =1, X |X, (i=1,...n-1) and y, ‘yjﬂ G = L.

k-1) meet the standard at the same time. In addition, our findings show that when n
integers a,,a,,...,a, meet (a,,a,,...,a,)=1, it has an infinite number of integer arrays
(x,%,,...,x,) which can make xa +x,a,+..+x,a,=1 and (x,x,)22 meet the
standard at the same time, here 1<i< j<n. In short, in this paper, through the

concise proof, we found a series of strengthening Bezout theorem, which make it

more rich and interesting.
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X H/EE Y HNAEUERA

BE EBTEEVERET—AEEEENTEE , 1Y 0 M8 M a,q,...a H
B (a,40a)=1 0 , FEXHF ZHEHK x,x,,..x,) T L E B
N +x,a+.txa =lo XEBMH (x,x,,...x,) HEXERBINNGRE , RETUE
(X, Xy x,) —EEPRFIKH M EEBEEMARAILIE ? RINWARLERRAL n
NEB a,a,,...a, BR(a,a,,..,a) =18 , FELFZHER (x,x,,....x,) AL
x.,, (i=1,3,...n-2)E KL, H—FHRMNEH , 4

'?%‘ x,q +x2a2 +,_,+xnan =1 *ﬂ X,
ntk NE®a,,....a.b,...b FHE(q,....a,,b,..0) =18 , FEEF SHEK
| (xla"'axwyl,-..,yk) a B {E B xla1+...+xnan+y1b1+,_,+ykbk:1 b

X

xi+1 (i=1,...,n-1)$ﬂ yj

i Vi (j=L...k-1) BELER. AL, RIMWHARLEREK
Y n MNERa,a,,...,a, BE(a,a,,..,a)=10 , FELEFZHER(x,x,,....x,)
A LAGES xa, +x,a, +.. v x,a, = 1R (X, X)) 22 ARER , XEI<i<j<n. &

Z, BizieXHF , RMNBTEEMHYWIER , RN T —RIIMENESEE

EEXFERENFEMREE.,
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Strengthening proof of Bezout theorem

Bezout theorem is a very important theorem of elementary number
theory, by which lots of mathematic questions at various levels can be
solved. Therefore, the further understanding of this theorem is very
necessary.

First, let's look at the content of the theorem, set n
integers a,,a,,..,a, , d is their greatest common divisor ( i.e.
(a,,a,,..,a,)=d ) , then it has an infinite number of integer arrays
(x,%,,...,x,) which makes xa +xa,+..+xa, =d . Specially, if
(a,,a,,...,a,)=1, then there will be an infinite number of integer arrays
(x,,%,,...,x,) which makes x,a, +x,a, +...+x,a, =1.

There are many proof methods of the theorem, it is not difficult to
prove it, our idea is to take some restrictions to the integer arrays
(x,,%,,...,x,) , which make this theorem still succeed. We start from the n =
2, if (a,a,)=1 , there are an infinite number of integer arrays (x,,x,)
makes x,a, +x,a, =1. We guess that here (x;, X,) can satisfy x|x, (i.e. x;
divide exactly into x,) , which makes xq, +x,a, =1. If the conditions set
up, we will getx|l , and we also can say the x;, = 1 or -1, which
x,a, =1xa,. Obviously, the equation may not have integer solutions,
such as a;=5 , a,=7.

Then we came to see the case when n = 3, if (a,,q,,a,) =1, there are
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infinite integer arrays (x,,x,,x;) which makes x,a, +x,a, +x,a, =1 , we
wonder if here in (x,,x,,x,), there is a relation of being divided? Assumed
that x|x,and x,|x;, , we will learn x|I, namely x =1 or -1. If the
conditions are set up, we may get the equation xa,+xa, =1ta, ,
apparently which may not have integer solutions, as the example that
a,=77,a,=119,a, =187 shows. So the conclusion is not established. So
when n = 3, whether there are an infinite number of integer arrays
(x,,x,,x;) , and two of them have the relations of division, for
example x, |x, , makes the xa, +x,a, +x,a, =1 established. Fortunately, the
theorem is set up.

We first prove a lemma 1: if (q,,q,,4,) =1, there are an infinite
number of integer k, which make (kq, +a,,a,) =1
Prove 1: if(q,,a,)=1 , prove there are infinite integer k easily, making
that ka, +a, =1(moda,). The conclusion is established
If(q,,a,)=d =2 , unique decomposition theorem is expressed as below
a=p™.p“"q (a=>1,and p, isprime number)
a,=p”..pr (B>1,and p isprime number)

min(a;.5) min(a;,5)

(al’a3):d:pl pl
And it is easy to know that (r,a)=1, (p,,a,) =1
It is easy to prove any integer k all have (kq +a,,p)=1 , then

(ka, +ay, p*...p{") =1

And there is an infinite number of integer k which makes
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ka, +a, =1(modr) ,then (ka, +a,,r)=1,

(ka, +a,,a;) =1 1s established.

Prove 2: the unique decomposition theorem will be expressed as
a, = pit.plal gl
(Pys-PysGy5-q,- 11, are prime numbers, anda,, 3,y =1)

1) assumed that p,|a,, and(p,,a,)=1 , no matter what's value of Kk,
(ka, +a,,p)=1

2) assumed that(g,q)=1, andg, |a2 only requires k =1(modg,), which
makes (ka, +a,,q,) =1

3) assumed that(r,a,) =1 , (r,a,)=1 ,justneed ka, +a, =1(modr)

That is ka, =1-a,(modr,), there must be integer 5 makesab, =1(modr,),

That is to say k =b,(1-a,)(modr), fromgq,,...q,,7,....,7, , any two of these are
relatively prime, according to the Chinese remainder theorem, the
following more than equations must have an infinite number of integer

solutions

k =1(mod g,)

k =1(mod g,)
k=b,(1-a,)(mod )

k=b,1-a,)(modr,)

(ka, +a,,a;) =1 1s established

Using the above lemma 1, we prove the following theorem 1
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Theorem 1: if (q,,a,,a,)=1 , there are an infinite number of integer
arrays (x,x,,x,) ,satisfy

1) xa +x,a, +xa, =1

2) xl|x2

Proof: from the above lemma 1, we know that there are infinite k which
makes (ka, +a,,a,) =1,

From Bezout theorem, there are infinite integer arrays (s,7), which
makes s(ka, +a,) +ta, =1

Set x, =s,x, =sk,x, =t, it is easy to know x |x, , the theorem 1 was set up.

Furthermore, let's guess the above conclusions are established to
all n (n>3), that is the following guess: if(a,,a,,...,a,) =1, it has an
infinite number of integer arrays(x,, x,,..., X, ), satisfy

1) xa +x,a,+..+x,a, =1

2) X; | X (1=1,2,...,n-2)

In order to prove the guess, we should first prove the following lemma 2
Lemma 2: if (aq,a,,....,a,) =1 , there are infinite number of integer
arrays (m,,m,,...m _,) which makes(q, +ma, +mm,a, +...+m..m _,a _ ,a)=1
Prove: from the lemma 1 we know that when n = 3, the conclusions are
established.

Assumed n =k 1s set up, let’s prove that when n =k + 1 it was set up
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—_— -_ a 0’1 ﬁl [),h
(@,ays s @ py) =1, set @y = pitp' gy g,

(pys--p,»q,5--q, are prime numbers, and a,B =1)

1) assumed (a,p,..p,) =1,

Make m, =0(mod p,...p,), then (a, +ma, + mm,a, +...+m,..m,_a_p,..p)=1

2) assumed g,..q,|q, , it is easy to know that (a,,a,,...q,,q,..q,) =1, from

inductive assumption we know that there are an infinite number of integer

arrays (m,,...,m,_), satisty (a, +m,a, +..+m,..m_,a,,q,..q,)=1,

Then makem, =1(modg,...q,) ,we can infer that

(a, +ma, +mm,a, +...+m,..m_a,,q,..q,) =1,

It is easy to know that(p,...p,,q,...q,)=1, By the Chinese remainder

theorem, we know that the number of integer m; which meet the

conditions is infinite. Then there are an infinite number of integer arrays

(m,,m,,...,m,_), which make (a, +ma, +mm,a, +..+m,..m_a,a,)=1.
Namely when n = k + 1 is set up, by mathematical induction we

know that when n=3, if (q,4,,....,a,) =1, then there are an infinite

number of integer arrays (m,,m,,....,m, _,),

Which make (q, +ma, + mm,a, +...+m,..m _,a,_ ,a)=1

From the above lemma 2, it is easy to prove the theorem 2 which we
guessed before is established, namely
Theorem 2: if(a,,a,,...,a,) =1, there are an infinite number of integer

arrays (x,,x,,...,x,), satisfy
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1) xa +xa,+.+xa, =1

2) X% (i=1,2,...,n-2)

Prove: from the lemma 2, it can be seen that there are an infinite number
of integer arrays (x,y) which makes

x(a, +ma, +mm,a, +...+m,..m _a _)+ya =1 established

Set x, =x,x, =xm,x; =xmm,,...,x,_, = Xmm,..m, _,,x, =y

n=2°>"n

It is easy to know theorem 2 was set up

Furthermore , we proposed the following guess: n=2 , k=2 if
(a,,...,a,,b,,....,b,) =1, then there are an infinite number of integer arrays
(Xp5eees X, Vysees IV, ), Satisfy

1) xa+..+xa +yb +..+yb =1

2) XX (i=1,...n-1) andy, |y, (j=1,...k1)

In order to prove the guess, we first prove the lemma 3 below

Lemma 3:If (a,,...,a,,b,,....,b,) =1, there are an infinite number of
integer arrays (m,,...m_.t,...,t,_) which make

(a, +ma, +mm,a, +..+m,..m__a b +tb, +tt,b,+. +t..t_b)=1

Prove: set (a,,a,,...,a,)=d  so (b,....b,,d)=1

From lemma 2, we can infer that there are an infinite number of integer
arrays (t,...t,,,) which make (b *+#,b, +1,t,b;+...+1..1,_b.,d)=1,

So, it is easy to know that (a,,4a,,...,a,,b, +1,b, +t,t,b, +...+ 1.1, b ) =1
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From lemma2, we also infer that there are an infinite number of integer
arrays (m,,...,m,_) which make

(a, +ma, +mm,a, +...+m,..m _a b +tb, +tt,b,+. . +¢.1,_b)=1

From the above lemma 3, it is easy to prove that the theorem 3 we
guessed before is established, namely
Theorem 3: n=2 |, k=22, if(a,....a,,b,...b,) =1, there are an
infinite number of integer arrays (x,,...,x,,»,,...,,), satisfy

1) xa+..+xa, +yb +..+yb =1

2) %% (i=1,...,n-1) and y |y, (j=1,....k-1)

Prove: from the lemma 3, it can be seen that there are an infinite number
of integer arrays (m,?) which makes

m(a, + ma, +mm,a, +...+m,..m _a )+t(b +t,b, +tt,b, +...+¢..1,_b)=1,

set x, =m,x, =mm,,...,x, =mmm,..m, _,y, =t,y, =tt,..., Y, =tht,..t,_,

It easy to know that theorem 3 was set up

Now, let's prove the interesting theorem 4

Theorem 4:n =3, if (a,,...,a,) =1, there are an infinite number of
integer arrays (x,,...,x,), satisfy

1) xa +.+xa =1

2) (x,x)22 ,1<i<j<n

a,

— ay
Prove: Set & = P, Py, 1<t<n
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B
Set B=¢qq,..q, , Bi:q_(ql,...,qn are prime numbers which are

different from Py ;- Dy ., 1S < 1)

Set Ci :Biai y 1<i<n
Then it is easy to know that (c,c,,...,c,) =1, from the Bezout theorem,
we know that there are an infinite number of integer arrays (y,,....»,)

which make y,¢c +..+yc, =1

Therefore y,Ba, +..+y,Ba, =1

n-—n

B
Set x, =y,B, then (xi9’xj)2—22
4.9,

We can also strengthen the theorem 2 into the theorem 5
Theorem 5: if (a,,a,,..,a,) =1, there are an infinite number of
integer arrays (x,,...,x,), satisfy

1) xa +xa,+.+xa, =1

2) X;|X;, (i=1,2,...,0-2)
3 ) (xi’xn)22 (i=2,...,ll-1)

— 0y, Ay,
Prove: Set 4; = P1; Py 1<t<n

Set b, =q,a,,b, =q,a,,b. =qq,a. ,2<i<n-1

(419, are prime numbers which are different from Py Py,
I<t<n)

Therefore (b,,....,b,) =1

From the theorem 2, we can infer that there are an infinite number of
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integer arrays (), ;- Y, ), satisfy

1 ) nb +yb,+..+yb =1,

2 ) yi yi+l (i:1929"'9n-2)

From 1), we can infer that y,q,4, +y,9,.9,6, +...*+ y,..9.9,0,., + y,4,a, =1
Set x, =y,9,,X, =,9,,X, =v.94, , 2<i<n—1
Therefore there are an infinite number of integer arrays (x,,x,,...,X,),

satisfy 1 ) xa, +x,a, +...+x,a, =1

2) X | Xy (i=1,2,...,n-2)
3) (x,x,)22 (i=2,...n-1)

After continuous exploration, we get a series of very interesting
theorems 1-5 as well as important lemmas 1-3. Finally, we proved
theorems 2-5 which are stronger than Bezout theorem. To the best of our
knowledge, the similar conclusion on Bezout theorem was scarcely
reported. Therefore, we could see if we continue to explore some old and
classic theorem, we can get some interesting new results. We wish this
article can play a valuable role on Bezout theorem.
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